V. GLASER
The Positivity Condition in Momentum Space

Les rencontres physiciens-mathématiciens de Strasbourg - RCP25, 1973, tome 16
« Réédition des conférences les plus demandées contenues dans les volumes épuisés », ,
exp.n°5, p. 1-36

<http://www.numdam.org/item?id=RCP25_1973__16__A5_0>

© Université Louis Pasteur (Strasbourg), 1973, tous droits réservés.

L’acces aux archives de la série « Recherche Coopérative sur Programme n° 25 » implique 1’ac-
cord avec les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utili-
sation commerciale ou impression systématique est constitutive d’une infraction pénale. Toute
copie ou impression de ce fichier doit contenir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=RCP25_1973__16__A5_0
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

REfo TH.980

THE POSITIVITY CONDITION IN MOMENTUM SPACE

V. GLASER
CERN -~ Geneva

ABSTRACT

A formulation of the positivity condition within
the framework of the general field theory is given in mo-
mentum space, It is shown how the usual requirements of
locality and spectrum can be partially incorporated in
order to represent the "absorptive parts" of the Green's
functions by positive operators of the Hilbert-Schmidt
type operating on a suitably defined Hilbert space of
analytic functions introduced into mathematics by Bergman
and Bochner., The application of this method to the x
space positivity condition formulated by Wightman is not
discussed in this paper. As an illustration, two simple

examples are discussed in the last Section.






1 « INTRODUCTION .,

As it is well known, the study of a field theory either in the formu-
lation of Wightman 1) or that of Haag-Araki 2) can be reduced to the study
of the set of functions

(a, A(xﬂ1) A(xnz) . A(xnn)Q) y,yn =1, 2, 3, eos (1.1)

where A(xi) is the field operator attached to the space-time point X; g W

is any permutation of the indices, and Q is the vaccum state *) o All the
physical properties imposed on the system can be translated into functional
properties of the set of Wightman functions (1.1) . Thus, invariance under
space-time translations, spectral condition and local commutativity entail
analyticity of the functions in a certain "primitive" domain of the complexi-
fied variables X - xj « The search for a representation that would embody
automatically these three properties constitutes the so-called "linear program",.
The "positivity condition" which has to be added to these linear properties,
expresses the fact that the set (1.1) is a positive functional on the algebra
of field operators, i.c,, that these functions are matrix elements of operators
in a Hilbert space with positive metric. This condition, which interconnects
different Wightman functions, was first explicitly stated and investigated by

Wightman himself,

3)

however, stress on the S$ matrix as the fundamental physical quantity - the

In their approach to field theory, Bogoliubov and his co-workers lay,

fields appear rather as a reponse of particles to external perturbations :

@-nd) alx) = jx) =s¥1 &

i 8Ain(x)

S ' (1.2)

and the locality condition as a causal propagation of these perturbations :

*) Only the case of a single neutral scalar field will be discussed in this

paper.



A(Xn) = R(X1, oooy xn—1 ; Xn) = O (103)

unless X - X, 6 A% y i= 1, 2, vecy 1N = 1
n 1

where V+ denotes the future light-cone. The study of the vacuum expectation
values of "Wightman products" A(x1) eoe A(xn) can be replaced by that of re-
tarded functions :

(Q ’ R;(X)Q) = r:..l(x)v R:;(x) = R<X1, veey X5 g0 X y veey X3 xi) (1'4)

i+1
which have now analiticity properties in momentum space in view of the support
properties (1.3) in x space. The positivity condition is replaced by a
stronger one which is a generalization of the unitary condition § ¥3 =1 and

4) and the assumption of

which includes also the L.S.Z. reduction formulae
the completeness of the asymptotic states. From the set of functions (1.4)
satisfying these conditions one also can reconstruct the field (1.2) having
all the resuired properties 5) » This apprcach, although less general, has the
advantage of being more closely connected to the physically observalbe scatter-

ing amplitudes.

The purpose of this article is to formulate the positivity condition in
the second framework and to study its connection with analyticity properties
of the off and on mass-shell scattering amplitudes in momentum space. The incen-
tive for this investigation were the papers by Martin 6) in which he showed
the interplay of analyticity and positivity leads to an enlargement of the do-
main of analyticity of the four-point scattering amplitude in the framework of
general field theory. As the reader will notice, the positivity condition in
momentum space takes a slightly different form than the corresponding one in

7)

X space and resembles very much to the theory of Bergman kernels for

Hilbert spaces of functions analytic in a given domain in GN 8) » The method
of Hilbert spaces of analytic functions developed here can be also applied to
the set of Wightman fumctions in x space, but that case will not be .considered

in this paper.
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Next Section will very bricfly remind the reader of some properties of
the generalized retarded functions and state the positivity condition. Section
3 will discuss the "continuation" of the positivity condition into the complex
domain in several different forms. It contains the main substance of this paper,
In the final Section we will try to illustrate the usefulness of the general
concepts by rederiving a very well-known positivity property of the absorptive

part of the scattering amplitude used repeatedly by Martin in 6 .

THE POSITIVITY CONDITION .

The retarded functions (1.4) have the following formal expression 5),9)

in terms of the fields A

r(x2, veey X j x1) = (D1 - mz) coe (l’_']n - m2) b G(x;) - x:rz) coe (2.1)
T

6 (x°

(ne1) " xgn)(Q ,[...[A(x1), A(XZ)J ';. A(Xnn)] Q)

where {ji_: m? is the Klein-Gordon operator referring to the variables

g =(x§ , x2) , 98(t) 1is the usual step function and the square brackets in-
dicate commutators, It is still unknown whether starting from the Wightman
axioms, these formal expressions for n > 3 have a se se as tempered distribu-
tions satisfying the same algebraic relations, support properties, etc,, as

*
they would do if the Wightman functions were genuine functions N

In the LeS.Z. formalism they are assumed to do so. However, by replacing
in (1.1) the "sharp" fields A(x) by smeared out fields Af(x) = (A * £)(x) ,
£€ B OR4) (infinitely differentiable functions having compact support) or
even by local observables attached to finite space-time regions as proposed by
Haag and Araki 12) , the just mentioned difficulty can be avoided, Moreover,

the reduction formulae can be then deduced in a rigorous way from the Wightman

%)

This problem is a generalization of the problem of renormalization in per-

turbation theory, and was studied especially by Steinmann 10) o The problem

for n=2 1is trivial, the case n =3 was solved by Stora 11) °
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2) %)

ties remain unaltercd by this "smearing out" since the support of (1+3) gets

or Haag-Araki axioms, as shown by Hepp ! « Alsc the analiticity proper-
only shifted by a finite amount. We will, therefore, place ourselves in what

follows indifferently in any of the shemes just described,

Although, as already mentioned, the set of retarded functions (1.4)
[or the set of advanced functions obtained by substituting the step function
6 (t) =8(~-t) for 6(t) 1in the cxpression (2.1) ] is rich enough to recons-
truct the field operators themselves by making use also of the uniterity re-

