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In 1965, Buchberger ([BUC1,2]) introduced the notion of Gribner bases for polynomial ideals and described an
algorithm (Buchberger algorithm) to compute them. Since then, it has been widely recognized that GrSbner bases
provide a presentation of a polynomial ideal I suitable for the computation of invariants of I and the verification of
properties of I.

So it is possible, for instance, to decide if a polynomial is in I, to compute the dimension of I, the relations (syzygies)
among a basis of I, algebraic invariants like the Hilbert function, to check if I is prime, to compute its zeroes, to obtain
a primary decomposition of I..., so allowing an effective algebraic study of (global) varieties in the affine and projective

spaces.

In 1964, Hironaka ([HIR]) introduced a notion of standard bases for ideals in a ring of formal power series (or in the
localization of the polynomial ring at the origin). This concept is strictly related to the one of Grdbner basis; actually it
is in some sense its dual: namely Grobner bases are defined with relation to some semigroup ordering on the semigroup
of terms of the polynomial ring, which must be a well-ordering, while Hironaka's standard bases were defined in exactly
the same way, but with respect to a semigroup ordering whose opposite is a well-ordering.

Since the knowledge of a standard basis of an ideal I allows to reconstruct the variety of the tangents at the origin to the
variety defined by I, it could, at least in principle, be used to pursue a local study of varieties at singular points.
Actually such a study was pursued (not from an effective point of view) long before the computational applications of
Grobner bases to a global study of varieties and probably inspired some of the results in this direction (cf. [GAL)).
What was lacking was an algorithm to compute a standard basis of an ideal, given any basis of it. In fact, one of the
main ingredients of Buchberger algorithm is a "reduction” procedure whose termination is guaranteed because the
semigroup ordering which is used is a well-ordering: Hironaka's standard bases requiring an ordering which is not such,
if Buchberger algorithm were applied for their computation, it would in general not halt.

An algorithm for standard basis computation (the "tangent cone” algorithm) was given only in 1982 (IMOR1,2)); it
essentially consists in a modification of Buchberger's reduction procedure which guarantees termination, while
preserving correctness, also if the semigroup ordering is not a well-ordering.

Once a standard basis of a polynomial ideal I is known, the variety T(V) of the tangents at the origin to the variety V
defined by I is explicitly given through a Gribner basis of the ideal defining it.

By the classical method of "associated graded rings”, questions about the local behaviour of V can be transformed into
questions about the giobal behaviour of T(V) and the latter can be solved by the Grébner basis method.

More in general, we can face the following problem:

we are given three affine varieties V3 < V2 c V1 (Vj being defined by the polynomial ideal I c k[X1,...,Xp], with
I3 prime) and we are interested in the behaviour of V2 in a (Zariski)-neighborhood of V3 inside V1 (in the situation
discussed above V1 is the whole space, V3 is the origin, V2 is V).

We can give the following algebraic description: we consider B := k[X},...,Xp)/I1, p © B the image of 13, A the
localisation of B at p, I the image of I2 in A. The ring A "describes” then V3 as a subvariety of Vi, while I "describes”
V2 in a (Zariski)-neighborhood of V3 inside V1.

The method of associated graded rings can be applied to this situation too: there are a polynomial ring K[Y1,...,Ym], K
a finite extension of k, a homogeneous ideal H < K[Y{,...,Ym], a homogeneous ideal in(T) c K[Y1,...,.Yp]/H, s.t.
questions about A can be transformed into questions about K[Y],...,Ym]/H (or about H) and questions about I into
questions about in(I).

An application of the tangent cone algorithm ([MOR3]) allows to explicitly present K, to give H c K[Y1,...,Ym]
through a Grésbner basis, and to give in(f) through a Grébner basis of its preimage in K[Y,....Ym].

This therefore allows to transform the method of associated graded rings in a computational tool and to effectively solve
at least the basic problems in local algebra, s.t. regularity, dimension of A, computation of systems of parameters,
deciding if a given element of A lies in I, syzygies of I...

The study of algebraic formal power series is related instead with the study of analytically irreducible branches at the
origin of an algebraic variety and comes out naturally when studying singular points of algebraic varieties, for instance
in Newton-Puiseux algorithm for determining the analytic branches of a curve at a singular point and more generally
when studying analytic components of a complex algebraic variety.

In this context one is again interested in local topological notions like the infinitesimal order of an algebraic series or of
an algebraic function defined over some analytical component AC of a variety, the cone of tangents to AC, algebraic
invariants of AC. Hironaka's standard bases are tailored to immediately answer to such questions; the tangent cone
algorithm can be used to produce a computational model for algebraic series, which allows to compute standard bases of
ideals, again by a variant of the tangent cone algorithm.

In this paper we don't propose to discuss at length the applications of the tangent cone algorithm, but just the algorithm
itself and the improvements to the original schema which have been proposed over the years, in order to give an update
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description of the algorithm, in a version suitable for implementations and (to our present knowledge) optimal and as
general as possible.

While this paper is a survey, some results in it are original: all the improved versions of the algorithm have never been
published and the published descriptions of the algorithm cover just a subset (not sufficient for some applications) of
the semigroup orderings to which it can be applied.

Since the tangent cone algorithm is a variant of Buchberger algorithm, we start our paper with a survey of the Grébner
basis theory and of Buchberger algorithm (§1): since we intend to present implementable versions of the algorithms, we
discuss the best variant available, also at the risk to make the presentation less elementary.

Then (§2) we discuss the problems which are met if one extends the algorithm and the underlying theory to orderings
which are not well orderings and we develop a theory of standard bases.

In order to have an effective variant of Buchberger algorithm to compute standard bases, one needs to modify Buchbger
reduction procedure to this new setting; this point which is the crucial part of the tangent cone algorithm is discussed in

§3.
We are then able to describe the tangent cone algorithm itself and to discuss several improvements to the basic

computation scheme (§4). After a short discussion on standard bases in formal power series rings (§5), we conclude the
paper with a very fast survey of the main applications in local algebra (§6)

1 RECALLS ON GROBNER BASES AND BUCHBERGER ALGORITHM

In this introductory section we review the concept and the basic properties of Grbner bases ((BUC1,2))! and of
Buchberger's algorithm ([BUC1,3]) for their computation, in the Gebauer-Méller version ([G-M]), which is the most
widely implemented.

1.1 Grobner bases

Let P := k[Xj,...,Xn] be a polynomial ring over a field, let T denote the free commutative semigroup generated by
{X1,-...Xn), let < be a semigroup total ordering on T.
Then each polynomial f € P - {0} can be written in a unique way as:
f=Zi=1...tcimj, cie k-(0}),mje T,m;>m2>...>mg
Denote :
T(f) := my, M(f) := c1 my, Ie(f) :=cy;
T(f) is the maximal term, M(f) the maximal monomial, Ic(f) the leading coefficient in the representation of f.
When we need to specify the ordering < on which the definitions above depend, we will use either the notation T<, M,
or <g» Tc, Mo'.
If F c P, denote M{F} := {(M(f) : f € F - {0}}, M(F) the ideal generated by M(F}. Therefore, if I is an ideal, M(I) is the
monomial ideal generated by the maximal monomials of the elements in L.
In the rest of the paragraph we will assume < is a well-ordering.

Let I be an ideal in P. In particular I is a subspace of the k-vector space P (of infinite dimension unless I = {0}).
LetB:= {te T:te M(I)} and let k[B] denote the k-vector space with basis B.

LEMMA 1 1) I nk[B] = {0}
2)Vhe P, therearefe I,ge k[B]st.h=g +f.

Proof: 1) letfe P- {0}, thenf=Z;-;  (cimjci€ k-{0),mje T,m;>my>...>myiffe Ithenmy = M(f) €
M(D), while, if f € k[B], m; € B.

2) Let us recursively define sequences of elements of P, (hy : n € N), (fy : n € N), (g : n € N) as follows:

i)hg:=h,fp:=0,g0:=0

ii) if hy = 0 define hy41 := 0, fy ;= 5.1, 8n = &n-1

iii) if hy # 0 and M(hp) ¢ M(I), define hy4q := hy - M(hy), £y := 5.1, gn = gn-1 + M(hp)

iv) otherwise hy, # 0 and M(h,) € M(I). So there is f € I, s.t. M(hy) = M(f)2. Define then hyyq :=hy - f, f; =
fa-1 + 1, 8n = gn-1-
It is immediate that the following properties hold for each n:

h=hy+f; +gn

fne I, gn € k(B]

if hy # 0, then T(hp+1) < T(hy).
Since < is well-ordered, we cannot have an infinite decreasing sequence of terms T(hg) > ... T(hy) > T(hp41) >...;
therefore there must be n s.t. hy =0, i.e. h = fy, + gy, with f, € 1 and g, € k{B].

