
ESAIM� Probability and Statistics April ����� Vol��� 	�
���

MULTIDIMENSIONAL VERSION

OF THE RESULTS OF KOML�OS� MAJOR AND TUSN�ADY

FOR VECTORS WITH FINITE EXPONENTIAL MOMENTS

A�YU� ZAITSEV

Abstract� A multidimensional version of the results of Koml�os� Ma�
jor and Tusn�ady for the Gaussian approximation of the sequence of

successive sums of independent random vectors with �nite exponential

moments is obtained�

�� Introduction

The statement of the problem is well known� It is required to construct on
a probability space a sequence of independent random vectors X�� � � � � Xn

�with given distributions� and a corresponding sequence of independent
Gaussian random vectors Y�� � � � � Yn �this means that Yi has the same mean
and the same covariance operator as Xi� i � �� � � � � n� so that the quantity

��X� Y � � max
��k�n

��� kP
i��

Xi �
kP
i��

Yi

��� �����

would be so small as possible with large probability� Here jxj � max jxj j� for
x � �x�� � � � � xd� � R

d� Sometimes we shall use another notation for sum	

mands and� by analogy with notation in Sakhanenko ��
���� write �� eX� eY ��
max
��k�n

��� kP
i��

eXi �
kP
i��

eYi��� and so on� In some sense this problem is one of the

most important in probability approximations because many well	known
probability theorems can be considered as consequences of results about
strong approximation of sequences of sums by corresponding Gaussian se	
quences� This is related to the law of iterated logarithm� to several theo	
rems about large deviations� to the estimates for the rate of convergence of
the Prokhorov distance in the invariance principles �see Prokhorov ��
���
Skorokhod ��
���� Borovkov ��
���� as well as to the Strassen	type ��
���
approximations �see� for example� Cs�org�o and Hall ��
�����
The rate of approximation in the invariance principle was studied by many

authors �see� e�g�� Prokhorov ��
��� Skorokhod ��
���� Borovkov ��
����
Cs�org�o and R�ev�esz ��
�� and the bibliography in Cs�org�o and R�ev�esz ��
����
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�� A�YU� ZAITSEV

Cs�org�o and Hall ��
���� Shao ��

��� Skorokhod ��
��� worked out a
powerful method known now as Skorokhod embedding� For a long time it
seemed that it is impossible to propose a method which could be better�
However� in �
�� Koml�os� Major and Tusn�ady �KMT� ��
����� worked
out a new method of dyadic approximation� With the help of this method
they obtained an exhaustive solution of the problem mentioned above for
sequences of independent identically distributed random variables� Sakha	
nenko ��
��� generalized and essentially improved KMT results for the case
of non	identically distributed random variables�
The �rst attempts to extend the KMT approximations to the multidimen	

sional case �see Berkes and Philipp ��
�
�� Philipp ��
�
�� Berger ��
����
Einmahl ��
��a�b�� had a partial success only� Comparatively recently
U� Einmahl ��
�
� obtained multidimensional analogs of KMT results which
are close to optimal� However� in his results �in general case of vectors with
�nite exponential moments� there is an unnecessary logarithmic factor� In
this paper we improve the result of Einmahl ��
�
� and obtain multivariate
analogs of KMT results�

Notation ���� Writing z � Rd �resp� C d�� we always keep in mind that
z � �z�� � � � � zd� � z� e� � � � �� zd ed� where zj � R� �resp� C �� and the ej
are the basis vectors� The scalar product of vectors x� y � Rd �resp� C d� is
denoted by

�
x� y

�
� x�y� � � � �� xd yd� For z � Rd �or C d� we shall use the

Euclidean norm kzk �
�
z� z

����
and the maximum norm jzj � max

��j�k
jzj j�

For b � � we denote L�b� � max
�
�� log b

�
� The distribution and the corre	

sponding covariance operator of a random vector � will be denoted by L���
and cov � �or covF � if F � L����� The letter I will be used for the iden	
tity operator� The symbols c� c�� c�� � � � �without arguments� will be used
for absolute positive constants� The letter c can denote di�erent constants
when we do not need to �x their numerical values� The numbering of con	
stants starts in each new section again� except Sections ��
� where we use
the common enumeration�

Definition ���� �Zaitsev ��
���� Denote by Ad��� a class of probability
distributions depending on a parameter � � �� The class Ad��� consists of
d	dimensional distributions F for which the function

��z� � ��F� z� � log

Z
Rd

ehz�xiFfdxg ����� � �� �����

is de�ned and analytic for kzk � � �� z � C d� and��dud�v��z��� � kuk��Dv� v� �����

for all u� v � Rd and kzk � � �� where D � covF � and du� is the derivative
of � in the direction u�
In Section � we consider some properties of classes Ad���� As examples of

distributions from Ad�c�� one can consider the distributions concentrated
on the ball B� �

�
x � Rd � kxk � �

�
� more general distributions satisfy	

ing Bernstein	type inequality conditions and in�nitely divisible distributions

ESAIM� P�S� April ����� Vol��� 	�
���



MULTIDIMENSIONAL VERSION OF THE KMT�TYPE RESULTS ��

with spectral measures concentrated on B� �see Zaitsev ��
���� pp� ���
�����
The following Theorem ��� is the main result of the paper� It was an	

nounced in Zaitsev ��

a� �

�b� �

�� and� in somewhat weakened form�
in Zaitsev ��

b��

Theorem ���� Suppose that � � �� 	 � � and ��� � � � � �n are random vectors

with distributions L��k� � Ad���� E �k � �� cov �k � I� k � �� � � � � n� Then

one can construct on a probability space a sequence of independent random

vectors X�� � � � � Xn and a corresponding sequence of independent Gaussian

random vectors Y�� � � � � Yn so that L�Xk� � L��k�� k � �� � � � � n� and

E exp
� c��	���X� Y �

� d�L�d�

�
� exp

�
c��	�d

�����L
�
n
��

		
� �����

where c��	�� c��	� are positive quantities depending only on 	�

In a particular case� when d � � and all summands have a common vari	
ance� Theorem ��� is equivalent to the main result of Sakhanenko ��
����
One should take into account that� using the H�older inequality� we can trans	
fer the factors under exponential sign in the right	hand side of ����� to the
denominator of the fraction in the left	hand side of ������ Naturally� this
makes the result weaker� Einmahl ��
�
� considered multidimensional vec	
tors with identical covariance operators� satisfying multidimensional analogs
of Sakhanenko�s conditions�
One can easily verify that if a vector � has �nite exponential moments

E ehh��i� for h � V � where V � Rd is some neighborhood of zero� then
F � L��� � Ad�c�F ��� Therefore� Theorem ��� can be considered as a gen	
eralization and re�nement of the main result of KMT ��
������ In partic	
ular� from Theorem ��� one can easily derive the following result� obtained
by KMT ��
����� in the one	dimensional case�

Corollary ���� Suppose that a random vector � has �nite exponential

moments E ehh��i� for h � V � where V � Rd is some neighborhood of zero�

Then one can construct on a probability space a sequence of independent

random vectors X�� X�� � � � and a corresponding sequence of independent

Gaussian random vectors Y�� Y�� � � � so that L�Xk� � L���� k � �� �� � � ��
and

nP
j��

Xj �
nP
j��

Yj � O�logn� a�s� ����

An analog of this result was obtained by Einmahl ��
�
� under additional
smoothness	type restrictions on the distributions L���� Einmahl ��
�
� The	
orem ���� has also proved an analog of Theorem ��� but only for su�ciently
smooth distributions L���� As it is noted in KMT ��
������ from the re	
sults of B�artfai ��
��� it follows that the accuracy of approximation in ����
is the best possible�
The following Theorem �� �by means of its consequence� Theorem 
���

will be used in the proof of Theorems ��� and ���� However� it is of inde	
pendent interest because sometimes it can give a more exact dependence of
constants on the characteristics of distributions of summands�
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Theorem ���� Suppose that � � �� � � �� 	 � � and e��� � � � � e�n are random

vectors with distributions L�e�k� � Ad���� E e�k � �� cov e�k � I� k � �� � � � � n�
Assume that there exist random vectors e�k which have the same moments of

the �rst three orders as the vectors e�k� L�e�k� � Ad��� and P
��� e�k�� � �

�
� ��

k � �� � � � � n� Then one can construct on a probability space a sequence of

independent random vectors eX�� � � � � eXn and a corresponding sequence of

independent Gaussian random vectors Y�� � � � � Yn so that L�e�k� � L� eXk��
k � �� � � � � n� and

E exp
� c��	��� eX� Y �

�d� ��

�
� exp

�
c��	���d

����������L�n�
	
�

where c��	�� c��	� are positive quantities depending only on 	�
The following Theorem ��� shows that if all moments of the third order of

the vectors ��� � � � � �n in Theorem ��� are equal to zero� then the dependence
of constants on the dimension can be slightly sharpened�

Theorem ���� Suppose that � � �� 	 � � and ��� � � � � �n are random

vectors with distributions L��k� � Ad���� E �k � �� cov �k � I� k � �� � � � � n�
Assume that for all u� v� w � Rd we have

E
�
�k� u

��
�k� v

��
�k� w

�
� �� k � �� � � � � n� �����

Then one can construct on a probability space a sequence of independent

random vectors X�� � � � � Xn and a corresponding sequence of independent

Gaussian random vectors Y�� � � � � Yn so that L�Xk� � L��k�� k � �� � � � � n�
and

E exp
� c��	���X� Y �

d� �

�
� exp

�
c	�	�d

�����L
�
n
��

		
� �����

where c��	�� c	�	� are positive quantities depending only on 	�

Remark ��	� It is evident that the condition ����� is automatically ful�lled
if the vectors ��� � � � � �n have symmetric distributions�
In Theorems ���� �� and ��� the random vectors ��� � � � � �n and e��� � � � � e�n

are� generally speaking� non	identically distributed� However� they have the
same covariance operator I � Thus� the problem of obtaining an adequate
multidimensional generalization of the main result of Sakhanenko ��
���
remains open� By the author�s opinion� the proof of Theorem ��� can be
transformed in the proof of an analogous result for vectors with non	identical
covariance operators� The conditions cov �j � I � � � � can be apparently
changed by B�

j � ��� B�
j � ��j � where B

�
j � 

�
j are respectively the max	

imal and the minimal eigenvalues of cov �j � j � �� � � � � n� The constants
will depend� naturally� on �� and n should be changed in the right	hand
side of ����� by the maximal eigenvalue of the covariance operator of the
last sum �� � � � � � �n� The author hopes to consider this situation in a
separate paper� Moreover� it is well known that the results similar to The	
orems ���� �� and ��� imply many useful consequences� For example� one
can derive estimates in the invariance principle in the case when the sum	
mands Xj satisfy less restrictive moment conditions �see� e�g�� Shao ��

�
and the bibliography in Shao ��

��� The author is going to devote to the
consequences of Theorems ���� �� and ��� also a separate publication�
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MULTIDIMENSIONAL VERSION OF THE KMT�TYPE RESULTS ��

In Theorems ���� �� and ��� we consider the case � � �� Obviously� the
assertions of these theorems become stronger for small � � An analog of The	
orem ��� in a particular case when the summands have smooth distributions
and � can be arbitrarily small is obtained in G�otze and Zaitsev ��

��� Note
that for small � the distributions of summands are close to Gaussian ones
�see Zaitsev ��
�����

The proof of Theorems ���� �� and ��� consists of several steps� many of
which are close to corresponding steps from the proofs of the main results
of KMT ��
������ Sakhanenko ��
��� and Einmahl ��
�
�� In Section �
we introduce the necessary notation and formulate auxiliary results� In par	
ticular �see De�nition ����� we de�ne the classes Rd

�
�� �

	 � Ad����Ad���
of pairs of distributions with close cumulants of the second and third orders
and discuss the properties of classes Ad��� and Rd

�
�� �

	
� We de�ne as well

the classes A�
d��� �� ��� Ad��� of distributions satisfying some smoothness

conditions which guarantee the existence of smooth densities �see De�ni	
tion ������

The main tool for the proof of Theorems ���� �� and ��� is the esti	
mates for the closeness of quantiles of one	dimensional conditional distri	
butions contained in Lemmas ��� and ���� For the proof of Lemmas ���
and ��� we use Lemmas ���� and ��� which are completely proved in Za	
itsev ��

�b�� Lemmas ��� and ���� In Zaitsev ��

�b� one can also �nd a
sketch of the proof of Lemmas ��� and ���� We give the complete proof of
these lemmas in Sections � and �� In Lemma ���� we give a non	uniform
estimate for large deviations in the local CLT for conditional distributions of
the last coordinates of vectors with smooth distributions from Ad��� under
condition that the �rst d� � coordinates are �xed �see �������� Analogously�
Lemma ��� contains a non	uniform estimate for the closeness of conditional
densities of smooth distributions from Rd

�
�� �

	
�see �������� Moreover�

Lemma ��� states that if w � � is separated from zero and from in�n	
ity� then the derivative of the logarithm of conditional density at point w is
negative� An estimate of this derivative is also presented �see �������� This
estimate is essentially used in the proof of Lemma ����

In Lemma ��� we give the estimates for the closeness of quantiles in the
CLT for conditional distributions of the last coordinates of vectors with
smooth distributions from Ad��� under condition that the �rst d� � co	
ordinates are �xed �see ������� Analogously� in Lemma ��� we provide an
estimate for the closeness of quantiles of conditional distribution functions of
smooth distributions from Rd

�
�� �

	
�see ������� The additional information

about the closeness of cumulants leads to the better orders of estimates in
Lemma ��� in comparison with Lemma ����

In Section  we describe the KMT ��
����� scheme of dyadic approxi	
mation� This scheme was essentially used by Sakhanenko ��
��� and Ein	
mahl ��
�
�� Note� however� that the formulations and the proofs of KMT
��
����� inequality ������ Sakhanenko ��
��� Lemma �� p� ��� and Ein	
mahl ��
�
� inequality ������� are close but slightly di�erent� Our approach
practically coincides with Einmahl�s one� As in KMT ��
������ Sakha	
nenko ��
��� and Einmahl ��
�
�� we suppose that some independent ran	
dom vectors with smooth distributions are already constructed and de�ne in	
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dependent random vectors with given distributions by successive construct	
ing sums of blocks of summands� containing �N � �N��� �N��� � � � � �� �� � sum	
mands� For this we apply the so	called Rosenblatt ��
�� quantile transfor	
mation which was already used by Einmahl ��
�
�� This transformation is a
natural generalization of the usual one	dimensional quantile transformation
which have been applied by KMT ��
����� and Sakhanenko ��
����
The scheme of the proof of Theorem ��� is very close to that of the main

result of Sakhanenko ��
���� At �rst we suppose that the Gaussian vectors
Y�� � � � � Yn� n � �N � are already constructed and construct the independent
vectors which are bounded with probability one� have su�ciently smooth
distributions and the same moments of the �rst� second and third orders
as the needed independent random vectors X�� � � � � Xn� Then we construct
the vectors X�� � � � � Xn in several steps� After each step the number of Xj

which are not constructed becomes smaller in �p times� where p is a suitably
chosen positive integer� In each step we begin with already constructed
vectors which are bounded with probability one and have su�ciently smooth
distributions and the needed moments up to the third order� Then we
construct the vectors such that� in each block of �p summands� only the
�rst vector has the initial bounded smooth distribution� The rest �p � �
vectors have the needed distributions L��j�� These �p� � vectors from each
block will be chosen as Xj and will be not involved in the next steps of
the procedure� The coincidence of third moments will allow us to use more
precise estimates of the closeness of quantiles of conditional distributions
obtained in Section ��
In Section � we realize the �rst step of the procedure just described�

We estimate the rate of approximation in the case when we construct on a
probability space the independent Gaussian vectors Yj and the independent
vectors Xj with smooth distributions and the needed moments up to the
third order� The main result of Section � is formulated in Theorem ����
Sections � and � are devoted to the estimation of the rate of approximation

in the case when we begin with the vectors eY�� � � � � eYn� n � �N � having
smooth distribution with bounded supports and with the same moments
up to the third order as the needed vectors eX�� � � � � eXn and construct the
vectors eX�� � � � � eXn in several steps� diminishing after each step the number
of eXj which are not constructed in �p times� The scheme of the proof is
a modi�ed version of that from Sakhanenko ��
���� We use the induction
with respect to the number of steps of the procedure and prove that this
procedure provides the good estimate for

�j�N� �
��� jP
k��

eYk � jP
k��

eXk

��� �����

�see ������� ���
��� ���
���� It is very important that in ����� there is no
supremum over j � �� � � � � �N � This supremum is taken in the last moment
only �see ���
���� At the end of Section � we give the proof of Theorem ���
Theorems ��� and ��� are proved in Section 
� At �rst we prove an

auxiliary result �Theorem 
��� which is in fact a simple consequence of The	
orem ��� However� its formulation is more convenient than that of The	
orem �� when we investigate the character of dependence of constants of
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the parameters� This is taken into account in the proofs of Theorems ���
and ���� For the proof of Theorem ��� we need also Lemma 
�� which
shows that there exist absolute positive constants c
� c� such that for any
distribution F � Ad��� with mean zero and covF � I there exist a distri	
bution G � Ad�c
� with the same moments up to the third order and such
that G

��
x � jxj � c�L�d�

��
� �� It can be veri�ed that this statement is

valid without L�d� if all the moments of the third order of the distribu	
tion F are equal to zero� Therefore� the factorL�d� from ����� is absent in
the denominator of the fraction in the left	hand side of the inequality �����
of Theorem ����

�� Notation and auxiliary results

Notation ���� Let Fd be the set of all d	dimensional probability distri	
butions de�ned on the 	�eld of Borel subsets of the Euclidean space Rd�
Let Gd be the collection of all Gaussian distributions from Fd� Below �
symbolizes di�erent quantities not exceeding one in absolute value� Ea is
the distribution concentrated at a point a� By bF �t�� t � Rd� we denote the
characteristic function of a distribution F � Fd� The product of measures is
understood as their convolution� F G � F 	G� By N ��� I� � Gd we denote
the Gaussian distribution with mean zero and covariance operator I � The
notation ��F � will be used for the Gaussian distribution whose mean and
covariance operator are the same as those of a distribution F � Fd� In one	
dimensional case we denote by ����� the distribution function of the normal
law with mean zero and variance � and by ����� the corresponding density�
We shall identify the covariance operators with corresponding covariance
matrices�
Let � � �� F � L��� � Ad���� khk � � �� h � R

d� Then the conjugate
distribution F � F �h� is de�ned by

F fdxg � �
E ehh��i

	��
ehh�xiFfdxg �����

�sometimes it is called the Cram�er transform�� Denote by ��h� a random
vector with L���h�	 � F �h�� It is clear that F ��� � F and

if U�� � � � � Un � Ad���� khk � � �� U �
nQ
j��

Uj � then U�h� �
nQ
j��

U j�h��

�����

Definition ���� For �� � � � denote by Rd

�
�� �

	
the collection of pairs

of d	dimensional probability distributions �F�� F�� such that Fk � Ad����
k � �� �� and ��dud�vg����� dud

