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Modified Mielnik's Axioms and Reflexivity 
C.V. Stanojevic* 

1. Introduction* Mielnik's [1] geometric approach to the founda­
tion of general quantum mechanics revived the interest in charac­
terization of inner product spaces. A natural form of the generalized 
parallelogram law [2] came out of studying geometric properties of 
the concrete representation space of Mielnik's quantum states. This 
generalized parallelogram law was related to that of D.A. Senechalle 
[3], through the functional equation f + f o g = 1, where 

f c F = {f|f e C[0,2], f+, f(0) = 0, f(2) = 1} 
g e G = {g|g e C[0,2], g+, g(0) = 2, g(2) » 0}. 

The generalized parallelogram law 

f(||x + y||) + f(||x - y | I ) = 1 

where f e F, and ||x|| = | |y| | = 1 turned out to be a concrete 
form of the well-known condition of E..R. Lorch, [4] . 
Before we show how by modifying Mielnik' s axioms we can get other 
geometric properties of the concrete representation space, we 
shall give a brief account of the results mentioned above. 

2. Mielnik's probability spaces and characterization of inner  
product-spaces. 

Let S be a non-empty set and p a real-valued function defined 
on S x S such that 

(A) 0 < p(a,b) < 1 and a = b p(a,b) = 1 
(B) p(a,b) =» p(b fa) , 
for all a,b e S. 
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Definition 2.1. Two elements a and b in S are orthogonal if 
p(a,b) = 0. A subset R of S is an orthogonal system if any two 
distinct elements of R are orthogonal. 

It is easy to show that there exists a maximal orthogonal system. 
Definition 2.2* A maximal orthogonal system is called a basis B 
in S. Let F B be the class of all finite subsets F of B, then 

p(a,F) « I p(a,b) 
beF 

is defined for all a e S, and all F e F . 
JD 

The following property of B is postulated. 
(C) For each basis B and for each a £ S 

sup p(a,F) = 1 
FeF B 

Definition 2.3. Any pair (S,p) satisfying axiom (A), (B) and (C) 
is called a probability space. 
Theorem 2.1. Let B^ and B2 be two basis, then B^ and B2 have the 
same cardinal number. 
Definition 2.4. The common cardinal number of all basis is called 
the dimension of (S,p) 

Theorem 2.2. Let f e F. Then there exists a g e G such that 

(2.1) f + f o g = 1 

Let g e G. Then (2.1) has a solution f e F if and only if g is 

an involution, i.e. g = g ^. 

Example 2.1» Let h e G. If 

g(t) = h~ 1(2 - lg[e 2 - e
2 ~ h ( x ) + 1]) 

then 
2-h(t)-l 

f (t) = £ — 5 
e - 1 
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is a solution of (2.1). 
Example 2.2. For 

h(t) = -lg[\(l - e~ 2) + e" 2] 
we have 

f(t) = . 

Theorem 2.3. Let N be normed real linear space and S = {x|||x|[ = 1}. 
Then N is an inner product space if and only if 

(2.2) f(||x + y||) + f(||x - y||) - 1 

for some f e F and all x,y e S. 
Example 2.3. Refering to Example 2.1 we have that a necessary 
and sufficient condition for N to be an inner product space is that 

e-h(||x+y||) + f(||x-y||) = 1 

for some h e G and all x,y e S. 

Example 2.4. Let h be as in Example 2.2. Then (2.2) becomes the 
well-known condition of M.M. Day [5]. 
Theorem 2.4. Let N be a normed real linear space, S = {x|||x|| = 1}, 
and let p(x,y) = f(||x+yj \ ) , where f e F. Then N is an inner product 
space if and only if for some f e F, (S,p) is a probability space 
of dimension 2. 
Example 2.5. Let h be as in Example 2.1. Then N is an inner product 
space if and only if 

2-h(||x+y||) _ 
( s , S ±) 

ez - 1 
is a probability space of dimension 2, for some h e G. 
Example 2.6. For 

2 
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h(t) = -lg[^(l-e~ 2) + e~ 2] 

we have result given in [6]• 

3. Modified Mielnik's axioms and geometry of representation spaces. 
First we shall change axiom (A) as follows 

(A*) 0 < p*(a,b) < 1 p*(a,b) = 1 ^ a = b 

and keep (B) and (C) as in the Mielnik system of axioms. A pair 
(S,p*) satisfying axioms (A*), (B) and (C) we shall call ^-probability 
space. As before S is the unit sphere of a normed real linear 
space N. 

Lemma 3.1« Let (S,p*) be a *-probability space. If 

(3.1) p*(x,y) > f(||x+y||), x,y e S, 

where f e F* = {f|feC[0,]; f (t)«^t=0, then (S,p*) is a probability space 
Proof. We have to show that x = y p*(x,y) = 1. 
From (3.1) we have 

p*(x,x) > f ( 2 ) » 1 

But p*(x,y) < 1, thus pK x,x) = 1. 
Lemma 3.2. If (S,p*) is a *-probability space of dimension 2 an.d 
(3.1) holds, then every basis is of the form {y,-y}/ Vy e S. 
Proof. By Lemma 3.1 (S,p*) is a probability space. Let x and y 
be any two orthogonal elements. Then 