14) that in order to exploit comple-

lations, it was recognized by Steinmann
tely the linear properties of the n point function a more general set of
"retarded" products had to be introduced. In the Bogoliubov formalism they can
be described as generated from the field A(x) by taking functional derivatives

with respect to the Ain and A fields in all possible combinations and

out
permutations [compare (1.3) ] . They can also be defined as a linear combi-

. s . . *¥
nation of multiplied by suitcble step functions [compare (1.1) ] ) « For

our purposes the following qualitative remarks will do,

Lgt us denotec by Ri(x) the generalized retarded product of n fields,
and by r;(x) thg corresponding vacuum expectation values, The functions
(distributions) r; depend only on the differences X, - xj of their argu-
ments and have supports in certain cones C; » Consecquently, their Fourier

trans forms ’;;(p) defined by

r;(x) = (2TT)—n‘I‘ 64(p1 + s0s + Pn) ’E;—I(P) e-lpx dp

*
) As in Ruelle's 13) proof of the existcence of the S matrix, one has to
suppose here that the cnergy has a finite gap above the vacuum state and

that the asymptotic states are complete in the underlying Hilbert space.

A detailed study of the diffcrent and somewhat involved properties of the

generalized retarded functions, which in wome way reflect the rather compli-

cated kinematics of the n body problem, was done also by Ruclle 15) ’

Araki 16) 17 18)

, Araki and Burgoyne and Bros « For a recommended review
. 19)
article, sec .



where

4 4
pPX = p1 x1 + eoe + D X, ’ dp = 4 p1 eoe d P,

are boundary values (in the sense of‘distributions) of functions ';i(k) ’

k = p + iq analytic in the tubes ?; ={k: Imk=gq E'Ei} (Ei is the dual
cone of the cone C; ). This analyticity is an expression of the locality of the
theory., The spectral condition finds its expression in the coincidence of all
the boundary values ';i(p) =';i(p) (n fixed !) in a certain region p € Ri

depending on the masses of the particles

of the real momentum space R
3),20)

described by the theory. From4gzelidge of the wedge theorem , it follows
then that all the functions ’;i(p) are different boundary values of onc and

the same function ’;n(k) analytic in the cnvelope of holomorphy of the domain
g fn U [Rig s where [R:J is a complex neighbourhcod of the region of coinci-
dence Ri « The S matrix glements involving n particles are restrictions

of a well chosen function ';;(p) to the mass shell manifold p? = m2

(3 =1, 2, eeey n) , m being the mass of the particles involved *) » The
analyticity domain of the scattering asiplitude is the intersection of the com-

plex mass shell manifold k? = m2 with the domain of holomorphy of the function

';n(k) (one has proved so far only the case n = 4 that this intersection is

non-empty). We mention also that for cach (real) momentum p there is a func-
tion ';i(p) which coincides in a neighbourhood of that point with the Fourier
transform of the truncated vacuum expectation value of the time-ordered product
Tn + As a final recmark, the generalized retarded functions satisfy some linear

identities called the Stecinmann relations. We shall mention them later when needed.

After these preliminaries, we are ready to formulate the positivity

condition., By denoting

i i i 4 4
Rn(f) = ur Rn(x1, sney Xn) fn(x1, omey xn) d x1 eee d Xn ) (2.2)
where f; is a test function € 5f(m4n) , (i.e., infinitely differentiable and

of fast descrease at infinity), the positivity condition reads :

* . . . . . .
) The restriction of a distribution to a manifold makes in general no scnse,

It was proved by Hepp in the quoted article 12) that it does in this case.
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| = R;(f) all?= = (, R;*(f) Ri(f) Q=20 (2.3)
i,n i,ni.,m

J
for every choice of the fi o We suppose here that the sum extends only over
a finite number of terms., This condition was first written and studied by
Wightman 1) in the case of products of fields, To avoid notational complica-
tions we shall study it in the special case of one term instead of the sum,
What we will have to say will extend in a straightforward way to the general

case (see end of Section 3) .

In this simplercase,(2.3) becomes (we drop the indices) :

JIA(X‘I, eney in) f(X,I, teey Xn) f(xn+1, soey X2n) dx,, XX} dx2n2 0

for all f€d (R (2.4)

4n>

. ~ *
with A<x19 sy x2n) =(Q, R (X1,_..., Xn) R(x KX D) in) Q) .

n+1’

By going to momentum space, we gct

J"64(k1 tovet ko JA(Kyy euey ko JE(kyy wenymk JE(k 40 eees Ky )dky eue ak, (205)

where we have introduced the Fourier transforms as follows

_‘ik X "o-o"’ik X

11 nnn~
£(x) = [ e = T E(K) dky e dk
-ik_ x_- -ik, x
oy -2n HqXq T on™on
A(x) = (2'”) J‘ ék(k1+ooo+k2n) A(k1, es0y kzn) (S .
dk1...dk2n

Let us now introduce the total energy and momentum co-ordinates o , ¢' and

. *
the relative momenta Py » 4, of the two "clusters" R and R by the for-

mula
c o >
kv == - =Py (V = 1y eeey n) y O=-¥k ' with Z p =0
Vv v
n 1 1
o' o M
n+v ) ; ¥ qv 4 (v =T, eee, n) y O'= f kn+V ! wieh § qv =0

(2.6)
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Then (2.5) takes the following form :

J & (p,a) #(c, p) o(c, q) dpda 20 | (2.7)
g [e) c (o)
where AG(P ’ Q> =A("“P11 ooy “"Pn ’ ""‘q.]r soey "+qn) ’
n n n n
~:C o
9(0 , p) = £(= 4+ Py eeey =+ D)
n n

and dp = dp1 ore dpn_1 , dg = dq1 ooe dqn_1 .

Since the n vectors P, and the n vectors q, satisfy the two relations

(2.6) , we have (arbitrarily) chosen the first n-1 as linearly independent,

The spectral condition tells us that the function AG (tempered dis~
tribution more precisely) has its support in o € V+(M) where V+(M) =
{c: S, 20, 02 2 Mz} , and M 1is the lowest mass of the intermediary
states that can be inserted betwcen R¥ and R in (2.4) . Since the Fourier
transform of (0, R R¥ () expressed in the variables (2.6) has, as imme-
diately seen, its support in {o € V_(M) = - §+(M)} , Ac(p , q) can also

be rcegarded as the Fourier transform of the commutator
*
a(p, q) =%, [r , r] Q) for G EV, (2.8) .

