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FORMULATION OF THE PROBLEM

One of the most fauiliar problem in particle physics is what is
called "Phase shift analysis" and which is more exactly "amplitude analysis",
namely the problem of finding scattering or reactions amplitudes from
measured cross-sections polarisations, etc... What is incredible but true
is that even if we see nundreds of phase shift analyses performed and
published this problem is not really solved, even "in principle", i.e.,

even if you start from extremely accurate measurements.

Here we shall restrict ourselves to a particularly simple case
wnich is that of spin zero elastic scattering A+B-A+B at an energy
which is below the first inelastic threshold. We assume thaf we mow with
perfect accuracy the differential cross-section at one given energy and for

all physical scattering angles

o s

What we waant is to find

A'\%_F(Uae): C#[Gne) (2)

F is normalized in such a way that, when the partial wave expansion

converges:

F = Z(Qﬁ-ft\a.ffm (m@) (3)

is real because there is no inelastic channel open; Pl(coso )

where gl

is a Legendre polynomial.

The problem is indeed the problem of phase shift analysis because

once you know @(cos ©) by Eq. (2) you can obtain the phase shifts by

f'{ '/2- _
o Z%AE: -9{ ([ka AO"] wﬁ'?ﬁ(mejf?@e)ﬁe

T dent (
(4)
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To conclude this section I would like to say that I am perfectly
avare of the fact that this idealized problem is rather far from reality.
It is, however, my belief that studying it should bring some light. The
only thing which is more favourable in practice is that one uses continuity
and possibly analyticity in energy. Here we decided to disregard this
constraint because of the instability of continuations along the energy cut.
In fact if one assumes perfect knowledge of d@ /dcos® at all energies and
all angles one finds that the amplitude 1s unique as shown by Bessis and

1)

case, but the result seems to me rather acadenic.

2
myself for the pion-pion case and by Alvarez-Estrada ) for the general

SUMMARY OF THE RESULTS

The problem even in its simplest form is not completely solved.
1) Taere is an obvious embiguity

If F(cos®) 1is an acceptable anplitude -F*(cos® ) is also an
acceptanhle amplitude; go.ng fror ore azplitude to the other amounts to
reverse the sign of all the pnase shifts in Eq. (4). The only way to remove
this ambiguity is to use analyticity with respect 1o energy, wnich is out-
side our programme. In what follows we shall only be interested n non-
trivial ambiguities. All the statements we shall make will be modulo the

trivial ambiguity.
ii) There exists a sufficient condition for tae existence and uniqueness

If we define F(12) as the scattering amplitude in which 1 and 2
designate unit vectors in the initial and final directions of the particles

we can construct the quantity

o | [FO |7 (2] el (5

this is the spherical convolution of |[F| with itself. It resembles very

much the unitarity integral

WF(12) = #JF@@ F2R) d2,

except for the fact that F and F*¥ are replaced by their moduli.



-3 -

Then we define

. ! / I
S = =~ f [Fr13D] [E(23)] d$Z,
all directions 1 and 2 {F(/l)/

What can be proved is this 3)’4)’5).

- If sinr<0.79, there is one and only one amplitude corresponding to the

differential cross-section.

- If sin P’<1 there is at least one solution and, probably only one

(but for the latter point, the proof 1s not complete).

'
It must be realized, however, that this condition sin ,4,<1 is
very restrictive. In particular it implies automatically | Ll <T/6 for
all £>0, which means that an amplitude with a resonating £#0 wave will

never fulfill the requirement sin r(< 1.

iii) Existence of aon-trivial ambiguities

6)

phase shifts give exactly the same differential cross-section. In this

Crichton has produced a very simple example in which two sets of

example the maximum angular momentum is 2. Then, for instance, the two sets

g, =—23%a’ &= -43%27" Jy=20°
3,

~/ ~f 0o
d, = 9¢°se’ I, =-2¢%3" d =20°

give exactly the same cross-section. This is not a numerical accident.
More generally, if 129321 < 52<24O9', to a given OHZ correspond two
couples (JO, ;1), ({é, ;1') wnich give the same cross-section. One
has therefore a one-parameter family of cross-sect-ons which give rise to

two distinct amplitudes.

iv) Ambiguities in the general polynomial case

A very simple but non-rigorous counting argunent leads to believe
that there are never more than two solutions differing in a non-trivial way.