1 An excellent survey of the concept and of its applications is [BUC4]; for an introduction more on the line of this
presentation, cf. [M-M].

2 Here there is a tricky point, which is usually overlooked, and seems to be the only point in which the requirement that < is a
semigroup ordering is actually relevant:

ifce k-{0),te T, g € P - {0}, since < is a semigroup ordering, then M(c t g) = ¢ t M(g).
Here, sincem € M(I), therearece k.te T,ge Is..m=ctM(g). Butthenm=M(ctg), andctge L
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COROLLARY 1 Vh € P, there is a unique g € k[B] s.t. h- g € L. Such a g is called a canonical form of h wr.t. I
and denoted Can(h,]).
Moreover Can(h,I) = 0 iff h € I, Can(hg,I) = Can(hy,I) iffhg-h; € L

The proof of Lemma 1 could be easily turned into an algorithm to compute the canonical form of a polynomial modulo
an ideal (and therefore to decide ideal membership), provided that:
given a monomial m, it is possible to decide whether m € M(I), in which case to find f € I s.t. M(f) = m.
Assume I is given through a basis F s.t. M(F) = M(I); then the above requirement is easily solved: m € M(]) iff there
arege F,ce k- {0},te T s.t. m = ¢ t M(g); in this case we can then choose f=ctg.
Moreover with such a choice, we obtain a representation of h - Can(h,I) in terms of F, with nice properties:
h-Canth,I)=Zg;f;, gi € P- (0}, fj € F, T(g) T(f;) < T(f) for every i.
We are then led to the following:

DEFINITION 1 A set F c I - {0} is called a Grobner basis for the ideal I iff M{F) generates the ideal M(T).

Before discussing the computability of Gribner bases, let us state some of its properties and introduce a notion, normal
form, weaker than the one of canonical form but which will be crucial later.

DEFINITION 2 Givenfe P- (0}, FcP - (0}, an element h € P is called a normal form of f wr.t F. if
f'h=zgifhgie P- {ol’fle F

» either h = 0 or M(h) ¢ M(F).

NF(f,F) will denote the set {h € P: his a normal form of f wr.t. F}.

We remark that, unlike canonical forms, which are unique and depend just on the ordering <, normal forms are not
unique also if F is a Grtbner basis: if h is a normal form of f w.r.t. F, and Z g; f; is s.t. T(g;) T(f)) < T(h), thenh + £
gi f; is another normal form of f w.r.t. F.
Some weak uniqueness properties of normal forms (when F is a Gribner basis) are stated in the following Proposition
2; it shows also that normal forms can be used instead than canonical ones to decide ideal membership. !
The following properties of normal forms are obvious and will be used later:

f e (F) iff 0 € NF(f,F)

If M(f) ¢ M(F), then f € NF(fF).

DEFINITION 3 We say h € P-{0) has a Grobner representation in terms of F < P - {0} iff it can be represented:
f=Xg;f;, g€ P- {0}, f;e F, T(g) T(f) < T(f) for every i
(such a representation will be called a Gribner representation).

PROPOSITION 1 Foreachfe P- {0},F= {fy,...,f;) cP- {0}, thereishe Ps.t.
1) h e NF(f,F)
2) f - h has a Gribner representation in terms of F.
Proof: 1) Let us recursively define sequences of elements of P, (hy : n € N), (8in: n € N), i = 1...t as follows:
Dhy=1,gio:=0,i=1...t
ii) if hy = 0 define hpyq := 0, gin+1 = gin. 1= 1...t
iii) if hy # 0 and M(h,) ¢ M(F), define hpy4q = by, Zin+1 :=8in. i = 1...t
iv) otherwise hy # 0 and M(hy) € M(F). So there are c € k - {0}, t € T, fj € F, s.t. M(hp) = ¢ t M(fj). Define
then hpy1 := hy - C tfj, gjn+1 = &jn + C t fj, Bin+1 := 8in for i #j.
It is immediate that the following properties hold for each n:
f - hy = Z gin, f is a Grtbner representation
if hy # 0 and M(hy,) € M(F), then T(hn+1) < T(hy).
Since < is well-ordered, we cannot have an infinite decreasing sequence of terms T(hp) > ... T(hy) > T(hp+1) >...;
therefore there must be n s.t. either hy, = 0 or M(hy) ¢ M(F).
In both cases f - hy = Z giq f; € (F), so hy € NF(f,F).

THEOREM 1If 1 cPisan ideal, and F = {fi,..., f{} < I - {0}, the following conditions are equivalent:
1) F is a Grtibner basis of 1
2) f € 1iff f has a GrSbner representation in terms of F
3)foreachfe P- (0}:
i) if f € I, then NF({,F) = {0}
i) if f ¢ I, then NF(fF) # @ and Yh € NF(fF), h #0.
Proof: 1) = 3) Let f e P - {0}. By Proposition 1, f has a normal form w.r.t F.
There are two cases:
1) NF(fF) = {0).
Inthiscasefe (F)cl.
2) there is h € NF(f,F) - {0}

1 One reason for the introduction of normal forms is that they are casier to compute than canonical forms, and still sufficient
for deciding ideal membership and ideal congruence. The main reason is however that in the setting of the tangent cone
algorithm canonical forms are not available, while normal forms are.
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In this case, then M(h) € M(F) = M(I), implyingh ¢ I;sincef-he (F)cL thenfe I
Moreover, if 0 € NF(f,F), then f € (F) c I, a contradiction, so 0 ¢ NF(f,F).
3H=2) If f has a Grisbner representation in terms of F, then f e (F) c 1.
For each f € P, by Proposition 1 there is h € NF(f,F) s.t. f - h has a Gr&bner representation in terms of F.
If f € 1, then NF(fF) = [0}, so h = 0 and f has a Gribner representation in terms of F.
2)=1) If a polynomial p is in M(I), then it is a sum of monomials in M(I) and so p = Zj=1 ... s M(g), &
€ 1. So we have just to show that if f € I, then M(f) € M(F).
Let f € 1, m = M(f), f = T g; f; a Grobner representation in terms of F. Let I := {i : T(gp T(fp) = T(f)}.

Then m = M(f) = Zie1 M(g)) M(f) € M(F).

PROPOSITION 2 If F is a Grobner basis for the ideal I c P, then:
1) let h € NF(g,F); then:
ifh=0,thenge 1
ifh#0,thenge I
2) if h e NF(g,F), h#0, then T(h) = min(T(g") : g'-g € I}
3)ifg,g'e P-lares.t. g-g € I, then M(h) = M(h') for each h € NF(g,F) and h' € NF(g'F).
Proof: )Ifh=0,theng=g-he (A cl
If h # 0, then since M(h) ¢ M(F) = M(I),he¢ Iandsoge I
2)Letg'best. g -ge I thenh- g e Iand M(h - g') € M(D); if T(h) > T(g") then M(h - g) = M(h) ¢ M(F) =
MDD

' 3) The assumptions imply that h' - g € I and so (by 2) T(h) < T(h'"); in the same way T(h") < T(h).
So T(h) = T(h") and therefore either T(h - h') = T(h) and M(h - h') = M(h) - M(h") or M(h) = M(h"), T(h - h") < T(h).
The first case cannot occur since M(h - h') € M(I), M(h) ¢ M(F) = M(]).

1.2 Grobner basis computation

In order to obtain an algorithm to compute Grébner bases, we need a finite set of tests, s.t. if all are successful the
given basis is Grébner, while if one fails it allows to enlarge the basis.

Theorem 1 gives some hints how to find such a test: F is not a Grobner basis if and only if there is an element f € I,
which has a non-zero normal form h in terms of F; such a normal form h is then an element of I s.t. M(h) € M(l) -
M(F).If weadd hto F, F := F U {h} is still a subset of I and M(F) < M(F) c M(]).

Contrariwise, if F is Grtbner, then each element in I has a Grébner representation in terms of F.

