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I. Introduction

In this seminar I will talk about a joint work with J.Yngvason, which is sub-
mitted to the Communications in Mathematical Physics in two papers with the
titles:

On the Algebra of Field Operators. The Weak Commutant and

Integral Decomposition of States.
and:

Integral Representations for Schwinger Functionals and the

Moment Problem over Nuclear Spaces.

Our investigation was originated by the following question: Let A be a x -algebra
with identity and let & be a state on A this means & is a normalized posi-
tive linear functional on A . When can such a functional be decomposed into
extremal ones? This leads first to the problem of characterising extremal

states, For the case of one single symmetric operator, it is known that it is

not at all necessary to investigate the algebra generated by this operator, but,

one gets along by looking at this operator alone,

This leads us to the

I. 1. Definition A partial % -algebra is a complex vector space A together
with an invalution xe<A4 = x'c A with the usual operation
(x+l7)‘ =AYyt T s X And a subset M ¢ A x A such that

(x, y)e M implies (y",x') ¢ M, (x, y,) and (x,iyz) € M implies

)
1
(x, v, * yz) € M and for every pair (x,y) ¢ M exist an element xy ¢ A

fulfilling the usual operations.

I.2. Definition Let A be a partial * -algebra, a pair (7 ,D ) is called

a x~ -representation of A if the following conditions are fulfilled.

(i) D is a pre-Hilbert-space with completion (D)

(ii) To every x ¢ A exists a linear operator a“ (x) defined on D) with values
in X(@) such that

(4) T xexy) < Tix) o+ AT(\:\)
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—~— o~ T
(4/3) if (x, y)€ M then we have ‘HQS)J/CJ/ and T LX‘S} = Tex )T

(X) for f, g €L we have the relation (f, T (x) g) = (T (x*) £

Remarks
1) The last condition implies, that every operator ] (x) is closable.
2) It is not assumed that the common domain (D is closed in any topology,
also not in the topology induced by the graph norms of all the operators T (x).
3) If A isa x-algebraand «w a state on A, then one gets (¥ ,D ) in the
usual way by the G.N.S construction.

If we want to define extremal states, then we have to speak about the commutant
of the representation. But, in the case of unbounded operators we have to distin-

guish between two different kinds of commutants,

1. 3. Definition: Let (7 ,) ) be a x -representation of a partial » -algebra A
then we define
(a) The strong commutant:

o ey e 0 [y —
(T,2) - ic e B (YD) edcd and Te -¢ Texwon L

\
for all x e« A}

(b) The weak commutant:
(T2, = fceB (@), (cf,Teg) = (Tenf, c'q)
)

for all f,i\e@ and all xéAé

With this notation we can characterize extremal states, namely a state on a
x -algebra A is extremal if and only if the weak commutant of the cyclic re-

presentation I, is trivial i e, consists of scalar multiples of the identity.
This statement follows trivially from the properties of the weak commutant

which are listet in the following

I.4. Lemma: Let (5 »D ) be a s -representation of a partial * -algebra then
(a) The strong commutant (T D), is an algebra .
(b) The weak commutant (’17"@)\"/ is
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i) weakly closed and contains the identity

(
(ii) invariant under the adjoint operation, i.e. CEE(T,;D )L/ implies c‘e (T,«D\iv
(iii) is generated by its positive elements

(

iv) (D), C(T.D), .

All these properties follow easily from the definitions, so that we will not

give the proofs, But we will make some

Remarks
1) W,i) \Sl is an algebra, but in the general situation it is not a x -algebra

and is also not closed in any reasonable operator topology.

2) (T, is not an algebra in general .
If you call 5 = N @ﬁ;, then (T D) has an extension (1T, D)
xch

by continuity. It is simple to show that (‘V,f)) and (lT ‘JS ] have the same
weak commutant,
3) If one deals with a family of bounded operators, then one can put O = HW)

In this case, the strong and weak commutants coincide,

If you now look at the decomposition theory for bounded operators then it consists
of two things
Step 1. In this case you have only one kind of commutant which is a von Neuman
algebra, Pick a maximal abelian algebra M in this commutarnt.
Step 2. Try to define an integral decomposition with respect to M , which is
always possible if the Hilbert space is separable,
This leads for unbounded operators to the following two questions
1) How can you find a maximal commuting algebra, since one wants to make
a decomposition with respect to the weak commutant?
2) Assume you can construct a maximal commuting algebra in the weak commu-
tant which additional information is needed in order to define an integral de-

composition?

Both questions will be treated separately.
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II. Extension theory

As a guide let us consider the case of one symmetric operator. In this case

one would try to find a self-adjoint extension in order to find a maximal abelian
subalgebra in the commutant. But in the case that this operator has non symme-
tric defect indices, we can define selfadjoint extensions only in some enlarged
Hilbert space. So the first step will be to look for extensions of a family of

unbounded operators.

I1. 1, Definition: Let A be a partial » -algebra and (’T,$ ) a representation
of A. A representation (T ,ﬁ ) will be called an extension of (V¥ ,® ) if

(i) ("W\ ,JAD ) is az-representation of A .