The case LMa:f: 2 has already bee:n explicitly solved by Crichton as we have
seen. It nas receatly been checked that for L, =3 ) and L, =4 8)
Max Max

9)

the maximum number of solutions is indeed 2. What has been shown in general



for the polynomial case is that the solution i1s unigque if the cross-section

is small enough:

T, < 4 m

v) Ambiguities if the amplitude is an entire function of cos®@ (but

9)

than two solutions :if the ertire function is of finite order, i.e., if

' low_ Crey, [F(2)]
/'g; o0 Lugle

is finite., If the order is non-intcger there is a0 ambiguity.

In that case we have explicitly shown that there are never nore

vi) The question of amplitudes analytic in ellipses

This 1s of course the realistic case. A very useful tool for the
study of this problem has been built by Atkinson, Mahoux and Yndurain 10).
They have been able to prove the existence and local uniqueness under
certain sufficient conditions on the cross-sections which differ from what
is described in ii), but so far they have no staterent about the maximum
number of solutions. Atkinson 1) has recently been able to prove that
there exists at least two fold ambiguities in that case by making small

perturbations to a cross-section giving rise to the Crichton ambiguity.

Because of lack of time and lack of competence I shall not give

any more details on this case.

3. THE CASE sinp <1
T

We have introduced the gquantity
su J IR
Sy = P %fdns [Fl2o] ¥ (23)]

ovef Zi(li girections IF‘(, Q.) I

If this integral over solid angles seems unfamiliar we can produce an

equivalent definition



[IF(=8)] |F (e K (s, ] et Ui
|F( o)

with K= & E/_(me)i(cmeg*_(zq,@”)ﬁ-Qeﬁ za,'pz/ma'j

VI - (tn 6t 8) L tan " 42 tn S cnBeen B/

Now, let us try to explain in an intuitive way how this quantity

appears naturally. The unitarity condition reads

T F(2) = 4 )f = UsyF(12) A5y
= ?erf [F(I?D//4"(?33/443[95(/3)”%(13«)75{123 (&)

Now assume that either @ 1is small or @ is not varying appreciably over
the physical region. Then, as a first approximation we could neglect
cos Eﬁ(13)-¢(23[} in the right-hand side of (8) and get

R (12) = [Fl12)[6n ¢, (12)

= 47 ) [FOIF23)] dag (©

Then one would like to extract ¢o from this equation and to substitute

¢o in the right-hand side of (8). To be able to do this we must make sure
that we never get from (9) a quantity sin}ZSO which is larger than unity!
This is precisely the case if sin rn<1! Then, in addition, 5111¢0 is
strictly less than 1 at all angles, and if we decide that the scattering
amplitude should be continuous, and in addition that 0<g , (0=0)<T/2
(which removes the trivial ambiguity), we have O<<¢O<<7T/2 at all angles
and there is no ambiguity in going from sianO to ﬂo. The condition
sin.Fb<1 not only ensures that the first approximation is meaningful,

it also guarantees that we shall be able to continue the iteration procedure.
Suppose now that @ is not a solution but a trial phase. Then inserting

it in the right-hand side of the equation we get @' in the left-hand side

Fri2)] s ¢ = o | (O3 /F(B)/m@{e)—yb(wd (10)
12



Clearly, if sin{.&<7, for any @  we get
. / »
[’ | < & p < 4

Equation (10) defines a non-linear mapping of the space of con-
tinuous functions £ on itself. Solutions of Eg. (8) are "fixed points"
of the mapping. What can be established, using standard mathematical

12
techniques , 1s that this mapping has at least one fixed point if

sin <1, such that OSJDEE.. [.e., if sin <1 there exists at least

one unitary amplitude with modulus |F] .

Let us now return, nowever, to the iteration procedure. We know
that we shall never be stopped, but what about convergence? To study this,

consider two trial amplitudes
(¢ —o!
(y >y . )
Fld] 60 ¢'12) = & | IFI(F] w{cp(zs)-ib(mj A2

4n

F( 12) &y (l!.) (lF‘ [F| & */13;—(11(7-3361(&3

LHT__,

Take now the difference:

= (12)] % g;’f_sef ton LAY

2.

