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ABSTRACT

We prove that the total number of bound states in a potential is

less than

L v Goad [ 17 (x) 2%

in units where 2nyﬁ2 =1 ; V is the attractive part of the potential,
No assumption on the symmetry of the potential is needed. In the Appendix,
a proof of the Hardy-Littlewood-Sobolev inequality with optimal constants

is sketched.
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1. INTRODUCTION,

Recently, new conditions for the absence of bound states in a potential
have been obtained [1]. In addition, a bound on the total number of bound states

in a spherically symmetricpotential has been obtained in GGMT :

N < I[1+20mI] (1)
with
3
T =4 v (x) 2% (2)
3/3ﬂ2 J| x|

(we take 2m%2=1 ).

However, the bound (1) is not satisfactory in two respects., First it
contains a logarithmic factor which, as we shall see, is probably spurious.
Second, spherical symmetry of the potential is assumed. This is very unpleasant,
because it is now widely recognized that Nature likes at least as much broken
symmetry as symmetry ; therefore, even in the lowest energy configuration, a
particle may experience a non-spherically symmetric potential.

If we decide not to assume spherical symmetry, what kind of bounds are
at our disposal, if we exclude those trivially obtained by majorization of an
arbitrary potential by a spherically symmetric one ? (Such a bound would have
the defect of not being invariant under translations.) The oldest and most

remarkable bound has been obtained by Schwinger [2]. It is

3. 3o —/o4\| EXp = 2a|x=x'
N, < (4;)2 [a% &t [v ()| v () | PIX-X!|2 l (3)

Na is the number of bound states with energy less than —a2 . In particular,
the total number of bound states for a short-range potential with no positive

energy bound states is

N < (4;)2 [P aPr 1V_(>‘:))(L|:‘f_lg><'ll (4)
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which implies, by the Hardy-Littlewood-Sobolev theorem [3]

34
3

2 3
< (3P ) 2 VeI (5)

In the Appendix we give a proof of inequality (5) with a somewhat
larger constant. We obtain the constant in (5) from a variation argument, which
would be completely rigorous if we could prove strict uniqueness of the solution
of the variation equation (we have local uniqueness).

The defect of (4) and (5) is that they give a poor upper bound in the
strong coupling limit. Indeed if we replace V by AV , we have, in the

limit A - o (4],
3 3
- 2
Nl s [0 (V)| (6)
61

[he3{O%]

while (4) and (5) give a Az behaviour. In reference [4] corrective terms to (5),
for finite A , can be found but they depend on smoothness properties of the
potential. In fact, in GGMT, it was proposed that N<TI , where I is defined

by Eq. (2), might be a bound. It was even argued that there could not be any
bound with better numerical constants. Unfortunately, this conjecture was only
checked for I<3 .,

Here we shall establish a bound which has the correct dependence with
respect to the coupling constant. However, so far, we have not been able to obtain
a bound depending only on I . In the last section, we treat the special case of
spherically symmetric potentials where additional results, following from GGMT,

can be obtained.._ In a recent preprint, Barry Simon has also obtained a bound

nofw

behaving like A~ [5] .

2. THE GENERAL BOUND.

The shall follow very closely the elegant method of Schwinger [2].

We take a potential AV(x) , in order to see the explicit dependence on the

coupling. We can replace V(x) by -V (x) , its attractive part.
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This will necessarily increase the number of bound states. Then it is possible to
symmetrize the kernel of the Schr¥dinger equation in integral form for a bound

state of energy —a2 :
é J‘ ] 1] 3 ]
(x) = A K&(x,x )@ (x') d'x (7)

where

5(x) = JGO¥(x)

¥ being the wave function,

€ Goxr) = frmGo 2Rmale] freay (@)

| x-x']

The operator K& is positive, as can be seen from its expression in momentum space

G - el

w is the Fourier transform of NV .

Schwinger notices that the number of bound states of energy less than
—a2 inside the potential AV, is equal to the number of characteristic

values xn<:x of Eq. (7) . In particular, if we define N&(X) s number of

bound states with energy less than a2 in the potential AV and
1
n(\) = £ —= ¢ <& lx|8>, (10)
o A<ata o e

where the Qn 's are the eigenstates of Eu with characteristic values Kn,

we have

N (s An () (1)

An upper bound of nu(l) could be obtained by summing over all n's ,

i.e., by taking the trace of K& . Unfortunately, this trace is divergent,

as can be seen from (8).
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This is the reason why Schwinger uses the iterated kernel instead of K& ; then,
unavoidably, the bound on the number of states is quadratic in A ., We want to
avoid this and to do so we use an approximate kernel with a finite trace. A

possible choice is

- >a .
K& Ku B> (12)

For W= oo, Kp goes to zero in norm. On the other hand, the operator

Ka - Ku s @S can be seen from its momentum space expression,

* 1 143
_f w (P-k)(kz-:-o/z - k2“2) w(k=p')d K

is also Eositive.