Moreover, the proof of Proposition 1 actually is an algorithm which, given f € P and F < P, computes either a
Gribner representation of f in terms of F or a non zero normal form of f w.r.t. F

So, let us assume that for each basis F of I we can compute a finite subset H = H(F) c I, s.t. F is Grobner if and only
if each element of H has a Gr&bner representation in terms of F. We could then apply the following algorithm to
compute the Grébner basis G of an ideal given through a basis F.

G:=F
H:= H(G)
While H # @ do
Choose he H
H:=H-{h)
Compute h' € NF(h,G), s.t. h - h' has a GrSbner representation in terms of G
If h' 2 0 then
G:=Gu (h}
H :=H(G)

Correctness of the algorithm is guaranteed, since, at termination, each element of H(G) has a Grébner representation,
and, by our assumption, this implies that G is Gribner.

Termination is guaranteed, because any time we enlarge F, we add to it an element h' s.t. M(h") € M(I) - M(F). By
Dickson Lemmal, after a finite number of steps we must have M(F) = M(l).

So we are left with the problem of finding a finite subset H = H(F) c I, s.t. F is Grobner if and only if each element of
H has a Gr6bner representation in terms of F.

LetF = {f},....f;} be a basis of I; let f € I, f # 0; since f is in I, it has some representation in terms of F, f = X g; f;.
Let t := max{T(gy T(f)}, I := {i: T(g;) T() =t}
Clearly t 2 T(f); if t = T(f), then the given representation is Gribner..
If t > T(f), we can partition the representation f = I g; f; as follows, denoting R(g;) := g; - M(g):
f=Ziel M(g)) fi + ZicI R(8) fi + Tie1 8i fi
where:
Zie1 M(gi) M(f) =0
TR(g;) T(E;) <tforie I
T(g;) T(F) <tforie I

1 In each infinite family M of terms, there is a finite subset M, s.t. each term in M is multiple of some term in M;.
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Let h := Z;e 1 M(g;y) fi.; if we can find a different representation of h, h = Z h; f; with T(h;) T(f;) < t, then we have a
representation of f,
f=Zierhifi+ Zie1 R@) fi + Zig1 8i fi = Zi=1...1 8'i fi
with T(f) < max{T(g'}) T(f)) <t
Repeating the same argument on the new representation, we will eventually find either a representation
f=Ziz1....8" fi, with max(T(g") T(f)) = T(f),
i.e. a Grébner representation; or elements my,..., mgs.l.
i) each m; is either zero or a monomial,
i1) T(my) T(f;) is a constant t € T whenever m; 20
i) T my M(f) =0
and moreover h = T m; f; doesn't have another representation h = X h; f; with T(h;) T(f;) < t.
In particular, since T(h) < t, h doesn't have a Grébner representation in terms of F.
We have therefore proved the following:

LEMMA 2 LetF = {f],....f;) be a basis of I. Let & be the set of elements (mj,...,m;) € P!s.t.
i) each m; is either zero or a monomial,
i) T(m;) T(f;) is a constant t € T whenever m; = 0
iii) T m; M(f) = 0.
LetH := { T m; f; : (my,....mpY € O}
If F is not Grbner, then there is h € H s.t. for each representation h = T h; f; , max{T(hy) T(f;)} 2 max(T(m;) T(f)};
in particular such an h doesn't have a Grtbner representation in terms of F.

We can therefore restrict our attention to those elements h of I which are obtained taking a relation among the M(f))'s, 0
= I m; M(f;) and substituting f; to M(f;). They are still infinitely many, but the set of relations among the M(f)'s is a
module and so it has a finite basis. The aim of the following definitions and results is to show that if we take a finite
basis of the relations among the M(f;)'s satisfying some assumptions, and we substitute in each such relation fj to
M(f;), we obtain a finite set H s.t. if each element of H as a Grtbner representation in terms of F, then F is a Grébner
basis of I. Such a set H can then be used in the algorithm we have outlined above.

Let fy,..., fi € P- {0}, F := {fy,....f;]), I the ideal generated by F.
We begin by extending the functions T(-) and M(-) to the module Pt.
Let {ey...., € denote the canonical basis of Pt 2; for each (g,....g0) = I g; &; € P! define:
T gi €}) := max{T(g;) T(f))
M(Z g; &) := Tie1 M(g)) &; where I := {i : T(g) T(f) = T g &)} 3
If ® c P, denote M{®} := (M(9) : ¢ € ® - {0} ]}, M(P) the submodule of Pt generated by M{®}.
We say that an element ¢ = T m; e; of Pt is homogeneous iff for each i s.t. m; # 0, then m; is a monomial and
T(m;) T(f;) = T(¢); that a submodule of Pt is homogeneous if it is generated by homogeneous elements.
We remark also that:
if ¢ , 81...., ¢s are homogeneous elements in P and ¢ € (¢1,..., ¢s) then there is a representation
¢=ZXcim;o;, cie k,mje T, m; T(¢;) = T(9) for each i with ¢; # 0.

DEFINITION 4 Given ¢ € Pt - (0}, ® c Pt - {0}, an element y € Pt is called a normal form of ¢ w.r.t. @ if
¢-y=XgidigicP-(0),6ic @
either y = 0 or M(y) ¢ M(d).

LEMMA 3 For each ¢ € Pt - (0}, ® c P! - {0}, there is y € Pt, which is a normal form of ¢ w.r.t. ®.
Proof: (cf. Prop.1) Let us recursively define sequences of elements of P!, (y,, : n € N), (§,: n € N) as follows:
)yo:=0,.80:=0
ii) if wn = 0 define Yn41 := 0, Ene1 :=&p
iii) if Wn # 0 and M(yp) € M(®), define yn41 = ¥n, En+1 = E&n
iv) otherwise yy, # 0 and M(y;) € M(®). So there are ¢c; € k-{0), mje T,¢;€ @, st. M(yp) =Z ¢ m;
M(¢;), and m; T(¢;) = T(y) for each i. Define then Wn+1 3= Yy - T ¢; mj ¢, En+1 = En + L m; ¢,
It is immediate that the following properties hold for each n:
¢-yn=Ene (F)
if wn # 0 and M(yy) € M(®), then T(yp+1) < T(yn).
Since < is well-ordered, we cannot have an infinite decreasing sequence of terms T(yg) > ... T(Wy) > T(Wn+1) >...
therefore there must be n s.t. either yy, = 0 or M(yy) € M(®).
In both cases ¢ - Yy =&p € (D), 50 Yy, is a normal form of ¢ w.r.t. ®.

2ie.X g; & is the vector (g},...,8)-

is definitions and the notion of homogeneous elements and modules given below are perfectly natural in the language of
graded rings. Since graded rings will disguisedly appear later on too, we have briefly sketched in an Appendix as much of graded
ring theory as it is necessary. 139



Define
s:Pt— Pby s(Z g; &) := L g; M(f));
then the kernel of s
Syz{M(f1).....M(fy)} := Ker(s)
is the module of syzygies (relations) among {M(f}),...,M(fp)}, which is a homogeneous submodule of P*.
Define S : Pt — P by S(Z g; ¢;) := Z g; f; and remark that if u is a homogeneous element in Ker(s), then T(S(u)) <
T(u).

* If u is a homogeneous element in Ker(s), we say that u lifts to v € Ker(S) (v is a lifting of u) if M(v) = u.

In other words v is a lifting of u iff S(u) = X g; f; with T(g;) T(f) < T(u)andv=1u-Z gj ¢;.

Remark that:

1) if S(u) has a Grbner representation, then u has a lifting, while the converse is not necessarily true.

2) Lemma 2 can be restated as follows: if F is not a Grobner basis of I then there is a homogeneous element u € Ker(s)
which doesn't have a lifting.

LEMMA 4 Let fy,..., fy € P - {0}, F:= {fy,....fi], I the ideal generated by F. Let s, S be defined as above.
Let U be a basis of Ker(s) consisting of homogeneous elements. Then the following are equivalent:
1) F is a Grbner basis for 1
2) for each u € U, u has a lifting
Proof: 1) = 2) Letu € U and let h = S(u). Then T(h) < T(u). So let £ g; f; be a Grobner representation of h and
define v:=u- X gje;. Then S(v)=S(u) - Z g; fi=h-h=0so0ve Ker(S).
Moreover T(g;) T(fy) < T(h) < T(u), so u = M(v).
=1 We show that each h € I has a Gribner representation.
Since h € I, and F is a basis of I, there is a representation h = Z; h; f;.
Let ¢ := (hy,....h) € PL.
For each u € U, let lift(u) € Ker(S) be a lifting of U; let V := (lift(u) : u € U]}.
By Lemma 3, we know that ® has a normal form ¢’ = (h'y,...,h") w.rt. V.
Then ¢ - ¢' € Ker(S) so Z h'jf; = S(¢") = S(¢) = h and T(¢") = max{T(h") T(f)} = T(h).
If T(¢) > T(h), let J := (j : T(h'j) T(f;) = T($)), then M($) = Zje 7 M(h)) M(fj) = 0, i.e. Zje M(;j) ¢jis a
homogeneous element in Ker(s), so M(¢") € (U) = M(V), a contradiction since ¢' is a normal form of ¢ w.r.t. V.