= - HF(/3>IIF/23\[' : l 13-4 (1 cf’_/gﬁj}{’_@]
Hr 2 - 2

X Fon [c#/u):__ (13)_ qﬁf“?Wﬂ?)

e ~ lj

then, since cos (g'+ +'/2> >cos rl_, e easily get
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Therefore we see that if

N
gff“‘& < o(< 1 (11)

e pe

1wl o ol -
sl 2 R el
Now, if we iterate n times we get

M»r e /M[NS <o(h‘ %%g}?_ (12)

) -

5o we conclude

i) if we start from any two trial functions

Y9 ) oy<k odP

the difference between the nth iterates approaches zero;

ii) the successive iterates of @ form a Cauchy sequence because

(if m>n)
‘ (m)  4lh) n ) ‘(I"—’;'_)_
tup o [ =B o g a%f

\
which goes to zero with n-®m . So the ﬁ(n"s converge.
iii) they converge to a solution;

iv) +the solution is unigue among the continuous functions varying betiween
zero and rg,. On the other hand, we can easily prove that there are no

solutions outside this domain.

Conclusion: If (11) is true there is one and only one solution, and it can be
obtained by an iterative procedure. Notice, in passing, that this iterative
procedure is perfectly tractable from a computer's point of view.

3)

With extra work I succeeded to prove that the solution is

unigue under the weaker condition



¢e
'

2 (4 r)q
L- e &k

< 4 (13)

which gives sin}4<10.79. In addition Atzginsoun and Johnson succeeded %o

prove tnat if (13) holds the itera%ive method works.

So far we are happy since under a well defined condition on the
differential cross~secticon we find one and only one solution modulo the
trivial ambiguity. Now, however, I snall try to show you that the condition
sin p <1 1is, in fact, very restrictive. Remember first of all that

sin ,4 <1 1implies

0 (eedl k< T
PoF (Loe)>0

P F (e 8)>0 )

and nence for £2>1

byt Bl = [ Rro[12 (9] >0

-
since fPt(x)| <1 and similarly Im.fozt LmAfz >0. Since fo and ft Lie
on the unitarity circle this automatically implies that Im f <% for

j2
£>1, 1i.e., if we make the convention to take -W/?<<¢J;< /2 (the

phase shifts are defined moduls TV ), we have

/‘2/<£—r or A5 4 (15)

This has been improved recently by the following argument: we have

b= | o feriz]
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where Pz designates the positive part of Pz(x) for -1<x<+1, PE
designates the negative part.

For the two separate pieces in (16) one can apply the Weierstrass

nean value theorem [(F is Complexl) and “ind the ma<imum of (16) to be

T .

,f%/\< fm@‘?oa.gj+ [y WLJ
=3 F{ztﬂ P(x)l[(”lﬂ} (oﬂ o
2.{ 2. Z _(

Now, it is easy to prove that for £>1

%0

ilence, 1if we expand }F\oos O)f in partial waves

IFI = Z(Zf-#l) <y 6(5@6>

< [+ % = '—2- + 5'(”) (18)
T3

we get

R
ol < 4[er+ (g

Now, from }Fj:>0 ne zet

te = [HIFI(125) >0

’_\"—] (19)
3

wln

Hence,

<, > {Cﬂ,/ (20)



From sian<1
, r 5| .
) — | IFasd[1F (233 g S o
J 4
Hence, projecting over partial waves

|
C;-—céa':> C%.- C 2'/ (21)

It is easy to see that if COZ>%- tne combination of (20) and (21) implies

P >.,C~e/

Tnerefore, if Co?>% we get
v o %
W<J (1- )+ (= So
> 2 | 2
This is maxiaum for CO::% and gives Ile<:§. i CO<<% then

el < [IFIlBl % i1 < 4,

so that in both cases

Q/< ﬂg:_ for ‘@2 4 (22)

The conclusion is that the condition sﬂtk <17 implies automatically
that all partial waves, except possibly the § wave are non-resonating and
small. This makes the physical interest of the condition rather doubtful,

since what is really exciting 1s resonating amp-itudes.

Let us point out, however, that if scattering amplitudes have normal
threshold benaviour, the condition sian< 1 will always be satisfied at
energres sufficiently close to threshold, because since the phase snifts

0441

behave like —
&Q(\/ a‘zk

the S wave will be dominant for x small enougn if the scattering length
a is not zero. Then the aungular distribution will be approximately flat, and
this implies sin M<?1., This has some importaance for guestions of principle and

we shall come back one<that in the concluding remarks.