* » 3
The function (Q, R (x) R(x')Q) 1is only partially a retarded function : it has
support properties only separately in the variables x and x' but none in
x-x' , Therefore Ao(p , q) 1is the boundary value of a function analytic in
p and q but not in ¢ . More precisely if we consider Ac(p , 9) as a
member of the family of functions

At =%(a, r* rJ Q)

o n n

where i and j run independently over all the generalized retarded n point

products, it turns out, on the basis of the spectral condition and the edge
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of the wedge theorem, that the functions A;j(p , q) are for fixed o (this
term will have to be specified later) different boundary values of one and
the same function [which, for simplicity we will again denote by Ac(p ’ q) ]
analytic in a domain f{(p , q) € Q X G%J . Here Q_ is the envelope of
holomorphy of the n point function in which the region of coincidence

Rg =f{p: pi)2 < M% for all I € (1, 2, ...,n)} has been replaced by

the "shiftiqh region Rg(c) ={p: I (pi + 9)2 < Mi , for all I € (1, 2,eeesn)}e
icl n
Note that Qo X QG is a topological product of twice the same region. The

rcader will immediatly notice that for n =2 , (Ac(p , @) reduces to the

well-known absorptive part of the four-point function studied first by Bogo-
3)

liubov and co-workers in connection with the proof of dispersion relations

21)

. . . *
above statements are simple dgeneralizations .

and then by Lehmann , who found also its envelope of holomorphy Qc « The

On the other hand, the algebra of the generalized rctarded functions
tells us that the commutator (Q, [R; ’ Ri ]JQ) can be expressed as the dif-
ference of (in general different) pairs of fully retarded functions :

i

(Q ’ [Rn ) R;jl ]Q) = rC( - rB ° (2-9)

2n 2n

Translated into momentum space this tells us, in view of (2,8) , that the
"absorptive part" Ac is the difference of two different boundary valuecs of the
full 2n point function ';2n(k) . This fact adds, in principle, new information
for the function A ; it can in particular result in an enlargement of the

domain Qc X Qc described above. Indeed, that is what happens in the casc of

6)

the four-point function as shown by Martin »

*)

As a matter of fact, a rigorous proof of these statements requires some

gymnastics with distribution theory and analytic completion,
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The above remarks about the analyticity propertics of A beilng needed
in the next Section, let us turn back to the inequality (2.7) . If we choose
the test function there to be of the form ¢(0 , p) =x(a) £(p) , with
X € S(R4) and f € S(R4) , that condition takes the form :

-~

[ao k(@) [ a(p, a) F(p) £(q) dp ag 2 O (2410)

22)

that Ac is a positive measure with respect to ¢ , The term "o fixed" will

By a well-known theorem of Schwartz , the positivity of (2.10) implies
therefore have to be understood in the sense of a convelution with a positive
test function |x(c)l2 having its support centered sufficiently closely to
the desired value., It can actually be shown that the regularization with res-
pect to only a timelike direction will suffice. Also the symbol Qc will

have to be understood as

ﬂ 2
"o "= N Qe s ‘U= supp !x\ .
oAl

In what follows we will simply suppress the integration over ¢ 1in (2.10) .

EXTENSION OF THE POSITIVITY CONDITION INTO THE COMPLEX DOMAIN.

The aim of this Section is to "extcnd" the condition

[alp, q) £(p) £(q) dp aq2 0
(3.1)
for all = thRN) . N = 4(n - 1)

into the whole domain of analyticity of the function A(p , q) (o being
fixed once and for all we shall drop it in the.notation). As it was discussed
in the preceding paragraph , A 1is certainly analytic in a domain of the type

QX Q0+ We shall need also the following two simple properties of the domain
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#* .
0 : (a)0 is invariant under complex conjugation Q=0 , and (b)Q contains
* ¥ —_
real points of analyticity, Here () denote the set Q = {p : p € Q} where
the bar indicates complex conjugation : if p =Re p + 1 Imp , then

- *)

P=Rep-1iImp .

The property (a) is certainly true for the primitive domain of the

n point function and therefore also for its envelope of holomorphy Q_ . The

nQ

property (b) follows from the fact that the region of coincidence Rn(c) is

non-empty : by the edge of the wedge theorem all its points are (real) points

of analyticity.
We are now ready to formulate the

THEOREM 1

1f the function A(p , q) is analytic in a schlicht domain
*
c
Qx Q G:NXG:N N
and if on R X R(:iRN XtRN A(p , q) satisfies the positivity con-

sucht that Q contains a real open set R € R

dition (3.1) for every test function f € éb(R), then it satisfies also

the three following conditions

a) - [ alr, 9 9(p) g(a) &, &, =20
WX

for all g € Lz(w) and all w &~ Q , W being any open set in

mN with compact closure such that closure w < 1, and d Xp ’

*) Our notation is somewhat inconsistent since the same letters p and ¢
stand for real variables as in (3.1) , where A(p , qQ) represents the
boundary value of an analytic function, and for complex variables varying
in QX Q, where they serve as arguments of the (unique !) analytic ex-
tension of the boundary value in question, This analytic extension is again
denoted by A(p , q) « It is hoped that this notational simplification will
not lead to confusion ; from the context it should be clear whether the

variables in question are to be considered as real or complex.
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resp, d A , denoting the Lebesgue measure in €_ [i.e.,

q N — _ —N
d XP = (2i) N dp A dp , resp. 4 lq = (2i) N dq A dq ] *) °

B) - There exists a sequence of functions fv(P) € 1&(0) '
v =1, 2, 3, ...,<qb(Q) denoting the set of functions analytic
in Q , such that

A(p 4 q) = *::; £,(p) £,(a)

. . . . %
the series being uniformly convergent in Q X Q .

C) - The quadratic form

a_B_ A(va)

P

Czb(a , a) = X 8

a a
a By
o, o! B!

defined on all finite sequences of complex numbers [%y} is
positive definite for all p€ Q .
All these three conditions are equivalent.

The formula C) needs some explanations. In it the notation of
Schwartz 22) for multi-indices was used : «o = {a1, CPURCERY an} C:Z§ denotes

a sequence of N non-negative integers ;

* L * . L.
) Note that A(p , q) being analytic in QX Q , A(p , q) is analytic in
Pp€Q and anti-analytic in q € Q .
%) . . . . : .
A series of functions is said to be uniformly convergent in an open set

U 1if it converges uniformly in every compact subset of U ,



1 = t 1 | t !
o "'&1 oeo QN- ] B . = 81. soe BN-
o o B
o 3 1 o N 3 1 3 N
aB - ( ) ves (—) ' aB = (‘:—) ces (— .
3P4 dPy P op, OPy
For later use, we note also
|Q’l = + see + O P(y = Pa1 es o PaN .
1 N ! 1 N
In C) , the summation extends formally over all Z; X Z; but only a finite
number of the %y is supposed to be # 0 : %z =0 for all ‘a‘ > n for
some n . The factorials o ! B ! were introduced for later convenience. We

want to show that the condition C) involves only values of the function

A(p , q) on the "diagonal plane" q = p , which is a linear subspace of

®2N = CN X CN of real dimension 2N . Let us denote it by DZN °‘D2N can

be parametrized either by the rcal and imaginary on the vector p = x + iy ,
x=(p+p)/2 , y=(p-p)/2i , or formally by p and p . Given an ar-