�
vg����

�� � � kuk � �Dv� v����d�vg����� d�vg����
�� � ��

�
Dv� v

�
�

�����

for all u� v � Rd� where D � D� �D�� gk�z� � ��Fk� z�� Dk � covFk�

Remark ���� If � � �� then the relation �F�� F�� � Rd

�
�� �

	
means that the

distributions F�� F� � Ad��� have identical cumulants of second and third
orders�
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Classes Ad��� and Rd

�
�� �

	
have properties which are very convenient for

applying� Some of them were considered in Zaitsev ��
��� �
��� �

�a��
It is evident that if �� � ��� then Ad���� � Ad����� Moreover� it is easy to

see that� for �xed � � the class Ad��� is closed with respect to convolution� if
F�� F�� � � � � Fn � Ad���� then F�F� � � �Fn � Ad���� The classAd��� coincides
with the class Gd of all d	dimensional Gaussian distributions� The following
inequality was proved in Zaitsev ��
��� and can be considered as an estimate
of stability of this characterization� if F � Ad���� � � �� then �

�
F���F �

	 �
cd��L������ where �� � � �� is the Prokhorov distance� Other useful properties
of classes Ad��� and Rd

�
�� �

	
are contained in the following Lemmas ����

��� ���� ��� and �����

Lemma ���� Suppose that � � �� F � Ad���� h � Rd� khk� � �� F � L����
D � cov �� D�h� � cov ��h�� E � � �� Then
a� for all u � Rd the following relations are valid��

D�h�u� u
�
�
�
Du� u

��
� � � khk � 	� �����

log E ehh��i �
�

�

�
Dh� h

��
� �

�

�
� khk �

�
� ����

log E eihh��i � � �

�

�
Dh� h

��
� �

�

�
� khk �

�
� �����

b� if khk � � �


�� then F �h� � Ad�����

Lemma ��� is contained in Zaitsev ��
��� Lemma �����

Lemma ���� Suppose that � � �� F � L��� � Ad���� y � Rm� 	 � R�� and

A � C d 
 C
m is a linear operator such that A�Rd� � R

m� Let e� � Rk be the

vector consisting of a subset of coordinates of the vector �� Then

L�A� � y� � Am

� kAk �	� where kAk � sup
x�Rd� kxk��

kAxk �

L�	�� � Ad�j	j��� L�e�� � Ak����

Proof� Put

��z� � log E ehz�A��yi � log E ehA
�z� �i �

�
z� y

�
� �����

where A� � Cm 
 C
d is the adjoint operator for A� z � Cm � Let D � cov ��

M � covA�� By virtue of ������ ������ ������ for all u� v � Rm� z � Cm �
kA�zk � � �� the following relations are valid���dud�v��z� �� � ��dA�ud�A�v��F�w� ��w�A�z ��

� kA�uk ��DA�v� A�v
� � kA�k kuk � E �� � E �� A�v

��
� kAk kuk � E �A� � E A�� v

��
� kuk � kAk � � �M v� v

�
� �����

If kzk � kAk � � � then kA�zk � � kA�k kzk � � kzk � kAk � � � and
the inequality ����� is also valid� From ������ ����� and from de�nition
of classes Ad��� it follows that L�A� � y� � Am

� kAk �	� The relations
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L�	�� � Ad�j	j��� L�e�� � Ak��� follow directly from the statement just
proved� tu
Corollary ���� Let the conditions of Lemma �� be satis�ed� 	 � R��

�F�� F�� � Rd

�
�� �

	
� Fj � L��j�� yj � Rm� j � �� �� and let e��� e�� � Rk be

the vectors consisting of identical subsets of coordinates of the vectors ��� ��
respectively� Then�L�A�� � y���L�A��� y��

	 � Rm

� kAk �� �	��L�	����L�	���	 � Rd

� j	j�� �	� �L�e����L�e���	 � Rk��� ���

Proof� It is su�cient to use Lemma ��� the de�nition of classesRd

�
�� �

	
and

the corresponding analogs of the relations ������ ������ taking into account
Remark ���� tu
Lemma ��	� Suppose that � � �� Fk � L���k	 � Adk ���� and the vectors

��k� k � �� �� are independent� Let � � Rd��d� be the vector with the �rst

d� coordinates coinciding with those of ��� and with the last d� coordinates

coinciding with those of ���� Then F � L��� � Ad��d�����
Proof� Let D � cov �� D�k � cov ��k� k � �� �� Using the natural analogous
notation� we see that for all u� v � Rd��d� and z � C d��d� � kzk � � ����dud�v��F� z��� � ��dud�v���F�� z��� � ��F�� z

���
	��

�
��du���d�v�����F�� z��� � du���d

�
v�����F�� z

���
��

� ku��k ��D��v��� v��
�
� ku��k ��D��v��� v��

�
� kuk��Dv� v��

It remains to use the de�nition of classes Ad���� tu
Lemma ��
� Suppose that � � ��

�L���k� ��L���k� �
	 � Rdk��� ��� k � �� ��

and the pairs of vectors �
��
j � �

��
j � j � �� �� are the pairs of independent

vectors� Let �j � Rd��d� � j � �� �� be the vectors with the �rst d� coordinates

coinciding with those of �
��
j and with the last d� coordinates coinciding with

those of �
��
j � Then

�L�����L����	 � Rd��d���� ���
Proof� It su�ces to apply Lemma ���� taking into account Remark ���� tu
Remark ���� Naturally� Lemmas ��� and ��� can be evidently extended on
the case of any �nite number of independent vectors�

Remark ����� Lemma ��� can be easily derived from Lemma ��� using
the completeness of classes Ad��� with respect to convolution�

Lemma ����� Let � � � and X�� � � � � Xn be independent random vectors

with L�Xi� � Ad���� E Xi � �� Si � X� � � � �� Xi� for i � �� � � � � n� Let

h� t � R
�� � � h� � �� � � t� � �



�� � � max

��i�n

��Si��� Denote by B� the

maximal eigenvalue of covSn� Then

E ehjSnj � �deh
�B�

� E et� � �de�t
�B�

and

P
�
� � x

� � �dmax
�
exp

��x�
�B�
	
� exp

��x
�� 	�� x � �� ���
�
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Proof� By Lemma ��� the distributions of the coordinates of the vectors Xi

belong to the class A���� and it su�ces to prove the statement of the lemma
for d � � �recall that j � jmeans the maximum norm�� Using the completeness
of the classes A���� with respect to convolution� we see that by Lemma ����
inequality �����

E ehjSnj � E ehSn � E e�hSn � � exp
� �

�
h�B�

�
� �

�

�
h�
��

� �eh
�B�

�

������
Note that the random sequence exp

�
h jSij

	
�indexed by i� is a positive

submartingale� Therefore� by Doob�s inequality �see Doob ��
��� p� ����
and by �������

P
�
� � x

�
� P

�
eh� � ehx

� � E exp
�
h jSnj � hx

	 � � exp
�
h�B� � hx

	
�

������
We then deduce ���
� from ������ via the classical Bernstein�Cram�er�Cher	
no� calculation� Integrating by parts and applying ������ with h � � t� we
get

E et� � � �

Z �

�

tetxP
�
� � x

�
dx � �e�t

�B�

�

tu
Definition ����� Let � � �� � � �� � � �� Denote by A�

d��� �� �� the class
of distributions F � Ad��� such that for h � Rd� khk � � �� and for all
v � Rd the following inequalities hold�

�����d
Z

�ktk� d��

�� bFh�t���dt � ��d�

�����d�� �detD����
� ������

�����d
Z

�ktk� d��

���t� v� bFh�t���dt � �
D��v� v

����
�����d�� �detD����

� ������

where Fh � F �h�� D � covF and � � � is the minimal eigenvalue of D�
According to ������ we have �if F � L����

bFh�t� � E ehit� ��hi �
�
E ehh� �i

	��
E ehh�it� �i� ������

Therefore� the conditions ������� ������ play in this paper the role which
is similar to that of Sakhanenko ��
��� inequality ��
�� p� 
� or Einmahl
��
�
� inequality ������ Note� however� that the condition ������ is needed
for estimating the derivatives of densities �see �������� Such estimates are
necessary for obtaining more precise bounds for the closeness of conditional
distributions when the compared distribution have the coinciding third mo	
ments�

Notation ����� Below for x � �x�� � � � � xd� � R
d� d � �� we shall denote

by x� the vector x� � �x�� � � � � xd��� consisting of the �rst d� � coordinates
of x� Analogously� we shall use a prime to denote the matrix D � of size
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�d� ��� �d� �� consisting of the �rst d� � rows and �rst d� � columns of
a matrix D of size d� d� If F � L��� and � � Rd we shall write F � � L�� ���
The following Lemmas ���� and ��� are completely proved in Zaitsev

��

�b� Lemmas ��� and �����

Lemma ����� Suppose that � � ��

F � L��� � A�
d��� �� �� and� if d � �� F � � L�� �� � A�

d����� �� ��� �����

Assume that E � � � and the last coordinate �d of the vector � is not corre�

lated with the previous ones� Let � �
�
Ded� ed

�
� E ��d � � be the minimal

eigenvalue of D � covF � Denote by p�x�� x � Rd� the probability density of

distribution F � Let p��x��� x� � Rd��� d � �� be the density of the vector � ��
Denote by p�d�xd jx�� � p�x�



p��x��� xd � R�� the conditional density of the

dth coordinate �d of the vector � � Rd for a �xed value of � � � x� �for d � �
we de�ne p���x� jx�� � p�x��� Denote by G the corresponding �depending
on x�� one�dimensional conditional distribution�

Then there exist absolute positive constants c�� � � � � c	 such that the fol�

lowing statements are true for � d���


 � c��

���D �	����
x�
�� � c�



d���� �

For d � � there exists a parameter h� � h��x�� � Rd�� which gives the

solution of the equation E � ��h�� � x�� De�ne the parameter h � Rd which

has the �rst d�� coordinates coinciding with corresponding coordinates of h�

and the last dth coordinate hd � �� If d � �� we take h � �� Denote y� �
E
�
��h�� ed

�
� Then

jy�j � �����
���D �	����

x�
��� � �����

kx�k�
�

� ������

and� if jwj � c� �
�

d� � then for the density v�w� of the distribution GE�y� the

following representation is valid�

v�w� � ���w� exp

�
�c�

�



�
d��� � d

���D �	����
x�
���� � w�

�

�
�
jwj�
�

�
�

������
and

�

�
p
��

exp
�
� w�

�

�
� v�w� � �p

��
exp

�
� w�

��

�
� ������

Moreover� for all w � R��

v�w� � c�


exp
�
�min

n w�

��
�
c	 jwj
d�

o�
� ����
�

Note that for d � � we use in the formulations the natural agreement���D �	����
x�
�� � ���D �	����

x�
�� � jx�j � kx�k � ��

Lemma ����� Suppose that � � �� �F�� F�� � Rd

�
�� �

	
� Let� for k � �� ��

Fk � L��k� � A�
d��� �� �� and� if d � �� F �

k � L�� �k� � A�
d����� �� ���

������
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Assume that E �� � E �� � � and the last coordinates �k�d of the vec�

tors �k are not correlated with the previous ones� Let � �
�
Ded� ed

�
�

E ��k�d � � be the minimal eigenvalue of the common covariance operator

D � Dk � covFk� Let pk�z�� z � Rd� be the probability densities of dis�

tributions Fk� Denote by p�k�z
��� z � � Rd��� the densities of the vectors � �k�

Let p
�d
k �xk�d jx�k� � pk�xk�



p�k�x

�
k�� xk � �xk��� � � � � xk�d�� be the correspond�

ing conditional densities of the dth coordinates �k�d of the vectors �k � Rd

for �xed values of � �k � x�k �for d � � we denote p
��
k �xk�� jx�k� � pk�xk�����

Let Gk be the corresponding �depending on x�k� one�dimensional conditional

distributions�

Then there exist absolute positive constants c
� � � � � c�� such that the fol�

lowing statements are true for � d���


 � c
�

���D �	����
x�k
�� � c�



d���� �

k � �� ��
For d � � there exist parameters h�k � h�k�x

�
k� � Rd�� giving the solutions

of the equations E � �k�h
�
k� � x�k� De�ne the parameters hk � Rd which have

the �rst d � � coordinates coinciding with corresponding coordinates of h�k
and the last dth coordinates hk�d � �� If d � �� we take hk � �� Let

� �
���D ������x�� � �D ������x��

���  � max
k����

���D ������x�k
��� ������

Denote yk � E
�
�k�hk�� ed

�
� Then��y� � y�
�� � c�

�
���� � � �� 

	
� ������

Denote by vk�w� the densities of the distributions GkE�yk � Then the fol�

lowing representation is valid for jwj � c�� �
�

d� �

v��w� � v��w� exp

�
�c��

��

�

�
d� �

�
 � � ����

	�
d�

w�

�

�
�

w�

�

�
�

������

Moreover� for � � w � c�� �
�

d�
�

d

dz
log vk�z�

���
z�w

� � w

��
�

d

dz
log vk�z�

���
z��w

� w

��
� k � �� ��

������

�� Estimates for the closeness of quantiles

of conditional distributions

under the conditions of Lemma ����

Lemma ���� Let the conditions of Lemma ���� be satis�ed� Then there exist

absolute positive constants c�� � � � � c� such that

��

�
z � ��z�

	
�

Z z

��
v�y�dy � ��

�
z � ��z�

	
� �����

for � d���

� � c��
���D �	����

x�
�� � c� �

d����
� jzj � c� �

�

d� � where

��z� � c��
�
d��� � d�

�
� �

jzj


�
�

z�

�

�
� � �

���D �	����
x�
��� �����
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The proof of Lemma ��� consists of several steps� For each of them we
formulate the corresponding lemma�

Lemma ���� Let the conditions of Lemma ��� be satis�ed� Then there exist

absolute positive constants c�� � � � � c� such that if

� d���


� c��

���D �	����
x�
�� � c	

d����
� � � z � b �

c

�

d�
� �����

then

bZ
z�	��z

���u�du � I � I�z� b�
def
�

Z b

z

v�y�dy �
�Z

z�	�z

���u�du� �����

bZ
z�	��z

���u�du � I��b��z� �
Z �z

�b
v�y�dy �

�Z
z�	�z

���u�du� ����

where

��z� � c� �
�
d��� � d� � z

�
d�
 � z



�
		 � z
�� �����

Proof� At �rst we note that� by Lemma ����� for � � jyj � c�
�


d� we

have

v�y� � ���y� exp
�
�c��

�



�
d��� �

d�y�

�
�
jyj�
�

��
� �����

if c�� c	 are small enough� Recall that

���u� �
�p
��

exp
�
� u�

��

�
� u � R�� �����

We take c� � ��c��� Thus�

��u� � ��c���
�
d��� � d� � u

�
d�
 � u



�
		
� ���
�

Consider the following functions�

f��u� � u� ��u�� f��u� � u� ��u�� ������

We shall study some properties of the function f��u� for � � u � �b and
of the function f��u� for � � u � b� It is clear that choosing c�� c	� c
 to
be su�ciently small we can ensure the validity of the relations

�b � c�
�


d�� ������

� � ��u� � u
� for � � u � �b� ������

and� consequently�

� � u
� � f��u� � u � �b � c�
�


d� for � � u � �b�

� � u � f��u� � �u � �b � c�
�


d� for � � u � b�

������
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Moreover� taking again c�� c	� c
 to be small enough� we can ensure the
validity of the relation

���u� � ��c���
�
d�
 � �u



�
	 � �



� for � � u � �b� ������

Since e��a � �� a for � � a � �


�� we have

f ���u� � �� ��c���
�
d�
 � �u



�
	 � exp

����c����d�
 � �u


�
		

� exp
���c�� � u���

�
d�
� �u



�
		
� �����

provided that � � u � �b� Analogously�

f ���u� � � � ��c���
�
d�
� �u



�
	 � exp

�
��c���

�
d�
 � �u



�
		

� exp
�
�c��� u

���
�
d�
� �u



�
		
� ������

provided that � � u � b� The relations ���
�� ������� ������ imply that� for
� � u � �b�

� � ���u� � �


��

�


� � f ���u� � �� � � f ���u� � �



�� ������

Hence� there exist the inverse functions f��
� �y� �for f���� � y � f��b��

and f��
� �y� �for f���� � y � f���b��� From ������ it follows that

y
� � f��
� �y� � y� y � f��

� �y� � �y� ������

Using ������� ������� ������� one can easily obtain that

f�
�
f��
� �y�

	
� f��

� �y�� �
�
f��
� �y�

	
�

f�
�
f��
� �y�

	
� f��

� �y� � �
�
f��
� �y�

	
�

����
�

and� consequently�

f��
� �y� � y � �

�
f��
� �y�

	 � y � ���y��

f��
� �y� � y � �

�
f��
� �y�

	 � y � ��y��
������

Consider the integral I for � � z � b� Then� by ������� ������� we have�

z � � � f����� f��
� �z� � �� f��

� �b� � b ������

and
f��
� �z� � z � �� b � f��

� �b� � �b� ������

By ������ ������ ������� the following estimates hold�

I �
Z b

z

�p
��

exp
�
� y�

��
� c��

�



�
d��� �

d�y�

�
�

y�

�

��
dy ������

and

I �
Z b

z

�p
��

exp
�
� y�

��
� c��

�



�
d��� �

d�y�

�
�

y�

�

��
dy� ������
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In the right	hand side of ������ we make the change of variable y � f��u��
It is clear that dy � f ���u�du� Moreover� by ���
�� �������

y� �
�
u���u�

	� � u���u��u� � u����c��u�
�
d����d��u

�
d�
�u



�
		
�

�����
From ������ it follows that

c��
�



�
d��� �

d�y�

�
�

y�

�

�
� �c��

�



� d���u


�

d�u�

�
�

u�

�

�
� ������

Using ������ ������� ������� ������� ������ ������� we derive from ������
that

I �
f��
�

�bZ
f��
�

�z

���u�du �
�Z

z�	�z

���u�du� ������

The upper estimate of I�z� b� in ����� is proved� It is clear that the upper
estimate of I��z��b� in ���� can be obtained analogously�
In the right	hand side of ������ we make the change of variable y � f��u��

It is clear that dy � f ���u�du� Moreover� by virtue of ���
�� ������� �������
we have

y� �
�
u���u�	� � u��u��u� � u����c��u�

�
d����d��u

�
d�
�u



�
		
�

������
From ������ it follows that

c��
�



�
d��� �

d�y�

�
�

y�

�

�
� c��

�



� d���u


�

d�u�

�
�

u�

�

�
� ����
�

Using ������ ������ ������� ������� ������� ����
�� we derive from ������
that

I �
f��
�

�bZ
f��
�

�z

���u�du �
bZ

z�	��z

���u�du� ������

The lower estimate of I�z� b� in ����� is proved� It is evident that the bound
for I��z��b� can be obtained in a similar way� The inequality ����� follows
from ������� tu
Lemma ���� Let the conditions of Lemma ��� be satis�ed� Then there exist

absolute positive constants c��� � � � � c�� such that� if

� d���


� c���

���D �	����
x�
�� � c��

d����
� � � z � c��

�

d�
� ������
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then

�Z
z�
��z

���u�du � I � I�z��� �

Z �

z

v�y�dy �

�Z
z�
�z

���u�du� ������

and

�Z
z�
��z

���u�du � I�����z� �
�zZ

��
v�y�dy �

�Z
z�
�z

���u�du� ������

where

��z� � c�� �
�
d��� � d� � z

�
d�
 � z
�

		 � z
�� ������

Proof� Choosing c��� c�� to be small enough� we ensure the possibility to es	
timate the integral I�b��� with the help of inequality ����
� of Lemma �����
By this inequality� for y � b we have

v�y� � c��


exp
�
�min

n y�

��
�
c�	 y

d�

o�
� c��


exp

�
�min

n c
y

�d�
�
c�	 y

d�

o�
�

c��


exp
�
� c�
 y

d�

�
�
�����

Thus� we can estimate I�b��� as follows�

I�b��� �

Z �

b

v�y�dy �
Z �

b

c��


exp
�
� c�
 y

d�

�
dy

�
c��d�

c�

exp

�
� c�
 c


�

d���

�
� ������

We shall choose c��� c��� c�� so that c�� � min
�
c

��

p
c
 c�


�
� c�� � c��

c�� � c	� Thus� we can use the inequalities ������������ From ������ ������
it follows that

I�z��� � I�z� b� � I�b���

� c��d�

c�

exp

�
� c�
 c


�

d� ��

�
�

�Z
z�
�z

���u�du�
z�	�zZ

z�
�z

���u�du
������

and

I�z��� � I�z� b� �
�Z

z�
��z

�

z�
��zZ
z�	��z

�
�Z
b

���u�du� ������

We take c�� � �c�� Taking into account ������ ������� ������� we have�

��z� � ���z� � z
�� z � ��z� � �z
��

���z� � ����z� � ���z�� z� z � ���z� � �z�
����
�
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Therefore� taking into account that c�� � min
�
c

��

p
c
 c�


�
� choosing c��

to be su�ciently small� and using ������ ������ ������� ����
�� we can ensure
the validity of the inequalities

z�	�zZ
z�
�z

���u�du � ��z�p
��

exp
�
� z�

��

�
� c��d

���

p
��

exp
�
� c���

�

�d� ��

�

�
c��d�

c�

exp

�
� c�
 c


�

d���

�
������

and

z�
��zZ
z�	��z

���u�du � ���z�p
��

exp
�
� �z�

�

�
� c� �d

���

p
��

exp
�
� �c���

�

d� ��

�

� exp
�
� c�


�

d� ��

�
� exp

�
� b�

��

�
�
Z �

b

���u�du�
������

The upper bound in ������ follows now from ������� ������� The lower
one can be easily derived from ������� ������� The inequalities ������ can be
obtained analogously� The inequality ������ is contained in ����
�� tu
Proof of Lemma ���� We shall choose c�� c�� c� so small that c� � c���
c� � c��� c� � c��� Thus� we can use the inequalities ��������������
Let � � z � �� It is evident that� if c�� c� are su�ciently small� then

from ������ it follows that

���� � ������ c�� �
�
d��� � d�

	 � � ������

and� by virtue of ����� and Lemma �����

v�y� � ���y� exp
�
�c��

�



�
d��� � d�

	�
for jyj � �� ������

where
c��

�



�
d��� � d�

	 � �


�� ������

From ������ ������� ������ it follows that we can write

v�y� � ���y�
�
� � �c��

�



�
d��� � d�

	�
for jyj � �� �����

Thus� the integral I�z� �� can be estimated as follows�

I�z� �� �

Z ��

z

v�y�dy �
Z ��

z

���u�du� c��
�



�
d��� � d�

	
� ������

Analogously�

I�z� ���
Z ��

z

���u�du� c��
�



�
d��� � d�

	
� ������
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Using Lemma ���� we see that

I����� �

Z �

��

v�y�dy �
�Z

���
���

���u�du ������

and

I������
�Z

���
���

���u�du� ����
�

Taking into account ������ ������� we obtain the inequalities

��Z
���
���

���u�du � e�
����p
��

� c��e
�


�
p
��

�



�
d��� � d�

	
�����

and

���
���Z
��

���u�du � e������p
��

� c��e
��

p
��

�



�
d��� � d�

	
� �����

Now from ������� ������� ����� it follows that

I�z��� �

Z �

z

v�y�dy �

Z �

z

���u�du� c��
�



�
d��� � d�

	
� �����

Analogously� from ������� ����
�� ����� one can easily derive that

I�z��� �

Z �

z

���u�du� c��
�



�
d��� � d�

	
� �����

Put c�� �
p
��max

�
c�� e

�� c��e
����

�
� It is clear that choosing c�� c� to be

su�ciently small we can ensure the validity of the inequality

� � c���
�
d��� � d�

	 � � �����

Hence�
z � � � � for z � �� ����

Taking into account ������ ������ ����� we see that� for � � z � ��Z z

z��
���u�du � e���p

��
� c��

�



�
d��� � d�

	
�����

and� analogously�Z z��

z

���u�du � e������p
��

� c��
�



�
d��� � d�

	
� �����

Now from ������ ������ ������ ����� it follows thatZ �

z��

���u�du �

Z �

z

v�y�dy �

Z �

z��
���u�du for � � z � �� �����

The statement of Lemma ��� for z � � can be easily derived from Lemma ���
and from ������ ������ The case z � � can be considered in a similar way�
tu
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�� Estimates for the closeness of quantiles

of conditional distributions

under the conditions of Lemma ����

Lemma ���� Let the conditions of Lemma ��� be satis�ed� Then there exist

absolute positive constants c�� � � � � c� such that

z���zZ
��

v��y�dy �

zZ
��

v��y�dy �

z���zZ
��

v��y�dy� �����

for � d���

� � c��
���D �	����

x�k
�� � c� �

d����
� k � �� �� jzj � c� �

�

d� � where

��z� � c�
��



�
d� � �

�
d�

jzj


�
�
jzj�
�

�
� � �  � � ����� �����

The proof of Lemma ��� consists of several steps� For each of them we
formulate the corresponding lemma� For �� � z� � z� � � we shall
denote

Jk�z�� z�� �

Z z�

z�

vk�y�dy� k � �� ��

Lemma ���� Let the conditions of Lemma ��� be satis�ed� Then there exist

absolute positive constants c�� � � � � c� such that� if

� d���


� c��

���D �	����
x�k
�� � c	

d����
� k � �� �� �� � z � b �

c

�

d�
�

�����
then

bZ
z����z��

v��u�du � J � J��z� b� �

Z b

z

v��y�dy �
�Z

z���z

v��u�du� �����

and

�z����z��Z
�b

v��u�du � J���b��z� �
Z �z

�b
v��y�dy �

�z���zZ
��

v��u�du� ����

where

��z� � c��
���

�
d� � d� � z

�
�
 � z�
�

		 � z
�� �����

Proof� At �rst we note that� if c�� c	 are small enough� then� by Lemma ���
and according to ������ for jyj � c�

�


d� we have

v��y� � v��y� exp
�
�c��

��

�

�
d� � d� �

�y�

�
�

y�

�

��
�����

ESAIM� P�S� April ����� Vol��� 	�
���



�� A�YU� ZAITSEV

and� for � � y � c� �
�

d� � k � �� ��

d

dx
log vk�x�

���
x�y

� � y

��
�

d

dx
log vk�x�

���
x��y

� y

��
� �����

We take c� � ��c��� Thus�

��u� � ��c���
���

�
d� � d� � u

�
�
 � u�
�

		
� ���
�

Consider the following functions�

g��u� � u � ��u�� g��u� � u � ��u�� ������

We shall study some properties of the function g��u� for �� � u � �b and
of the function g��u� for � � u � b� It is clear that� choosing c�� c	� c
 to
be su�ciently small and taking into account ������ ���
�� ������� ������� we
can ensure the validity of the relations

�b � c�
�


d�� ������

� � ��u� � u
� for � � u � �b� ������

and� consequently�

� � �u
 � g��u� � u � �b � c�
�


d� for �� � u � �b�

� � u � g��u� � u
� � �b � c�
�


d� for � � u � b�

������

Moreover� taking again c�� c	� c
 to be small enough� we can ensure the
validity of the relation

���u� � ��c���
���

�
�
 � �u�
�

	 � �


� for � � u � �b� ������

Since e��a � �� a for � � a � �


�� we have

g ���u� � �� ��c���
���

�
�
 � �u�
�

	
� exp

����c������
�
�
 � �u�
�

		
� exp

���c����u���
�
�
 � �u�
�

		
� �����

provided that �� � u � �b� Analogously�

g ���u� � � � ��c���
���

�
�
 � �u�
�

	
� exp

�
��c���

���
�
�
 � �u�
�

		
� exp

�
�c���

�u���
�
�
 � �u�
�

		
� ������

provided that � � u � b� The relations ���
�� ������� ������ imply that� for
� � u � �b�

� � ���u� � �


�� � � g ���u� � �



��

�


� � g ���u� � �� ������
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Therefore� there exist the inverse functions g��
� �y� �for g����� y � g��b��

and g��
� �y� �for g����� � y � g���b��� From ������ it follows that

�y
 � g��
� �y� � y� y � g��

� �y� � y
�� ������

Using ������� ������� ������� one can easily obtain that

g�
�
g��
� �y�

	
� g��

� �y�� �
�
g��
� �y�

	
�

g�
�
g��
� �y�

	
� g��

� �y� � �
�
g��
� �y�

	
�

����
�

and� consequently�

g��
� �y� � y � �

�
g��
� �y�

	 � y � �
�
y
�

	
�

g��
� �y� � y � �

�
g��
� �y�

	 � y � ��y��
������

Consider the integral J for �� � z � b� Then� by ������� ������� we
have�

z � �� � g����� g��
� �z� � �� g��

� �b� � b ������

and
g��
� �z� � z � ��� b � g��

� �b� � b
�� ������

By ������ ������� the following estimates hold�

J �
Z b

z

v��y� exp
�
c��

��

�

�
d� � d� �

�y�

�
�

y�

�

��
dy ������

and

J �
Z b

z

v��y� exp
�
�c�� ��

�

�
d� � d� �

�y�

�
�

y�

�

��
dy� ������

In the right	hand side of ������ we make the change of variable y � g��u��
It is clear that dy � g ���u�du� Moreover� using ������������� ������� we see
that

log v��y� � log v��u� � ��u�
d

dx
log v��x�

���
x�u�jj��u

� log v��u�� u��u�

��

� log v��u�� ��c��
��u

�

�
d� � d� �

u�


�

u�

�

�
� �����

From ������ it follows that

c��
��

�

�
d� � d��

�y�

�
�

y�

�

�
� �c��

��

�

� d�u


�

d�u


�

�u�

�
�

u�

�

�
�

������

ESAIM� P�S� April ����� Vol��� 	�
���



�� A�YU� ZAITSEV

Using ������� ������� ������� ������ ������� we derive from ������ that

J �
g��
�

�bZ
g��
�

�z

v��u�du �
�Z

z���z

v��u�du� ������

The upper estimate of J��z� b� in ����� is proved� It is clear that the upper
estimate of J���z��b� in ���� can be obtained analogously�
In the right	hand side of ������ we make the change of variable y � g��u��

It is clear that dy � g ���u�du� Moreover� using ������������� ������� we see
that

log v��y� � log v��u�� ��u�
d

dx
log v��x�

���
x�u�jj��u

� log v��u� �

�
u� ��u�

	
��u�

��
� log v��u� �

u��u�

���

� log v��u� � �c��
��u

�

�
d� � d� �

u�


�

u�

�

�
� ������

From ������ it follows that

c��
��

�

�
d� � d� �

�y�

�
�

y�

�

�
� c��

��

�

� d�u


�

d�u


�

�u�

�
�

u�

�

�
�

����
�
Using ������ ������� ������� ������� ����
�� we derive from ������ that

J �
g��
�

�bZ
g��
�

�z

v��u�du �
bZ

z����z��

v��u�du� ������

The lower bound for J��z� b� in ����� is proved� It is clear that J���z��b�
can be estimated in a similar way� The inequality ����� follows from ������� tu
Lemma ���� Let the conditions of Lemma ��� be satis�ed� Then there exist

absolute positive constants c��� � � � � c�� such that� if

� d���


� c���

���D �	����
x�k
�� � c��

d����
� k � �� �� �� � z � c��

�

d�
�

������
then

�Z
z����z��

v��u�du � J � J��z��� �

Z �

z

v��y�dy �

�Z
z���z

v��u�du� ������

and

�z����z��Z
��

v��u�du � J������z� �
�zZ

��
v��y�dy �

�z���zZ
��

v��u�du� ������

where

��z� � c���
���

�
d� � d� � z

�
�
 � z�
�

		 � z
�� ������
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Proof� Choosing c��� c�� to be small enough� we ensure the possibility to
estimate the integrals Jk�b���� k � �� �� with the help of inequality ����
�
of Lemma ����� By virtue of ����
�� we have �for y � b� k � �� ��

vk�y� � c��


exp
�
�min

n y�

��
�
c�	y

d�

o�
� c��


exp

�
�min

n c
 y

�d�
�
c�	 y

d�

o�
�

c��


exp
�
� c�
 y

d�

�
�
�����

Thus� we can estimate Jk�b��� as follows�

Jk�b��� �

Z �

b

vk�y�dy �
Z �

b

c��


exp
�
� c�
y

d�

�
dy

�
c��d�

c�

exp

�
� c�
 c


�

d� ��

�
� ������

We shall choose c��� c��� c�� so that

c�� � min
�
c�� c��

�
� c�� � min

�
c	� c��

�
� c�� � min

n
c
�

p
c
 c�

�

�
�c��
�

o
�

������
where c��� c��� c�� are the constants c�� c�� c� from Lemma ����� Thus� we
can use the inequalities ������ for � � jwj � �c���



�d� �with the change

of v� �� by vk� ��� k � �� �� and the inequalities ������������ From �����
and ������ it follows that

J��z��� � J��z� b� � J��b���

� c��d�

c�

exp

�
� c�
 c


�

d� ��

�
�

�Z
z���z

v��u�du�
z���zZ
z���z

v��u�du
������

and

J��z��� � J��z� b� �
�Z

z����z��

�

z����z��Z
z����z��

�
�Z
b

v��u�du� ����
�

We take c�� � �c�� Taking into account the relations ������ ������ �������
������ and ������� we have�

��z� � ���z� � z
�� z � ��z� � �z
��

��z
�� � ���z
�� � ���z� � z
�� z � ��z
�� � �z
��
������

Therefore� using ������ ������� ������� ������� ������� ������ and choosing c��
to be su�ciently small� we can ensure the validity of the inequalities

z���zZ
z���z

v��u�du � ��z�

�
p
��

exp
�
� z�

�

�
� c� �

�d�

�
p
���

exp
�
� c���

�

d� ��

�

�
c��d�

c�

exp

�
� c�
 c


�

d� ��

�
������
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and

z����z��Z
z����z��

v��u�du � ��z
��

�
p
��

exp
�
� 
z�

��

�
� c��

�d�

�
p
���

exp
�
� 
c���

�

�d���

�

�
c��d�

c�

exp

�
� c�
 c


�

d� ��

�
�

�Z
b

v��u�du� ������

The upper bound in ������ follows now from ������� ������� The lower
one can be easily derived from ����
�� ������� The inequalities ������ can be
obtained analogously� The inequality ������ is contained in ������� tu
Proof of Lemma ���� We shall choose c�� c�� c� so small that c� � c���
c� � c��� c� � c��� Thus� we can use the inequalities ��������������
Let � � z � ��� It is evident that� if c�� c� are small enough� then from

������ ������� ������ it follows that

���
��� ������� c���
���

�
d� � d�

	 � � ������

and� by virtue of ����� and Lemma ����

v��y� � v��y� exp
�
�c��

��

�
�
d� � d�

	�
for jyj � ��� ������

where

c��
��

�
�
d� � d�

	 � �


�� �����

From ������� ����� it follows that we can write

v��y� � v��y�
�
� � �c��

��

�
�
d� � d�

	�
for jyj � ��� ������

Thus� the integral J��z� ��� can be estimated as follows�

J��z� ��� �

Z ���

z

v��y�dy �
Z ���

z

v��y�dy � c��
��

�
�
d� � d�

	
� ������

Analogously�

J��z� ����
Z ���

z

v��y�dy � c��
��

�
�
d� � d�

	
� ������

Using Lemma ���� we see that

J������� �

Z �

���

v��y�dy �
�Z

���������

v��y�dy ����
�

and

J������� �
�Z

�����������

v��y�dy� �����
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Taking into account ������� choosing c�� c�� c� to be small enough and ap	
plying the inequality ������ of Lemma ����� we obtain the inequalities

���Z
���������

v��y�dy �
���Z

���������

�p
��

exp
�
� y�

��

�
dy

� �e��������p
��

� c��e
���

p
��

��

�
�
d� � d�

	
�����

and

�����������Z
���

v��y�dy �
�����������Z

���

�p
��

exp
�
� y�

��

�
dy

� �e������
��p
��

� �c��e
���

p
��

��

�
�
d� � d�

	
� �����

Now from ������� ����
�� ����� it follows that

J��z��� �

Z �

z

v��y�dy �

Z �

z

v��y�dy � c��
��

�
�
d� � d�

	
� �����

Analogously� from ������� ������ ����� one can easily derive that

J��z��� �

Z �

z

v��y�dy� c��
��

�
�
d� � d�

	
� �����

Put c�	 � �
p
��max

�
c�� e

���� c��e
���
�
� It is clear that choosing c�� c� to

be su�ciently small �see ������ ������� we can ensure the validity of the
inequality

r � c�	�
���

�
d� � d�

	 � � ����

Hence�
z � r � � for z � �� �����

Taking into account ����� ������ choosing c�� c�� c� to be small enough and
applying the inequality ������ of Lemma ����� we see that� for � � z � ���Z z

z�r
v��y�dy �

Z z

z�r

�

�
p
��

e�y
����dy � e����r

�
p
��

� c��
��

�
�
d� � d�

	
�����

and� analogously�Z z�r

z

v��y�dy �
Z z�r

z

�

�
p
��

e�y
����dy � e����r

�
p
��

� c��
��

�
�
d� � d�

	
�

�����
Now from ������ ������ ������ ����� it follows thatZ �

z�r

v��y�dy �

Z �

z

v��y�dy �

Z �

z�r
v��y�dy ���
�

for � � z � ��� The statement of Lemma ��� for z � � can be easily
derived from Lemma ��� and from ����� ���
�� The case z � � can be
considered in a similar way� tu
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�� Dyadic scheme