THE CASE OF POLYNOMIALS

At the end of Section 3 we had a “eeling of dissatisfaction because
resonances had to be excluded. Ideally one would like to get rid of the
condition siny <1 witnout making any additional assumption except,
perhaps, that ébe amplitude is analytic inside an ellipse. However, nobody
has so far been able to make any statement about the multipiicity of the
solutions in that case. So we shall now examine another face of the problem
in which it is no longer assumed that de&/dém® has some smoothness or that
partial waves are small, but, on the other hand we restrict ourselves to
amplitudes in wnich the angular momentun is bounded, i.e., amplitudes which
are polynomials in =z=cos© . After all, in practical phase shift analysis,
this is what is always assumed, even if it is not strictly correct because
of the existence of an exponential tail of the partial wave amplitude dis-

tribution.

A. The zeros and the counting argument

A convenient way toc write a polynomial amplitude is to express it

as a product »Hver 1its zeros:

4
Fio Alaca)e-2) 0 (2-2,) (23

{) is proportional to the highest partial wave amplitude:

Al r

1O9L A [ A /
Q:e, fhé;_ xCZ.L-f-I) LZ.L’)' (24)

~ ’ QL(L,/)L

. . ) . .
Now, given that F 1s an acceptable amplitude associated with the differ-

ential cronss-section

d 2r 1=4)" 2n 1" .
foo= 172 T oo

what are the other possible amplitudes which produce the same cross-section?

O

+o
If we disregard unitarity except for tne L°~ wave we see that we can replace
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a subset of the zeros Zyeeety by their complex conjugates. Unitarity of
the Lth wave forces us to keep ) fixed because |sin J‘LI is fixed
and we choose 0K L<""'/2 t0 remove the trivial ambiguity lj:his convention

differs from the one of Section 3, where we had decided to take ReF@ =0) >(5_].

a priori, there seems to be EL possible amplitudes. However,
2y, +..L=-1 partial wave

So,
unitarity has not been imposed on the £=0, 1,
amplitudes. Suppose there are N acceptable amplitudes:

Fle Afaa)(aoa,) o fema))
F* = Q(&’éf) e
V-

These N amplitudes depend on 2L +1 paraneters: J\L’ the L real parts

of the zeros, the I moduli of the imaginary parts of the zeros. We must

impose unitarity on the partial wave amplitudes for £=0...L-1;

k L+
%ﬁ -_— € (25)
2
k=1, 2,...,N
£=0, Ty..0,L =1

Equations (25) constitute a system of NL non-linear algebraic equations.

If these equations are really independent, the number of equations should

be less or equal to the number of parameters

NL L 2L+4
N o

If N=2 +there'is one parameter left. So, if there is a two-fold ambiguity

(26)

for a given maximum angular momentum I this ambiguity arises on a one
dimensional variety of differential cross-sections. This is exactly what

happens in the Crichton case which corresponds to L =2.
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Admittedly this counting argument is not rigorous

because we

have no general proof so far that the systenm (25) is made of independent

in addition to the case
Loz 7

However,

equations. L=2,
8)

studied explicitly for and L =4 .

snown that no more than two simultaneous solutions can be present.

L=4

Their result, however,

case is so complicated that Cornille and Drouffe had
because they get strict

N =73,

is rigorous,
show the incompatibility of the system (25) for For
say is, following Golberger, that nature would be unkind if
were not independent.

B. The descending construction

We would like to stress now another aspect of the
In A we first imposed to the various amplitudes to have the

then tried to check that unitarity was satisfied.

the equations have been

In both cases it has pvpeen

The

to use a computer,
inequalities which
L>5 all we can
the system (25)

polynomial case.

same modulus and

One can do the reverse

and first try to find all possible unitary amplitudes compatible with a

given d@=/d cos® and see later which one has the correct

modulus. Here

we shall do something very unphysical but very straightforward from a

mathematical point of view when you have perfect knowledge of d &7/dcos®

%ﬂ’%& = %‘:(ZQ*') fé 7?{"”6) - (26)
= :‘;@eu) 55 F (o)
with o - C:: o
T = CQLI.:' ke QL: ﬁL\/ (27
%Lk = 2 C-ﬁ " .



- 14 -

fm

the CZL g are sguares of Clebsch Gordan coefficients. 2L-K, 4 and m

satisfy triangular inequalities, It is easy to see that in CT;L-K’ for
’ aly in £X i f never appsars.