. o . . . .
bitrary C function f on an open set wC D2 y 1ts value in a point p

N
can be denoted by £(x , y) or formally by £(p , p) ; its derivatives

ag BE £ are by definition to be computed by using the formulae :
P
3 1 d .9 o) 1 d )
= - ( - 1 ) ’ = - ( + 1 ) .
api 2 Bxi ayi Bpi 2 axi Byi

The function £ will be said tc be real analytic in w 1if for every P, cw
it can be represented by its Taylor series
@ = T \B
(p - p,)" (»-7p,)

fp, )= T SRR (3.2)
@,8 o ! B! P 3 °

absolutely converging in a sufficiently small polydisc

P = {P : |(P - Po)i‘ < Ri ’ 1=1, seey N } .
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If we replace E by a in the series (3.2), the series will continue to
*

converge absolutely for (p , q) € PX P defining there an analytic func-

tion f£(p , q) - the unique analytic continuation of ¥£(p , S) » In this

case the formal notation acquires a real meaning and proves our assertion.

Before proceeding to the proof we wish to make still a few remarks,
It is evident that the representation B) displays positivity in the most
explicit way., From it, A) and B) follow immediatly, For example, in order to get
C), we have only to apply the differentiel operator P(ap) F(aq) to the series
C) and put q = p , where P is given by

The function A(p ’ E) resembles very much to a Bergman kernel asso-
ciated with a suitably defined Hilbert space of functions analytic in a domain
Q 7)’8)*) » The Bergman theory proceeds, roughly speaking, in the direction
A) = B) = C) , while our proof of Theorem 1 will follow the direction

(3.1) = ¢c)=4a) = B) .

Proof of C) .

In order to show C) , let us insert for £ in formula (3.1) the

expression
;& lo! o
gp) = = — (T s (p-p') , pER (3.3)
lolsn o P

or, to be more precise, let us take a sequence of functions fv € H(R) cen-

1]
verging to the distribution (3.3) in the topology of & (R) . Since A(p , q)
is ¢ in RX R , the result will be the same, Here 6N is the N dimen-

sional Dirac function. As p' 1is any fixed point in R we obtain

* .
) Most of the author's knowledge about the Bergman-Bochrner thcory derives

from a book by Meschkowski 23) , especially from Chapters IV and XII ,
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R U alp , q) / =Q(a, a)z0 (3.4)
w8 ! g! P 4 P=q P '
for all p € R °
In this inequality all the %& = 0 for ‘a\ >n, some n , but we are allo-
wed to drop this condition provided the resulting series converges absolutely.
That is what we will do presently, Let p € R, and let D be a polydisc
D={z¢€ Cy \zi‘ <R, , i=1, .0, N } such that {p} + DS Q and let

z € D , Then by introducing

B
s L @-v)!' &Y forall o€z, b, € €,

a = 2
¥ lylsn vy N

into the series (3.4) we get the inequality Qp+z(b , b) = 0 1if we note
that the Taylor series of the function A(p + 2z, P+ ;) as well as all its
derivatives converge., Since any point p € () can be connected to a given
peint P € R by a finite chain of polydiscs, a finite number of repetitions
of the above substitution will yield us the inequality Qp(a , a) =0 ,

which proves C) .

Partial proof of B) .

We will prove C) ® B) for ( = a polydisc P , Let P = {po} +D ,
P, € R , D apolydisc with its centre at the origin such that p & G .
Let us introduce, following Bergman and Bochner 7),8),23) , the Hilbert space
ﬁép = éﬁ(?) N LZ(P> of functions analytic and square integrable in P

with the scalar product
2(p) g(p) a A (3.5)

2
and norm | 8|° = (£, f£) .
The fundamental property of this space of functions is the fact that the value
of the function f at a point p € P 1is a continuous functional of f con-

sidered as an clement of gé? :

) s m e witn w o= oa(e) 2 (3.6)
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where d(p) is the distance of the point p to the boundary of P, C a
numerical constant. From this, it follows immediately that the strong conver-
gence £ — £ in 3%) implies the pointwise convergence fn(p)-* £(p)

uniformly in every compact subset of P . Equation (3.6) is an easy conse-

quence of the Cauchy integral representation for analytic functions (Ref. 23),
Chapter IV) » It is also immediate to verify that the powers
_ o -1 ~1 +
9y = (P =20 W =2¥ T, a €y
where
2 r 2
N o= |F
= |2*1< a A(z)
D
are normalization constants, form a complete orthonormal set in 9@% .
Let us associate to the function A(p , q) the bounded linear ope-
rator A€ £ (gép) by the formula
(ae)(®) =[] alp , @) £(a) ar, . (3.7)

P

A is evidently bounded since A(p , q) is an analytic and hence bounded
function in the closure of P X P, It is also Hermitian and positive. This

can be seen by introducing into the formula

(£, 88) = [ £()alp, q) £la) a2 d A
PXP

for f the polynomial £ = ? ga(p - pofx N;1 and for A(p , q) its
a|sn

Taylor series centered at P, - One gets (f ’ Af) = on(a ’ a) , where Q is
the quadratic form (3.4) , which was shown to be positive., Since polynomials
are dense in gé;, it follows that (f , Af) 2 0 for all £ < 3%5 . This is
the inequality A) for ® =P and £ € dB(P) N L,(P) . Finally, A has a
finite trace. Indeed, by computing the trace with the help of the orthonormal

system {Qa} using again the Taylor expansion for A(p , q) , one obtains

tr A = f A(p , p) 4 hp < ®
P
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All these properties imply that A is of.the Hilbert-Schmidt type and

has therefore a purely point spectrum. The set of all the eigenfunctions of A

Jae s gla)ar =2, g0 ,  v=1,23 . (3.8)
P

is a complete set of orthonormal functions in 3&% . (£, Af) 2 0 entails

\,2 0 . Since for fixed q A(p , q) = £_(p) is an element of 36% , we

. . . . q
may expand f_ into a Fourier series with respect to the orthonormal set
«©

T 1V

Now, according to (3.6), strong convergence entails uniform pointwise conver—

q -
{gv} : £_=Z7a, g, , with a = (gv , £) = A, gv(q) because of (3.8) .
q

gence, and therefore the series

A(P y E) =

{
-~ 8
>

<
«©y
T~
g
N
[{a]
P
0
g
f]
™~
‘-')
Py
el
H
N
£0
h

l
>
N
n

with £ = g (3.9)
convergesuniformly in p € P for each fixed q € P . It remains only to be
shown that the series (3.9) converges uniformly in P X P . It is useful

for later purposes to proceed as follows. By putting q = p in (3.9) we get
A(p , p) =% [£,(p)! (3.10)
1

and, since this is a series of positive continuous functions in P converging
to a continuous function in P , Dini's theorem tells us that the series con-

verges uniformly in P . The Cauchy inequality yields :

lae , DI = 12 1,6) L, == 15,122 | 2,()1% = alp , B) ala, )
v v W

(3.11)
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This shows that the series (3.9) automatically converges absolutely and,
as a little reflection shows, also uniformly in P x P since the two series

on the right-hand side of the inequality do so .