(ii) ff, )@ and the norm on 33 coincides on D with the original norm on w

(iii) For every x ¢ A the restriction T ()} ) is equal to W (x).

Remark :
It is not required in this definition that the two Hilbert spaces coincide but

from DCD  follows that 'Xdﬂ is a subspace of ¥ (3\ :

=y —A
If (7 ,L ) is an extension of (7 ,D ) and b is a bounded linear operator on ‘¥ (D)
then we can define an operator on /X (D)by E b E, where E denotes the
projection onto ¥ (D). Since this mapping occurs quite often in the following,

we will introduce a separate notation for it.

- A
I1. 2. Definition: Let (T ,]D ) be an extension of (%, ) and E be the projection

onto ¥ (D ) then we define for any bounded operator b on ¥ (D)
e(b)y ~ Ebe

11. 3. Lemma:

(i) ¢ is linear, commutes with the involution and preserves ordering ie,
= x l ‘ X = *
¢ (x+2y] €O+ ey ) € (x') = g0x)
and x>y implies €lx) > gLyl .
(ii) ¢ is weakly continuous ,

(iii) If be (‘f\’ ,5 )'w then follows ¢ (b)e (7,D )L, ,

These properties are all easy to verify and can be done by the reader.
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Remark: ¢ maps the whole weak commutant of ("ﬁ‘ ,i\) ) into the weak commutant

of (T ,D), in particular it maps also the strong commutant of (¥ ,33 ) into the

weak commutant of (7 ,D ). This means that if b commutes strongly with (% ,f) )

then € (b) need not’ commute strongly any more with (¥ ,® ), Therefore the plan

of attack consists in the inverse procedure, namely to take elements b from the

weak commutant and try to define an extension (T ,D ) in such a way that b =¢ (5)
A

for some strongly commuting element b € (“?,D )5' . This plan leads naturally

to the following

II. 4. Definition:
1) A triple (T, .ﬁ , i\) ) will be called an induced extension of (W ,D ) if
(i) (T ,T ) is an extension of (T, ) .
(ii) M is an abelian x -algebra of bounded operators on ‘¥ (5 ) with 1€ WM
and Ml ¢ (T, D),

A A A
(iii) D 1is the linear span of KD ie. D = { 2. m; fi

)‘ m.‘éVu) gl\E\Dk
- A A A A ‘/&‘
2) Denote by T (A)VUll the linear span of {T(K); chgu«Mu ﬁr(”m""éA,w'é %

A A QD A A 2
and assume (T ,{,D ) and (T ,# ,D ) are two induced extension then we intro-

duce a semiordering by

L A A & |
A <G A
(F,4,D) < (T W D
if
. py A\
(i) D c¢D A 2 A
(ii) There exists a sub-algebra M cw isomorphic to M  such that

A A

4 R A A N -
(iii) (fv M ,W ,P ) is an induced extension of {‘TVV“,D ]

The last definition points out that we want to construct induced extensions

several times. Therefore we have to show that this concept is consistent.

II.5, Lemma:
A A A
1) Let (3 , H,D ) be an induced extension of (i ,9 ) and assume there exist

A )
xe A such that ¥ (x) is bounded, then follows KT(x)f = f Tex)li

A

2) Let (T ,J[‘ ,j\) ) be an induced extension of (¥ ,9 ) and denote by M the weak

-t A /‘_ A
closure of M and P  the linear span of M™D | then every operator (¥

-4 A A

2- - . A AL A A
has a continuous extension T (x) to D7 and (T ,ll",D ) > (7 ,d:(‘ , D).
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Proof: Assume B >0 then follows:

T Omife B fi) -2 (f,mim B < 3 (BA mim; B
iy 4 '

<1z ow BRI 20

A
This shows B is positive. If now B is selfadjoint then follows the lower

A A
and upper bounds of B are the same as those of B, Hence \BI:BIl , But this
implies that 1) holds for arbitrary elements.

The second statement follows from the usual continuity since the elements

(mf, m T f) ;o omoe M  feD belong

to the graph of I (x).

4 n
Having an induced extension (1'|l Sl D ) then ¢ maps M into the weak commutant

f (7, ). But we can hope to reconstruct (‘ﬁ\',‘ﬂ ,5 ) only if € is a bijective
mapping. Knowing (’3‘ s J‘A ,‘3 ) then we eventually want to construct an extension
of this representation (‘T? s J/‘o s ﬁ ). This can be done hopefully by using operators
which weakly commute with T and d/{\ . Therefore ¢ should also be unique on

such elements. This leads us to the

II, 6. Definition
Let (4 ,VL/{\ ,f)‘ ) be an induced extension of (% , D ) then
Py A A t - 2 A t A'
1) we define: (T ,dk ,D ), =(% ,D ), n M
A A A A A A
2) wesay (T ,M ,D )is regular if the mapping € restricted to (T ,dl ,D

is injective.