We can rewrite nd(h) as

n(\)= T <§n‘Ka-Ku‘§n>+)\ z<>\<§n le|§n>

A_<A
n
< £ <t [x-k |2 >+ T {‘—&n | le >
kn<)\ o B A <A'n K

and using the positivity of xa - Ku, Kp , and K& s, Wwe can extend the summation

to infinity and get

na(x)< Tr(X - Ku) +A Tr(KaKu) (13)

which is our main result.

One can evaluate (13) quite easily :

nd(k) <
}%—1% j aBx v (x)
+ A zj‘d3x d3x'v_(x) exP-(p‘«:v)[x-x'l V-(x|) (14)

(4m) |x=x 12
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By using Schwarz' or Yung's inequality, one can majorize the second

term in (14) to get
n () < B2 dvi(x)
+ ZF%&;;yJ\d3x‘V—(x)‘2 (15)

After taking the limit o - 0 , we minimize, with respec to u , and get the

bound :

N< Xno(k) <-)};-T/;?-“/JV-(x)dBXJ\YV-(x)lZdBX . (16)
3

This bound has the correct kz dependance, but requires more local
regqularity than the Schwinger bound. For instance, it diverges if the
potential has a local singularity of the type \x-xo]' % « Numerically the
bound is not too bad. In fact, one cannot improve the constant by more than

a factor 2.9 .

1w

Indeed, assume (as is the case) N=c 22 for large X . Then

n (A) = r ﬂ)@l; 3en? (17)
(o]

and we get

c < -51-1-1- */J axv” (x) ~fd:sx(v"(x))z ,

to be compared with the asymptotic estimate (6) . Taking V  to be a constant
over a finite region of space, we see that the two bounds differ by a factor
m . For small values of A we lose the factor 3 appearing in (17) because

it may be that the potential has no bound states up to a critical value A

and many immediately above. This is the case in the example mentiocned in

GGMT of a series of isolated potential wells far from one another. We know

that an optimal condition for the absence of bound state is :
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3/2 3
:\_)\/-5-/—5] d3x[V(x)| /2< 1
/3m

which is saturated by

V = - c(14r2)™2

If we compare the two conditions, we get

élﬁ/j [vle’ [ v)2e% 3B e s o)
v

Eijé—ij‘|v|3/é<i3x
3

Infact, by a limited optimization with respect to X we can replace

1 1,114
5= by > in (16) .

3. THE SPHERICALLY SYMMETRIC CASE

This is just an addendum to GGMT. In GGMT it was established for
spherically symmetric potentials that vz s the number of bound states with
angular momentum £-, counted without the (24+ 1) degeneracy factor, was

such that

(22+1) v, < ! cpxpfrzp'1vf(r)dr (19)
(2441)2(P=1)
with

_ (e=-1)""'r(2p)
P pPré(p)

A bound on the total number of bound states can be obtained by taking
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N < z(zz+1)vz

¢ P[P~ P'ap
Le1 (2441)2 P -1)7p J =)

with p' > p . The 0ld bound of Simon [6] can be considered as a limited case

w

with p=1, p' = ®, One can also take p=<-¢ , p' = % + ¢ . Replacing sums

N

by integrals for brevity, we get

11 2¢ a/é—ej 2,\=€ ,3/2 2
N$3 2e(2L+1) 3/2mc A (r°Vv)"" v¥ “rfar

x3/§+ef(rzv)e V3/'2r2dr

?L(2L+1)

(\)l-—x

3/é+e

and minimizing with respect to 2L+1

1 3/2

e

3/é-e 3/2+¢

[ oredele [ @ 9ol o)

Again we recover the Kz dependance, but in addition we have a bound
for potentials which have singularities in r—2+n, T positive arbitrarily
small. This suggests that inequality (16) , for non-spherically symmetric
potentials, is not final.

This result is analogous to the one obtained by Bary SIMON in ref [ 5]
which is

¥ <o A2 LIV, gt V1,72
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APPENDIX
A PROOF OF INEQUALITY (5)
The problem is to prove
j’V(x)V(x')d3xd3x' <C I(V(x))3/éd3x Y3 (a.1)

|x -
and to find the best possible constant C . This inequality is well known
by a small group of specialists, but it is irritating to find no simple
proof in the literature, and the existing proofs do not give numerical

factors.