0<K<L, fL-K appears ouly in ReLL_KfL and T, _Kon e TP

(=] = b Af.‘ Fal 4 ; 3 1

Suppose we already know for Ip_ fL—K+1 then

i

L L-k ¥
’20. )Q_ Té_-—K)-’- ‘mown terms

N =
2L~k 2L—K

Re (ff:fL_K) =const. defirecs a straight line in the Argand diagram, which
is perpendicular to fL.
and gives therefore two possible values for f

It intersects the unitarity circle in two points
1,-K" Then, choosing
and so on. In the end, from the knowledge of

L-K
one can find fL—K-1 -
JEIJ CE&_1,..., CE:1 one gets 2 possitle unitary amplitudes. Then

one has to compute d; 6;_1,..., Gg with these various sets and see

if they agree with the values given in advance. Here the maximum multiplicity

(S

is less transparent, but tnere are other interesting aspects.

First of all we shall snow that if the condition sian<1 of
Section 3 holds and if the number of partial waves, however large, is finite

the amplitude is unique. Indeed from (22)

-
1§ )¢ X S, 1< I

L— \ 6- and e . 6—
Now, suppose there are two solutions. For 4£4=1L, L-1, ©IL-k+1 the partial

waves are common. For f=L-k they differ, and from the geometrical

construction (see the Figure)

. -2 »
L4 so )= 4C) +17-> (28)
2, L-k L—/(// -2 \\"— - /

It is easy to see that if ‘8';-kj’ }S.;_kﬁ, igLE are all less than ‘"7‘

condition (28) cannot be satisfied, and the solution is therefore unigue.
In fact, in Ref. 3) it is shown that if ReF> 0, ImF>0 (which is weaker
than sin H <1) and if the number of partial waves 1s finite the solution

i1s unique.

Second we shall show that if the total cross-section is small enough
the solution is again unique. Looking again at the geometrical construction

we see that 3(Imf 5

' 3 s + R L s
Lk *I®mfp ) is certainly _arger than gD - |sin L‘J'
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Therefore, tae common cross-section is certainly larger than the mean contri-

bution of the L —kth wave plus that of the Lth wave

1% k) 4] 1214 "
o o—'>L2(L K,)+§T+@L+1)Qa | (29)

This reaches its minimum for L-k=1, L=2, (L-k=0 1is excluded) and

one finds

T ’
Z—é‘;T U—W > (3% (30)
Hence if

L3

[, 38 (31)

the amplitude is unique. It must be realized that this condition is funda-
mentally different from the condition sin M<1. If (31) holds the diffe-
rential cross-section may liave very violent oscillations, very deep minima
whaich would produce a violation of sin.r,< 1. On the contrary si11fL<‘

does not exclude very large total cross-sections, provided the partial wave

distribution is smooth enough.

THE CASE OF ENTIRE FUNCTIONS

As we have seen, the case of polynomial amplitudes is not completely
settled. It represents anyway a rather extreme case in which the partial wave
distribution stops abruptly. A case which seems closer to physical reality
is that in which there are infinitely many partial waves. As we already
said we have not been able to treat this case in general and in particular
we have no answer for the case of exponentially decreasing partial wave
amplitudes, which corresponds to F(z) analytic inside an ellipse. The
case we want to treat here is that of partial wave amplitude which decreases
with {4 faster than any exponeantial, i.e., the case where F(z) is an
entire function of z. It may be worth pointing out that polynomial ampli-
tudes cannot be reproduced by short range potentials while entire functions

naturally appear with potentials decrecasing faster than any exponential. 1In
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. I .
particular finite range potentials correspond to F{z) of order %, i.€.,

S |[F&D| v exp r¥

|2 < r
What miraculously happens is that the case of entire functions of finite order,
which, a priori, would look more complicated than that of polynonials, is
in fact much easier. Why is it so0? Ffirst of all, if the partial wave

expansion does not stop:

(=4
Fa I (2440 3.0 fj‘(a—)
o <
the only way for this expansion to converge in the entire complex plane is

to have f£~+0 for A4-®. That means that for large £ unitarity simpli-

fies: Im f,= ’fll ~|Re £,|%. On tne otner hand, it is the large £ be-

)
haviour which determines the dominant benaviour of F(z) for z—-w,

because the small £ Dbehaviour will only affect F(z) by polynomials. In

the 1limit of 2z large, therefore, F(z) is domina%ed by the dispersive part,

= 24+1) % @(.4.)