1I.7. Lemma

A A 4 A 4 a 2z
1) Let (T ,M ,D ) be a regular induced extension of (VT ,:D Jand (Tv Wl ,¢ ,D
- A A 2
be a regular induced extension of (Tv di ,D ) then (W , v , L )is a

regular induced extension of (7 ,D ).
2) Every increasing family (T4, vu‘(, 2") of regular induced extensions is majo-

rized by a regular induced extension (7 , W , D ).

Proof: The first statement follows easily from the fact that the product of two

injective mappings is again injective.
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For the second statement define D = U D* and Too f « TJ(X) € if fé@'(
and M} = &/ e where U(* is natu;ally imbedded in H* for B> 4 .
This means be M*  is defineddn D and is bounded by lemma II. 5,

Let he (T, M ‘JDJL, , then @(b)=0 implies by ¢(b) ~ ?4(?4(5)) , where

g*' is the map from B('X(y)) - B(¥ D) and ¢, the map from

B(PD)) — R(HD) , that €. (b) =0 orE b} H(DY) =0

Since y "X(:D‘l) is dense in ’X@) it follows that b = 0 which implies the

second statement,

This shows that the concept of regular induced extensions is very reasonable,
If we can associate with it a set then we can usé Zorn’s Lemma, Therefore

two problems remain, namely to associate a set with it and also to construct
them. To answer these questions we assume that we have given a regular in-

duced extension.

I1I. 8, Lemma
A

Pl
1) Let (F , »Zi\ , D ) be an induced extension of (¥ , D ) such that ¢} Wl is

injective, . Q

Let o - e lll) ¢ (T, D),
o= e (dl')

and define (b: Mx M —> M

by

d)(m”mz) = §(g“(vn1)‘ g"(ml) ) then

(i) -‘M is a selfadjoint subset of (T ,J )L,
(ii) X is a convex cone with
(«) M generates M
(p) 1e K
(y) if meW thenexist 04 Lim) <¢oe  such that
Am) 4 -m e K
(iii) d) has the properties:
a) (32 is an abelian product on uu e.
b im,, my = §lm,, m)
b (m,, dim, my)) = q) (b (m,, m,) my) = 4’ th, m,, wmy)
DG = s b m, waa g s O (M M) 4 ) §om, )
b, wmy) = dimt i ml)

8
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b) CPis positive i e, for pe]{ , m; & V{/( and f; €D we have
Z (F;,d)(m}‘,(a,mi)f,;) 20
'

2.) Let W , K, 4) satisfy (i), (ii) and (iii) then there exists an induced extension

such that
a) ¢} M  is injective
b) M = g ()

1
c) H C §W/( )
. iy o4
O O im.,m,) = € (g Mg M),
e) This extension is unique up to unitary equivalence.

A A . A .
3.) Let (cﬁ_‘, M ) D‘) ~i=1,2 be two induced extensions such that
. AL - A A , -~ A A
¢'pM'  is injective then (T J*, D*) < (T* JM*, D)
(after some unitary transformation) if and only if M*¢ J? and (p1= 4)2“ Ml "

Proof:

The first part is a simple application of Lemma II. 3. The existence of an
induced extension is just as easy if we remark that by (iii) b) we have a scalar
product on \/“» X D . If W is the null space under this scalar product then
f) = V{( P JN . The rest ist only simple computation.

A ) ) A 1
If we have two different induced extensions such that §4{‘ M and gl [ Vu
are injective and such that §i fulfill all the required properties then a simple

- A,
computation shows that U Z Y/Y:.AL. f = 2 8, S.m: ?‘

A A
defines a unitary operator mapping 3{ (DY) ‘nto 'M(-Dl) which also has all
other required properties. The verification of the last part is then straight-

forward.

This last lemma shows that the unitary equivalence classes of regular induced
extensions form a semi-ordered set characterized by subsets v{/( , ¥ and func-

tions d) from Wixl - d{ . Therefore we get:

II.9. Corollary: Let (T ,D ) be a representation of a partial % -algebra, then

there exist maximal regular induced extensions.

It remains only to give the explicit construction of a regular induced extension.
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I1.10. Lemma: Let x¢ (7, D), with O¢x ¢ 4 and X %4

Let M__{lx+/b‘(4"’();)‘/46(} ) y:{)k't*(/f-x))' h“MZO‘S

and d? (A, x thota, 1, x M Aex ) s )4/\1 X 4 fa g (A )
A
then the conditions of Lemma II. 8. are satisfied. M is generated by 1 and

a projector e with € (e) = x,

II.11, Lemma: Let x be as in the previous lemma, then the extension defined

by x is regular, if and only if x is extremal in the weakly compact set

((T, D), ): - {x e(Tf,fD)L,} 0< x éAg'

Let T 4 .
Proof: ,0¢ x¢ 4 and x an extreme point of ((‘W):D)W ) + » then extremality
is equivalent to the following: The equations o< x+y<1 and o¢ x-y< 1
implies y = 0, or equivalently x is extremal if and only if y € (‘F”D)L, and

-x<y<x and -(1-x) ¢ y {(1-x) implies y = o.