Below we describe an extension of the multivariate version of the KMT
dyadic scheme due to Einmahl ��
�
��
Let N be a positive integer and

�
��� � � � � ��N

�
�
�
Y�� � � � � Y�N

�
are two

collections of independent random vectors� We shall always suppose that
the random vectors ��� � � � � ��N � Y�� � � � � Y�N have some known distributions
from Ad�c��� Assume that the distributions of Y�� � � � � Y�N are absolutely
continuous� Denote

eS� � �� eSk � kX
l��

�l� � � k � �N � ����

U�
m�k � eS�k����m � eSk��m � � � k � �N�m� � � m � N� ����

In particular� U�
��k � �k��� U

�
N�� �

eS�N � ���� � ����N � In the sequel we shall
use the term block of summands for a collection of summands with indices
of the form k � �m � �� � � � � �k� �� � �m� where � � k � �N�m� � � m � N �
Thus� U�

m�k is the sum over a block containing �m summands� Put also

eU�
n�k � U�

n����k � U�
n����k��� � � k � �N�n� � � n � N� ����

Note that

U�
n����k � U�

n����k�� � U�
n�k � � � k � �N�n� � � n � N� ����

Below we describe a procedure of constructing the random vectors
�
Un�k

�
with L��Un�k�	 � L��U�

n�k

�	
� provided that the vectors Y�� � � � � Y�N are

already constructed� For this purpose we shall use the so	called Rosenblatt
quantile transformation �see Rosenblatt ��
�� and Einmahl ��
�
���
De�ne the coordinate mappings �i� b�j � i� j � �� � � � � d� by the equalities

�i�x�� � � � � xd� � xi� b�j � ���� � � � � �j�� Denote by F
��
N���x�� �P

�
��
�
U�
N��

	
�

x�
�
� x� � R

�� the distribution function of the �rst coordinate of the vec	

tor U�
N��� Let F

�j
N��

� � ��x�� � � � � xj��

	
� � � j � d� be the regular condi	

tional distribution function �r�c�d�f�� of the random variable �j
�
U�
N��

	
� givenb�j��

�
U�
N��

	
� �x�� � � � � xj���� Furthermore� let eF ��

n�k

� � ��y�� � � � � yd	 be the
r�c�d�f� of ��

� eU�
n�k

	
� given U�

n�k � �y�� � � � � yd�� Finally� denote by eF �j
n�k

� � ��y��
� � � � yd� x�� � � � � xj��

	
the r�c�d�f� of �j

� eU�
n�k

	
� given U�

n�k � �y�� � � � � yd� andb�j��

�eU�
n�k

	
� �x�� � � � � xj���� � � k � �N�n� � � n � N � � � j � d� Put

T� � �� Tk �
kX
l��

Yl� � � k � �N � ���

Vm�k �
�
V

��
m�k� � � � � V

�d
m�k

	
� T�k����m � Tk��m �

� � k � �N�m� � � m � N �

eVn�k � � eV ��
n�k � � � � �

eV �d
n�k

	
� Vn����k � Vn����k���

� � k � �N�n� � � n � N�

����
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For the r�c�d�f� of these vectors we shall use the similar notation� Denote
by G

��
N���x�� � P

�
��
�
VN��

	
� x�

�
� x� � R

�� the distribution function

of the �rst coordinate of the vector VN��� Let G
�j
N��

� � ��x�� � � � � xj��

	
be

the r�c�d�f� of �j
�
VN��

	
� given b�j��

�
VN��

	
� �x�� � � � � xj���� � � j � d�

Let eG��
n�k

� � ��y�� � � � � yd 	 be the r�c�d�f� of ���eVn�k	� given Vn�k � �y�� � � � � yd��

and eG�j
n�k

� � ��y�� � � � � yd� x�� � � � � xj��

	
the r�c�d�f� of �j

�eVn�k	� given Vn�k �

�y�� � � � � yd� and b�j��

�eVn�k	 � �x�� � � � � xj���� � � k � �N�n � � � n � N �
� � j � d�
Denote now the new collection of random vectors Xk as follows� At �rst

we de�ne

U
��
N�� �

�
F
��
N��

	���
G

��
N��

�
V

��
N��

		
and� for � � j � d�

U
�j
N�� �

�
F
�j
N��

	���
G

�j
N��

�
V

�j
N��

��V ��
N��� � � � � V

�j��
N��

	��U ��
N��� � � � � U

�j��
N��

	
�here

�
F
��
N��

	��
�t� � sup

�
x � F

��
N���x� � t

�
� � � t � �� and so on�� If the

distributions of the random vectors ��� � � � � ��N are absolutely continuous�
then this formula can be rewritten in a more natural !symmetric! form
�see Sakhanenko ��
���� pp� �������

F
��
N��

�
U

��
N��

	
� G

��
N��

�
V

��
N��

	
and� for � � j � d�

F
�j
N��

�
U

�j
N��

��U ��
N��� � � � � U

�j��
N��

	
� G

�j
N��

�
V

�j
N��

��V ��
N��� � � � � V

�j��
N��

	
�

����

Assume that the random vectors Un�k �
�
U

��
n�k � � � � � U

�d
n�k

	
� � � k � �N�n�

� � n � N � corresponding to blocks containing each �n summands� are
already constructed� Now we want to pass to the sums containing each
�n�� summands� For this for � � k � �N�n we de�neeU ��

n�k �
�eF ��

n�k

	��� eG��
n�k

�eV ��
n�k

��Vn�k	��Un�k 	� ����

and� for � � j � d�

eU �j
n�k �

�eF �j
n�k

	��� eG�j
n�k

�eV �j
n�k

��Vn�k� eV ��
n�k � � � � �

eV �j��
n�k

	��Un�k � eU ��
n�k� � � � �

eU �j��
n�k

	
�

��
�

It is clear that we can rewrite the relations ����� ��
� in the symmetric

form� similar to ����� Then we put eUn�k � � eU ��
n�k� � � � �

eU �d
n�k

	
�

Un����k �
�

�

�
Un�k � eUn�k 	�

Un����k�� �
�

�

�
Un�k � eUn�k 	� �����

Thus� we have constructed the random vectors Un���k � � � k � �N�n���
After N steps we shall obtain the random vectors U��k� � � k � �N � Now
we set

Xk � U��k��� S� � �� Sk �
kX
l��

Xl� � � k � �N � �����
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�	 A�YU� ZAITSEV

One can verify that the mutual distribution of the constructed vectors Un�k
coincides with the mutual distribution of the vectors U�

n�k� In particular� the

vectors Xk� k � �� � � � � �N � are independent with L�Xk� � L��k�� Moreover�
according to ����� ����� we have

eUn�k � Un����k � Un����k���

Un�k � Un����k � Un����k���
� � k � �N�n� � � n � N �����

�it is clear� that ����� follows from �������
The scheme described above is somewhat more general in comparison

with that from Einmahl ��
�
�� In Einmahl ��
�
� it was supposed that
the vectors Yk have independent coordinates� However� the fact that our
scheme gives the vectors with needed mutual distributions can be justi�ed
with the help of KMT ��
����� p� ����� Sakhanenko ��
��� pp� ������ and
Einmahl ��
�
� Theorem ��� For this we note that we can begin with in	
dependent Gaussian vectors

�
Z�� � � � � Z�N

�
with L�Zk� � N ��� I� and con	

struct the vectors
�
X�� � � � � X�N

�
and

�
Y�� � � � � Y�N

�
as the functions of vec	

tors
�
Z�� � � � � Z�N

�
using our scheme� The vectors Zk have independent co	

ordinates and the vectors
�
X�� � � � � X�N

�
and

�
Y�� � � � � Y�N

�
are connected

by the relations ���������� This is especially clear for the relations �����
Now we can exclude the vectors

�
Z�� � � � � Z�N

�
from the scheme�

Note that we essentially use here the assumption about the absolute con	
tinuity of the distributions of Y�� � � � � Y�N � This assumption implies the
absolute continuity of the distributions of the vectors Vn�k and� hence� the
same property of the projections b�j�Vn�k	� In this case the regular condi	
tional distributions can be de�ned via conditional densities� Therefore� with
probability one� the r�c�d�f� G and eG involved in the relations �������
� are
continuous�

Lemma ���� Let s� r be non�negative integers and � � m � ��s�����r � �N �
Then

Sm �
m

�N
S�N �

NX
n�r��

�n eUn�ln�m �
where �n � �n�m� � "�� �# and the integers ln�m are de�ned by

ln�m � �n � m � �
ln�m � �

	 � �n� �����

Remark ���� Lemma �� is contained in Einmahl ��
��� Lemma � p� ���
or ��
�
� Lemma � p� �� U� Einmahl informed the author that the shortest
proof of Lemma �� can be obtained with the help of a geometrical approach
due to Massart ��
�
� p� ����

Corollary ���� Under the conditions of Lemma ��

��Sm � Tm
�� � ��UN�� � VN��

��� NX
n�r��

�� eUn�ln�m � eVn�ln�m ��� m � �� � � � � �N �

This assertion evidently follows from Lemma �� and from the relations
����������
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Remark ���� Applying Lemma �� and Corollary ��� one should remember
that Un�ln�m is the sum over the block of �n summands which contains Xm�
the last summand in the sum Sm�

�� Estimation of the rate of approximation

in constructing the vectors with needed moments

up to the third order

Below we shall need the following useful fact�

Lemma ���� Assume that � � 	 � � and a random variable � has val�

ues � with probability � � 	� and 	�� with probability 	�� Let X�K � Rd

be random vectors with E X � E K � �� covX � D� covK � ��� 	�D�

E kXk� � �� E kKk� � �� Suppose also that X�K� � are mutually inde�

pendent and the distribution of K is symmetric� Then the random vec�

tor W � �X � K has mean zero� covariance operator D and� for any

u� v� w � Rd� we have

E
�
W�u

��
W� v

��
W�w

�
� E

�
X� u

��
X� v

��
X�w

�
�����

�in other words� W and X have the same moments of the �rst three orders��
The proof of Lemma ��� is elementary and� therefore� is omitted� One
should note that Lemma ��� is a simpli�ed �and modi�ed� version of �due
to Yurinskii ��
���� Lemma � from Sazonov ��
��� p� ���
Consider a one	dimensional symmetric probability distribution H � L���

concentrated on the interval "��� �# and having an everywhere in�nitely dif	
ferentiable density w�x�� Suppose that E �� � �



�� It is clear that E � � �

and such a distribution can be easily constructed� Below we shall assume
that the distribution H with properties indicated above is �xed� Consider
a two	dimensional random vector �� � ���� � �

�
�� having independent coordi	

nates ��j � with L���j � � H � j � �� �� De�ne � � ������
�
� � �

�
������� H� � L����

Denote by Hh � H�h� � F�� h � R�� H�
h � H��h� � F�� h � R�� the corre	

sponding conjugate distributions�

Lemma ���� There exist absolute positive constants c�� � � � � c�� such that the

following relations are true�

sup
jhj�c�

sup
jtj�c�

�� bHh�t�
�� � c� � �� �����

sup
jhj�c�

�� bHh�t�
�� � exp

�
� �

�
t�
�

for jtj � c�� �����

sup
jhj��

Z
R�

�� bHh�t�
��dt � c�� sup

jhj��

Z
R�

t�
�� bHh�t�

��dt � c�� �����

sup
khk�c	

sup
jtj�c


�� bH�
h�t�

�� � c� � �� ����

sup
khk�c	

�� bH�
h�t�

�� � exp
�
� �

�
ktk�

�
for jtj � c
� �����

sup
khk��

Z
R�

�� bH�
h�t�

��dt � c�� sup
khk��

Z
R�

ktk� �� bH�
h�t�

��dt � c��� �����
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Proof� We prove the relations ���������� only� The inequalities �����������
can be proved analogously� Denote by w��x�� x � R

�� the density of the
distribution H�� Putting w��h� x� � ehh�xiw��x�� h� x � R�� using ������
and integrating by parts� we see that �for t � �t�� t�� � R�� tj �� �� j � �� ��

bH�
h�t� �

�
E ehh��i

	��
Z

jxj�p�

eiht�xiw��h� x�dx

�
�
E ehh��i

	��
Z

jxj�p�

t��
� t��

� eiht�xi
��w��h� x�
�x���x

�
�

dx� �����

Moreover�

sup
x�R�

sup
khk��

��� ��w��h� x�
�x���x

�
�

���dx � c�� ���
�

�constants here and below are absolute� since the distribution H� is �xed��
From ������ ���
� it follows that

sup
khk��

�� bH�
h�t�

�� � �c��t
��
� t��

� ������

�we take into account that� by the Jensen inequality� E ehh��i � e E hh��i � ���
It is evident that with the help of analogous integrations by parts �di�erent
for di�erent values of t� one can prove that

sup
khk��

�� bH�
h�t�

�� � c��
�� � t����� � t���

� ������

Hence�
sup
khk��

sup
jtj�c��

�� bH�
h�t�

�� � �


� ������

�one can take c�� � ��c���
����� Inequalities ����� follow from �������

Obviously� H� � A��c�� It is easy to see that covH� � I � R� 
 R��
Using Lemma ����b�� ����� and ������ we see that the relation ����� is valid�
if c	 � � and c
 � c�� are su�ciently small�
It is clear that the distributions H�

h are absolutely continuous� This im	

plies that the relation
�� bH�

h�t�
�� � � can be valid for t � � only� Moreover� the

function
�� bH�

h�t�
�� considered as function of two variables h and t is continuous

for all h� t � R�� Therefore�

sup
khk�c	

sup
c
�jtj�c��

�� bH�
h�t�

�� � c � �� ������

The inequalities ������� ������ imply ����� tu
Definition ���� Assume that the conditions of Lemma ��� are satis�ed
with D � I � 	 � �



�� and the vector K has independent coordinates Kj

with L�Kj� � H � j � �� � � � � d� In this case �it is evident that E K � ��
covK � I
�� we shall use below the notation $

�L�X�
	
� L�W ��
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Suppose that L�X� � Ad���� � � �� It is clear that the distribution
$
�L�X�

	
is always absolutely continuous with in�nitely di�erentiable den	

sity� Using Lemma ���� Remark ��
� the completeness of classes Ad��� with
respect to convolution and their monotonicity with respect to � � one can
show that there exists c��� c�� such that

L�K� � Ad�c���� L�W � � $
�L�X�

	 � Ad�c�� ��� c�� � �� ������

The simplest way to prove the second relation in ������ is to use a connection
between classes Ad��� and classes of distributions satisfying Bernstein	type
inequality conditions �see Zaitsev ��
��� p� ��� �
��� �
�����

Let � � � and e��� � � � � e��N � be independent random vectors with known
distributions such that L�e�k� � Ad���� E e�k � �� cov e�k � I � k � �� � � � � �N �
Assume that we have the independent random vectors ��� � � � � ��N with
L��k� � $

�L�e�k�	� k � �� � � � � �N � According to Lemma ���� �k and e�k have
the same moments of the �rst three orders� Let Y�� � � � � Y�N be indepen	
dent Gaussian random vectors with L�Yk� � �

�L�e�k�	� Assume that the

random vectors Xk � L�Xk� � L��k�� Vn�k � eVn�k� Un�k� eUn�k� Sk � Tk are con	
structed as functions of the vectors Y�� � � � � Y�N as in Section � Taking into
account ������ and using the completeness of classes Ad�c���� with respect
to convolution� we have

L�Xk� � L��k� � Ad�c����� k � �� � � � � �N �

L�Un�k� � Ad�c�� ��� � � k � �N�n � � � n � N�
�����

Theorem ���� Let the conditions described above be satis�ed with N � ��
Then there exist absolute positive constants c�	� c�
 such that

E exp
� c�	�

d����

�
� exp

�
c�
NL�d�

	
�

where

� � ��X� Y � � max
��i��N

��Si � Ti
��� ������

The rest of this section is devoted to the proof of Theorem ���� Therefore�
below we assume that its conditions are ful�lled� The following Lemma ��
can be considered as an analog of Lemma � from Einmahl�s ��
�
� p� ��

Lemma ����There exist absolute positive constants c��� � � � � c�� such that

a� if � d���


�N�� � c��� then��UN�� � VN��

�� � c��d
����

�
� � ��N

��UN�� ��� 	 ������

provided that
��UN�� �� � c����N

d��� �
�

b� if � � n � N � � � k � �N�n� � d���


�n�� � c��� then�� eUn�k � eVn�k �� � c��d

��� �
�
� � ��n max

���Un�k ���� �� eUn�k ����� ������

provided that max
���Un�k ��� �� eUn�k ��� � c�� ��n

d��� �
�

ESAIM� P�S� April ����� Vol��� 	�
���



�� A�YU� ZAITSEV

Proof� At �rst we prove assertion a�� From the properties of classes Ad���
and from ����� it follows that L�UN��� � Ad�c�� ��� L�VN��� � �

�L�UN���	�
Below we prove that if c�� is small enough� then these distributions satisfy
the conditions of Lemmas ���� and ��� with D � �N I � � � �N and with the
change of � by c�� � � where c�� � max

�
c��� c

��
� � �

�
� For this we shall verify

that for h � Rd� khk c�� � � �� and for all v � Rd the following inequalities
hold �see ����� and De�nition ������

�����d
Z
T

�� bFh�t���dt � c��� �
�d�

�N ����d�� � �Nd��
� ����
�

�����d
Z
T

���t� v� bFh�t���dt � kvk
� � �N������d�� � �Nd��

� ������

where Fh � F �h�� F � L�UN����

T �
�
t � Rd � � ktk c�� � d � �

�
� ������

Besides� we need the validity of analogous relations in the �d� ��	dimen	
sional situation for the distributions F � � L�U �

N��� �see Notation ������
From the de�nition of distributions $� �� and from ����� it follows that

�� bFh�t��� � dY
j��

�� bHhj �tj�
���N � ������

Since c�� � c��
� � � � �� we can use for estimating

�� bHhj �tj�
�� the inequali	

ties ������������ In particular� from ������ ������ ������ one can easily derive
that

sup
t�T

dY
j��

�� bHhj �tj�
�� � max

�
exp

���
�c�����d����
	
� c�

� � exp
�
� c��
��d�

�
�

������
From ������� ������ it follows that

�� bFh�t��� � exp
�
� �N c��
���d�

� dY
j��

�� bHhj �tj�
���N��

� t � T� ������

Choosing c�� to be su�ciently small and taking into account that � � ��
we ensure the validity of the inequality