The uniform convergence of (3.9) evidently implies the inequality
A) for any wCC P and any f € LQ(w) o Thus, Theorem 1 1is proved in the

special case QO =P ,

The proof of Theorem 1 will be complete if we prove the fol lowing

theorem, which has an independent interest (compare Ref, 23), Chapter XII) .

THEOREM 2,

1f A(p , p) is real analytic in Q and if some polydisc P
(centered at p0<: Q) the representation (3.10) is valid with

the fv analytic in P , then all the functiors fb can be continued
analytically into all of ( and the representation (3.10) remains
valid in  in the sensc¢ of uniform convergence, The function

A(p , q) defined by the series

A(p , a) =2 £ (p) £ () (3.12)

* .
cenverging uniformly and absolutely in Q X Q  continues analytically

- . *
the function A(p , p) = Alp , q)l 3 into QxQ .
Proof,

As already explained, A(p , B) real analytic in Q means that
for any P, € Q0 there is a (non-empty) polydisc Pi centered at P in

which the Taylor series of A(p , p)

Ap , ) = = A (b -p)* (5 -5)R (3.13)
o, B

converges absolutely. Since by the Heinc-Borel lemma any point p € 1 can

be connected to P, € Po by a finite chain of polydiscs Pr such that

p_€P
r r-1
(3.10) can be "continued" from P, to P, .Llet R= (R1, cany RN) be the

(r =1, vso,m) and p € Pm y 1t is sufficient to show that

radius of P1 = {p: ]pi - p1i\ < Ri , 1=1, eee,N} « Let
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£ (p) = z £ 4P =) (3.14)

the Taylor series of f& s they converge all a polydisc P;CZ PO n P1

centered at p1 . We have on the one hand, the Cauchy inequalities

‘A;B\ < M/?2+B for some M (3.15)
since (3.13) for i =1 converges in P1 , and on the other the represen-
tation

1 ot -
= f £ .
A8 vi‘l vo VB ’ (3.16)

which we get by inserting the series (3.14) into (3.10) by inverting summa-
tion signs, This we are allowed to do since Theorem 2 is valid in PO by
the remarks following formula (3.9) » Putting o =B , (3.15) and (3.16)
yield the inequality

1 2 20

= <

Ay E ifw\ M/R (3.17)
1

and a fortiori !fva‘ < M2/R*¥ , This shows that the Taylor serics (3.14)

keeps on converging absolutely in all of P1 « We have to show that the sc-~

ries (3.10) behaves likewise. For that purpose let us apply to the series

D, 2T g, G ICY S LI

the Schwartz jnequality. We gct

2 2 o P
£, (p)] =E e 1% 2™ li\ g \5\

Combining this with the incquality (3.17) , we obtain

Zl%@ﬂstZlﬂ%2=M§g(1-EL;iif2<m

v o R i=1 R.
1

for all p € P1 .
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This proves the (3.10) part of the theorem. But the remaining part

follows immediatly from what has been said in the proof of formula (3.9) N

The Theorem 2 shows that the "sensitive" points of the analytic
function Ac(p , 4) lie in the immediate neighbourhood of the "diagonal
plane" |D2N ={{p, q) :1p= a} . If by using any other information we succed
to enlarge the domain of analyticity of A 1in a ncighbourhood, however "thin"
of the diagonal plane, this enlargement becomes automatically a topological
product. The following Theorem 3 will strengthen this conclusion since in it
not even continuity of the function A(p , 5) will be required. This theorem
is inspired by the Bernstein theorem of classical analyses on the convergence
of the Taylor serics of a function having all its derivatives positive *g °
But in spite of its apparent generality, the author believes that Theorem 2

could be more useful for practical applications,

THEOREM 3,

—_— A}
Let A(p, p) € & (Q) satisfy - in the sense of distributions - the

positivity condition C) :

i

aa aa B _
s 2237 a0k, p)

Q (a y a) 2 0 (3018)
o, o! B! P P P

everywhere in (0 for all finite sequences aa . Then A(p , E) is the
restriction te the "diagonal plane" p = E of a function A(p , q)

*
analytic in Q x Q .

Proof.
It is enough to show that A(p , B) is real analytic in Q , for
then the methods of proof of Theorems 1 and 2 will evidently lead to the

statement of Theorem 3.

*
) The author would like to thank D . Bessis for drawing his attention to
the Bernstein theorem during the elaboration of this work. His thanks
are also due to Dr, H. Epstein, who suggested the distribution part of

Theorem 3.
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By noting that

a2

A.=4———-—-:—-
op. OP;

are two-dimensional Laplace operators, we get, as a consequence of (3.18) ,

the inequalities :

n, H oY

~ +
A1 A2 ssa AN’ 2 0 for all (n1, esey nN) € ZN ’
(Az = 1) (3.19)
and also
by = AP azo for n=0, 1, 2, oo (3.20)

whecre A = A1 + A2 + eo0 + AV is the Laplace operator with respect to all

the variables,

Equation (3.20) implics A € C () . To sce this, we shall use a

22),24)

classical argument o We first notice that the By being positive

distributions are mecasures, The sccond remark is that the elementary solution

Gn(r) of the equation A'F = 52N is in Czn—zN—1OR2N) provided n > N 22)'24).
Here r2 = !p1‘2 + eso + lelz o Therefore Gn*(i}un) is also in
C2n—2N—1(R2N) for any ¥'¢ 9 (Q) . By choosing 2¥(p) = 1 in a sphere

§c= O, we find that the measure F = A - G*(irun) satisfies the equation
AnFn =0 1in S , But any solution of the last equation is Cm(S) and there-
fore A € C2n—2N—1(S)
(a0}
conclude that A € C (Q) .

» n being arbitrary and S az (0 also arbitrary we

Knowing this, we want to show that the Taylor series of A at any
given point P, € 0 converges absolutely in every polydisc contained in Q .
Without loss of generality we shall take Py to be the origin and it will
be sufficient tc show that the cocfficients of the formal power series
5P
s(p) = T
Q’vB a! 8'

2% 2° a0, 0= ¢ a4 o 7 oF
I P CY,.s [o 4
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satisfy the Cauchy inequalities

la | < we*P (3.21)
oB
where R = (R1, voay RN) is the radius of any polydiscs contained in Q .
ig, .
Let us put Py =T e J (rj 20 , ¥ real) and let us study

the mean value of the function A over the angles :

21 2n i i
-N 19, Wy
N) = (2TT) u,ro dcp1 sas “ro d(pN A(r.] € ,ooc,rN e ) .