& o
Letnow we (T, {e4 D}, with w = w and {wll=1 and g(w)=o

for some w or §(ew)+ € -e)w)=o0 -

Now -ecew <e and -~ (4-&) ¢ p-€)w ( 4-¢€
implies —s(gg(ew) & X and - (4-%) ¢ §((A-e)w) ¢ A-X
From @ (ew) =-¢ (h-eYw)  and extremality of x follows

A

§(cwl = € (g-e)w) = QO . Since the extension (;T‘SD ) is induced by e
and (1-e) we have 33 =eD 4 (4-e)] . Hence we get :

(ef. L@t woef y-e)gis) ‘(€4)ew £,) + (%4, (1-e)w g, )
= (fﬁg’(eW) E‘l) + (24) §((4-e)w)il)=o . Thig sghows w=0 .

A A
Since ¢ commutes with the invelution it follows from this that S |‘ (T) {8.41 ,;D )w
is injective.
From this we get:

I1.12, Theorem:
1) Every regular induced extension of (7, D ) is majorized by a maximal one.
2) A regular induced extension of (¥ , D ) is maximal if and only if

A -

- { o) A A 7
(T, , D)y, = (T di DI =l .

10
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p

]
3) To every extremal x ¢ { (TD )u& there exists a maximal induced

A - =2 h
extension (T , U ,D ) and a projection e « Wl such that x = ¢(e).

A
4) Assume that the Hilbert-space & (D) s separable, then #(3) is

also separable,

Proof: Statements 1, 2 and 3 are collections of the previous results. So only 4
needs some consideration. The unit ball «IL is a weak compact set and is
mapped by ¢ into the weak compact set { (T, D), 14 . Since ¢ 1is continuous
and injective it follows that §d is also continuous. Since (D) s separable,
it follows that the weak topology on { (T D 3‘\./}‘ is countable and hence also
the weak topology of «/C(A . Since ‘A’/\(A~ % (D) is total in X ( D ) it follows
that 3{(3\? ) is separable.

11
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III. Extensions with positivity conditions, abelian algebras

In many applications we want that certain elements of the partial algebra A
are represented by positve operators. In order to handle also this situation, we

introduce the following notations:

IT1I. 1. Definition:

1) Let A be a partial ¢ -algebra and A, its hermitian part. A cone Pc¢ Ah
is called a regular cone if
(i) P> 1
(ii) if x<« P and y€¢ A and if y' xy is defined then follows y* xy ¢ P
(iii)y PN -P = o
2) Let P be a regular cone in A, A representation (9, D ) is called P-positive
it f¢D and xe P implies (f, T f) 20,

3) Let (7,9 ) bea P-positive representation of A, An extension (T ,73 )

is called a P-positive extension if (T ,3 ) is an extension of (¥ , D ) and

A
4 (x) is a positive operator for every x ¢ P,

If we have a P-positive representation of A then we can treat the extension
theory in almost the same way as in the last section. The only change consists

in introducing a different order amongst operators in the weak commutant.

I11. 2. Definition:

|
1) Let (G, ) be a P-positive representation and x ¢ OT,D )W then we de-
fine x » o if (flCITm))(f)Zo for all Fé’:D and all pe¢ P

2) By C. (7, P)  wedenoteall xc(WD), with o4«x«l
+
and by (C (T.9 P) the linear span of C', (T.9 P).

A

3) Let (97, ‘,(:{‘ s 5 ) an induced P-positive extension then we define

Ch@ b By - CLF L)yl

12
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A

A ) 1
Replacing now the set { (T D )LL resp. { (m, i D). }1 by the convex

w
weakly compact sets C: (“h‘lfol'P) resp. C* (‘ﬁ J)’@ '"p) we can now

proceed as in the last section. The outcome is the following

III. 3. Theorem:

1) Every P-positive representation (T ,D ) of A is majorized by a maximal

regular induced P-positive extension ,

A A

2) A regular induced P-positive extension ((I/T\ , M ,D ) is maximal if and only if

v e 0o 7+

C (T l/u ® P ) = (/u

1 ' ! | 1
The main field of application of this last theorem is the case of abelian
algebras. If one has given a representation (7 , 2D ) of an abelian * -algebra A
one usually wants to know whether one can find an extension (“ﬁ s 33 ) such that

all symmetric operators are essentially selfadjoint on ,J/j and that there spectral

projections commute. In order to formulate the results we need some notations

ITI. 4, Definition:

1) Let A be an abelian * -algebra, a representation (T ,]D ) is called
standard (Powers [1]) if
(i) 1f xe A, then T (x) is essentially selfadjoint on Q).

(ii) for x, y € Ah the spectral projections of ) (x) and Cll_(y) commute.