So, in order to compute Grobner bases, we are left with the problem of explicitly computing some homogeneous basis
of Ker(s). One such basis is easy to obtain.
Let fy,..., fy € P - {0} and denote

T(@) := T()

T(iyj) := Le.m.(T(f), T(f}))

T(i,jk) := Le.m.(T(f), T(f;), T(fw)

o) = Ie(B)! TAIYTG) €; - le()! TAINTG) €.
A basis of Ker(s) is then given by:

Up:= {o(ij):1si<jst).!
We are then led to the following algorithm to compute a Grésbner basis of an ideal, given through a basis F = {fy,...,
fd: .

G:=F
B:={{ij}:1<i<j<t)
While B# @ do
Choose (i,j} € B
B:=B- ({ij}}
h :=S(c(i,)
Compute h' € NF(h,G), s.t. h - h' has a Gri$bner representation in terms of G
Ifh'# 0 then
t:=t+1
ft2= h'
G=Gu {f[}
B:=Bu({{it):1<i<t)

l7o prove this we have just to show that each homogeneous element in Ker(s) can be represented in terms of Uy (cf. Appendix)
Let u be a homogeneous element of Ker(s); then
u=Zeyc;me;, withc (1,....t), cek- {0}, m; € T, m; T(fj) =T(u), Ije, < lc(fj) =0.
Let j := max J, I := J - {j) Clearly for each i € I, T(u) is a multiple of T(i,j), T(u) = m;; T(i,j) and m; = my; TG,j)/T(), mj = m;;
T@EYTE). Also ¢; = - Ie(f)! iy ¢ 1e(Fy).
So we have
Tie1 ¢ Io(f) m; 6G) = Tieq ¢ 1e(Ey) my; (1e(6)! TAIITG) & - 1e(E)! TAIITG) ) =
= Zier ¢ my; TGAINTG) € - Zier ¢ lo(f) (6! my; TGINTG) ¢ =
=Zerc; mi g - 1e(F) ! Eier 6 Io(h)) mj 5= Tiy¢; m; e =u.
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At termination of this algorithm, each o(i,j) has a Grbner representation in terms of G: in fact if, at some stage, h' #
0, then h - h' has a Grobner representation in terms of G, h - h' = X h; f; and then h = X h; f; + h' is a Grébner
representation in terms of G L {h').

1.3 Buchberger algorithm

A major optimization of the basic version of Buchberger algorithm we have outlined above is obtained by giving
* criteria to avoid useless computations of normal forms of some S(o(i,j))'s. Such a computation can be useless for two
different reasons:

1) Up is a basis of Ker(s), but usually is by far much larger than a minimal basis. If U € Uy is a basis of Ker(s)
with less elements, normal form computations, according to Lemma 4, are required just for the elements in U.

2) o(i,j) could be an element in a minimal basis of Ker(s), s.t. however 6(i,j) is known to have a lifting by a
general theoretical argument.
The second case is covered by the following result in [BUC2]:

LEMMA 5 If T(i,j) = T(i) T(j), then o(i,j) has a lifting.
Proof: Denote R(f) := f - M(f), ¢ := le(fj) le(f;). We claim that y := =c! fje;- clf ¢j is a lifting of o(i,j).

In fact S(y) = c’1 fj f; - 1 £if; = 0, and y = (c’] M(f) ¢; - -1 M(fy) e,)+ (€1 R(f)) & - ¢’ R() ¢;), where R()) T() <
'T() TG) = TG.j) and R(f) T() < T(Gyj), while (c"] M(f)) &; - ¢ M(F) &) = Ie(f)1 T() € - le(F;)! T() ej = o(i,j).

Criteria to detect redundant elements in the basis Ug have been proposed in [BUC2] and [G-M]; we briefly review
without proofs the results of the latter paper:
We say o(i,k) is redundant if either:

i) there is j < k s.t. T(j k) divides properly T(i k)

ii) or there is j > k s.t. T(i,j,k) = T(i.,k), T(ij) # T@,k) # T(.k)

LEMMA 6 1) {o(i,j) : 1 i <j<t, o(i,j) is not redundant) is a homogeneous basis of Ker(s).

2) Let U c Ug be a basis of Ker(s), me T, V := {o(i,f) € U: T(i,t)=m},jbes.t. o) e V.
Then U - V U {6(j,t)} is a homogeneous basis of Ker(s).
Proof: [G-M] Prop. 3.5 and 3.7

LEMMA 7 Let U c {o(i,j) 1 <i < j<t-1} be a basis of Syz{M(f}),..., M(f;.1)}. ThenU L {o(it): 1 Si<t}isa
basis of Syz{M(f}),..., M(f))!
Proof: Let u be a homogeneous element in Syz{M(f))...., M(f)}, u = Zjey¢;mj ¢, withJ < (1,....t), cje k - (0},
mj e T, mj T(f;) = T(u), Zje ¢;j le(fj) = 0.
Ift¢ J, then u € Syz{M(f}),..., M(fi-1)} and it has a representation in terms of U.
If t € J, then there must be i< ts.t. i € J; then T(i,t) divides T(u), T(u) = m T(i,t) = m; T@) = m; T(t). LetI:=17J - {t}.
Then u - ¢¢ le(f) 6(i,1) = Zje1 ¢j m; ¢ + ¢ mee; - ¢ le(f) lc(fi)'l TG,)/T3) e; + ¢; TALN/T() e =

Zie1 cj mj e - ¢y le(fp lc(fi)‘l m; ¢; € Syz{M(fy),..., M(fi.1)]).

Let us briefly explain how the results of Lemmata 6 and 7 are to be used in a Gribner basis algorithm.

At some point we have a basis U c {o(ij) 1 <i <j <t-1} of Syz{M(f}),..., M(fi-1)}, we obtain a new element f; and
so we are looking for a basis of Syz{M(f}),..., M(fp).

By Lemma 7 we know that U U {o(i,t) 1 <i <t} is such a basis. We can then use Lemma 6.1 to eliminate redundant
elements from it.

First of all, if i <k < t are s.t. T(i.k,t) = T@i k), T(,t) # T(@i,k) # Tk,t) then o(i,k) is redundant (¢f. condition ii), so we
discard from U any such element (i k), obtaining a subset Uj.

Then (condition i) we can discard from {a(i,t) 1 <i <t} any element o(i,t) s.t. for some j T(j,t) divides properly T(i,1)
obtaining a subset V.

Then we apply Lemma 6.2): we partition V1 into subsets (G(i,t)} s.t in each of them T(i,t) is constant and we pick up
any element from each subset obtaining a set V2. In this last operation, since the choice of the element to pick is
arbitrary, we can obtain a free bonus if we pick an element (if such is present) o(i, t) with T(i,t) = T(i) T(t), since by
Lemma 5 there is then no need to compute the normal form of S(c(i,j)).

Finally U U V3 is the basis of Syz{M(f}),..., M(fy)} we were looking for.

We formalize this procedure in the following algorithm:

Up := SyzBasis(F,U)
where
F := {f},....ft) € P - {0} is an indexed set of non-zero elements in P.

1 There is a notational problem here: Syz{M(f1)...., M(f;.1)) is a submodule of P**! while Syz{M(f}),.... M(fp)} is a submodule
of P'; if we identify however P*! with the submodule of P' generated by (e),...,e,.;}, then Syz(M(f1),...,
M(fi.1)] is a submodule of Syz{M(f),.... M(fp)} and the statement makes sense.