1.€.,

So, the quantity

27 _ /o
Logz = TR0

is dominated almost everywhere by

[:Z\Q 2+1) % 7@ (&)

This obviously should simplify things since, "approximately" we are only

left with a sign ambiguity.

Before giving details let us recall what is the "order" of an

entire function. In mathema*tica’ terus the order /0 is given by

f:..— /o %1"; E“*Ha)/)’?’:'ﬂ (32)
r—> 20 «L.»\a’w




- 17 -

This means that a funciion of order behaves approximately like
exp(r)F in some direction. For instance expz 1s of order 1. What is

also aeeded is some property of the unitarity integral.

The absorptive part of the scattering amplitude A 1is given by

B ;
A1) = = F13) F7(23) elg2, (53)

El‘his equation coincides with (8)], or

b)) = T (2040 07, Glws,) oo

The problem is to continue the unitarity condition (33) outside the physical

regioa. Let us choose as =z axis the bissector of the angle 12, Then

A(m-&,,_) — A(m?@a) =

qm

o8, e84+ Pn By F»lecnc#)> X (35)
¥
« (m’gho-%"eﬁém

Make now QO complex and assume that F 1is analytic inside an ellipse EQO
with foci -1, +1 going through cosQO. Then without any contour deform-
ation we see that the argument of F lies on the segment connecting the
points cos (Oo+ 8) and cos (QO—O) which both lie on the ellipse Ego.
The same holds for the argument of F*. So both arguments are inside the
ellipse of analyticity and Alcos 200) has a meaningful expression. In

particular, if we take Qozil{/

A MZL}/):.&.JAM«»@ FmoM?.;.iﬂgomcfzmq,) Zs)
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With the notation MF<X) - maximun of |F| inside the ellipse of semi-major

axis x, and foci -1, +1, we get from {36)
oy
£ (%]
1

x real >1 (37)

MA(ZX"'—:) < iM

(remember that A, a sum of Legendre polynomials with positive coefficients

is maximum at the right extremity of an ellipse).

Inequality (37) is the key for the study of amplitudes which are
entire functions. In the limit of x very large the ellipses become very
close to circles (with an error of the order of 1/x). Equation (37) shows
that if F, is an entire function of order P A is entire function of
order f/E Indeed

ROR QU Pe %f”)/]

4 arbitrarily smali.

A. The case of entire furctions of order O <p <]

Suppose we have two amplitudes F and F' giving the same cross-

section:
F= D+ A
F’:: D/-#\'AI

Dz(i) + Aa(i) = D T/z,) + A'L(z ) (38)

if F is of order ‘D>O A is of order /2, and D is of order .
This implies that D' is of order F and A' of order F/2 P and F!

nave 10 have the same order. Now (5(,) can ke written as

(D-Lb')(b—b') _-:_<A+A’> (A—A') (39)
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The right-hand side i1s of order P /2. The left-hand side must also be of

order F /2.

13)

Here comes an important decomposition theorem of entire functions :
let £(z) be an entire function of ordsr &<l such that f(O),éO. Then
(z) =Cn(1—<z/zi>>, waere the product, exteanding over all zeros of f is
absolutely couvergent. Furthermore, any product over a subset of the zeros

is also an entire function of order < ¢

Now D-D' and D+D' are separately entire functions of order
< 1 and can be written as absolutely convergent products over zeros. The
zeros of D-D' are a subset of the zeros of (A-A')(A+A'). Hence D -D!

is necessarily of order F/Z. So Is D4+ D'. Therefore D and D! are

separatély of order F/Z, which contradicts the assumption unless =0.
Hence there is a7 o8t one amplitude of order O<j9<1 reproducing a given
differential cross-section. We have excluded of course the case AZ-A'ZEO
wnich admits as a solution D' =-D whica is tihe trivial ambiguity.

B. Tne case of entire functions of order 1< P<2 and its generalization 1o

Again, if there are two solutions F and F! they are both of the
same order ﬁ . A and A' are of order F/2<1 and hence A -A' and

A+ A" can be written as convergent producis over zeros:
AQ A!L_ s Tr[,_é\
Laagl - et ,“ t‘\)
From (39) we see that the zeros of D+D' from a subset of the zi's:

D+’ = E(x)TT/

where the 2z.'s form a subset of the z.'s anc

'\ }

is an entire function

AN
—

E(

o8

al
J
without zeros ol order <2. The only such function is c¢ exp Qz. Henca

D+ D! = g ¥X1-(2/2.)), where n(1—(z/z;)) is of order /0/2<1,
J J
D+D'= p(gz/ z) where @{z) is ol order <I.
Similarly, D -D! = exp—a z L()(z\ when ({'(7) is of order <1.