We remark first that according to Luttinger and Friedberg [ 7]

* *
! 1]
j M"—zl adx a3x < j v (v (x') = a3x a3x (a.2)
|x=xt | |x-x* |
* . .
where V (x) is the spherical decreasing rearrangement of V(x) . Since
the right-hand-side of (A.1) is invariant under rearrangement, we can

always assume that V 1is spherically symmetric. Then we can carry angular

integrations :

a3x adxr v(r)v(r')
4 4w lx—x'lz
=1 _f r2ar r'% ar v (r)v(e") ‘r'r'\ (A.3)

Then using the H¥lder inequality, we find that this is less than
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po-

5 /3
z ‘Jﬂr2dx‘ e dr'(V(r))3/2(V(r'))3/2 ‘]

) 2/3
‘ r+r' 3/2
X rzdr 22 arr (v(x)) Y4 (v (r0)) = ) J
- rr! (A.4)
ilext we apply Schwarz' inequality to the second bracket :
- _ ,
1 _rﬂ-_;_ | 3/2
Jrzdrr'zdr'<v<r>>3/4(v<r->>3/4( — ) 1
1 r+r: 3/2 7
< [jr dr(V(r))3 ? r'zdr'(;:)3/% (i’ogir—r ‘ ;) ‘
rr!
3/2
L 3/2 / o r+r:
o A WD A = |
’ \\ rr!
(a.5)

The integral

3/2
rert
j p (r' 3/2 loglr r"

rr'

is convergent and dimensionless.

Hence

Sx %' v(x)V(x")

4 4u ‘2

"x—x'
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with
o 3/2 1 3/2
[ dx 1 dx 1
o 0 l=Xx
1 1 o
Therefore
y 4/3
. 3.3 3 3/2
1 2J xd x'V(;c)V(x')< 1.63 I%—’Sl‘/(x)‘ (a.7)
(4m) bx=x1] i

A best value for the constant can be obtained by exact minimization.
Let us assume provisionally that is given by the solution of the

variation equation :

1 3t
(V(x)? = ¢ T‘l—’i—F v(x) (a.8)

We can restrict ourselves to spherically symmetric solutions, with

V(r) monotonous decreasing

v(r*) (A.9)

r'dr!
- log

r4r't
r=r!

(w())E = ¢

‘e have found two families of solutions of this equation

(1) V(r) = const r~2 (A.10)

This solution is not acceptable.

(2) v(z) = x(a2+r2 -2 (a.11)
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At the present time we have no strict proof that solutions of type (2)
are the only possible soluticns. However, we have been able to prove that
if V(r)r2 does not tend to zero for r = « , it is a constant. If
rZV(r) tends to zero, it necessarily decreases like 2,
We leave aside question of uniqueness, and we proceed first to
prove that there exists indeed a minimum for
- 4/3

23 3 30 r '
X - J%;?(V(X))Vg a’x a'x' v{x)v(x")

/ 411 4n I exc ! 12

(A.12)

We have seen that we can restrict ourselves to spherically symmetric,

decreassing V(r) to find the infimum of K . Then, introducing o(r) =

:
= r(V/r)2 we rewrite X as

r+r!
r-r!

4/3 .
x= (| Zee)?) /3] F 5 100

lo ()%l (r1)]?

Changing variables to o(z) = p(r) , z = logr, we get

4/3
X = r»d lo(z)|? 3 ijwd dz'log| LEXRAEZ]
- zloiz 2 202 109 Tlexplz-2"
-l -0 -0

Now we can use the theorem of Hardy, Littlewood and Polya on symme-

(0(2)}*le(z")|?

tric rearrangements. Replacing c(z) by its symmetric rearrangement
around the origin, leaves the numerator of X invariant, but increases the

denominator because

1+e§22

log l—-exp z

is symmetric, and decreasing for z > 0 . If one looks carefully at the

proofs, one sees that the rearrangement by a non-zero amount the denominator,
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unless c(z) is deduced from a symmetric decreasingfunction by a change of
the origin. We conclude that to find the infimum of X , we can restrict
ourselves to a class in which both rearrangement conditions are fulfilled :
1) V(r) decreasing, i.e., exp (-z) o(z) decreasing for -o< z < o ;
2) o(z) = o(-z) and o(z) decreasing for z >0 .

It then follows that exp(z) o(z) is increasing. Hence, we consider

functions o(z) such that

i) o(z) = o(-2)
ii) oz%z-c(z) z>0.

Further, we may assume, since we are looking for the infimum, X < C ; for
instance, using V = (1 +r2)-2 , we find
oM 1.35
(to be compared with 1/1.63) and so we can take
2/3
C = (%) . (4.13)

Therefore we have

4/3

, 2/3 . rapt 3/2 3/2
JE @] s & %3 B8 109 |2 (0(x)) (b(x") x (supp)

2/3 3

3 .
s(%) %% (supp) X jo %(P(r)) L _@_:_ log -}%

4/

3 o 3
=@ (swe)| Z0() (a.14)
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Hence for all p's , such that

2/3

ks )

we have

[ Z062))% < @ sups) (a.15)

Now since X has an infimum, there is a sequence pn such that
K(pn) approaches this infimum. We may assume supp = pn(r =1) = on(z =0)=1.