2) Let V¢ A, be alinear subspace, then we say V generates A if for xe¢ A

h
exists a finite number of elements Ve Yy € V and a polynomial P such
that x = P(Vl’ Vs voo Vn)'

3) Denote by Vk the algebraic dual of V andlet Z (C V* be a subset then we

denote by
P(z) - {p“)n“‘\?n\ j P w0, Wve) et WV)) >0

for all W EZ}

With these notations we get the following result:

13
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I11.5. Theorem: Let A be an abelian X -algebra generated by V¢ Ah

and Z a subset of V‘. Let W be a cyclic representation of A with cyclic

vector S2 i.e. D «~TcA)S2 | Then the following statements are equivalent:
1) & 2) A) & B)

1) The functional T(x) = ($2, T C2) is positive on P (2)

2) The representation (T, T $2) is P(Z) positive and has a maximal

regular induced P(Z)-positive extension ,

A A A
A) (9 , M ,D ) is a maximal regular induced P (2)-positive extension of

(T, W),

B) (‘ﬁ s v&‘ ,i)\ ) is a regular induced extension such that
(a) \ﬂs‘}_ is dense in 4{(5)
and va is a maximal abelian algebra .,
(b) ‘?T is standard
(c) The joint spectrum of q Oa), vee "T?' (Vn) Ve V belongs to the

closure of the set
&C«D(U,‘)lw(\)q_)’-ovw('\)n) ; wézg

n
(which is a subset of R ).

Proof: 1 & 2 Since P(Z) is a regular cone it follows with x ¢ P and y ¢ A
that also y* xy ¢ P, Hence if T is positive on P(2) then follows (T, T (41 Q)
is a P(Z)-positive representation. The second part of 2) is then just the last
theorem. The converse conclusion is trivial.

B 3 A . Since ‘,T\l' is standard it follows from c) and the spectral theory that

- A A A
(T ,M ,D ) is P(Z) positive. Since WM is maximal abelian it follows that

C: (cﬁ.\u"at:ﬁxpcz)) ’VZ(:

regular induced P(Z) positive extension.

. a0 oA .
which shows that (% , Ji , D ) is a maximal

A =B Let an ...V,) be a real polynomial. Let S be a finite dimensional

h such that Uy, e V, € f . Denote by AS the

algebra generated by S and /365, =T (A2 . T(x) =(_Q,‘?T(x)_n.)

linear subspace of V +

restricted to AS defines a finite dimensional moment problem. Since the

moments are ?5' = P2y N AS' positive, there exists a P positive

solution defined on a Hilbert-space %65 D /}{’S. . Denote by ES the projection

which is selfadjoint.

onto %{S‘ and éS‘ be the representative of P in '3(5.

14
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X a9 -1 ~ -4
(@+4) is a bounded operator such that ( = E; Q1) E. is an element
of C, (A5 D5, R) and (6;*4)11 -

For every S denote by ES. the set of bounded operators on ‘¥(D ) such that
W ¢ (@a)n -9

(i)  0C I <A

(i) C ¥, ¢ ¥¢  and

) i, e CF W) T hoa, W)

By the above construction follows [:S + Q/ and ESI is convex and weakly

closed. For Slc 82 follows LS‘LC 1‘54 . This shows that the 1:5‘

have the finite intersection property. Since the unit ball is weakly compact

follows N L 20
¢ s

t A A A4
1f ¢ belongs to this intersection then follows ( ¢ C, (T (AH/VU{V“ D, P2y )
AL a1
and hence by maximality follows C € M | . From C T (@4 -2
A -4 2
follows C = T (®%4) showing that T (R*+4) is essentially self-
D mn A n
adjoint on ) and is affiliated to ! . Since now {‘T\' @10 M .Q!

N N\
span all of 1/)\ it follows that J{{ is maximal abelian. Hence ¥ is standard.

Remark:
It is also possible to treat the noncyclic case. To do this one has to extend the

notation of positivity. If this is done, then the result is similar to the last

theorem.

15
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IV. Integral decomposition of states

In the following let us assume, that A is a % -algebra, If we have a represen-
tation (7,9 ) of A then we have seen, that we can construct maximal regular
induced extensions (T , Vu/\ s b‘ ). Moreover, ¢ %) was a separable Hilbert
space then the same is true for '3@ (3) . In this case we can make an integral
decomposition of /c}e (@ ) with respect to ua\ . This means there exists a
locally compact space -\ and a finite positive Borel measure A on it  such

that ®

D) = §/;(€l J{uu)

AN
A
and such that Ul consists of all bounded diagonal operators with respect to this

decomposition,

Now it is natural to ask whether one can decompose also the representation ‘?T (A)
Since rﬁ (x) is generally an unbounded operator, such a decomposition is

not always possible, The only case which I know of which yields integral decom-
positions beyond von Neumans theory is the nuclear spectral theorem [2,3].