Actually one has Syz(M(f)..... M(fi.1)} = Syz{M(f1)..... M(f)} A P*!
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thereis Ust. UcU c {(ij):1<i<jst-1} st
1) {o(,) : (,j) € U’} is a basis of Syz{M(f}),....M(ft-1))
2) for each (i,j) € U - U, 6(i,j) has a lifting2
there is Up's.t. Ugpc Up'c {(ij): 1 Si<j<t) st
1) {6(,) : (i,j) € Ug'} is a basis of Syz{M(f1),....M{fp}
2) for each (ij) € Ug' - Up, o(i,j) has a lifting
For each (ik) € Udo
If T(i.kX) = T(i,k,t) and T(,t) # T@,k) # T(k,t) then
U:=U- (k)
V={Gn:1<i<t}
Fori=1...t-1do
If there is j, 1 < j < ts.t. T(j,t) divides properly T(i,t) then
V:i=V-{3it)
Let T := {T@,t) : (i,t) € V)
V=0
For eachte Tdo
V()= {it e V:TG,D) =1)
If for each (i,t) € V(1), T({) T(t) # T(i,t) then
choose (i,t) € V()
V2:=Vau (i)}
Up:=Uu Vs

Before presenting Buchberger algorithm for Grébner basis computation, we have to present an explicit algorithmic
version of Proposition 1. We use the following notation:
if T(f) is a multiple of T(g), t € T is s.t. T(f) = t T(g), define
Red(f,g) :=f - Ic(f) Ic(g)-1t g:
Remark that either Red(f,g) = 0 or T(Red(f,g)) < T(f).

h := NF(g,F)
where
g is a non-zero element in P
F c P - {0} is a finite set.
h € NF(f,F) and g - h has a Gribner representation in terms of F.
h=g
While h # 0 and M(h) € M(F) do
Choose f € Fs.t. T(f) divides T(h)
h :=Red(h,f)

. Correctness of Algorithm NF comes directly from the proof of Prop. 1; termination is assured since < is a well-
ordering,

G := GrobnerBasis(F)
where
F :={f},...,f;} <P - {0} is an indexed set of non-zero elements in P.
G c P - {0} is a Gr&bner basis for the ideal I := (fy,....f)
G:=(f1)
B:=0
Fori=2...tdo
G=Gu [ff)
B := SyzBasis(G,B)
While Bz D do
Choose (ij) € B
B:=B- {(ij))
h := S(o(ij))
h := NF(h,G)
Ifh#0then
ti=t+1
ft:=h
G:=Gu{ft)

2 This way of describing the algorithm can be confusing, however we are lacking a better one. The point is that at each call of
SyzBasis a whole basis of Syz{M(f,),...,M(f,.,)} is not available, since those elements for which the normal form of S(c(i,j))
has already been computed or s.t. T(i,j) = T(i) T(j) have been discarded.

So we have partitioned the basis U’ of Syz{M(f),....M(f,.;)] into the subsets U, consisting of the elements yet to be treated,
and U’ - U of the discarded elements. The same we have done for the output basis of basis of Syz{M({)),....M(f,)}, storing only

the elements in V which are yet to be tested and discarding those elements for which the test is either already performed or is
useless by Lemma S.
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B := SyzBasis(G,B)

Correctness of GrobnerBasis is an immediate consequence of the preceeding discussion: we explicitly remark that at
termination:

1) the o(i,j)'s which have been explicitly treated by the algorithm have a Grbner representation in terms of G.

2) to obtain a basis of Syz(M(f})....,M(fp), we have to add to the o(i,j)'s which have been explicitly treated by
the algorithm, those &(ij)'s s.t. T(i) T(j) = T(i,j), which have a lifting by Lemma 5

3) therefore for such a basis of Syz(M(fy),...,M(fp)), all its elements have a lifting and G is a Grébner basis by
Lemma 4.
Termination of GrobnerBasis is based on Dickson Lemma, since any time we add a new element to the basis we
enlarge the ideal M(G).

2 TANGENT CONES, STANDARD BASES AND LOCALIZATIONS
2.1 A counterexample

As we have remarked, termination of NF relies on the fact that < is a well-ordering.
If we drop this assumption, we see immediately the existence of examples in which NF does not terminate.
Lgt P := k[X] with T = (X"} ordered so that X" < X™ iff m < n; and let us see what happens if we try NF(X,{X -
X<p
We have
h:=X, f:=X - X2, Red(h,f) = X2
h:= X2, f:= X - X2, Red(h,f) = X3

h:= X", f:= X - X2, Red(h,f) = Xn*1

so that NF doesn't actually halt in this instance.
The problem is however related not just to the algorithm but to theory itself.
In fact, let I c P be the ideal generated by {X) for which clearly M(I) = (X); since X = M(X - X?)and X - X2 € L, Fis
such that:

F c I and M(F) = M(0).
Clearly X ¢ (X - X2) so it cannot have a Grobner representation in terms of F; such a representation would in fact
imply that X € (F).
Finally assume h is a normal form of X w.r.t. F; then h # 0, otherwise X € (F), which is false; since M(h) ¢ (X) =
M(F), necessarily M(h) = ¢ € k-{0}. So h=c + h', with h'(0) = 0. We have

X-c-hX)=X-hX) =gX X-X2)
since X-he (X - X2).
Evaluating in 0 we obtain:

<=0
and so a contradiction, proving that X doesn't have normal forms w.r.t. F.
In conclusion, the notions, which, in the well-ordered case, can be used as equivalent definitions of Gribner bases, are
no more equivalent in this context. Moreover there are instances in which normal forms don't exist, and the same is true
for canonical forms.

2.2 The cone of tangents to a variety at a point

Before introducing a theory of Grbner bases (and an algorithm for their computation) in the case of orderings < which
are not well-orderings, we intend to give an application of such a theory; this will be of help also to motivate our search
for a solution.

Let f € P - {0}, then f can be uniquely written as a finite sum of non-zero homogeneous polynomials:

f = Z;-1...1f; , f; homogeneous and non-zero, deg(fy) < ... < deg(f;) < deg(f;41) <...
To the polynomial f we can associate its order, ord(f) := deg(f1) and its initial form, in(f) := f;.
The order of f is the infinitesimal order at the origin of f as an analytic function; its initial form is the lowest order non-
zero Taylor approximation of f at the origin.
If I ¢ P =k[X1,....Xg] is an ideal, we define in(I) := (in(f) : f € P), the initial form ideal of 1, to be the homogeneous
ideal in P generated by the initial forms of the elements in 1. Geometrically, (when the base field k is C) it is the ideal
which defines the cone of the tangents at the origin (counted with the correct multiplicity) to the variety in C defined
by I1.
It gives therefore a kind of "lowest order approximation” to such variety.
Let now < be an ordering on T s.L.

for mj, my € T, deg(mj) < deg(my) = mjy > my.
The following result holds:

PROPOSITION 3 Let F c I be s.t. M(F) = M(I). Then {in(f) : f € F} generates in(I).

1 To be precise, in order that this geometrical notion makes sense, we should restrict ourselves to radical ideals.
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Proof: Since Vh € P, M(h) = M(in(h)), we can easily conclude that both M(I) = M(in(T)) and M(F) = M(in(F)), so that
M(in(F)) = M(in(D)). _ _ '
Now let <w be the well-ordering which agrees with < on terms of the same degree, but is compatible (instead of
anticompatible) with the degree, i-e.

m1 <w m7 iff deg(m1) < deg(m2) or (deg(m]) = deg(m2) and m; < m3)
If f is a homogeneous element of P, M(f) = My/(f). Therefore My (in(F)) = M(in(F)) = M(in(I)) = My (in(D)).
So {in(f) : f € F} is a Gr6bner basis, and therefore a basis, of I.

" We have actually proved more, namely:

PROPOSITION 4 Let F c I be s.t. M(F) = M(I). Then {in(f) : f € F} is a Grtbner basis of in(I) w.r.t. the well-
ordering <y s.t.
mj <w m3 iff deg(mi) < deg(my) or (deg(m) = deg(m2) and m; < my).

As a conclusion, the ability of computing "Gr8bner bases" w.r.t. orderings < which are not well-orderings implies the
ability of computing initial form ideals.

Are normal forms interesting in this context?

Let V be the variety in C™ defined by the radical ideal I. Let f € P;if ge Piss.t. f- g € I, then f and g define the
same polynomial function f(x1,...,Xp) = g(X1,...,Xn) on V. What are the infinitesimal order at the origin and a lowest
order non-zero Taylor approximation at the origin of the polynomial function f(x;,...,xp)?