Vﬁ;(r1, seoy T

We shall consider only the case N = 1 in detail, With the help of the

Green's formula, we get :

r . r
dJé(r)/dr = (21-rr)'1 [ -a—A(r ™) ar = r j’ dr! r'(2ﬁ)'1 .
‘0 dr 0
. r' . -1 r
. J A A(r? el@)dw =r f dr! r! aﬂ%(r')
0 0

or by integrating :

r' - r' "
M(r) = Jo0) + [ art [ ar = of (x") . (3.22)
0 0 et
Here we have introduced the notation

2t .
d@a(r) = (211)‘1 f r¥a(xr elm) d , a =0, 1, 2, oo, g“% s

0

Equation (3.22) can be also written in the form
r
= r ' ' 1
o) = M) + [ Gl e by let) @t
with .
G(r y ') =r' dnr/r' 2 0 .

By n fold iteraticn we obtain :

dl,(v) = §OJ(3<0) Ca e+ [ (e, ) db (e)ar (3.23)
a=

o ¢ 0

where qy is the « times iterated kernel. One finds easily :
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IorQy(r y r')dr' = (T/A)Za/(a!)z

and

M (0) = 2% a(0) = 42 3% 3% a(o, 0) .
o P )

Now, since Gn is positive and by (3.19) all the d@a(r) are also positive,

we obtain by dropping the last term in (3.23), the inequality

odéo(r) =z X A r2a

‘G‘Sn %

for all 0 r< R and all n , which, in turn, implies the Cauchy inequa-
lity
E uk
< = Mo ( .
B M/R , M 7 (R)

It is almost evident that this last formula is also valid in the
case N > 1 if we replace in it the index @ by the corresponding

multi-index « = (a1, ceoy U and R by R= (R esey R to see this,

W 1! w
one has only to apply formula (3.23) to each of the variables Tar eeey rN

separately.

In order to get the full Cauchy inequality (3.21), we notice that

|<a &

the positivity condition (3.18) implies 4 o = A and \ﬁyﬁ v Pep c

aBf Bar

Thus the convergence of the formal power scries at ecach p €
is established. It rcmains only to be shown that these series converge to the
function R(p , p) . But this is an immediate consequence of the classical

*)

Taylor formula with thc rest term. Therefore, Theorem 3 is proved .

*)

After the compleftion of this work, Professor P. Lelong has Kindly infor-
med me at the last Strasbourg meeting that in 1948, by using somewhat
different methods, he had proved the following theorem : if a Coo function
satisfies the conditions (3.20) in a domain, then the function is real

analytic there 25) o
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The rest of this Section will be taken up with the generalization
to the case when functions with a different number of fields are involved
in the positivity condition. Our remarks will be only sketchy, since,
except for onc point, essentially only notational questions will be at

stake,

*
Let us denote the Fourier transform of (Q , Rn RmQ) by

A (o5, ,q)=%@0,r R Q) (3.24)

Here again P, € 84(n—1) arc the internal momentum variables of the

*
"eluster" R and q € R those of the cluster R ¢« O 1is the
n m 4( m

m~1)
total energy and momentum created by any of the clusters from the vacuum

state, We will kecep it again fixed and hence drop it from our notation,

n
v}

The discussion at the end of Section 2 shows that Anm i
boundary valuec of a function analytic at lecast in the domain
Qn(o) X Qm(c) s Where Qi(c) is the "o -shifted" domain of analyticity
of the 1 point function . Each of these domains contains recal points and
is invariant under complex conjugation, The original positivity condition

reads

) [a (o, a)E(p) e (a)ap dg =0 (3.25)

1<n<N
1<=msN

for all £ € S(IR4(n_1)) , n=1, oeo, N [note that s(mo) = €, = the

set of complex numbers J.

In order to formulate the generalization of the condition A) , of
Theorem 1, let us introduce the (pre-) Hilbert space ﬁ@b , whose elements

are N-tuples of analytic functions :

£={e(0) 5 £,(0))s0ens £y(p} with £ € Blo) N L0)

w a0
n ¥
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and with the scalar product dcfined by :

™M=

(£,9) =2 [ % (p) g.(p) an (3.26)

n=1 " w .
n
i e a ir . i impl
wherec d Kpn is the Lebesgue measure in G4(n—1) ?@w 1s simply a
finite direct sum of Bergman-Hilbert spaces and therefore itself a Hilbert
space. ?@ inherits the, for us, essential property of a Bergman-Hilbert
space : the value fn(pn) at the point (n , pn> of an f € 36» is a

continuous linear fonctional of £ :

le (o)l < m ()] 1o (o) an]) 2 ¢ M (p) || £ | (3.27a)
w

n

. _ ~4(n-1)/2 ..
with Mn(pn) = Cn d(pn) , Cn a numerical constant [ compare

formula (3.6) ] .

To the N X N matrix of functions (Anm) s We assoclate now the

linear operator 4 on gﬁb defined by

N

(ag) (p,) = = ] & (p ya » £(q)dn

A
nm' n m
m

qm
which is obviously bounded since wn<ZI!Qn »

What onc wants to prove is that (3.25) implies the generalized

condition
AY) (¢, Af) =0 for all fe ﬂ('ow .

As it was seen in the proof of Theorems 1 and 2 , it is actually sufficient
to prove this inequality-for w = Pn = any polydisc = Qn centered at
some real point of analyticity pé € Rn (n = Ty eeey N) » But that can
be easily done by inscrting for the test functions in (3.25) linear combi-
nations of & functions as in formula (3.3) and then choosing, as in proof

of Theorem 1, powers as o complete orthonormal system of functions in jép
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Since

tr A = J Ann(Pn , En) d Xn (3.27b)

is also obviously finite, the diagonalization of A yields a complete ortho-

normal system of functions {@v} A 9, = Xv @, o Xv 20, v =1,2,3,000 o

;
. . ) . Y- - . \ -
By introducing the functions £ = A2 o (f1v(p1),. , va(PN/) the fun

damental inequality (3.27a) again leads to the uniformly converging repre-

-

sentation :
— m —
= 5
Aom(Py v ap) =2 £ () £ (qp) ,
(n , m = 1, L N) (3.28)

Here the functions fnv(pn) are antlytic in Pn(n =1, eee, N) &

By considering the diagomal term n =m it follows from Theorem 2
that the functions fnv can be analytically continued to the whole of

Qn (n =1, eeo, N) , and the Schwartz inequality

2
‘Am(pn ’ qm) ‘

zle () F ()P sz e (1% le (a)]? =
v v v )

A
~>

(3.29)

]
~
»
—~~
T
o |
~—
o2
o
[fal
£
~—

tells us, again through Theorem 2, that the series automatically converges

uniformly in the whole of QY1 X Qm ¢
Therefore we have proved the following theorem :

THEOREM 4.