Therefore we will make the following

IV.1. Assumptions

1) D is a nuclear vector space and the imbedding D — ’3@(1} ) is con-
tinuous

2) A is a separable topological space, and N is a continuous representation

3) Ta1D <D and the map A x — D ,
x.f) = T f
is separately continuous as a map from AxD — ':}8 (D)

Under these conditions we get the following result:

IV.2. Theorem: Assume the above assumptions and the integral decomposition
A

of Y (f) \ with respect to { , then we get for almost all ]

16
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1) There exists a linear mapping £, 1) — ’:}(l such that

a) fDx : El D is a nuclear space in the final topology continuously im-
bedded in 5{1 and dense in ﬁ@A

b) For all f €D HE Ehf is a measurable field ,

2) There exists a linear mapping T (x ) TA (x) into the linear operators

on ‘Dl such that :
- A -
a) L—A‘Wu«)f - T o0 By f

b) ¥ — <ﬁ1 (x) is a * -homomorphism and CIT'l (x) 1is a continuous re-
presentation when equipped with the final topology
c) for x€A and FG D the map [, fJ;) = Ty (x) }01 is separately
continuous .
3) If q € D and X > SA is any measurable field representing g then
a) Gaed)
b) A - T (x)§, is a measurable field and

. ®
‘\T(x)% = ( "1“‘)8101/"(“.
N
4) If (¥ ,D ) is a cyclic representation i,e., ) = T(A) L1l then
N =T, (A)Q, with 0, = £ 0

5 (T,,D,), = C-4

1w

6) If (7 .,D ) is cyclic and T(x) £L = O then follows (Tll(x)-ﬂl-‘o

Proof:
1) The existence of El D - Q‘@A such that f= fE, F 0‘/&(1\) is the nuclear

spectral theorem, Since E, is continuous follows ‘(Dl = i)/ker E,

is a nuclear space. The density of 3); in gf) will follow from 3 a).
2) Let ?lgéD )XSA and

— -~ o '] =
T Hgx) - (6 f, E,Te0g) - (E, T, E,q)
then follows for every bounded /(A— measurable function mw (4}
A2 -
SV\A(k\T)(f.ﬁ‘X)o‘r = (€‘m “0()(3) - (T(x')f' &\3 ) =0

and hence

Ta(e‘%‘X\zo a e.

17
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Define I, (x) Exg = E, Tog
then KITA(X) defines a % -representation a.e. since T, = 0 and A is
separable., The rest follows again since Ker E) is closed,

A A P
3) If feD then f = Z mi§.  with n:,.eﬂ and S[GD
A
Since A is diagonalisable follows Vﬂ.. — (A= W, (34, )

and hence f is represented by
X = 2 wm, () Eafgi

4 = —
which is measurable. Since J is dense in éew ) follows & . U

is dense in q(; .

- ,\ R S
Now ‘i?(m? -TI‘(HZW;%/,' = 2 m; H(x)g,‘

= SZ w, (y T oo Eaﬁf O;/“CAI

- §'TI\)[H ZW\;(A) L:“i( o{/u(A).

4) follows from 2 and so does 6.

5) The proof of this is exactly as in the case of von Neumann algebras which

can be carried over since only matrix elements are needed in the proof,

Now we shall apply the last result to the integral decomposition of states. We
will assume that A is a nuclear separable * -algebra., The cases of physical
interest are test function algebras over either ff(IQ“) or S_) (TQ") . In
both cases the algebra is separable. We will also assume that 1 & A and that

the product is separately continuous. Let now «> be a state on A, i.e.

a continuous positive linear functional on A such that « (1) = 1.
By the G.N.S. construction we get a representation Hl’w T Q_) . In this
case D =7|'w 0 is automatically a separable nuclear space which is con-

tinuously imbedded in (D).

Furtheron we will assume that the map 4«0 — 4 (D) defined by T (x) f'
is separately continuous. Since 9  is generally only weakly continuous, it is

a separate assumption. But in the case where A is a barrelled topological space

18
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(as in the cases of interest) then x¥ — I ¥x) f” is automatically continuous

(see ¢g.[47). With these assumptions we get:

IV.3. Theorem:

Let A be a nuclear x algebra with separately continuous product, and & a

4
state on A. Assume that for every y € A X9 W (!5" x™ x {) t is continuous.

]

Then exists a locally compact space /L and a positive normal ized Borel

measure /Ul)] on _/\. and states W, on A such that

1) w - j W, oQ/« () is a weak integral decomposition and 4 -almost
every/\;/here

2) W, is an extremal state

3 x> W, [(&' X' x %)A/Z is continuous

4) 1f Lw-{xeA-) W) =0y then Lwcz_wA

5 M, 1% = g"wa(x)ﬂ) cF/uu)
A

where ‘Ww and L fulfill the conditions of Theorem IV, 2.
A
Proof:
: D ¥ 4y

Let ('ﬁ‘b s Du ) be the G.N.S, representation of (5 then % Les
and hence a separable nuclear space.

A A A
Then we construct some maximal regular induced extension (‘ﬂ'w sl D )
and apply Theorem IV. 2. to it, Define W, (x) = (E)Q ’ E.\ T, o) Jy

(E,a,

which gives the desired result. £, 4)

19
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V. The moment problem over nuclear spaces

We now want to apply our results to abelian x algebras. If A is an abelian
* -algebra of bounded operators then every extremal state is a character,
it is a positive linear functional ¢ fulfilling

w(x%) = Wix) wiy)

But it is well known that on an algebra of unbounded operators not every extremal
state is a character (non-solvability of the moment problem in more than one
operator). Therefore the question arises to characterize those states which can

be decomposed into characters.