LEMMA 8 Consider the set Rf:= {ge P: g-fe I}. Assume there is g € Ry s.t. in(g) € in(I) and let n := ord(g).
Then the following hold:
i) if h € Ry, ord(h) < n, then in(h) € in(J).
ii) if h € Ry, ord(h) 2 n, then ord(h) = n, in(g) - in(h) € in(]).
Proof: i) since ord(h) < ord(g), in(h - g) = in(h); since h - g € I, in(h) = in(h - g) € in(]).
ii) If ord(h) > n, then inch - g) = in(g) ¢ in(I); since h - g € I, in(g) = in(h - &) € in(I), a contradiction.
Then if ord(h) 2 n, necessarily ord(h) = n, in(h - g) = in(h) - in(g); then, since h - g € I, in(h) - in(g) = in(h - g) € in(I).

It is then clear that the answer to the questions above is: ord(g) and the residue class of in(g) mod. in(I).

However there are cases in which a g as required by the Lemma doesn't exist.

In fact, slightly modnfymg our previous example, let P := C[X,Y], f = X, I the ideal generated by X - X2 V the variety
defined by I, which is the union of the two linesx =0, x = 1.

The polynomial function f(x,y) = x vanishes identically in any point of V which is sufficiently near to the origin, so it
actually coincides with the polynomial function g(x,y) = 0.

This is reflected by the fact that in the set Rethere isno g s.t. in(g) € in(f) = (X): infactifg-fe Ltheng-X=h (X -
X2) for some polynomial h,sog=X+h (X - Xz) =X (1 + h (1 - X)) and in(g) is a multiple of X. However X e 1.

Remark however that the vanishing of the polynomlal function x is reflected by the fact that X = (1 - X)'1 (X - X2) so
X belongs to the ideal generated by X - X2 in any ring containing the inverse of (1 - X); introducing the inverse of
(1 - X) makes sense, since "near the origin” 1 - X never vanishes so it is an invertible function.
In fact we can actually find a natural solution to our problem by considering the "local" nature of both our problem
(infinitesimal orders, lowest order approximations at a point) and of our data (functions defined near a point) and so by
carrying on the machinery we have developed to the larger ring of the rational functions which are defined in 0,

Loc(P) := ((1+g)'1 f: f, g € P, g(0) = 0} c k(X1,....Xn) :
where we define, for h = (1+g)! f, and for an ideal I c Loc(P):

in(h) := in(f), ord(h) := ord(f), in(I) ;= (in(h) : he ) cP
preserving the geometrical meaning of these notions.
Also we can define, for h = (1+g)"! f, and for an ideal I c Loc(P):

M(h) := M(f), T(h) := T(f), M(D) ;== M(h) :he ) cP.
As we will establish in the next section, the following holds:

FACT If I c Loc(P) is an ideal and h € Loc(P), then there is hp € Loc(P) s.t.
i) either hg = 0 or M(hg) ¢ M()
i)h-hpe I

(i.c. a normal form of h w.r.t. I)

As a consequence we have:

PROPOSITION 5 Let I < Loc(P) be an ideal. Let F c I be s.t. M(F) = M(I). Let h € Loc(P).
Lethg € Loc(P) be s.t. h - hg € 1 and either hg = 0 or M(hg) ¢ M(T)
Then:

i) {in(f) : fe F) generates in(l).

i) {in(f) : f € F) is a GrSbner basis of m(I) w.r.t. the well-ordering <.

iii)if hg=0,thenh e I

iv) if hg # 0, in(hg) ¢ in(I)
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v)ifhg#0, g - he I and ord(g) < ord(hg), then in(g) € in(l).

vi)if hg 20, g - h € I and ord(g) 2 ord(hp), then ord(g) = ord(hg), in(g) - in(hg) € in(l).
Proof: i) and ii): The proof is the same as for Prop. 4, since Vh € Loc(P), M(h) = M(in(h)).

iii) It is obvious

iv) If in(hg) € in(I), then M(hg) = M(in(hg)) € M(in(T)) = M(I)

v)and vi):  The proof is the same as for Lemma 8.

As a consequence, the infinitesimal order at the origin of the rational function h(xj,...,xq) is ord(hg), its lowest order
Taylor approximation at the origin is the residue class of in(hg) in P/in(I), which can be canonically represented by
Can(in(hg),in(T)).

To go back to the example we are discussing, in Loc(P) we have X = (1 - X)-! X-X%) e (X - X?), reflecting the fact
that x vanishes identically in any point of V which is sufficiently near to the origin.

Having motivated our interest in extending the Grtbner basis theory to the case of orderings which are not well-
orderings, we have yet to justify our choice of the ring Loc(P); could not a smaller ring R, P ¢ R ¢ Loc(P) be
sufficient so that:

for each ideal I c R, for each f, there is g s.t. f - g € I and either g = 0 or in(g) ¢ in{I) ?
The answer is no. In fact:

PROPOSITION 6 Let R be a ring s.t. P = R c Loc(P) and for each ideal I c R, for each f, thereis g st.f-ge I
and either g = 0 or in(g) ¢ in(I).

Then R = Loc(P).

Proof: We have just to prove that for each f € P s.t. f(0) = 0, 1 - f has an inverse in R.

The proof will just generalize the case of f= X, I= (X - X2).

In fact consider the ideal I = (f - fQ) and the element f.

First of all, since ord(f) > 0, we have ord(f2) = 2 ord(f) > ord(f), so in(f - £2) = in(f), in{I) = (in(f)).

Iffisnotinl, thenthereareg#0,pe Rst.f-g=p(f- £2) and in(g) ¢ in(I) = (in(f)); however, sinceg=f(1-p+
f) € (f),in(g) € (in(f)).

Sofe I,f=p(f - f2), and, dividing by f, 1=p (1 - f) inR. So p is the inverse in R of 1 - f.

2.3 A theory of standard bases

From the example at the beginning of the section and the results summarized in Propositions 5 and 6, we immediately
realize that a theory of "Grébner bases” w.r.t. orderings which are not well-orderings cannot be carried on the
polynomial ring, but also we got hints that it is perhaps possible to recover it in a localization.

Namely we would like to prove that in such a localization, a generalization of Proposition 1 and Lemma 3 hold, and
that they can be used to prove a generalization of Theorem 1.

If such generalizations can be proved and a constructive proof of the existence of normal forms can be given, then we
can easily prove that the only thing we have to modify in the Grdbner basis algorithm is just the normal form
procedure.

In this section we will assume as a fact, the existence of normal forms in a suitable localization of the polynomial ring
and we will show how, under such assumption, Theorem 1 can be stated and proved in a general setting.

The next section will be devoted to prove the existence of normal forms and to derive an algorithm for their
computation. :

It is known [ROB1] that a semigroup ordering < on T is, non uniquely, characterized by an array (uy,..., up) of vectors
u; € R" s.t.defining, for t = X121... X% € T, wj(t) to be the scalar product uj-(aj,....an)
then
t1 < t2 iff there is i with wj(t)) = wj(t2) for j < i, wj(t1) < wj(t2)
We will restrict ourselves to those orderings s.t. there isr < n s.t.
uje Zh fori<r
V dy,....dr€ Z, {t e T : wj(t) = d; i=1...r} doesn't contain any infinite decreasing sequence t; > ... > tg>...
and we will call any such ordering a tangent cone ordering.
The example of a degree anti-compatible ordering as discussed above, i.c. an ordering <s.L.
for mj, mp € T, deg(m)) < deg(m2) = mj >m3
enters in this class.
In fact consider u; := (-1,...,-1), so that wy(t) = -deg(t); it is clear that for each d € Z, there are just finitely many terms
t with -deg(t) =d.

Let P := k[X1,....Xp), k a field, and T be the free commutative semigroup generated by {X1i,...,Xn} endowed with a
semigroup ordering < satisfying the above condition.
Let Loc(P) denote the following subring of k(X1,...,Xp):
Loc(P) := { (1+g)) f € k(X1,....Xn) st T(g) < 1}.
We can define, forh = (1+g)'l f, and for an ideal I c Loc(P):
M(h) := M(f), T(h) := T(H), M) .= (M(h):he I) cP.
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DEFINITION 5 Given f € Loc(P) - {0}, F c Loc(P) - {0}, an element h € Loc(P) is called a normal form of f w.r.t.
Fif

f-h=Zgifj gie Loc(P)- {0}, fie F

either h = 0 or M(h) ¢ M(F).
Nf(f,F) will denote the set {h € Loc(P): h is a normal form of f w.r.t. F)

DEFINITION 6 We say h € Loc(P)-{0} has a standard representation in terms of F c Loc(P) - {0} iff it can be
represented:

f=Zgif; gie LocP) - {0}, f; € F, T(gj) T(fp < T(f) for every i
(such a representation will be called a standard representation).