Let a set of N X N continuous functions Anm(pn ’ qm) be defined
. P . r ~ . . . - ' .
in Rn X Rm s wWhere Rn is a {(real) neighbourhood of a point P, =P, 1n
m4(n 1) ; let this set of functions satisfy condition (3.25) for all
£ € 123 (Rr) (n =1, sesy N) ; 1let all the functions &, be amlytic

in a complex neighbourhood of the points P, = pg v 4 = p% ; let further
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the "diagonal" functions Ann(p ’ En) be real-analytic in domains
ini = i = ! = osse °

Qn € G4(n—1) containing the real point P, = P} (n =1, , N) Thei
the functions 4 (p_, q ) can be analytically continued into (X Q

nm' - n m n m
(n s M =1, seey N) o Furthermore the matrix of functions A = (Anm) can
be "diagonalized" there, that is, there exists a sequence of functions
fnv € J?(Qn) (v =1, 2, 3, oeo) ’ (n = T, eoey N) such that the repre-
sentation (3.28) is valid in Qn X Qm in the sensc of the uniform conver-

gence of the serics,

Generalizations and outlock,

The main tocl for getting Theorems 1 to 4 was the introduction
of a suitably defined Hilbert spcce of analytic functions on which the
"absorptive amplitude" turned out to be a positive operator of the Hilbert-
Schmidt type. The use of these Hilbert space techniques was essentially
local : the domains w in the definition cof ﬂ&b [sce (3.26) 1 were rela-
tively compact subdomains of the domains of hclomorphy (2 . The measurcs

A werc also rather arbitrarily taken to be Lebesguc measures.

We can now ask the question whether the initial positivity condition
(3.25) can be formulated in a form that would - at least partially - respect
analyticity (that is locality and the spectral condition) in a more explicit
ways The answer is obviously to be sought in a suitable choice of the Hilbert
space ﬁéb(“) of analytic "test functions", Here u denctes the set of
measures which are to replace the Lebesgue measure in formula (3.26) . The
most natural choice seems to be w = (0 = the set of ¢nvelopes of holomorphy

Q , and
n

—(Pn
du_ = ¢ di ’ (n =1, 2, 3, ”') (3°3O)

. 26 . .
(compare HSrmander ) , Ch, IV) , with ¢, some real, let us say continuous,

function in Qn such that

[ oA

? P Bn) d“’n < e (3931)
/
n

rm( n
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Thanks to the (appropriatcly generalized) formula (3.27b) , the last
condition namely automatically ensurcs that the positive coperator AN asso-
ciated to the N X N matrix (Amn) has a finite trace for any finite N,
and hence that AN 1s the diagonalizable Hilbert-Schmidt type. For a given
field such a choice of measures 1s always possible : one only has to choose
the functions o, of sufficiently rapid increase near the boundary cf Qn
(including points at infinity) (compare HSrmander, loc. cit.) . One can then
obviously choose the 9, also in such a way that the operator A°° is of
finite trace ; hence the representation (3.28) is valid for all n, m,
since the fundamental property (3.27a) of a Bergman-Hilbert space is - with

a slight modification ~ preserved also in this case. Thus we get the

THEQOREM 4°,

Let the set of "absorptive amplitudes" satisfy the positivity condi-
tion (3.25) « Then there exists a double sequence of functions fnv € J?(Qn)
(v=1,2,3 eoe 3 n=1,2,3, ,00) such that the representation (3.28)

is valid in Qn X Qn for all n and m 1in the sense of uniform convergence.,
1

What we would still like to achieve is to find systems of measures
un such that every positive operator A with finite trace acting on
?@Q(u) gives rise to a system of Anm's with boundary values satisfying the
initial physical conditions(3.25) . For that purpose it is necessary and
sufficient that the Anm's sc defined do not increase faster tham an inverse
power of the distance to the boundary when approaching their physical boundary

1) 19)

- appropriate modifications of the asymptotic behaviour at infinity are to be

values (compare, c.ge., Streater and Wightman s Thecrem 2, or Epstein
made in the case of the Haag-Araki theory) . Now the worse possible behaviour
of an analytic function f € JB(Q) N L2(Q , W) near a boundary point of Q
is determined - as seen by repeating the derivation of the formulas (3.6)

and (3.27) in this slightly more general case - (compare 23) s Ch, IV) - by
the local behaviour of the inverse "weight function" e? « Thus ec'Dn should

essentially behave in Qn as the upper bound of moduli ‘Fn‘ of the set ¥
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of all the n point functions satisfying the conditions of the linear prc-~
gram with some fixed growth properties in their primitive domain of analyti-
citys In other wcrds @n should be chosen as the (maybe somewhat smeared out)

plurisubharmonic function

o (p ) = sup én |F (p )| = fu M (p ) .
FnG?

Unfortunately, neither the envelopes of holomorphy Qn nor the
functions Mh arc explicitly known in all of Qn’ o The situation can be
remedied - at least partially - by replacing in the above considerations
the holomorphy envelopes Qn by the corresponding Qrimitive domains Q;
(containing a finite complex neighbourhood of the real points of coincidence),
As to the Mn‘s s although known only in the initial tubes, they can also
be extended to Qz with the help of the edge of the wedge theorem using an

*)

appropriate trick .

These last sketchy observations require a more detailed investigation
and will have to be treated elsewhere, Let us only stress here, as a final
remark, that the above methods can be applied - hopefully with more profit -

also to the set of Wightman functions in X space,

TWO EXAMPLES.

As an illustration of the expounded theory let us consider first the

case when A is cf the form

A(P ’ q) = A(p = q.) ° (4-1)

The Wightamn two-point function in x space A(x - y) (@, alx) a(y)) is

1)

such an example (we have to set x=p , y = q) .

*)

To be contained in a forthcoming paper by Epstein and Glaser.
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The function A4(p - ;) = A(2i Im p) does not depend on the real
part of p , hence the diagonal planc ‘D2N = RN€B iiRN actually reduces to
its imaginary subspace 1 mN s If weput p-qg =2 =x+ 1y , thc diffe-

rential form of the positivity condition becomes :

_ ao:+B
T a a = aA(iy) =z 0 . (4.2)
o B

From Theorem 3 it then follows

COROLLARY 1.
If a distribution £(y) = A(iy) € §'(B) , where B is an open
set in !RN , satisfies condition (4.,2) in B, then £ 1is the
restriction to the imaginary plane {x = 0} of a function Alx + iy)

analytic in the tube ?B ={z=x+1iy € ¢N : yEBY]

Let us call the sct B={z: Rez=0 , Imz€B }  the "generating

set" of A . From Theorem 2 , we then conclude :

COROLLARY 2 .,

- - SR - . o= :
Let B, © B, be two connected open sets Ry » let B, {z € Cy

tRez=0 , Imz€ Bi} and 7B ={z¢€ &N : Im z € Bi} . If

alp - q) = A(z) satisfying the ﬁositivity condition in 7B [e.g.,
in the form (4.,2) ] is analytic in a ncighbourhood of the dot B,
then it is also analytic in the tube SB .