V.1l. Assumptions:

1) A is an abelian nuclear x -algebra 1& A with a separetaly continuous
product,

2) V is a linear subspace of Ah such that A(V) the algebra generated by VU 1
is dense in A,
V is a real nuclear space in the topology induced by A.

3) V' denotes the (real) dual space of V and Z ¢ V' a subset
P(Z) is the cone of polynomial P(‘Vl. . .’V;l) such that P( ?(04),(,{(1)1))...(((1)“) )20
forall y &€ 7 ,

With these notations we get:

V.2. Theorem: Let A, V, Z as above andlet w be a state then the following

statements are equivalent

%

1) @ is positive on P(Z) and X = W (x"x) is continuous

2) W has a weak integral decomposition

w = { W, dpa
A

where A, is a locally compact space and u is a positive normalized

measure and the following holds for almost all ) -

a) (‘)1 is a character on A

b) wA r \/ belongs to the weak closure of Z

20
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c) Lw) D Lw
d) There exists a continuous seminorm p on A and a function C € 1.1 (J\-,/' )

with C 2 O and Iw)(x)} & C(X) px) .

Proof:

The implication 2 = 1 is straightforward. The other direction we get by com-
bining the results of the sections III and IV,

In the physical applications there appear special cases of algebras, namely
symmetric tensor algebras over nuclear spaces. Since there are generally
more than one way of defining a tensor algebra we want to be sufficiently

specific,

V.3. Assumptions:

i
1) Let V be a real linear nuclear vector space and V its dual.

Assume V is the strict inductive limit of a countable number of its sub-

spaces Vk
V= & V,
—
2) We define the nth tensorial power of V as
VO L he VOV BBV
- —_— k k K

where @ denotes the completed T tensor product and
> On En
vV - ® (v LV
- mad

equipped with the direct sum topology.

3) S(V) the symmetric C-tensor algebra which is derived from V in the

standard way.

V.4, Lemma:

4
1) If W is a continuous positive linear functional on S(V) then x = w(x'v) *

is continuous.
2) Let Z (¢ V', then the continuous characters on S(V) which are positive on

P(Z) are in one to one correspondence with the elements of the weak closure Z

21
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via the formula

@ (P(og, v+ V) = P(Ewy, e btva))

D)

V.eVand £ =2 WPV e Z,

The proof of these statements are fairly simple so that we can proceed in our

investigation.

V.5. Theorem: Let T be a linear functional on S(V) then the following con-

citions are equivalent.
1) T is continuous and positive on P(Z) with T(1) = 1

2) T has a weak integral decomposition

T(P(v»\)"'vi\.\) = f’p(wltv‘))'.'lwl(")‘\-))Jl"()’
where (A. ,/L ) is a standé\rd measure space with /n 20 and \{d/‘ = A and
i
a) (4)) e 7

b) A > (,J)(v) is P measurable for all v ¢ V and there exists a
function () 20 ., CQ) e {_2 (A '/«) and continuous seminorms
Pn on V with

4

W, ol ¢ ¢ B ) mad, L

3)
T(D(U1,\)1)"'vn)) < ('P(w(m,wwl)'---www)\ va

2

where y is a measure on the G -algebra generated by the weakly closed sets

in V) and having the following property:

For any polynomially bounded continuous function f on R" the integral
Jfown, o)) dy,
Z

exists and is jointly continuous in v

..V, € V.

1 2

Proof:
1) is implied by 2) er 3) in an obvious fashion, 1) implies 2) is theorem V.2,

except for the estimate, But we have from theorem V, 2,
[T, (0 @0, e e@ua | = [0, (00 @, (0,) 0 @, W] € CQY P (VG- © V)
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where p is a continuous seminorm on S(V). But there exists a continuous semi-

norm qn on V such that

P" '\/8't < q%n and therefore Iw,\(v)\é C(A)Aﬁ qn(v),
'

2) ® 3) By Lemma V.4, we have a one-valued map F from /\ into V.
Define a set MC V be measurable if F-l(M) is measurable in /\ and
v (M) = M (F_l(M) ). Measurable functions can be transported in an analogue
manner, It remains to show that all weakly closed sets of V' are measurable.
Let K¢ # V‘be weakly closed then W,€ K if and only if the character X) de -
fined by &, 1is positive on the cone P(K). Using Lemma V. 4. we see that all
these characters are continuous with respect to a fixed seminorm p on S(V)
and therefore P(K) is separable. If Pé¢ P(K) then the set { A X) (P)> 0}
is au-measureble and therefore also { A ; W, € K g is measurable as countable

intersection of measurable sets.