DEFINITION 7 A set Fc I - {0} is called a standard basis for the ideal I = Loc(P) iff M(F} generates the ideal
MO

We begin by showing some properties of normal forms with respect to a standard set; property 1) shows that they can
be used (assuming their existence and computability) to decide ideal membership; properties 2) and 3) are a
generalization of Prop. 5, v) and vi).

PROPOSITION 7 Let F be a standard basis for the ideal I ¢ Loc(P), then:
1) let h € NF(g.F); then:
ifh=0,thenge 1
ifh=20,gel
2)ifhe NF(gJF),h#0, then Th)=min{T(g): g -ge I}
3)if g, g' € Loc(P) -l are s.t. g - g' € I, then M(h) = M(h") for each h € NF(g,F) and h' ¢ NF(g'F).
Proof: the proof of Prop. 2 applies verbatim.

Our aim now is to prove that for standard bases a characterization analogous to the one provided by Theorem 1 and
Lemma 4 still holds, provided a suitable assumption about normal forms holds.
We begin by extending the functions T(-), M(-) to Loc(P). This extension will depend on the arbitrary choice of t terms
11.....1¢2 as follows:
for each (g1,....80) = I gi ¢ € Loc(P)! define:

T(E gi &) = max(T(g) i)

M(2 g; &) := Zie1 M(gj) ¢; € P* where I := (i : T(gj) u; = T gj &))).
If ® < Loc(P), denote M{®} := {M(¢) : ¢ € @ - {0}}, M(®) the submodule of P! generated by M{®}.
Clearly the notions of T(-) and M(-) restrict to Pt ¢ Loc(P)".
As in the first section, we say that an element ¢ = £ m; ¢; of P! is homogeneous iff for each i s.t. m; # 0, then m; is a
monomial and T(m;) p; = T(¢); that a submodule of Pt is homogeneous if it is generated by homogeneous elements;
M(®) is clearly a homogeneous submodule of Pt.

DEFINITION 8 We say that Loc(P) has normal forms with standard representations iff:
for each ¢ € Loc(P)! - {0}, ® = Loc(P)! - {0}, there is y € Loc(P)}, s.t.
either y = 0 or M(y) ¢ M(®).
¢ -y =Z g ¢, gi € Loc(P) - (0}, ¢i € @, T(gi) T(¢;) <T($ - W)

NOTATION Let fj,..., f; € Loc(P) - {0), F := {f1,....fi}; let  « Loc(P) be an ideal s.t. Fc I.
Let p; := T(f;) and let T(-) and M(-) be defined in Loc(P)' as above.
Define
s:Pt— Pby s(Z gj ) := I gi M(fy);
then the kernel of s
Syz(M(f1),....M(fp} := Ker(s)
is the module of syzygies among {M(f}),...,M(fp}, which is a homogeneous submodule of Pt.
Define S : Loc(P)! — Loc(P) by S(T gj ¢i) := I g; f; and remark that if u is a homogeneous element in Ker(s), then
T(S(u)) < T(u).
If u is a homogeneous element in Ker(s), we say that u lifts to v € Ker(S) (v is a lifting of u) if M(v) = u.

1 The reasons we introduce the term "standard” instead of "Grobner" are two: )

i) there is an historical reason since standard bases (according to definition 7) were introduced for the ring of formal
power series by Hironaka in 1964, one year before Buchberger introduced GrSbner bases. An algorithm to compute standard
bases in formal power series rings, also under suitable computational assumptions, is still lacking, and the tangent cone
algorithm was actually the first algorithm for standard bases computations, in case the input is given by polynomials or
rational functions.

ii) while the theory of Grébner and standard bases is essentially the same, many of the most favorite characterizations
of Grébner bases cannot be generalized to standard bases, namely the rewrite-rule characterization.

So it is perhaps better to restrict the "GrSbner” terminology to the well-ordered cases and the "standard" one to all non well-
ordered situations.

2 In the applications, in analogy with the first section, p; = T(f;) for some set {fj,....f;} € Loc(P).
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Let U be a basis of Ker(s) consisting of homogeneous elements.

THEOREM 2 If Loc(P) has normal forms with standard representations!, the following conditions are equivalent:
1) F is a standard basis of 1
2) f € 1iff f has a standard representation in terms of F
3) for each f € Loc(P) - {0}:
i) if f € 1, then NF(f,F) = {0}
ii) if f ¢ I, then NF(f,F) = @ and Vh € NF(f,F),h #0.
4) F is a basis of I and for each u € U, u has a lifting
Proof: 1) = 3) Letf e Loc(P) - {0}. By assumption, f has a normal form w.r.t. F.
There are two cases:
1) NF(fF) = {0).
Inthiscasefe (F)clL
2) there is h € NF(f,F) - {0}
In this case, then M(h) ¢ M(F) = M(I), implyingh ¢ I;sincef-he (F)cl thenfe L
Moreover, if 0 € NF(f.F), then f € (F) c I, a contradiction, so 0 ¢ NF(f.F).
3HI=2) If f has a standard representation in terms of F, thenfe (F) c 1.
For each f € Loc(P), by assumption, there is h € NF(f,F) s.t. f - h has a standard representation in terms of F.
If f € 1, then NF(f,F) = {0}, so h = 0 and f has a standard representation in terms of F.
=1 We have just to show that if f € I, then M(f) e M(F).
Letf € I, m = M(f), f = Z g; f; a standard representation in terms of F. Let I := (i : T(g;) T(f;) = T(f)}.
Then m = M(f) = Zjc 1 M(g) M(fp) € M(F).
2)=4) Since each f € I has a standard representation in terms of F, in particular we have f € (F); soFisa
basis of I.
Letu € Uand let h = S(u). Then T(h) < T(u). So let Z g; f; be a standard representation of h and define v:=u- X gj e;.
Then S(v) =S(u) - Z gifi=h-h=0s0ve Ker(S).
Moreover T(g;) T(fp) < T(h) < T(u), so u = M(v).
4)=2) We show that each h € 1 has a standard representation.
Since h € 1, and F is a basis of 1, there is a representation h = Z; h; f;.
Let ¢ := (hy,....hpY € Loc(P)".
For each u € U, let lift(u) € Ker(S) be a lifting of U; let V := {lift(u) : u € U}.
By assumption, we know that there is ¢' = (h'1,....h') s.t. ¢ - ¢' € (V) and either ¢' = 0 or M(¢") ¢ (U) = M(V).
Then ¢ - ¢' € Ker(S) so X h'if; = S(¢") = S(¢) = h; therefore T(¢") = max{T(h';) T(f)) 2 T(h).
If T(¢") > T(h), let J := {j : T(h'}) T(fj) = T(¢")}, then M($") = Zje 3 M(hj) M(fj) = 0, i.e. ZjeJ M(hj) ¢jis a
homogeneous element in Ker(s), so M(¢") € (U) = M(V), while M(¢") ¢ M(V).

3 NORMAL FORMS AND NORMAL FORM ALGORITHMS IN LOCALIZATIONS

The reader can immediately verify that, if Loc(P) has normal forms with standard representations, then Theorem 2 is
sufficient to prove termination and correctness of the algorithm GrébnerBasis also for a tangent cone ordering which
is not a well-ordering, provided we substitute each call of NF, by a call of some algorithm which, given fe Loc(P), F
< Loc(P), returns a normal form g of f w.r.t. F, s.t. g - f has a standard representation in terms of F.
So our next step is obliged: we must give a constructive proof of the fact that, for a tangent cone ordering, Loc(P) has
nomal forms with standard representations.
We will discuss separately the following three cases:

1) normal forms in the polynomial ring for a degree anticompatible ordering

2) normal forms in the polynomial ring for any tangent cone ordering

3) normal forms in a polynomial module for any tangent cone ordering.
The reason is that case 1) is much more easy to describe and it gives an introduction for the more difficult case 2), while
case 3) is just needed for the proof of Theorem 2 but is not required in the algorithm, so, unlike the first two cases, its
proof is not relevant for the description of the algorithm.

3.1 Normal forms and normal form algorithms: the case of a degree anti-compatible ordering.

Let < be a degree anti-compatible ordering, i.e.

. for m;, mz € T, deg(my) < deg(m2) = mj) > my
and let uy := (-1,...,-1), so that w;(t) = -deg(t).
We will use the notation set up in §2.2.