0 - p*(x,y) > f (||x+y||) 

and 
f(||x+y||) = 0 

However f(t) « 0 3=$ t = 0. Therefore 
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I|x+y|| = 0 
or 

x + y = 0 
Finally y is orthogonal to -y, and since (S,p*) is of dimension 2, 
we have that every basis is of the form {y,-y} 
Corollary 3.1. If 

f(iix + yii) = i' x7i» 2 

and (S,p*) is a *-probability space of dimension 2 with (3.1), 
then N is an inner product space. 
Proof. By Lemma 3.2 every basis of the form {y,-y}. From the 
axiom (C) 

i = p*(x / y ) + P*(x,-y) > M x ; y i i 2 + l U s j d i i 

for all x,y e S. Applying a result of Schoenberg [7] we conclude 
that N is an inner product space. 
Now we shall modify axiom C to read: For every basis B and each 
a e S 
(C*) sup p(a,F) < 1 

F e F B 

A pair (S,p*) that satisfies (A*), (B), (C*) we shall call modi­
fied probability space. Some of the above results may be reformu­
lated for a modified probability space. 
Lemma 3.3. If for some f e F* = {f | feC[0,2] ; f(t) = 0 ^ t = 0 ; f(2) « 1} 

f(||x+y||) + f(||x-y||) < 1 

and all x,y e S, then N is uniformly convex. 

Proof. Let ^- s # W e have to show that 

l|x n + y n l l + 2 ||x n - y n|| - 0. 
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From 

f(||x n + yj|) + f(||xn - y n||) < 1 
we have 

f (llai| |x n + y n| |) + f (lim| |x n - y n| |) < 1 
or 

f (2) + f (lira| |x n " y n| |) < 1 
But f(2) = 1 , so 

f(lim||xn - yj|) < 0 
i.e. 

f(lim||xn - y n||) - 0 
For any f e F* we have that 

f (t) = 0^=^t = 0 
Thus 

lim||x - y || = 0 n ' 1 n n 1 1 

Example 3.1. The well-known Clarkson's inequality [8] states 

l l ^ l l p ' + l l ^ l l p ' <U l | f | l p

 + § I M I ^ . 

for 1 < p < 2, and for p > 2 

l l ^ l l p + I l u l l ' s * l l « l l p + * l l « l l p • 

The norm ||•|| is the standard Lp norm.(or lp), and p' = 1 - p. 
Let S be the unit sphere of Lp. Then 

||f+2.||P' + ||il£||P' < i, i < P < 2, 

and 

I I ^ H P • M ^ l P <l.P>2. 

It is easy to recognize two last inequality as special case of the 

inequality (3.1), by taking 
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f(t) = (|) p l or f(t) = (|)p . 

It follows that Lp (or lp) are uniformly convex. 

Lemma 3.3. says that every normed real linear space on whose unit 
sphere (3.1) (generalized Clarkson1s inequality) holds, is uniformly 
convex. 
Corollary 3.2. If N is a Banach space and (3.1) holds then N is 
reflexive. 
Proof. According to Milman's [9] (see also Dieudonne [10]) every 
uniformly convex Banach space is reflexive. 
Theorem 3.1. Let N be a normed real linear space and S its unit 
sphere i.e. S = {x|||x|| = 1}. If (S,p*) is a modified probability 
space of dimension 2, and 

P*(x,y) > f (| |x+y| |) 
where f e F* = {f|feC[0,2]; f(t)=0«»t=0; f(2)=l}, then N is uniformly 

convex 
Proof. By Lemma 3.2 every basis of (S,p*) is of the form {y,-y}. 
From the axiom (C*) we have 

P*(x,y) + p*(x,-y) < 1 
That implies 

f (| |x+y| |) + f(| |x-y| |) < 1. 

Applying Lemma 3.3 we get that N is uniformly convex. 
Corollary 3.3. In addition to the conditions of Theorem 3.1 assume 
that N is a Banach space. Then N is reflexive. 

REFERENCES 

[1] B. Mielnik, Geometry of Quantum States, Coramun. Math. Physics 
9, 55-80 (1968). 

[2] C.V. Stanojevic, Mielnik's probability spaces and characteriza­
tion of inner product spaces, to appear in Trans. Amer. Math Soc. 



IV-8 

[3] D.A. Senechalle, A Characterization of Inner Product Spaces; 
Proc. Amer. Math. Soc, vol. 19, No. 6 (1968), 1306-1312. 

[4] E.R. Lorch, On certain implications which characterize Hilbert 
space; Ann. of Math. (2) (1948) 523-532. 

[5] M.M. Day, Some Characterizations of Inner Product Spaces, Trans. 
Amer. Math. Soc. 62 (1947) 320-337. 

[6] C.V. Stanojevic, Mielnik's Probability Manifolds and Inner 
Product Spaces ; Bulletin De L'Acadamie Polonaise Des Sciences, 
Serie Des Sciences Math. Astron. Et Phys. vol XVIII, No. 9, 
1970. 

[7] I.J. Schoenberg, A Remark on M.M. Day's Characterization of 
of Inner Product Spaces and a Conjecture of L.M. Blumenthal; 
Proc. Amer. Math. Soc. 3 (1952), 961-964. 

[8] T.A. Clarkson, Uniformly convex spaces. Trans. Amer. Math. Soc. 
40, 396-414 (1936). 

[9] D.P. Milman, On some criteria for the regularity of spaces 
of the type (B). Dokl. Akad. Nauk. SSSR. N.S. 20, 243-246 
(1938). 

[10] T. Dieudonne, La dualite dans les espaces vectoriels topologique, 
Ann. Ecole. Norm. 59, 107-139 (1942) 

university of Missouri-Rolla 
Rolla, Missouri 65401 