Therefore,
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2D = expliz) cp(&) +%(;Qa) Y(=)
20 = et} 2) %(g)—cx.ﬁ(—/)&) J(a)

(41)

We see that D aad D' are of order '. BSo, if Z>A>1 we meet
again a contradiction, and there can be only one amplitude. On the other
hand, for =1 we cannot exclude the possibility of two solutioans. Then

is it possible to have more than two solutions? I1f there are three solutions

there are two decompositions of the type (41):

2 D= explI2) @ (2) + explre) =) .,
2D = 0epld®) ¢/2) +axplaDYla)

where ¢, L}' , @1, L{}' are of order <1. Then, it is easy to see that
(assume 2>0 Q'>0) for =z real—+ @ the first terms in (42) dominate

and one 1is forced to have Q :Q '. After this is established it is not difficult

to show that g=g!' \rE {}/'. Therefore, the decomposition of D is unique

and there are only two solutions at most.

It is not difficult, as was done in Ref. 9), to generalize this
argument to arbitrary finite order >0. Indeed, if f) >2 it is still pos-
sible to write (A —A')(A+ A') as a product over zeros provided extra con-
vergence factors arc added 13). For instance, if 2§P<4, ieea, 1_<_f/2<2
A-A' will be written as a product of factors (1 - (z/zi))exp(z/zi),
instead of (1-(z/zi)) previously, times a pure exponential. We do not
want to give details. The counclusions are the same: 1if is not integer

there i3 only one amplitude of order ,D . If f) is integer D can be

decomposed in a unique way into

2D at(xf) (23 + o [BF]gra) ©



where @ and are of order strictly less than /0 . There are never

more than two solutions.

The fact that this holds for arbitrary finite order makes us believe
that this might also be true in nore general cases but we have no proof of

this.

C. The case of functions of order zero

This is perhaps the most difficult case, probably because it is

close to the polynomial case. Here inequality (36) conneciting the growth

of ]Fi and the growth of A! for z- o must be used in a more careful

way. We have no simpler proof to offer than the one proposed in Ref. 9). So
we just gtate the result: 1if F and F' are two unitary amplitudes of order
zero producing the same cross-section, D-D' or D+D' is a polynomial.

Assume that D-D' 1is a polynomial. Then

d'b-0) & d%-#) -4 .

Once this result is accepted it is not very difficult to see that

there cannot exist more than two solutions.

Let D+ iA be one solution, D+AD+i(A+A A) the second,
D+AD '+ i(A+ AA') +the third. Then

(2A+AAAA & (2D+ADYAD =0
GA.;.AA')AA’-J- 20+ ) Ap'z0

hence

2.
9 AA-_ An/ Ab
CICIANTS

A, for z-+ w, increases, by assumption, faster than any power. Therefore,

AD_ &Y _AD 4

TR TRm T A

the last four terms in (45) decrease faster than any inverse power of z.
On the other hand AA/AD- AA'/AD' 1is a rational funetion. It has

therefore to be identically zero:
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IV

—a———— [l
D AD/
Then it is not difficult %o get AA=-AA' and AD=HD'. The

second and the third solutions have to coincide.

The case of order O makes therefore no exception. There cannot
be more taan two solutions. The major difference with p A0 is that if

P >0, integer,

ot

he difference between two solutions is not a polynomial
(a fact which is also true for amplitudes analytic in a cut plane, as shown

by Burkhardt 14)), while for f;::o the difference must be a polynomial.