Then

.

dz

do
‘ <o <1 (A.16)

The cn's are therefore equicontinucus. From the Ascoli-Arzela
theorem, there is a subsequence of on's approaching a limit which we call

O_ . We have
[e o]

Gm(O) =1,

cm(z) is contimuous and such that

0 3 ® dr 3 - 4
[l ) = [ Lo o) < @ (A.17)
- o)
It is also easy to see that

1+e z2-2"!
1-exp(z-z'

2 2
lo(z)] lo(z1)]

J dzdz'log

approaches a limit. Indeed the integral restricted to lz‘ < Mlz'[ <M

approaches a limit, and the rest is bounded by

o
C x sup lc(z)zj lo(z*) |34z
lz|>M -
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but we have from the monotony of p

1/3
sz'lo(z')lB -

lo(z)] < =2 <Cz

1
3

The conclusion is that cm(z) indeed minimizes X . Then it follows
easily that g_(z) or pm(r) must satisfy the variation equation.
Let us prove that, if we exclude dilatations and impose that rzv(r)
is invariant in the change r - 1/r , the solution V(r) = 1/(1+r2)2 of
(A.9) is locally unique. We use the fact that we know a particular family

of solutions :

o r'dr' r+r' 1
2.2 J sl ey ( 2 2) (4.18)
2a(a®+r a“+r!
and, differentiating with respect to a2 ’
d)n T jr'dr' rert | a B, 1 (8 )
S Za 2 2 |4 9| CEE) (= ,2) : (8.9
da a +r a +r
Equation (A.19) shows that the kernel
2y r! r+r? 1
H(r,r') = (14r°) = log | =0 53
(14r*°)

applied to a polynomial of degree n in 1/(1+r2) » produces a polynomial

of degree n . Its eigenvectors ™ satisfy the orthogonality relation :

2
1 1 r dr
6 = (-5 1)
m n 1+r2 m 1+r2 (1+r2)3

This shows that the nn are Jacobi polynomials which form a complete set :
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11 4 r2

~ P2 2 (e
nn Pn ( 2>
T+r

[i.e., Tchebytcheff polynomials [&]]. The eigenvalues can be obtained by

looking at the highest degree terms in (az+r2)"1 :

2 2
11 1. 11 qopt
P?§(1 r ) = ! H(I‘,I") }352(.1._L)drt
n 2 n 2
: 1+ 2(n+1) T+r!

Let us now consider variations of V around the basic solution :

V= (—5)%(1ee(r))
1+r
To prove that the solution (1/ﬁ+r2)2 is isolated, we insert this expression,
retaining the lowest order in e , excluding dilatations [e(r) = comst.] ,
and keeping the symmetry of rzv(r) by imposing e(r) = ¢(1/r) .
We expand

e=2C T
n
with
o C2n+1 -

Inserting to lowest order in the integral equation with eigenvalue )\ , we find

1 =) S
m+zIc M =)z [no+ Z— nn]
Since CO and C1 are zero, we see that the only eigenvalue close to
A=1 is X = 1 , with eigenvector T .
This procedure also allows us to prove that VO = (1+r2)-2 produces

a local minimum, With
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Vo= (1409) 2 (14 (1))

we compute

r,V‘3/2 4/3 2.2/30 a3 a3y VeV (x')
J 4n T 4 4m ‘2

e (A.20)

In the € expansion, the constant and linear terms in e cancel by definition.

e get
3, 3/2 3, 1/3
A=3 (j!v\ e 2 (v T e
3/2 3, 2 3/2 3. -2/3
w3 (v T e £ (v, T
2/3 x d”x!
“("‘) d4n d41'r e(r )V (x) ———mr '[2 e(r')vo(x')
+ 0(63)/
with
e(r) ; c ﬂn
2

we see from the orthogonality condition that

le | e(r =0
and the whole expression reduces to
Ll V3 o 2
3 ) £l | G- 1/ae1) |, (A.21)
n=2

which is strictly positive.

In fact the proof holds also for finite e . Using the fact that
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(1+¢.=:)3/2 -1 §§

2
e

decreases for ¢ > 0 , and that (1+x)4/3 > 144/3(x) one easily finds that

A

4 is strictly positive for

- < /I <

/2

3 3
(1+eo) -1-Ze =

™
HIO

(A.22)

eo is strictly larger than 3, However, the proof that the Vo gives the

absolute minimum is still missing.
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