�N�� � �� �����

Using ������ we obtainZ
jtjj�c�

�� bHhj �tj�
���N��

dtj �
Z

jtj�c�

exp
�
� �N t�

��

�
dt � c

�N��
� ������
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Analogously� using ������ ������ ������ we haveZ
jtjj�c�

�� bHhj �tj�
���N��

dtj �
Z

jtj�c�

c�
N��

�

�� bHhj �t�
��dt � c exp

�� c � �N 	 � c

�N��
�

������
From ������� ������ it follows thatZ

R�

�� bHhj �tj�
���N��

dtj � c

�N��
� ������

Using now ������� ������� we see that

�����d
Z
T

�� bFh�t���dt � �

�Nd�� ����d��
exp

�
c�	d� c�
 � �N

��d�

�
� ����
�

It is evident that� choosing c�� to be small enough� we can ensure the validity
of the inequality

exp
�
c�	d� c�
 � �N

��d�

�
� c��� �

�d�

�N
� �

�
� ������

The inequalities ����
�� ������ imply ����
��
For the proof of ������ we apply the H�older inequality and obtain thatZ
T

���t� v� bFh�t���dt � kvk
�Z

T

�� bFh�t���dt����Z
T

ktk� �� bFh�t���dt���� ������

For estimating the �rst integral in the right	hand side of ������ we note that�
according to ����
�� �������

�����d
Z
T

�� bFh�t���dt � �

�����d�� � �Nd��
� ������

Let us estimate the second integral� For this� using ������ we obtainZ
jtj j�c�

t�j
�� bHhj �tj�

���N��

dtj �
Z

jtj�c�

t� exp
�
� �N t�

��

�
dt � c

��N��
� ������

Moreover� using ������ ������ ������ we haveZ
jtjj�c�

t�j
�� bHhj �tj�

���N��

dtj �
Z

jtj�c�

c�
N��

� t�
�� bHhj �t�

��dt
� c exp

�� c � �N 	 � c

��N��
� ������

From ������� ������ it follows thatZ
R�

t�j
�� bHhj �tj�

���N��

dtj � c

��N��
� �����
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Using now ������� ������� ������ we see that

�����d
Z
T

ktk� �� bFh�t���dt � �

�N ����d�� � �Nd��
exp

�
c��d� c�� � �N

��d�

�
�

������
It is evident that� choosing c�� to be small enough� we can ensure the validity
of the inequality

exp
�
c��d� c�� � �N

��d�

�
� �

�
� ������

The inequalities ������� ������� ������� ������ imply �������
The analogs of the relations ����
�� ������ for the distributions F � follow�

in fact� from ����
�� ������ applied in the �d� ��	dimensional case�
Using Lemma ��� we can analogously prove that the conditions of Lem	

mas ���� and ��� with D � �N I � � � �N and with the change of �
by c�� � are satis�ed in the j	dimensional situation for the distributions
L�U j

N����L�V j
N���� j � �� � � � � d� where the vectors

U j
N�� �

�
U

��
N�� � � � � � U

�j
N��

	
� V j

N�� �
�
V

��
N�� � � � � � V

�j
N��

	
������

consist of the �rst j coordinates of the vectors UN��� VN�� respectively�

Taking into account ����� noting that all distribution functions G
�j
N��

coincide with ����� and applying Lemma ��� and the inequality ������ of
Lemma ���� in the j	dimensional case� j � �� � � � � d� we obtain that

��U ��
N�� � V

��
N��

�� � c�� �
�
� �

��U ��
N��

���
�N

�
� ����
�

if �
�N��

� c���
��U ��

N��

�� � c�� ��N
� �

��U �j
N�� � V

�j
N��

�� � c�� �

�
j��� � j���

��U j��
N��

��
�N��

�
� �

��U �j
N��

��
�N��

�
�

��U �j
N��

���
�N

� j

��U j��
N��

���
�N


� ������

if

� j���

�N��
� c���

��U �j
N��

�� � c�� � �N
j �

�

��U j��
N��

��
�N��

� c�� � �N��
j����

� � � j � d�

������
Checking the inequality ������� one should take into account that in Lem	
mas ���� and ��� the densities v��� are the densities of shifted conditional
distributions� The possibility to write the inequality ������ and the con	
ditions ������ without shift is ensured by a suitable choice of su�ciently
small c�� and c�� with the use of inequality ������� Inequality ������ with
c�� � c��� c�� � �c��� c�� � min

�
c��� c��

�
follows from ����
�� ������ and

from the de�nitions of UN��� U
j
N���
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Let us prove assertion b�� Let L�n�k �
�
Un����k � Un����k��

	 � R�d be the
vector with �rst d coordinates coinciding with those of Un����k and with
last d coordinates coinciding with those of Un����k��� Denote by Ln�k ��
Un�k � eUn�k 	 � R�d the vector constructed analogously from the coordinates

of the vectorsUn�k � eUn�k� It is evident that the vectors Un����k and Un����k��

are independent� Moreover� according to ������ the distributions of these
vectors belong to Ad�c����� From Lemma ��� it follows that L�L�n�k� �
A�d�c�� ��� The relations ����� show that Ln�k � AL�n�k � where A � R�d

R�d is a linear operator with kAk � p

�� Therefore� using Lemma ��� we
see that L�Ln�k� � A�d�c��

p
����

Consider as well the Gaussian random vectors Rn�k �
�
Vn�k� eVn�k 	 � R�d�

It can be easily veri�ed that �see ����������L�Rn�k� � �
�L�Ln�k�	� De�ne

also the vectors

Ljn�k �
�
L
��
n�k � � � � � L

�j
n�k

	
� Rj

n�k �
�
R
��
n�k � � � � � R

�j
n�k

	
� j � d� � � � � �d�

������
consisting of the �rst j coordinates of the vectors Ln�k � Rn�k respectively�

One can show that if c�� is small enough� then the distributions L�Ljn�k�
and L�Rj

n�k�� j � d � �� � � � � �d� satisfy in j	dimensional situation the con	

ditions of Lemmas ����� ��� with D � �n I � � � �n and with the change
of d by j and � by c��� � where c�� � max

�
c��
p
�� c��

� � c��
	 � �

�
� For this one

should �x j and verify that for h� � Rj� kh�k c�� � � �� and for all v� � Rj�
the following inequalities hold �see ����� and De�nition ������

�����j
Z
T

�� bFh��t����dt� � c��� �
� j�

�n ����j�� � �nj�� � ������

�����j
Z
T

���t�� v�� bFh��t����dt� � kv�k
� � �n������j�� � �nj�� � ������

where Fh� � F �h��� F � L�Ljn�k�� h� �
�
h��� � � � � h

�
d

	 � Rj�

T �
�
t� �

�
t��� � � � � t

�
d

	 � Rj � � kt�k c�� � j � �
�
�

h�m � �hm� hd�m� � R�� t�m � �tm� td�m� � R�� m � �� � � � � j � d�

h�m � hm � R�� t�m � tm � R�� m � j � d� �� � � � � d�
�����

Besides� we need the validity of analogous relations in the �j � ��	dimen	
sional situation for the distributions F � � L�Lj��

n�k �� Thus� one should verify
the ful�lment of ������� ������ for j � d� � � � � �d�
Using the de�nition of distributions $� �� and of random vectors Ljn�k and

the relations ������ ����� ����� ������ we obtain that

�� bFh��t���� � j�dY
m��

�� bH�
h�m
�t�m�

���n��
dY

m�j�d��

�� bHhm�tm�
���n �

By the de�nition of c��� we can use for estimating
�� bHhm�tm�

�� the inequal	
ities ����������� and for estimating

�� bH�
h�m
�t�m�

�� the inequalities �����������
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The rest of the proof of inequalities ������� ������ does not di�er from the
proof of ����
�� ������ and therefore is omitted� The only di�erence is in the
use of ���������� instead of ����������� and in the change of constants and
notation �see also the proof of ������� ������ in somewhat more complicated
situation in Section ���

Note that all distribution functions eG�j�d
n�k � � j �� coincide with ������ The	

refore� using ����� ��
� and applying Lemma ��� and the inequality ������
of Lemma ���� in the j	dimensional case� j � d� �� � � � � �d� we obtain that

��L�j
n�k �R

�j
n�k

�� � c���

�
j��� � j���

��Lj��
n�k

��
�n��

�
� �

��L�j
n�k

��
�n��

�
�

��L�j
n�k

���
�n

� j

��Lj��
n�k

���
�n


� ������

if

� j���

�n��
� c�	�

��L�j
n�k

�� � c�
 � �n
j �

�

��Lj��
n�k

��
�n��

� c�� � �n��
j����

� ������

Checking the inequality ������ should be carried out analogously to the
proof of ������� The possibility to write the inequality ������ and the condi	
tions ������ without shift is also ensured by a suitable choice of su�ciently
small constants �c�
 and c��� with the use of inequality �������
Inequality ������ follows from ������� ������ and from the de�nition of

Ln�k � Rn�k provided that we choose c�� � �����c�	� c�� � ���� � �c�� and
c�� � �����min

�
c�
� c��

�
� tu

Proof of Theorem ���� Let us prove that there exists a c�� such that

P
�
� � x

� � ��d�N exp
�
� x

c��d����

�
� x � �� ������

Denote

c�� � min
�
c��� c��� c

��
��

�
� c�� �

�c��
minfc���� c���� ���g � y �

c��
d��� �

�

����
�
Assume �without loss of generality� that

x � c��d
���� �����

and choose the integer M from the condition

x � �y � �M � �x� �����

Note thatM � � since ����
�� ����� and � � � imply the inequality x � �y�
Denote L � min

�
M�N

�
�

�� � max
��k��N�M

max
��s��L

��Sk��M�s � Sk��M
��� �����

�� � max
��k��N�M

max
��s��L

��Tk��M�s � Tk��M
��� �����

�� � max
��k��N�M

��Sk��M � Tk��M
��� �����
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where the maximums are taken over integer values of k and s� It is evident
that

� � �� ��� � ��� ����

De�ne the event

A �
�
� � max

�
�����

�
� x
�

�
�����

�we shall always assume that all considered random vectors are measur	
able mappings of elementary event � � %�� Recall that all d	dimensional
Gaussian distributions belong to classes Ad��� for all � � �� Applying
Lemma ���� with parameters �� � c�� � � B� � �L � �M � and using ����
��
����������� and ������ we obtain that

�� P
�
A
� � �N � �dmax�exp��x�
��B�

	
� exp

��x
����	�
� �N � �d exp

�
� cx

d����

�
� �����

If M � N then �� � �� and� for � � A� we have � � x
� �see ����
and ������� Hence� P

�
� � x

� � � � P
�
A
�
and one can conclude

via ������
Let now M � N � Fix some integer k� � � k � �N�M � According to

Corollary ��� we have

��Sk��M � Tk��M
�� � ��UN�� � VN��

��� NX
n�M��

�� eUn�ln�j � eVn�ln�j ��� �����

where ln�j are integers� de�ned by ln�j � �n � j
def
� k � �M � �

ln�j � �
	 � �n

�see �������

By virtue of ����
�������� we have c��d
���� � x � � c����M

d��� �
and� conse	

quently�

� � minfc��� c��g � �M��

d���
�

� d���

�M��
� minfc��� c��g� ���
�

Recall that Un�l � S�l����n � Sl��n � According to ����
�� ����� and ������
for � � A we have

��UM�l

�� � �� � y � �M � minfc��� c��g � �M
d��� �

� � � l � �N�M � ������

The relations ���
�� ������ allow us to apply Lemma �� for estimating
the right	hand side of ������ Using exactly the same arguments as in
KMT ��
����� pp� ��������� we obtain �for � � A� the bound

��Sk��M � Tk��M
�� � c��d

����

�
N �WM�lM�j

�
N��X
n�M

W
n�eln�j


� ������
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where �for � � n � N � � � l � �N�n�

Wn�l �

�
��n

��Un�l ���� if
��Un�l �� � y � �n�

�� otherwise�
������

and Un�ln�j � M � n � N � is the sum over the block of �n summands which
contains the summand Xj �see Remark ���� The sum U

n�eln�j does not

contain Xj and Un���ln���j
� Un�ln�j � U

n�eln�j � M � n � N �see �������

Thus� all summands in the right	hand side of ������ are functions of sums
of disjoint blocks of independent summands� Therefore� they are themselves
independent�
Let us show that

E exp
�
tWn�l

	 � �d� �� for � � t � �

�
� ������

Indeed� integrating by parts� we obtain

E exp�tWn�l� � � �

Z y���n

�

tetuP
�
Wn�l � u

�
du

� � �
�

�

Z y���n

�

eu��P
���Un�l �� � �n��

p
u
�
du� ������

Recall that the sum Un�l contains �n independent summands Xi� Hence�
using Lemma ����� ����� and ����
�� we get

P
���Un�l �� � �n��

p
u
� � �d exp

�
�min

n �nu

� � �n �
�n��

p
u

�c���

o�
� �de�u��

�����
provided that � � u � y� � �n� The relation ������ immediately follows
from ������ and ������
The relations ������� ������ imply that

E eh���A � �N � ��d� ��NeN��� where h � ��c��d
��� ���� ������

and �A is the indicator function of the event A� By ���� and ������ we
have � � x
� ���� for � � A� Therefore�

P
�
� � x

� � �� P
�
A
�
� e�hx�� E eh���A� ������

Now ������ follows via ������ ������ and �������
Let the quantities �� x� � � be de�ned by the equalities � � �

� c�� d��� �
�

e�x� � ��d�N� Integrating by parts and using ������� we obtain

E e�� � � �

Z �

�

�e�xP
�
� � x

�
dx�Z x�

�

�e�xP
�
� � x

�
dx �

Z x�

�

�e�xdx � e�x� � � � ��d�N � ��Z �

x�

�e�xP
�
� � x

�
dx �

Z �

x�

�e���x�x�dx � ��

and� hence� E e�� � ��d�N � � � ���d�N � Together with ������ this
completes the proof of Theorem ���� tu
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�� Estimates in the dyadic scheme

under the condition of coincidence of moments

of the first three orders

Suppose that p�N are natural numbers� p � N � � � �� and e��� � � � � e��N are
random vectors with known distributions L�e�k� � Ad���� E e�k � �� cov e�k �
I � k � �� � � � � �N � Let e�k be random vectors which have the same moments
of the �rst three orders as the vectors e�k � L�e�k� � Ad���� k � �� � � � � �N �
Let Y�� � � � � Y�N be independent random vectors with distributions L�Yk� �
$
�L�e�k�	� k � �� � � � � �N � where the distributions $� �� are de�ned in Sec	

tion �� Consider as well the random vectors ��� � � � � ��N with L��l� � L�Yl�
for l � �m� �� � �p � �� m � �� � � � � �N�p� and with L��l� � L�e�l� otherwise�
Let the random vectors Xk� L�Xk� � L��k�� Vn�k� eVn�k� and Un�k� eUn�k be
constructed as functions of Y�� � � � � Y�N as in Section �

Remark 	��� From Lemma ��� and from the de�nition of the distribu	
tions $� �� it follows that the vectors �k� Xk� Yk have the same moments of
the �rst three orders for each k � �� � � � � �N �
Let c�� � � � � c�� be absolute positive constants from Section �� By virtue

of ������ we have

L�Xk��L�Yk� � Ad�c�� ��� k � �� � � � � �N � �����

Lemma 	��� There exist absolute positive constants c��� � � � � c�� such that

a� if � � n � N � � � k � �N�n� ��d�p


�n�p � c��� then�� eUn�k � eVn�k �� � c��d

���

�n��

�
� � ���n�� max

���Un�k ���� �� eUn�k �����
�

�

�

��Un�k � Vn�k
�� �����

provided that max
���Un�k ��� ��Vn�k ��� �� eUn�k ��� � c����n

d��� �
�

b� if ��d� p


�N�p � c�	� then��UN�� � VN��

�� � c�
d
��� � ��N���� � ���N��

��UN�� ���	 �����

provided that
��UN�� �� � c���N

d��� �
�

Proof� At �rst we prove assertion a�� Suppose that the vectors L�n�k � Ln�k
are constructed from coordinates of vectors Un����k � Un����k��� Un�k� eUn�k
as in the proof of Lemma ��� Let the vectors R�

n�k� Rn�k be analogously

constructed from coordinates of vectors Vn����k � Vn����k��� Vn�k� eVn�k� It
is evident that the vectors Un����k and Un����k�� are as before indepen	
dent� The same may be said about the vectors Vn����k � Vn����k��� Using
the relations ����� ������ the properties of classes Ad���� the de�nition of
classes Rd

�
�� �

	
� Lemma ��� and Remarks ���� ���� we can easily verify that�L�L�n�k��L�R�

n�k�
	 � R�d�c�� � � ��� The relations ����� ����� show that

Ln�k � AL�n�k� Rn�k � AR�
n�k� where A � R�d
 R�d is a linear operator

with kAk � p
�� Therefore� using Corollary ���� we see that�L�Ln�k��L�Rn�k�

	 � R�d

�
c��
p
�� � �

	
� �����
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Now we de�ne the vectors Ljn�k � R
j
n�k� j � d� � � � � �d� consisting of the

�rst j coordinates of the vectors Ln�k� Rn�k respectively �see �������� Be	

low we show that the distributions L�Ljn�k��L�Rj
n�k�� j � d � �� � � � � �d�

satisfy in j	dimensional situation the conditions of Lemmas ���� ��� with
D � �n I � � � �n and with the change of d by j and � by c��� � where
c�� � max

�
c��
p
�� c��

� � c��
	 � �

�
was already de�ned above� For this one

should �x j and verify that� if ��d� p


�n�p � c�� with su�ciently small c���

then for h� � Rj� kh�k c�� � � �� and for all v� � Rj the inequalities
������� ������ hold� where Fh� � F �h��� F � L�Ljn�k� or F � L�Rj

n�k��

h� �
�
h��� � � � � h

�
d

	
and the relations ����� are satis�ed �see ������ and Def	

inition ������ Besides� we need the validity of analogous relations in the
�j � ��	dimensional situation for the distributions F �� Finally� one should
take into account the relation ������ It is clear that it su�ces to check
the conditions ������� ������ for F � L�Ljn�k�� j � d� � � � � �d� if c�� is small

enough� For F � L�Rj
n�k� these conditions can be veri�ed analogously�

Choosing c�� to be su�ciently small and taking into account that � � ��
we ensure the validity of the inequality

�n�p�� � �� ����

From the de�nition of distributions $� �� and random vectors Ljn�k and
from ������ ����� ����� ������ ���� it is easy to deduce that �in the condi	
tions of Section ��

�� bFh��t���� � j�dY
m��

�� bH�
h�m
�t�m�

���n�p��
dY

m�j�d��

�� bHhm�tm�
���n�p � �����

By de�nition of c��� we can use for estimating
�� bHhm�tm�

�� the inequali	

ties ����������� and for estimating
�� bH�

h�m
�t�m�

�� the inequalities �����������
In particular� from ������ ������ ����� ������ ����� one can easily derive that

sup
t�T

j�dY
m��

�� bH�
h�m
�t�m�

�� dY
m�j�d��

�� bHhm�tm�
��� � max

�
exp

�����c��� ��d����
	
� c��� c�

�
� exp

�
� c��
��d�

�
� �����

From ������ ����� it follows that� for t� � T �

�� bFh��t���� � exp
�
� �n�p�� c��

��d�

� j�dY
m��

�� bH�
h�m
�t�m�

���n�p��
dY

m�j�d��

�� bHhm�tm�
���n�p��

�

�����
Using ������ ������ we obtainZ

jt�mj�c


�� bH�
h�m
�t�m�

���n�p��

dt�m �
Z

jtj�c
�t�R�
exp

�
� �n�p ktk�

��

�
dt � c

�n�p
�

Z
jtmj�c�

�� bHhm�tm�
���n�p��

dtm �
Z

jtj�c��t�R�
exp

�
� �n�pt�

��

�
dt � c

��n�p��
�

���
�
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Analogously� using ������ ������ ����� ������ ����� we haveZ
jt�mj�c


�� bH�
h�m
�t�m�

���n�p��

dt�m �
Z

jtj�c


c�
n�p��

�

�� bH�
h�m
�t�
��dt

� c exp
�� c � �n�p 	 � c

�n�p
�Z

jtmj�c�

�� bHhm�tm�
���n�p��

dtm �
Z

jtj�c�

c�
n�p��

�

�� bHhm�t�
��dt

� c exp
�� c � �n�p 	 � c

��n�p��
�

������

From ���
�� ������ it follows thatZ
R�

�� bH�
h�m
�t�m�

���n�p��

dt�m � c

�n�p
�

Z
R�

�� bHhm�tm�
���n�p��

dtm � c

��n�p��
�

������
The inequalities ������ ������ imply that

�����j
Z
T

�� bFh��t����dt� � �

�p � �nj�� ����j�� exp
�
c��dp� c�� � �n�p

��d�

�
�

������
Choosing c�� to be small enough� we can ensure the validity of the inequal	
ities

exp
�
c��dp� c�� � �n�p

��d�

�
� c����

�d�

�n�p
� c��� �

� j�

�n�p
� �c����

�d�

�n�p
� �

�
�

������
The inequalities ������� ������ imply �������
For the proof of ������ we apply the H�older inequality and obtain thatZ
T

���t�� v�� bFh��t����dt� � kv�k
�Z

T

�� bFh��t����dt� Z
T

kt�k� �� bFh��t����dt�����
������

For estimating the �rst integral in the right	hand side of ������ we note that�
according to ������� �������

�����j
Z
T

�� bFh��t����dt� � �

�����j�� � �nj�� � �����

Let us estimate the second integral� By ������ ������ we haveZ
jt�mj�c


kt�mk�
�� bH�

h�m
�t�m�

���n�p��

dt�m �
Z

jtj�c
�t�R�
ktk� exp

�
� �n�p ktk�

��

�
dt

� c

���n�p
�Z

jtmj�c�

t�m
�� bHhm�tm�

���n�p��

dtm �
Z

jtj�c��t�R�
t� exp

�
� �n�pt�

��

�
dt

� c

���n�p��
�

������
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Moreover� using ������ ������ ����� ������ ����� we obtainZ
jt�mj�c


kt�mk�
�� bH�

h�m
�t�m�

���n�p��

dt�m �
Z

jtj�c


c�
n�p��

� ktk� �� bH�
h�m
�t�
��dt

� c exp
�� c � �n�p 	 � c

���n�p
�Z

jtmj�c�

t�m
�� bHhm�tm�

���n�p��

dtm �
Z

jtj�c�

c�
n�p��

� t�
�� bHhm�t�

��dt
� c exp

�� c � �n�p 	 � c

���n�p��
�

������
From ������� ������ it follows thatZ

R�

kt�mk�
�� bH�

h�m
�t�m�

���n�p��

dt�m � c

���n�p
�Z

R�

t�m
�� bHhm�tm�

���n�p��

dtm � c

���n�p��
�

������

Using now ������ ������� ������� we see that

�����j
Z
T

kt�k� �� bFh��t����dt� � �

�n ����j�� � �nj�� exp
�
c��dp� c�� � �n�p

��d�

�
�

����
�
Choosing c�� to be small enough� we can ensure the validity of the inequality

exp
�
c��dp� c�� � �n�p

��d�

�
� �

�
� ������

The inequalities ������� ������ ����
�� ������ imply �������
Using ������� ������ ����� ��
� and applying Lemma ��� and the inequal	

ity ������ of Lemma ��� �for the parameter e� � c�� �� in the j	dimensional
case� j � d� �� � � � � �d� we obtain that

��L�j
n�k�R�j

n�k

�� � c��

�n��

�
j��

�
 �j����

n�� ����j��

	�
j�

��L�j
n�k

��
�n��

�
�

��L�j
n�k

���
��n��

�  �j�� � �n�� ����j�� j��


� ������

where

�j�� � ��n��j���
��Lj��

n�k �Rj��
n�k

���  j�� � ��n��j���max
���Lj��

n�k

��� ��Rj��
n�k

����
������

provided that

�� j�p

�n�p
� c���

��L�j
n�k

�� � c�	 � �n
j �

�
max

���Lj��
n�k

��� ��Rj��
n�k

���
�n��

� c�
 � �n��
j����

������
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and c��� c�	� c�
 are small enough� Verifying the inequality ������� one should
take into account that in Lemmas ��� and ��� the densities vm����m � �� ��
are the densities of shifted conditional distributions� The possibility to write
the inequality ������ and the conditions ������ without shift is ensured by
choosing c�	� c�
 to be su�ciently small and by using the inequality ������
for ym� m � �� �� involved in Lemma ����
Using again the possibility to choose c��� c�	� c�
 to be small enough� we

can easily derive from ������������� that if the conditions ������ are satis�ed�
then

��L�j
n�k �R

�j
n�k

�� � c�� �
�d�

�n��

�
� �

��Ljn�k ���
��n��

�
�

�

��

��Lj��
n�k � Rj��

n�k

��� ������

For the proof of ������ one should estimate each summand in the right	
hand side of the inequality ������ separately� We use� in particular� that
 j�� � �j�� � ��n�� j���

��Lj��
n�k

���
Let us prove that� for j � d� �� � � � � �d�

��L�j
n�k �R

�j
n�k

�� � c�� �
�d�

� � �n��
�
� �

��Ljn�k ���
��n��

�
�

�

��

��Lj��
n�k � Rj��

n�k

��� �����

��R�j
n�k

�� � c�
 � �n
�d����

� ������

provided that

��d�p

�n�p
� c��� max

���Un�k ��� ��Vn�k ��� �� eUn�k ��� � c�� � �n
d��� �

� ������

where

c�� � �c��� c�� � min
n c�	

�
�
c�

��

�
�p
c��

o
� c�� � min

n c��
�

�
� c��
c��

����o
�

������
It is clear that ������ implies

c��
def
� c�� �

c��
�

�c
���
�� � c���� �

c��
�

�
c�

��

� c�

�

� ����
�

We shall use the induction with respect to j� Inequality ����� in the case
j � d� � follows directly from ������� ������ and from the de�nition of vec	
tors Ln�k � Rn�k� since the conditions ������ are in this case the consequences
of ������� ������� Moreover� using ������ �����������
�� we see that

��R�d��
n�k

�� � ��L�d��
n�k

��� ��L�d��
n�k �R

�d��
n�k

�� � c�� � �n
d����

� c�
 � �n
�d����

� ������

This completes the proof of ������ ������ for j � d� ��
Suppose now that the inequalities ����� and ������ are already proved for

j � d� �� � � � � s� �� d� � � s � �d� We shall prove that these inequalities
are valid for j � s� Inequality ����� for j � s follows from ������� ������
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since the validity of ������ can be easily derived in this case from ������ �with
j � d � �� � � � � s � ��� ������� ������� Moreover� using ����� �with j � s��
������ �with j � d��� � � � � s���� �����������
�� we obtain the relation ������
with the change of the superscript �d� �� by �s�� This completes the proof
of ������ ������ for j � d� �� � � � � �d�
Inequality ����� follows from ������ ������ and from the de�nition of Ln�k

and Rn�k�

Let us prove assertion b�� Consider the vectors U j
N��� V

j
N��� j � �� � � � � d�

consisting of the �rst j coordinates of the vectors UN��� VN�� respectively
�see �������� From the properties of classes Rd

�
�� �

	
� Corollary ���� Re	

marks ���� ��� and the relations ����� ����� it follows that�L�U j
N����L�V j

N���
	 � Rj

�
c��� � �

	
� ������

One can verify that� if �� j�p


�N�p � c	� with su�ciently small c	�� then the

pairs of distributions
�L�U j

N����L�V j
N���

	
satisfy in j	dimensional situation

the conditions of Lemmas ��� and ��� with D � �N I � � � �N and with the
change of � by c�� � � where c�� � max

�
c��� c

��
� � �

�
was de�ned in Section ��

For this one should verify that� for h � Rj� khk c�� � � � and for all v �
R
j� the following inequalities hold� if c	� is small enough �see ������ and

De�nition ������

�����j
Z
T

�� bFh�t���dt � c��� �
� j�

�N ����j�� � �Nj��
� ������

�����j
Z
T

���t� v� bFh�t���dt � kvk
� � �N������j�� � �Nj��

� ������

where Fh � F �h�� F � L�U j
N��� or F � L�V j

N����

T �
�
t � Rj � � ktk c�� � j � �

�
� ������

The inequalities ������� ������ automatically imply the validity of analogous
relations in the �j � ��	dimensional situation� j � �� � � � � d� for the distribu	
tions F �� It is clear that it su�ces to check the conditions ������� ������ for
F � L�U j

N���� j � �� � � � � d� if c	� is small enough� For F � L�V j
N��� these

conditions can be veri�ed analogously�
From the de�nition of distributions $� �� and random vectors U j

N�� and
from ������ ����� ���� one can easily derive that

�� bFh�t��� � jY
m��

�� bHhm�tm�
���N�p � �����

By the de�nition of c��� we can use for estimating
�� bHhm�tm�

�� the inequal	
ities ������������ The rest of the proof of inequalities ������� ������ does
not practically di�er from the proof of ����
�� ������ and is simpler than
the proof of ������� ������ in Section �� Therefore it is omitted� The only
di�erence is in the change of constants and notation�
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Using the relations ������� ������ ���� and applying Lemma ��� and the
inequality ������ of Lemma ��� in the j	dimensional case� j � �� � � � � d� we
obtain that ��U ��

N�� � V
��
N��

�� � c	� �
�

�N��

�
� �

��U ��
N��

���
��N��

�
� ������

if
�� p

�N�p � c	��
��U ��

N��

�� � c	� � �N
�

� ������

and� for � � j � d�

��U �j
N�� � V

�j
N��

�� � c	� �
�d�

�N��

�
� �

��U j
N��

���
��N��

�
�

�

�

��U j��
N�� � V j��

N��

��� ������

if

�� j�p

�N�p � c	��
��U �j

N��

�� � c	� � �N
j �

�
max

���U j��
N��

��� ��V j��
N��

���
�N��

� c	� � �N��
j����

����
�
and c	�� c	�� c	� are small enough� Checking inequalities ������� ������ should
be carried out analogously to the proof of �������
Let us prove that� for j � �� � � � � d�

��V �j��
N��

�� � c	� � �N
d����

� ������

��U �j
N�� � V

�j
N��

�� � c�
 �
�d�

� � �N��
�
� �

��U j
N��

���
��N��

�
�

�

�

��U j��
N�� � V j��

N��

���
������

if
��d� p

�N�p � c�	�
��UN�� �� � c�� � �N

d����
� ������

where

c�
 � �c	�� c�� � min
n
c	��

c	�
�

�
�p
c�


o
� c�	 � min

n
c	��

� c��
c�


����o
�

��V ��
N��

�� � ��U�
N�� � V �

N��

�� � ��

������
It is clear that ������ implies

c	�
def
� c�� �

c�

�

�c
���
�	 � c���� �

c��
�

�
c	�
�

� c	�� ������

We shall use the induction with respect to j� Inequality ������ for j � �
follows directly from ������� ������� since the conditions ������ are in this
case the consequences of ������� ������� Inequality ������ for j � � is valid
automatically �see ��������
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Suppose now that the inequalities ������ and ������ are already proved
for j � �� � � � � s � �� � � s � d� We shall prove that these inequalities
are valid for j � s� Using ������ �with j � �� � � � � s � ��� ������ �with
j � s� ��� �������������� we obtain

��V �s��
N��

�� � ��U �s��
N��

��� ��U �s��
N�� � V

�s��
N��

�� � c	� � �N
d����

� c	� � �N
d����

� �����

Moreover� it is clear that the inequality ������ for j � s can be easily de	
rived from ������� ������ since the validity of ����
� follows in this case
from ������ �with j � �� � � � � s� ��� ������� ������� ������ This completes
the proof of ������� ������ for j � �� � � � � d�
Inequality ����� follows now from ������������� and from the de�nition of

UN��� U
j
N��� U

�j
N��� VN��� V

j
N��� V

�j
N��� tu

	� Proof of Theorem ���

In this section it is convenient to assume that the constants c�� � � � � c	� are
the same as in Sections � and �� Let u� v� w be arbitrary numbers satisfying
the relations



�
� v �

�

�
� u � �� v� w � �� �v� �����

It is clear that

�

�
� u � �

�
� � � w � �

�
� �u� w � �� �����

Below the symbols a�� � � � � a
 will be used for denoting positive numbers
depending on v only� The letter a can denote di�erent positive quantities
depending only on v when we do not need to �x their numerical values� It
is clear that� if v is �xed� a� a�� � � � � a
 are absolute constants� Denote

c		 � max
�
c��� c�


�
� c	
 � min

�
c��� c��� �

�
� c	� � min

�
c��� c�	

�
�

a� � min
n c	



�

�

����c		����
�
�� ��w

�

o
� a� � min

�
c	�� a

�
�� �

�
�

�����
Let � � �� � � �� De�ne p as the minimal integer satisfying the inequalities

p � ��
a� � �vp
d����

� ��� �����

Denote by M the maximal integer such that

��d�p

�M�p � a�� ����

Let N be a positive integer such that

��d� p

�N�p � a��
N �M

p
is integer� �����
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Obviously� the relations ����������� imply

N � M � p� N � �p� �����

Let e��� � � � � e��N be random vectors with distributions L�e�k� � Ad���� E e�k
� �� cov e�k � I � k � �� � � � � �N � Let e�k be random vectors which have the
same moments of the �rst three orders as the vectors e�k� L�e�k� � Ad��� and
P
��� e�k�� � �

�
� �� k � �� � � � � �N � Suppose that the independent random

vectors eYk � k � �� � � � � �N � with distributions L�eYk� � $
�L�e�k�	 are already

constructed �the distributions $� �� are de�ned in Section ��� According to

Lemma ���� eYk and e�k have the same moments of the �rst three orders� Our
aim is to construct independent random vectors eXk� k � �� � � � � �N � with
L� eXk� � L�e�k� so that the sequential sums of eXk and eYk would be close
with large probability� For this we de�ne the random vectors�

Y
�N�lp�
k � Z

�N�lp�
�k����lp��� � � k � �N�lp� � � l � �N �M � p�
p

�
�����

with the help of a recurrent procedure described below� Note that in one	
dimensional case a very similar procedure was used by Sakhanenko ��
����

At �rst� we set Y
�N�
k � eYk � k � �� � � � � �N � After this� using the procedure

described in Sections  and �� we de�ne the independent random vectors

Z
�N�
k � k � �� � � � � �N � with L�Z�N�

r

	
� $

�L�e�r�	 for r � �m� �� � �p � ��
m � �� � � � � �N�p� For r � �� � � � � �N � r �� �m� �� � �p � �� m � �� � � � � �N�p�
we take L�Z �N�

r

	
� L�e�r� and de�ne eXr � Z

�N�
r � Thus� the amount of vec	

tors eXk� which are not constructed� is decreased in �p times� In the case
N � M � p� the �rst step of applying this procedure is simultaneously the
last one� since the random vectors ����� with l � �N �M � p�
p � � are
already constructed�
Suppose now that N � M � p� Then we repeat the same procedure�

working only with vectors which have the distributions $
�L�e�r�	 and di	

minishing their number after each step in �p times� Namely� if the vectors�
Y

�N�lp�p�
k � Z

�N�lp�p�
�k����lp�p��

� � � k � �N�lp�p� are already de�ned for an

integer l and � � l � �N �M � p�
p� we set Y
�N�lp�
k � Z

�N�lp�p�
�k����lp��

� k �

�� � � � � �N�lp� and then� using again the dyadic scheme described in Sec	

tions  and �� construct the independent random vectors Z�N�lp�
�k����lp��

� k �

�� � � � � �N�lp� distributed as follows� In the case r � �m� �� � �lp�p � ��

m � �� � � � � �N�lp�p� we choose L�Z �N�lp�
r

	
� $

�L�e�r�	� In the opposite
case� when r � �s � �� � �lp � �� s � �� � � � � �N�lp� and when r cannot be
represented in the form r � �m��� ��lp�p��� for some m � �� � � � � �N�lp�p�
we take L�Z�N�lp�

r

	
� L�e�r� and de�ne eXr � Z

�N�lp�
r �

After the last step �with l � �N � M � p�
p� all independent ran	

dom vectors eXi� i � �� � � � � �N � are constructed except eXr having indices
of the form r � �m� �� � �N�M � �� m � �� � � � � �M � Instead of this we

have constructed the vectors with distributions L�Z �M�p�
r

	
� $

�L�e�r�	 for
r � �m� �� � �N�M � �� m � �� � � � � �M � Together with eXi these vectors
form a collection of mutually independent vectors� This can be easily veri�ed
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by induction� if we take into account that� in each step� the new collection
of independent vectors is constructed as a function of the vectors which are
independent of all already constructed vectors eXi�
In order to add the missing elements to the sequence of already con	

structed eXi� we de�ne the random vectors Y �
k � Y

�M�
k � Z

�M�p�
�k����N�M��

�

k � �� � � � � �M � and� using again the procedure described in Section � con	
struct the independent random vectors X�

k � k � �� � � � � �M � with distribu	

tions L�X�
k� � L�e��k����N�M���� Then we set eX�k����N�M�� � X�

k � It
is clear that the vectors X�

k are mutually independent and they do not

depend on eXi constructed earlier� since� by construction� X�
k are func	

tions of Y �
� � � � � � Y

�
�M
� This completes the procedure of constructing eXi�

i � �� � � � � �N �
By analogy with Sakhanenko ��
���� we shall prove that the procedure de	

scribed above provides good approximation� using an induction with respect
to N � It is clear that the procedure of constructing the independent random
vectors X��k � eX�k����p��� k � �� � � � � �N�p� coincides with the procedure

of constructing the vectors eXk� k � �� � � � � �N � The only di�erence is in the
change of N by N � p� Thus� below we shall assume that we have the good
approximation in the case when we construct �N�p summands and prove
the analogous statement in the case of �N summands�
We shall use the notation which was already used in Sections  and � with