The continuity property remains then a consequence of a simple estimate,
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VI. Application to quantum field theory

A Wightman functional W is usually defined as a state over the testfunction
algebra _.(f fulfilling the conditions (see eg[5])

() W is translational invariant

(/3 ) W anihilates the two-sided locality ideal Ic

( X’) W anihilates the left spectral ideal

If (LlTW .:D ) is the cyclic representation constructed from W then due to the
spectrum condition follows that also every operator b belonging to the weak
commutant of this representation commutes automatically with the unitary re-

presentation of the translation group. From this follows:

A
VI.1. Lemma: Let (‘I/T\ , W ,J3 ) be a maximal regular extension of ( q/r‘w ;D )
then the unitary group representation U(a) in ”J€ (D) of the translation group
A A
extends to a unitary group representation U (a) on 4( (5 ) such that M and

A
U (a) commute.
As a consequence of this we get

V1.2, Theorem: Every Wightman-state W can be decomposed into a weak inte-

gral over extremal Wightman states

W - f W, o pan
AN
In the framework of local algebras of bounded operators it is well known that

the extremality of the state and the uniqueness of the vacuum in the represen-
tation space are equivalent [6] . But, due to pathologies associated with un-
bounded operators it is possible to show that this is no longer true for Wightman
fields. We now want to investigate under what conditions a Wightman state can
be decomposed into extremal ones with a unique vacuum. We start first with

some

VI. 3. Notations and Remarks
1) Let A(f) be some Wightman field ( fe 50 ) defined on some demain D

in a Hilbert space #14 and let U} (a) be the unitary representation of the

translation group which is defined with it.

24



- 50 -

Denote by P _ the projection onto the subspace invariant under U(a), and

define ¥, s B ¥.

2) Assume there is a cyclic subset ’%o C 360 such that D = linear span{A(f)}c}
Denote by D the completion of D  in the graph topology induced by all A(f).
Define %0-5n’3€o and & = linear span {A(F>9¢>S )

3) Due to the spectrum condition, the following statements are true (see [7])

a) PR,

b) The operators AO = Po A PO are well defined and generate a commuta-
tive % -algebra on %o . _g‘/
c) (Ao‘ 30) is a representation of S(y/) i, e. the symmetric tensor algebra

overj .

. ]
4) Let y+ be the set of positive elements in f i.e. [Z ﬁ ﬁ‘ ;

—

the sum converges in f} and denote by P( ﬁﬂ*) < S( Y) the set
<4 +
{{ZP;P;‘)[ ) 'aff ' f'ég(ﬁp)g
With this notation we have more precisely ( A .3' is a P( Sp* )-positive

representation of S(.7)

With these notations we get

VI.4., Theorem:

1) There is a one to one correspondence between !
A

A
1. unitary equivalence classes of induced regular extension (4 , , o)

of (4 ,J ) and
.‘
2. unitary equivalence classes of regular induced P( f )-positive extensions

A

Ay My Do) of  (Ac, Do)

A Aa = A A =< .
2) If (4 , M, ) and (A, .M, ,S‘) ) are corresponding extensions then the

following diagram commutes :
A A

M
§l | s
M
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where the horizontal arrows stand for the restriction of invariant operators to
e
the invariant subspace. It is a normal isomorphism of x -algebras singe v/
o)
belongs to the strong commutant of A, € and ¢, are the weakly continuous

mappings discussed earlier,

Proof: The details of the proof are easy computations after having answered
the following question. Take a positive operator b ¢ (A, . R ):,, when

B

can it be lifted to a positive operator b in (A ‘\9 ):M such that b :Po b ?
Ve ' g
Assume bG(A‘.S)W ) A2h 20 and ﬁé.De)

then we have

o< (A(x)f,EA(x)f) - (/Hx"x)f‘ Ef) - (Ao f, Do f)
. (A R f)

PCE) .

~ t
This shows Pob < 6‘ (AoLSo

i

t - t ~
If on the other hand b € 64 ('40. 90 ) P (_f J } then we can define b by the

same equation.

We now want to apply this result to Wightman functionals. To this end we need

some

VI. 5. Notations:

1) Let W be a Wightman state and ( ,4, ,4(;9") £ ) the cyclic representation
constructed from W,
Denote by AO the associated representation of S(_f) and Wo(x) = (_Q,Ao(x)_o_ )
the corresponding state on S(¥).

2) For every xe¢ f‘ we want that the spectrum of Ao(x) is the positive
halfline, Therefore the common spectral set is the dual cone of f* which
we denote by __?“

Then P ( jﬂl*) denotes the set of all polynomials
, )+
{170(4) X)X € fk aud ﬁor (fe_f e have

)

P(Gxa, - ¢0)) 20}
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We now get:
VI.6., Theorem:
Let W be a Wightman state, then the following conditions are equivalent:
1) W has a weak integral decomposition
W s f W, d Jo)
AW
with A_ and p 2s usual and WA has the cluster property a.e.

2) Wo has a weak integral decomposition

\"/o = gWoA o(/“(“
AW

with /L, /h as above and W.

+
o is P( ? ) positive character a.e.

3) Wo is positive on P ( ff“) .

The proof is only a collection of previous results.

There is another area of applications, these are the so-called Schwinger functionals
and which are used extensively in the constructive field theory. But in order to
treat the problems which are connected with them, some further results are

needed which are beyond this representation given here, The results which we

have obtained in Goéttingen so far will be presented at the conference in Marseille,
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