CONCLUDING REMARKS

We have presented the situation as it is today. Our findings suggest
that there are never more than two unitary amplitudes producing the same
differential cross-sections., This will be true if entire functions are not
exceptional animals. The reason of our success i35, on the one hand, the
fact that in that case only tane large angular womentum partial wave ampli-
tudes matter, on the other nand, that sntire functions have been very well
studied by mathematicians (especially old mathematicians) with these beau-

tiful decoaposition theorems of Weierstrass, Hadamard, eic...
There are many problems left among which I want to mention three:

1)  the extension to particles with spin. This is in part treated in the

16)

vapers of Atkinson-Mahoux-Y¥Yndurain and Carreras and Alvarez-Estrada

7)

. 1
and Berends and Ruiljsenaars ;

2)  the stability with respect to experimenial errors. At least in one case
we can give a positive answer: 1if sin’*<:0.79, one can prove tnat small
perturbations of d&/dcos® produce small perturbations of B(cos o ),

the unigue solution;

3) if we xnow the amplitude not only at one given energy but on a range

of energies, does this fix the amplitude in a unique way? Does this
P

eliminate the trivial ambiguity (s,cos G) »-F*(s,cos@ )9

It has been shown long ago that if j?{ is known in the whole phy-

o

g

. . . L . N . T}K_' - R R .
sical region F 1is determined uniquely ’7/. It must be realized, nowever,

that this determina‘tion is rather unstable: F{s,cos 8 ) is inside the analy-
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ticity domain in c¢o0s @ but on the energy cut in s. What is easy to
establish is that there are never more than two amplitudes because, as we
s5aid, the condition sin Pﬁ<1 a0lds if we are close enough to threshold.

Then modulo the trivial ambiguity there is only one amplitude inside a two-
dimensional region in s and t aad this fixes the amplitude everywhere

else by analytic continuation. It is more tedious to remove the trivial am-
biguity. Here one must use, in particular, fixed t dispersion relatioas for
t >0 together with the positivity of the absorptive part. For completeness

let us skeitch a proof.

We work with a s-u crossing symmetric amplitude A +B-A + B,

with masses M and p (like Kr°-kn°!). Then

== [r- 0] [me =] “

is a convenient variable.

Assume that we know

i) IF{ in the elastic region

(M-l—)u)d'(g </\M+2,u)°'

ii) |F| ana © in the forward direction for arbitrarily large

total
energies,

From the previous remarks we lnow that we have only the trivial
ambiguity when S 1is close enough to threshold, and since F 1is analytic
and can be continued to the second sheet for (M+—H )2<ss<(M-+2’&)2, this
will persist till the first inelastic threshold.

So if F and G are solutions

OF = - B (-
M= Im G-

Let us look now at the forward amplitude. F and G are both analytic in

for CM +@1<s <(M+2p)g_(47)

the 2z plane with a cut starting at z=0. Since ar;otal is given at
all energies, ImP =ImG and F-G 1is real analytic for z<0 and also real
for z>0. Therefore, it is an entire function. But from high energy bounds

F-G| <vz(log z )2. Therefore, F-G=C, C real. On the other hand,

we nave
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F+G 1is purely imaginary for O<:z<:z1 where z, is the first inelastic
threshold. Hence, F+G=,/-z @(z) where @£(z) has a possible cut starting

at z,. Now, we impose IReF“::Re G( at all energies:

(E ‘}»cp(z)-c-cj = |/2& Mgr)-C

which for a given 2z admits the solutions
T $(2) = O C =0

C=0 1is excluded, because then there is no problem: F and G coincide.

So we are left with Im@(z)= 0 which easily gives @ =const=D

F= %4—%/.;

--_¢C LD/
—-3.+2—z-

(48)

at all energies., Outside this exceptional structure there is no room for

the trivial ambiguity. Now: this structure itself seems to be unacceptable
because there is no inelastic cut in F. It seems extremely difficult to

make the inelastic cut everywhere zero in the forward direction. What we

know is that above the inelastic threshold the total cross-section must be
strictly larger than the elastic cross-section. For an amplitude F:::E(2£+1)sz£
the discontinuity (FI_FH/21)(cos ©=1) of the amplitude across the inelastic

cut is given by

-
A = 2@24—‘) %&—/él‘/* (49)
/-2//&
In the case where for all £, Im:fz<%—¢; it is easy to see that

k> , \
lA’> Cn/rf‘»z-;r\/ﬁ;.' —U—Z F./

while in (48) z& is zern. We see therefore that if D 1is small enough

(50)

we get an obvious contradiction since

PF = S(20+) b = PR

7‘”72 < Dvz
24+

Hence
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Even for large D, it seems anyway extremely difficult to make ‘S
identically zero at all energies. Indeed, let us place ourselves close
enough to the first inelastic threshold. Then the inelastically produced
particles will appear in the lowest angular momentum state allowed by selec-
tion rules, and the sum (49) will reduce to a single term which will differ

from zero.
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