2

The integral form of the positivity condition can be cast into the

Pdllowing formv;
f Alx - x' + iy) E(x) f£{x') dx dx' = 0

for all y € B and 2all £ € & (RN) . (4.3)
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This has landed us in the very well-known theory of functions of po-
sitive type studied by Bochner 27) and Schwartz 22) and applied to field

theory by Wightman,

Our second example will be an application to the two-body scattering
amplitude. But before discussing it we shall have to state the following

rather trivial

LEMMA 1
The positivity conditions A) , B) and C) are invariant under an
analytic substitution of variables p=Tu , q=Tv, Here T is
an analytic mapping from w into Q , where ® 1is a domain in

mM , and Q€ GN the domain of definition of A (in general M # N) .

The proof is immediatly obtained by looking at the "diagonal" repre-
sentation of A . If we denote A(Tu , Tv) = A(u , v) and ﬁv(Tu) = f;(u)

one dgets

Alu, v) =X fb(u) fv(v) .
v
From herc, the conditions in the forms A) and C) with p , q replaced

by u, v immediately follow.

Note.

Being an inequality, the positivity condition is determined only up
to a factor. Indeed, if we replace A by F(p) A(p,q) F(q) = A1(p y Q)
where F is any function analytic in Q such that F #'0 , nothing will
change., We also want to warn the rcader that the set of functions fv which

diagonalizes A is by no means unique.

We are now ready to study the absorptive part of the scattering

amplitude of a process

A(k1 , m1) + B(k2 , m2) - A(k3 , m1) + B(k4 , ma)
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where the four-momenta and masses of the two scalar particles involved are
indicated in brackets., In agreement with the notational conventions used

in (2.5) and (2.6) we have
Alky 5 X, 0 ky) = A (P, q)

i = = e -— = :t = - .
with o0 =k, + k, ky -k, and ko o/f2+q , X3 4 (o/2 £ p)

The (complex) mass shell manifold is given by the equations

y then the

If we fix O in the form o= (/s , 0) with s 2 (m1 + m2)2

resulting manifold can be parametrized as follows

2 2

-t - - b
p=(a,Rx) , g=(A,Ry) , x“=y"=1 (4,4)
where A and R are two real constants depending only on s and the masses,
and P and ‘; vary independently on the unit sphere. Since the particles
are supposed to be scalar , A is - at least cn the mass shell « a Lorentz
invariant function and hence depends only on s and the scalar product

- -
X ¥ « Therefore, without loss of information, we may specialize (4.,4) to

p=(A, Rcosu, Rsinu, 0) = Tu

gq=(A,Rcosv, Rsinv, 0) = Tv (4.5)
and we get

Ag(Tu , ™v) = F(cos(u - v)) . (4.6)

T 1is evidently an analytic mapping, so Lemma 1 may be applied and therecefore
also Corollaries 1 and 2 . Denoting by %%; U -V = ’ﬂ: + 1 %Z the scattering
angle we can conclude that the "generating set" of A 1is a purely imaginary

~

interval I = { %%: ﬁh =0, Q}; € I} . The interval I has to contain the
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origin since the origin corresponds to physical points. I 1is also symmetrical
about the origin because A 1is an even function of @}. Therefore the tube
?I of corollaries 1 and 2 is the strip ?I = { if, —a < W<+ a} . The
image of this strip in the variable 2z = cos i? is the ellipse with foci

at z =% 1 and the major semi-axis a = ch o introduced into physics by
Lehmann 21) , while the image of the set E is the real interval 1<z <a,
with a = ch o « Thus we have proved the theorem discovered by Jin and

Martin 28) .

COROLLARY 2' .

If the absorptive part of the scattering amplitude of two scalar
particles is analytic for fixed s in a neighbouhood of the real
interval 1< z <a , wherc z = cos’?jL , then it is analytic also

in the whole Lehmann ellipse with the major semi-axis a .
This fact can be stated also. in the differentizl form of Corollary 1 .

COROLLARY 1' .

1
If a distribution F(x) = Flchy) € @ (-a <y <+ ) satisfies in

-a <y <+ the set of incqualities

@ -n
Y 2—F(lhy) T a a, 20 (4.7)
n=0 Ay o+p=n

for all a, € 61 such that %y = 0 for all o »> some N, then F 1is the
restriction of a function F(z) analytic in the Lehmann ellipse

|z - 1‘ + \z + 1‘ <2a=2cha .

The inequalities (4.7) can be put, in principle, into a form involving
only derivatives an(x)/Hxn » What we want to show is that (4.7) implies

the inequalities :
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n
S_flél.zo for all 1sZ<a and n=0, 1, 2, cee (4.8)
dz
. . 6)
used extensively by Martin °

Instead of manipulation the expression (4.7) directly we shall start
from the integral condition (4.3) applied to the variable Q}'[which is a

consequence of (4.7) !]* .

The image of the strip - o < Im 7}J< o in the complex plane of the
variable £ = e , Z = %(g + §-1) , is the corona. e ¥ < {g‘ <& | since

F 1is analytic there, it can be expanded into a convergent Laurent series

F= £ ¢ & =1 a 3 +£7) . (4.9)

The last form follows from the symmetry of F under the substitution
g - §_1 » Let us apply to (4.9) the integral inequality (4.3) by substituting
ive¥

1
in it x = iﬁ s X' = ?%1 y Y = ‘;; =0 , f=e 1 and integrate from

0 to 2m , We get

a\)ZO for all \)=O, 1, 2, XX °
The last inequality implies (4.8) for n = 0 . If we show that dE/dz can also
be represented by a series of the form (4.9) with the coefficients a& all
positive, the inequality (4.8) will follow by induction. But this is a conse-

quence of the identity

v -V v=1
NG S TEVE- N APV (4.70)
4z g _ §—1 ’.b:O

* . .
) The following proof is due to Epstein, The author would like to thank

Dr, Epstein for the permission to include it in this paper.
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The termwise differentiation of the series (4.9) and a rearrangement of terms
shows namely, by virtue of (4.10) , that the coefficients a; are positive
linear combinations of the coefficients a e

As the final comment, let us remark that the inequalities (4.8) are
weaker than the set of inequalities (4.7) . While (4.7) implies, according to
the general theory, analiticity in the whole Lehmann ellipse, the inequalities
(4,8) imply only analyticity in the disc ‘z - 1| < a with positive coefficients
of the corresponding power series expansion. The last assertion follows from

the Bernstein theorem (compare, CeGw, 29))
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