Yk � Y
�N �
k � Xk � Z

�N �
k � k � �� � � � � �N � Denote S � Sj � T � Tj �see ����

������� Sometimes we shall omit for simplicity the index j� � � j � �N �
keeping in mind that it is �xed� By virtue of ������� by construction and by
the de�nition of distributions $� �� we have

P
�jYkj � ��

�
� �� k � �� � � � � �N � ���
�

It is clear that from ���� ���
� it follows that

P
�jT j � �� � �N � � �� ������

For �xed integers j� � � j � �N � and s� � � s � N � de�ne the integer ks �
ks�j� by the relation �ks � �� � �s � j � ks � �s� Now we can represent the
sums S and T in the form

S � S�s � Sfsg� T � T �s � T fsg� ������

where
S�s � Sks��s � Sfsg � S�s � S�

T �s � Tks��s � T fsg � T �s � T�
������

According to Corollary �� and Lemma ���

��S�s � T �s
�� � ��UN�� � VN��

��� NX
n�s��

�� eU �n � eV �n
��� ������

where eU �n � eUn�ln�j � eV �n � eVn�ln�j � ln�j � �n � j � �
ln�j � �

	 � �n
�see ������� As before� ln�j is the integer such that Un�ln�j � the sum over
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a block of �n summands� contains the summand Xj and� consequently�
the summand Xks��s � for s � n � N � Denote as well U �n � Un�ln�j �

V �n � Vn�ln�j � It is evident that U �N � UN��� V
�N � VN��� Therefore�

from ������� ������ it follows that

��S � T
�� � ��U �N � V �N

�� � NX
n�s��

�� eU �n � eV �n
�� � ��Sfsg��� ��T fsg��� ������

De�ne the random integer � � �j by � � N � �� if at least one of the
following inequalities is valid�

��d�p

�N�p � a� �
��SfNg�� � �a� � �N

d��� �
�

��U �N
�� � �a� � �N

d��� �
�����

and by

� � min
n
m � p � m � N�

��d� p

�m�p � a� ���Sfng�� � �a� � �n
d����

�
��U �n

�� � �a� � �um�vn

d����
� n � m� � � � � N

o
������

otherwise� Here the numbers u� v are de�ned by ������ Note that the �rst
of inequalities ����� is not satis�ed in our conditions �see ������� The same
can be said about inequalities ������� ������
Denote

Y��k � Y
�N�p�
k � Z

�N�
�k����p��� k � �� � � � � �N�p� ������

By construction and by virtue of ������� ���
�� we have

P
�jY��kj � ��

�
� �� k � �� � � � � �N�p� ������

Let i � i�j� be the largest integer such that �i� �� � �p � � � j� We shall

denote by V
�n
� � n � �� � � � � N � p� the sum of a block of �n summands Y��k

which contains the summand Y��i � Let

T� � T��i � Y��� � � � �� Y��i � ����
�

Recall that� by construction�

�N�p�
k��

n� eXr � Z�N�
r � r � �k� �� � �p� �� � � � � k � �p� �Y��k � Z

�N �
�k����p��

�o
������

is a collection of random vectors� which are mutually independent� Set

U
�n
� � U �n � V

�n�p
� � n � p� � � � � N� ������

It is easy to see that the sum U
�n
� consists of the summands of the sum U �n

with indices which can not be represented in the form r � �k � �� � �p � �
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with integer k� In other words� the sum U
�n
� is the sum of contained in U �n

summands Z
�N�
r which are chosen as eXr� For the proof of this fact one should

note that� by construction� the numbers j and �i��� ��p�� are contained in
the same block of indices

�
m �m � �i� �� � �p � �� � � � � i � �p�� Recall that�

according to our construction� after the �rst step� when the independent
random vectors ������ are constructed� we de�ne the rest of the random

vectors eXr as the �d	dimensional� functions of the random vectors Y��k�
k � �� � � � � �N�p� Denote

X��k � eX�k����p��� k � �� � � � � �N�p�

S� � S��i � X��� � � � ��X��i � S� � S � T� �
������

By analogy with ������� ������� for s � p� � � � � N we can represent the
sums S�� S� and T� in the form

S� � S
�s
� � S

fsg
� � T� � T

�s�p
� � T

fs�pg
� � ������

where

T
�s�p
� � T��ks��s�p � T

fs�pg
� � T

�s�p
� � T��

S
�s
� � S�s � T

�s�p
� � S

fsg
� � S

�s
� � S� � Sfsg � T

fs�pg
� �

������

and the numbers ks are de�ned above� before the formulas ������� �������
From the de�nition of numbers i� j� ks� s � �� � � � � N � it follows that

� � ks � �s � j � �s� s � �� � � � � N �

� � ks � �s�p � i � �s�p� s � p� � � � � N�
�����

It is clear that from the relations ���� ���
�� ������� ������� ������� ����
��
������ and ����� one can derive that� with probability one���T fsg�� � �� � �s� s � �� � � � � N ���T fs�pg

�
�� � �� � �s�p� s � p� � � � � N�

������

Analogously� using ������ and the de�nition of V �n
� � we see that��V �n

�
�� � �� � �n� n � �� � � � � N � p� ������

De�ne as well

eS �

jX
k��

eXk� �j�N� �

���� jX
k��

eYk � jX
k��

eXk

���� � ��T � eS ���
�i�N � p� �

���� iX
k��

Y��k �
iX

k��

X��k

���� � ��T� � S�
���

�j�N� �

���� jX
k��

eYk � jX
k��

Z
�N�
k

���� � ��T � S
��

������
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�

�see ���� ������ ����
�� �������� It is clear that from ������� ����
�� �������
������� ������ and from the de�nition of i and S it follows that

S �

jX
k��

Z
�N �
k � S� � T� � eS � S� � S� � S � eS � T� � S� � ����
�

It is easy to see that the relations ������� ����
� imply

�j�N� � �j�N� � �i�N � p�� ������

De�ne the random integer �j�N� by �j�N� � N ��� if at least one of the
following inequalities is valid�

��d� p

�N�p � a��
��V �N

�� � �a� � �N
d����

������

and by

�j�N� � min
n
m � p � m � N�

��d�p

�m�p � a����V �n
�� � �a� � �um�vn

d��� �
� n � m� � � � � N

o
������

otherwise�
Similarly� taking into account the relations ������ we de�ne the random

integer �i�N � p� by the equality �i�N � p� � N � p� �� if at least one of
the following inequalities is valid�

��d� p

�N��p
� a��

��V �N�p
�

�� � �a� � �N�p

d����
������

and by

�i�N � p� � min
n
m � p � m � N � p�

��d� p

�m�p � a����V �n
�
�� � �a� � �um�vn

d����
� n � m� � � �� N � p

o
������

otherwise�
Finally� de�ne the random integer � � �j by � � N � �� if at least one of

the following inequalities is valid�

��d�p

�N�p � a� �
��U �N

�

�� � a� � �N
d����

�
��SfNg

�

�� � a� � �N
d����

�����

and by

� � min
n
m � p � m � N�

��d� p

�m�p � a� ���Sfng�

�� � a� � �n
d����

�
��U �n

�

�� � a� � �um�vn

d��� �
� n � m� � � � � N

o
������
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otherwise�
Put now

�j�N� � � � ��j�N� �i�N � p� � � � ��i�N�p� ������

�j�N� �

�
��� � �� � if � � N�

U � ��� � �N � if � � N � ��
������

where
U �

��U �N
�

��� ��SfNg
�

��� ����
�

Lemma 
��� The following inequalities are valid�

�j�N� � �j�N� � �i�N � p� � �i�N � p� � �j�N� ������

and� for each � � ��

E exp
�
�
�
�j�N���j�N�

		 � E exp
�
�
�
�i�N�p���i�N�p�

		
E exp

�
��j�N�

	
�

������
Proof� Assume that � � N and� taking into account ������ de�ne the integer
valued random variables

� � �i�N � p�� � � N � p� � � max
�
�� �

� � N� ������

The relations ������ ������ ������ imply

��T fs�pg
�

�� � a� � �s
d����

� s � p� � � � � N� ������

Using ������� ������� ������� ������� we obtain

��Sfng�� � ��Sfng�

��� ��T fn�pg
�

�� � �a� � �n
d����

� n � �� � � � � N� ������

�here and below we use that ������� ������ imply the inequality � � p�� By
virtue of ������ ������ ������� ������� for n � �� � � � � � � p� n � p we have

��V �n�p
�

�� � �� � �n�p � a� � �u��vn
d��� �

� a� � �u��vn
d��� �

� �����

If n � � � p� �� � � � � N � then� applying ������ ������ ������ ������� ������� we
obtain ��V �n�p

�
�� � �a� � �u�����v�n�p

d����
� a� � �u��vn

d����
������

�we use that p � �� ������ ����� imply �vp � ��p�� � � � ���� � � � �u�� From
������� ������� ������� ������ ������ it follows that

��U �n
�� � ��U �n

�

��� ��V �n�p
�

�� � a� � �u��vn
d��� �

�
a� � �u��vn
d��� �

�
�a� � �u��vn

d����
� n � �� � � � � N� ������

ESAIM� P�S� April ����� Vol��� 	�
���



MULTIDIMENSIONAL VERSION OF THE KMT�TYPE RESULTS 
�

Taking into account ������� ������� ������� ������� ������� we see that

� � � � N� ������

It is clear that

U �m �
�

�
U �m�� �

bm��

�
eU �m��� m � �� � � � � N � �� ����
�

where the factors bm�� � bm���j� can be equal either to � or to �� �see
������� From ����
� one can easily derive by induction that the following
representation is valid�

U �m �
U �N

�N�m �
NX

k�m��

bk eU �k

�k�m
� m � �� � � � � N � ��

jbkj � �� k � �� � � � � N�

�����

It is evident that we can write the analogous equality with change of U by V �
Suppose now that an integer n satis�es the inequalities

� � n � N� �����

Then� taking into account ������������ ������� ������ we see that

��d� � a� � �
 � a�� � ��u
���v��n � a�� � ��u
���v��N � �����

Using ������ ������ ������� ������ we obtain the inequalities

��U �n
�� � �a� � �u
�vn

d����
� c	
 � �n

d��� �
� �����

Taking here n � N and using the relations ������������ ������� �����������
and Lemma ����b�� we obtain��U �N � V �N

�� � c�
d
� �� � ��N���� � ���N��

��U �N
��� 	

� c		d
� ��

�
��N�� �

�a�� � ��u
�wN
d��� ��

�
� 
a�� c		 � ��u
�wN

d����
� a� � ��u
�wN

��d����
� �����

From ������ ������ ����� it follows that

��V �N
�� � ��U �N

��� ��V �N � U �N
�� � �a� � �u
�vN

d��� �
� ����

Analogously� if we suppose that

� � n � N� �����
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then from ������������ ������� ����
�� ����� one can easily derive that

�� eU �n��
�� � ��U �n�� � �U �n

�� � ��� � �����a� � �u
�v�n��

d����
� c	
 � �n��

d����
�

�����
Using the induction with respect to n� we shall prove that� if � � N �

then� for n � N � �� N � �� � � � � ��

�� eU �n�� � eV �n��
�� � �a� � ��u
�w�n��

d����
� �������U �n � V �n

�� � �a� � ��u
�wn
d��� �

� ���
���V �n
�� � �a� � �u
�vn

d��� �
� ������

For n � N the relations ���
�� ������ are already proved �see ������ ������
Assume that the inequalities ���
�� ������ are valid for n � s� �� � � � � N

and the inequality ����� holds for n � s � �� � � � � N � �� � � s � N � ��
It su�ces to prove the relations ������������ for n � s�
Using ������������ ������� ������ ������ ������ ������ ���
�� ������ and

applying Lemma ����a�� we obtain that in this case�� eU �s�� � eV �s��
��

� c��d
� ��

��s����

�
� �

max
���U �s��

���� �� eU �s��
����

���s����

�
�

��U �s�� � V �s��
��

�

� c		d
� ��

�
���s���� �

��a�� � ��u
�w�s��

d��� ��

�
�

a� � ��u
�w�s��

�d��� �

� �a� � ��u
�w�s��

d����
�

The ful�lment of the conditions of Lemma ��� can be easily deduced from
������ ������� ������ ������ ������ �with n � s� �� and from the de�nitions
of a�� c	
 �see �������
From ������ ������ ������ ������ ������ ����� �with n � s� � � � � N � �� it

follows that

��U �s � V �s
�� � ��U �N � V �N

��
�N�s �

NX
k�s��

�� eU �k � eV �k
��

�k�s
� �a� � ��u
�ws

d����

and� consequently���V �s
�� � ��U �s

��� ��U �s � V �s
��

� �a� � �u
�vs
d����

�
�a� � ��u
�ws

d����
� �a� � �u
�vs

d����
�

This completes the proof of ������������ for n � s�
It is evident that from ������� ������� ����� ������ it follows that

�j�N� � �� ������
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It is clear that the relations ������� ������� ������ imply

��j�N � �
 � � � �
 � � � �� � ��i�N�p � � � �� � ������

Using ������ ������ ������� ������� ������� ������� ������ ����� and taking
into account that � � �� � � �� we see that

�j�N� � a� � ��u
�wN
��d����

�
NX

n�
��

�a� � ��u
�wn
d����

�
�a� � �

d����

� �� � �


� �
���� ��w���a� � ��

	 � �
 � � � �
� ������

The relations ������� ������� ������� ������ imply

�j�N� � �j�N� � �i�N � p� � �
�
�
 � ��j�N

	
� �i�N � p� � �i�N � p� � ��� � �� � ������

From ������� ������ it is easy to derive the inequality ������ in the case
� � N �
Let now � � N � �� From ������� ������ it follows that

S�N � U �N � U
�N
� � V

�N�p
� � �����

Using ������� ������� we see that

�j�N� � ��S�N
��� ��SfNg��� ��T ��� ������

By virtue of ������ we have��SfNg�� � ��SfNg
�

��� ��T fN�pg
�

��� ������

It is not hard to see that ������� ������� ������� ����
�� ������������ imply

�j�N� � U � ��� � �N � ������

From ������ and from de�nition of �j�N� it follows that �j�N� � N �� and

�j�N� � ��� � �N � ����
�

The relations ������� ������� ������� ����
� imply

�j�N� � �j�N� � �i�N � p� � U � ��� � �N � �i�N � p� � �j�N�� ������

Thus� the inequality ������ is proved in the case � � N � ��
By construction �see ����
��������� ������� ��������������� �j�N� is a func	

tion of
�N�p�
k��

� eXr � Z �N�
r � r � �k � �� � �p � �� � � � � k � �p� ������
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and the random variables �i�N � p�� �i�N � p� are functions of�
Y��k � Z

�N�
�k����p��� k � �� � � � � �N�p�� ������

The random variables �j�N� and �i�N�p���i�N�p� are independent� since
the sets ������� ������ are disjoint sets consisting of mutually independent
vectors �see �������� Therefore� the inequality ������ follows from ������ and
the proof of Lemma ��� is completed� tu
In this section we shall denote by � the quantity �see ������

� �
a��

���d���
� a�

��d����
� ������

Lemma 
��� There exists a positive quantity a� depending only on v and

such that the following inequality is valid�

E exp
�
��j�N�

	 � exp
�
a� p��d

�������v
	
� ������

Proof� Denote by
� � �f��N��g �����

the indicator function of the event
�
� � N � �

�
�see ������� Using ������

and the H�older inequality� we obtain

E � exp
�
��j�N�

	� �
E ��

	���
exp

�
���� � �N 	�E e��U 	���� ������

From the de�nitions of U
�n
� � S

fng
� it follows that U

�N
� � S

fNg
� are sums of

not more than �N independent random vectors eXk with L� eXk� � Ad����

cov eXk � I �see ������� �������� Therefore� the relations ������ ������ ������
����� and Lemma ���� imply

E �� � P

n��U �N
�

�� � a� � �N
d��� �

o
� P

n��SfNg
�

�� � a� � �N
d��� �

o
� �d exp

�
�min

n a�� � �N
�d���

�
a� � �N
�d�����

o�
� �d exp

�
� a�� � �N

�d���

�
� ������

It is clear that �see ����
��

E e��U �
�
E exp

�
��
��U �N

�

��	E exp
�
��
��SfNg

�

��	����� ������

By virtue of ������ ������ we have

��� � �� ����
�

Taking into account ����
� and applying Lemma ���� with B� � �N �
h � ��� we see that

E exp
�
��
��U �N

�

��	 � �d exp
�
���� � �N 	�

E exp
�
��
��SfNg

�

��	 � �d exp
�
���� � �N 	� ������
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From ������ ������ ������ ������� �������������� ������ it follows that

E � exp
�
��j�N�

	 � �
p
�d exp

�
� a�� � �N

�d���
� ���� � �N � ��� � �N

�
� �

p
�d exp

�
� a�� � �N
��d���

�
� �

p
�d exp

�
� p � �p

��

�
� �

p
�d exp

�
� d���� �

�a�

�
� c� ������

Denote now by m� the minimal integer such that

��d�p

�m��p � a�� ������

It is evident that ������ ����������� ������ imply p � m� � M � � � N �
Using the de�nition of the random variable �� we see that P

�
� � m� �

�
�

m � m�� � � � � N � �� can be estimated from above by

NX
n�m

�
P

n��U �n
�

�� � a� � �um�vn

d����

o
� P

n��Sfng�

�� � a� � �n
d����

o
� ������

It is clear that the vectors U
�n
� � S

fng
� are sums of not more than �n inde	

pendent random vectors eXk with L� eXk� � Ad���� cov eXk � I �see ������
and �������� Therefore� for m � m�� the relations ������ ������ ������ and
Lemma ���� imply

P

n��U �n
�

�� � a� � �um�vn

d��� �

o
� �d exp

�
�min

n a�� � ��um��vn

�d��� � �n �
a� � �um�vn

�d�����

o�
� �d exp

�
� a�� � ��um���v��n

�d���

�
� n � m� � � � � N� ������

and� analogously�

P

n��Sfng�

�� � a� � �n
d����

o
� �d exp

�
� a�� � �n
�d���

�
� n � m� � � � � N� �����

Taking into account ������� ������ we see that

E ����� exp���j�N�
	 � exp

�
������m�

	
�

NX
m�m���

e��	���
m

P
�
� � m

�
� ������

From ������ ������ ������� ������ and from the de�nition of p �see ������ it
follows that

���� � �m� � ��a��
��d���

� d
��� p � �p��

a�
� ap � �p � ap��d�������v� ������

ESAIM� P�S� April ����� Vol��� 	�
���




	 A�YU� ZAITSEV

Using ������������ ������� ������������� we obtain

NP
m�m���

e��	���
m

P
�
� � m

�
�

NP
m�m���

NP
n�m��

�d exp
� ��a�� � �m
��d���

� a�� � ��um���v��n

�d� ��

�
� �d

NP
m�m���

NP
n�m��

exp
�
� a�� � ��um���v��n

��d���

�
� �d

�P
m�m���

cL�a��
� d�� exp

�
� a�� � �m
��d���

�
� cdL��a��

� d�� exp
�
� a�� � �m�

��d���

�
� cdL��a��

� d�� exp
�
� p � �p

��

�
� cdL��a��

� d�� exp
�
� d��� � �

�a�

�
� c� ������

The inequality ������ follows from ������� �������������� tu
Lemma 
��� Assume now �instead of ������ that N � M � Then there

exists a positive quantity a� depending only on v and such that the following

inequality is valid�

E exp
�
�
�
�j�M� � �j�M�

		 � exp
�
a� p��d

�������v
	
� j � �� � � � � �M �

����
�
Proof� Similarly to ����
�� one can verify that �j�M� � ��� ��M� Therefore�
using ������� we obtain

E exp
�
�
�
�j�M� � �j�M�

		 � exp
�
���� � �M 	

E e�W � ���
��

where W � j eS j � jT j� From the de�nitions of eS� T � Tj �see ���
and ������� it follows that they are sums of not more than �M indepen	

dent random vectors eXk and Y
�M�
k respectively� By analogy with ������� we

have P
�jT j � �� � �M �

� �� Hence�

E e�W � E e�jeSj exp���� � �M 	� ���
��

Recall that cov eXk � I � L� eXk� � Ad���� Taking into account ����
� and
applying Lemma ���� with B� � �M � h � �� we see that

E e�jeSj � �d exp
�
�� � �M 	� ���
��

From ������ ������ ����� ������� ���
������
�� and from the de�nition of p
�see ������ it follows that

E exp
�
�
�
�j�M� � �j�M�

		 � �d exp
�
���� � �M � �� � �M

�
� �d exp

� �a�� � �M
��d���

�
� �dexp

�
ap � �p	

� �d exp
�
ap��d�������v

	
� ���
��
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It is evident that ������ ������ ���
�� implies ����
�� tu
Denote

b�N� � max
��m��N

E exp
�
�
�
�m�N� � �m�N�

		
�

b�N � p� � max
��m��N�p

E exp
�
�
�
�m�N � p� � �m�N � p�

		
r�N� � max

��m��N
E exp

�
��m�N�

	
�

���
��

One can easily verify that the de�nitions of b�N�� b�N � p� are good coor	
dinated� if we begin with �N� vectors� where N� � N � p� then we have
b�N�� � b�N � p� �see ������� �������� Since j� � � j � �N � is arbitrary� we
can easily derive from ������� ���
�� and Lemma ��� that

b�N� � b�N � p�r�N� � b�N � p� exp
�
a� p��d

�������v
	
� ���
�

Continuing this procedure and taking into account ����������� we obtain

b�N� � b�M� exp
�
a� �N �M���d�������v

	
� ���
��

From ������ ����
�� ���
��� ���
�� it follows that

b�N� � exp
�
a�N��d�������v

	
���
��

with a� � maxfa�� a�g� Using ������� ���
��� ���
��� we obtain

E exp
�
��� eX� eY �	 � �NP

m��
E exp

�
��m�N�

	
�

�NP
m��

E exp
�
�
�
�m�N� � �m�N�

		
� �N exp

�
a�N��d�������v

	
� exp

�
aN��d�������v

	
� ���
��

Assume now� instead of ������ that N � M and suppose that the vec	

tors eXk� k � �� � � � � �M � are constructed as functions of the vectors eYk �
k � �� � � � � �M � in the same way as X�

k � eX�k����N�M��� k � �� � � � � �M �

were constructed as functions of Y �
k � Z

�M�p�
�k����N�M��� k � �� � � � � �M � For

k � �N � �� � � � � �M we can take L� eXk� � L� eX��� L�eYk� � L�eY��� Now� if
we denote

�N � eX� eY � � max
��j��N

���� jX
k��

eYk � jX
k��

eXk

����� ���

�

then� using ������� ����
�� ���
��� ���

�� we obtain

E exp
�
��N� eX� eY �	 � �NX

m��

E exp
�
��m�M�

	 � �N exp
�
a� p��d

�������v
	

� exp
�
a�N � p���d�������v

	
� �������
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Proof of Theorem ��� Without loss of generality we shall suppose that
� � 	 � �



� and n � �N � with N � �� Assume that independent Gaussian

vectors Y�� � � � � Y�N are already constructed� According to Theorem ���� we
can construct the independent random vectors eY�� � � � � eY�N so that L�eYk� �
$�e�k�� k � �� � � � � n� and

E exp
� c�	��eY � Y �

d����

�
� exp

�
c�
NL�d�

	
� �������

Then we construct the vectors eX�� � � � � eX�N as functions of eY�� � � � � eY�N as it
was described above in this section�
Taking v � �

���
� we see that v satis�es ����� and

v�� �
�� 	

�
� �������

The relations ������ ������ ������� show that a� a�� � � � � a� can be considered
as quantities depending only on 	�
Let M be the maximal integer satisfying the inequality ���� with a�� p

de�ned by ������ ������ De�ne N as the minimal integer such that n � �N �
if n � �M � and as the minimal integer satisfying the relations n � �N

and ������ if n � �M � In both cases we have

N � c logn� p� �������

It is evident that from ������ ������ ������� it follows that

p � a	L��d��� a
 ��d
��������� �������

where a	� a
 depend only on 	� The statement of Theorem �� follows now
from ������� ���
����������� tu


� Proofs of Theorems ��� and ���

A complication of the formulation of Theorem 
�� below in comparison with
that of Theorem �� is necessary to make more precise the dependence of the
denominators of the fractions in the left	hand sides of inequalities ������ �����
on � �

Theorem ���� Suppose that �� � �� � �� �� � ��� � � �� 	 � � and

��� � � � � �n are independent random vectors with L��k� � Ad����� E �k � ��
cov �k � I� k � �� � � � � n� Let n � �N � ��� �

��
� for some integer N and let

the integer M � N be de�ned by the relation

��� � �M ��� � ���� � �
���

Denote

e�m � ��M��
�
��m����M�� � � � �� �m��M

	
� m � �� � � � � �N�M � �
���
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Assume that there exist random vectors e�m� m � �� � � � � �N�M � which have

the same moments of the �rst three orders as e�m� L�e�m� � Ad���� and

P
��� e�m�� � �

�
� �� Then one can construct on a probability space a sequence

of independent random vectors X�� � � � � Xn and a corresponding sequence of

independent Gaussian random vectors Y�� � � � � Yn so that L�Xk� � L��k��
k � �� � � � � n� and

E exp
� c
�	�����X� Y �

�d��� �
�
�

�
� exp

�
c��	���d

������
�����L

�
n��� 
�

�
�

		
�

where c
�	�� c��	� are positive quantities depending only on 	�
Proof� It is clear that � � M � N �see �
���� and the random vectorse��� � � � � e��N�M satisfy the conditions of Theorem �� with the change of n
by �N�M and � by �� �one should use Lemma ��� the completeness of Ad���
with respect to convolution and the monotonicity of Ad��� with respect
to ��� Therefore� one can construct on a probability space a sequence of

independent random vectors eX�� � � � � eX�N�M and a sequence of independent
Gaussian random vectors eY�� � � � � eY�N�M so that L� eXm� � L�e�m�� L�eYm� �
N ��� I�� m � �� � � � � �N�M � and

E exp
�
�M��b�� eX� eY �	 � exp

�
c��	���d

������
�����L��N�M�

	
� �
���

where

b �
c��	�

�d���� � �M��
�
���

and c��	�� c��	� are quantities depending only on 	 from Theorem ���
Using the Berkes�Philipp lemma ��
�
� Lemma A�� p� �� and �
���� we
can suppose without loss of generality that

eXm � ��M��
�
X�m����M�� � � � ��Xm��M

	
�eYm � ��M��

�
Y�m����M�� � � � �� Ym��M

	
�

m � �� � � � � �N�M �

�
��
where

�
X�� � � � � X�N

�
and

�
Y�� � � � � Y�N

�
are two collections of mutually

independent random vectors with L�Xk� � L��k�� L�Yk� � N ��� I�� for
k � �� � � � � �N �
Denote

Sj � X� � � � ��Xj �

Tj � Y� � � � �� Yj �
j � �� � � � � �N � S� � T� � �� �
���

and� by analogy with the proof of Theorem ����

�� � max
��k��N�M

max
��s��M

��Sk��M�s � Sk��M
��� �
���

�� � max
��k��N�M

max
��s��M

��Tk��M�s � Tk��M
��� �
���

�� � max
��k��N�M

��Sk��M � Tk��M
��� �
�
�
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where the maximums are taken over integer values of k and s� It is evident
that from ������ �
�����
�
� it follows that

��X� Y � � �� ��� ���� �
����

Moreover� the relations �
��� �
���� �
�
�� imply

�� � �M���� eX� eY �� �
����

It is clear that we can take c��	� � �


�� From �
��� and from the conditions of

Theorem 
�� it follows that � � b�� �
�


�� Recall that Gaussian distributions

from Gd belong to all classes Ad���� Using Lemma ���� with t � b� � � ���
B� � �M � we have

E eb�l � �N�M � �de� l � �� �� �
����

Now the statement of Theorem 
�� can be easily derived from �
���� �
����
�
��� and �
������
���� by an application of the H�older inequality to the
exponential moment E exp

�
b��X� Y �
�

	
� tu

For the proof of Theorem ��� we need the following Lemma 
���

Lemma ���� Let F � L��� � Ad���� E � � � and cov � � I� Then there

exists a random vector � and absolute positive constants c	�� c
� � � such

that
E � � E � � �� cov � � cov � � I�

P
�j�j � c	��� � log d�

�
� �� L��� � Ad�c
���

�
����

and� for all u� v� w � Rd�

E
�
�� u

��
�� v

��
�� w

�
� E

�
�� u

��
�� v

��
�� w

�
� �
����

The following Lemma 
�� �due to Yurinskii ��
���� see Sazonov ��
���
Lemma �� p� ���� will be used in the proof of Lemma 
���

Lemma ���� Let � � � � � and let the random variable � take values
�
��

�
�� �� � ���

	���	
with probabilities �

� � �
� ���������

� Then E � � ��

E �� � �� E �� � ��
Proof of Lemma 
��� Denote

R � �c
��� � log d�� �
���

where an absolute positive constant c
� is so large as it will be necessary for
the arguments below� De�ne the !cubic layers! Aj by

Aj �
�
x � Rd � R�j � �� � jxj � Rj

�
� j � �� �� � � � � �
����

and represent the distribution F as the mixture

F �
�P
j��

qjGj � �
����

where

qj � F
�
Aj

�
� Gj � Fd� Gj

�
Aj

�
� �� j � �� �� � � � � �
����
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Below we shall denote by �j the random vectors with distributions

L��j� � Gj � j � �� �� � � � � �
��
�

Lemma ���� implies that� for x � ��

P
�j� j � x

� � �de�x��� �
����

Using �
���� �
����� �
����� �
����� we obtain

qj � P
�j� j � R�j � ��

� � �d exp
�
� R�j � ��

�

�
�

�d

�ec
�dc
� �j��

�
�

d� j�R� ��d�j
� j � �� �� � � � � �
����

if c
� is su�ciently large�
Below we de�ne a transform of d	dimensional distributions which will be

denoted for H � L��� � Fd� r � � by H�r� Suppose that � is a random
variable which is independent of � and has the distribution described in
Lemma 
�� with � � �� �

�d � According to Lemma 
��� we have

E � � �� E �� � �� �

�d
� E �� � �� P

�j�j � �
�
� �� �
����

De�ne
s � q� �

�X
j��

d�j�qj � �
����

The quantity s can be estimated with the help of �
���� �
����� �
�����
�
����� �
���� as follows�

� �
�X
j��

qj � s � � �
�X
j��

d�j� qj � � �
�X
j��

�

��d�j
� � �

�

�d
� �
����

Below we shall use the notation H�r for

H�r � L�s����r���
	
� �
���

Consider the probability measure

F� � s��

�
q�G

��
� �

�X
j��

d�j�qjG
�dj
j


� �
����

Let the random vector �� have distribution L���� � F�� The relations �
�����
�
��
�� �
����� �
���� �
���� imply

E �� �

Z
Rd

xF�fdxg � s��

�
q�s

���
E � E �� �

�X
j��

d�j�qjs
���

E � E �j


� �

�
����
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and� for all u� v� w � Rd�

E
�
��� u

��
��� v

��
��� w

�
� s��

�X
j��

d�j� qj

� s���

dj

��
E �� E

�
�j � u

��
�j � v

��
�j � w

�
�

�X
j��

qj E
�
�j � u

��
�j � v

��
�j � w

�
�

Z
Rd

�
x� u

��
x� v

��
x� w

�
Ffdxg� �
����

Furthermore� from �
���� �
����� �
����� �
����� �
������
���� it follows that

P
�j�� j � �R

�
� F�

��
x � jxj � �R

��
� �� �
��
�

Below we shall denote by t an arbitrary vector t � Rd with ktk � �� Using
�
������
��
� and taking into account that covF � cov � � I � we see that

q� E
�
��� t

��
�

Z
Rd

�
x� t
��
q�G�fdxg �

Z
Rd

�
x� t
��
Ffdxg � E

�
�� t
��
� ��

�
����
The relations �
����� �
��
�� �
����� �
������
����� �
���� imply

E
�
��� t

��
� s��

�
q�s

���
E �� E

�
��� t

��
�

�X
j��

d�j�qj

� s���

dj

��
E �� E

�
�j � t

��

� s����
E ��

�
q� E

�
��� t

��
�

�X
j��

dj qj E
�
�j � t

��

� s��
E ��

�X
j��

qj E
�
�j � t

��
� s��

E �� E
�
�� t
�� � �� �

�d
� �
����

According to �
����� �
����� �
��
�� �
����� we have

�X
j��

djqj E
�
�j � t

�� � �X
j��

djqj E k�j k� � d�R�
�X
j��

j�qj �

�X
j��

�

��d�j
�

�

�d
�

�
����
From �
����� �
����� �
����� �
������
���� it follows that

E
�
��� t

�� � �� �

��d�
� � �
����

and� hence� the maximal eigenvalue of the covariance operator D� � cov ��
does not exceed �� Let D� � I � D�� From �
����� �
����� �
���� one can
easily derive that

� � kD���
� tk� � �

D� t� t
�
�
�
I t� t

���D� t� t
�
� �� E ���� t�� � �

�d
� �
����
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Therefore� D� can be considered as covariance operator� Let �� be the
random vector which is independent of �� and

L���� � L�p�D���
� K

	
� �
���

where K is the vector from De�nition ���� From �
����� �
��� it follows
that

E �� � �� cov �� � D�� P
�k��k � �

�
� �� �
����

and� for all u� v� w � Rd�

E
�
��� u

��
��� v

��
��� w

�
� � �
����

�we use that the vector K has symmetric distribution��
Now we de�ne the vector � by � � �� � ��� The �rst of the rela	

tions �
���� follows now from �
����� �
����� The second one is a simple
consequence of �
����� �
����� The third can be easily derived from �
����
�
��
�� �
����� The simplest way to prove the fourth relation in �
���� is
to use ������� Lemma �� and the connection between classes Ad��� and
classes of distributions satisfying Bernstein	type inequality conditions �see
Zaitsev ��
��� p� ��� �
��� �
����� This proof is elementary and therefore
omitted� Finally� it is evident that the relation �
���� follows from �
�����
�
����� �
����� �
����� tu
Proof of Theorem ���� Without loss of generality we assume that n � �N �
where N is some integer� Let the integer M be de�ned by the relation

�� � �M � ���� �
����

Let M � N � Denote

e�m � ��M��
�
��m����M�� � � � �� �m��M

	
� m � �� � � � � �N�M � �
��
�

From the conditions of Theorem ��� and from the properties of classes Ad���

it follows that L�e�m� � Ad���� E e�m � � and cov e�m � I � According to
Lemma 
��� there exist random vectors e�m satisfying the relation

P
�je�m j � �

�
� �� � � c	��� � log d�� L�e�m� � Ad�c
��� c
� � ��

�
����

and having the same moments of the �rst three orders as e�m� Thus� we
see that the conditions of Theorem 
�� are ful�lled with �� � � � �� � ��
�� � c
�� � � �� Therefore� for any � � � one can construct on a prob	
ability space a sequence of independent random vectors X�� � � � � Xn and a
corresponding sequence of independent Gaussian random vectors Y�� � � � � Yn
so that L�Xk� � L��k�� k � �� � � � � n� and

E exp
� c������X� Y �

c�
�d
� � �

�
� exp

�
c	���

�
c
�d

����
	�����

L
�
n
��

		
� �
����

The relations �
���� and �
���� imply the statement of Theorem ��� in the
case M � N �
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Let now M � N � Then we take the vectors
�
X�� � � � � Xn� Y�� � � � � Yn

�
with needed distributions to be mutually independent� From �
���� it follows
that n � �N � ���� Recall that all d	dimensional Gaussian distributions
belong to classes Ad��� for all � � �� Using the completeness of Ad��� with
respect to convolution and applying Lemma ���� with t � �

��
� B� � �N���

we obtain the inequality E exp
�
��X� Y �



��
	 � �de�� which implies the

statement of Theorem ��� in the case M � N � tu
Proof of Theorem ���� It repeats the proof of Theorem ���� The only dif	
ference is in the construction of the vectors e�m� Let n � �N � Assume
that the integer M � N and the vectors e�m� m � �� � � � � �N�M � are de�ned
by �
���� and �
��
�� From the conditions of Theorem ��� it follows that�
for all u� v� w � Rd�

E
�e�m� u��e�m� v��e�m� w� � �� m � �� � � � � �N�M �

Consider the random vectors e�m� m � �� � � � � �N�M � with distributions
L�e�m� � L�p�K	� where K is the vector with symmetric distribution in	
volved in De�nition ���� It is clear that the random vectors e�m have the
same moments of the �rst three orders as e�m� P��� e�m�� � p

�
�
� �� L�e�m� �

Ad

�p
�c��

	
� The last inclusion follows from ������ and from the properties of

classes Ad���� Thus� we see that the conditions of Theorem 
�� are ful�lled
with �� � � � �� � �� �� �

p
�c��� � �

p
�� An application of Theorem 
��

completes the proof of Theorem ��� in the case M � N � The case M � N
can be considered as in the proof of Theorem ���� tu
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