1 The reader can verify that in the proof we need normal forms with standard representations only for ring elements, while for
module elements one just needs normal forms. We have chosen this formulation, since it is easier to express and (probably) it
is equivalent to the exact condition needed. We remark that, to generalize Buchberger and the tangent cone algorithms to
modules, one needs a different notion of standard representations for module elements.

2 Actually we should also give a proof that Buchberger criterion (Lemma 5) holds in this more general setting. Since in our
application F consists of polynomials and the proof never makes reference to the ordering, the proof of Lemma 5 can be
repeated verbatim.
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Since we are mainly interested in an algorithmic proof of the existence of normal forms with standard representations, it
is better to start with our trivial example 2.1 and try to understand how to modify the procedure NF in order that it halts
at least in that case, by using our new knowledge that in Loc(P), X = (1 - X) 1 (X - X?).
It turns out that we are able to explicitly obtain this representation, if we allow ourselves to reduce not just with
elements in the original set F but also with results of previous reductions. In fact we have, then:

h:=X,F:= (X - X2}, f:= X - X2, Red(h,f) = X2 '

h:=X2,F:= {X-X2,X),f:=X,Redh,f) =0
by which we reconstruct:

X2=XX

X=1X-X)+X2=1(X-X)+XX

X(1-X)=1X-X?

X=Q1-X) ! (X-X2).

Obviously, just allowing ourselves to enlarge the set of reductors is not sufficient to guarantee termination; actually
with most of Buchberger algorithm implementations, where the first reductor is always used, we would still have the
infinite computation:

h:=X,F:=(X-X2),f:=X- X2 Red(h,f) = X2

h:=X2 F:= (X -X2X}, f:= X - X2, Red(h,f) = X3

hi= X0, Fi= (X - X2X,...X™1), 1= X - X2, Red(h,f) = Xn+1

Assume however that, at some stage, we have to reduce a homogeneous polynomial and we can reduce it using a
homogeneous polynomial; the result will be again homogeneous and of the same degree. If from that point on we could
always reduce by homogeneous polynomials, we would find a sequence of homogeneous polynomials all of the same
degree and whose maximal terms form a decreasing sequence. Since there are just finitely many terms of some fixed
degree (or with a fixed value wi(t)), such a sequence should necessarily end either with 0 or with an polynomial which
is not further reducible, i.e. whose maximal term is not in the maximal term ideal.

To hope for such luck is nonsense; however, this scenario suggests us a strategy which, non trivially, can be proved to
guarantee termination:

at any stage reduce with an element (including the previous reduction results) in order to make the result "as
homogeneous as possible”.

We formalize this rough idea by introducing the notion of ecart, E(f), which actually measures how far a polynomial is
from being homogeneous:
iffe P- {0} define

E(f) := deg(f) - ord(f) € N.

LEMMA 9 1) Iff,ge P- {0}, te T iss.t. T(f) = t T(g), then E(Red(f,g)) < max(E(f),E(g))
2) if, moreover, E(g) < E(f) and E(Red(f,g)) = E(f), then ord(Red(f,g)) = ord(f).
Proof: i) For some ¢ € k-{0}, Red(f,g) = g - c t f; also ord(g) = ord(c t f), E(c t f) = E(f). So ord(Red(f,g)) =

ord(({: t g = &)n:(g) =: d and deg(Red(f,g)) < max{deg(c t f), deg(g)}. So E(Red(f,g)) < max{deg(c t f), deg(g)} - d <
max{E(f), E(2)}.
ii) ord(f) < ord(Red(f.g)) = deg(Red(f.g)) - E(RRed(f,g)) < deg(f) - E(f) = ord(f).

LEMMA 10 Let F c P - {0} be a finite set, gg € P - {0].
Then there is no infinite sequence go,...,8i,... with gj € P - {0} s.t,, denoting Fg :=F, F; :=Fj.; U {g;.1}:
1)V i20, M(g) € MF)
2) Vi 20, there is h; € F;j s.t. gj+1 = Red(g;,h;)
3) Vi20,if h'j € Fis s.t. T(h'}) divides T(g;) then max(E(g;), E(h;)) < max(E(g;), E(h'})).
Proof: Assume an infinite sequence gg,....gi.... with g; € P - {0} be given satisfying 1), 2) and 3).
Since there is just a finite number of terms t having a fixed degree deg(t) and T(gp) > T(gj+1) for each i, the existence of
such an infinite sequence implies that the sequence ord(g;) is not definitely constant. We want to show that the
assumptions imply that ord(g;) is a definitely constant sequence, giving a contradiction and proving that no infinite
sequence satisfying 1), 2) and 3) exists.
Since, for each a, E(gq+1) < max(E(gq)), E(hg)), denoting E := max{E(g) : g € F;}, we can conclude that for each «,
E(go) <E.
Define d; := min{d < E s.t. E(g;) = d for infinitely many r}.
Then there is an index Nj s.t. for r 2 Ny, E(g,) 2 d;. By Dickson Lemma there is an index Nj s.t. if E(g;) = dj, then
M(gy) is in the ideal generated by {M(gy) : u < Ny, E(gy) < dj}. Let N := max(Nj,N3}.
Letr 2 Nbe s.t. E(g,) =d;.
Then r 2 N; implies that E(gr41) = dj; we want to prove that E(gr41) = d;.
In fact, since r 2 N2 and E(g;) = d), there is h'y € F; s.t. T(h'y) divides T(g;) and E(h'y) < d;.
So E(gr+1) < max(E(gy), E(hy)) < max(E(gy), E(h'p) = d;.
We can therefore conclude that there is an index N's.t. for r 2N, E(g;) = dy, i.e. E(gr+1) = E(gr) 2 E(hy).
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By Lemma 9.ii) then we can conclude that for r > N', ord(g+1) = ord(g;), so the sequence ord(g;) is definitely constant,
giving the desired contradiction.

LEMMA 11 Let F c P - {0} be a finite set, gg € P - {0}.
Then there are go,...,gs with g; € P, and g; # 0 if i < s, s.t,, denoting Fg := F, F; := F;_.1 U {gi-1):

Vi 0<ic<s, M(g)e MF)

2)Vi,0<ic<s,thereis h; € F s.t. gi+1 = Red(g;,h))

3) Vi, 0<i<s,ifhj e Fjis s.t. T(h';) divides T(g;) then max(E(g;), E(hy)) < max(E(g;), E(h'))

4) either g5 = 0 or M(gs) ¢ M(F)

5) Vi,0<i<s, T(gs) < T(g;) and there are fj € Fj, ajj € Loc(P) and u;, a unit in Loc(P), s.t.

8i - uj gs = I aj; fj with T(ay) T(fj) < T(g)

Proof: 1), 2), 3) specify how to define recursively a (possibly infinite) sequence go,...,8i,..., while 4) specifies the
condition under which the sequence terminates.
Because of Lemma 10, a sequence satisfying 1), 2), 3) is necessarily finite; if its last element gs doesn't satisfy 4), then
M(gs) € M(F;), so a new element gs+1 can be added to the sequence.
Therefore, if gg,...,&s is @ maximal sequence satisfying 1), 2), 3) then g¢ necessarily satisfies 4).
Hence, we have just to prove 5).
If i = s-1, the thesis obviously holds, since, by construction, gs.1 =gs+cthwithce k- {0},te T,he Fg_1 and
T(gs) < T(gs-1) =t T(h).
So we can assume it holds for i, i.e.

gi = Z; aj fj + u; g, with aj € Loc(P), fj € Fj, uj a unit in Loc(P), T(gs) < T(g;), T(g) 2 T(a)) T(f;).
and prove it for i-1.
We have also g; =g;.; -cthwithce k- {0},te T, h € Fi.i, and T(g;) < T(gj.1) = t T(h).
Sogi.1=gi+cth=%;ajfj+cth+u;gs withhe Fij,fje Fi.ju {g.1]).
So,ifJ':= {j:fje Fi.1} andJ" := {j: fj=g;.1}:

gi-1=Zjer ajfj+ Cjer" aj) gi-1 +cth+uj g,

(1-Zje 3) 8i-1 =Zjerajfj+cth+u;gs.
Also T(gj.1) = t T(h) > T(g;) 2 T(a;) T(f;) for all j.
Soif j € J", T(aj) < 1 and, denoting q := Zje J* aj, T(Q) < 1,a := 1 - q is a unit in Loc(P).
Therefore gi.1 = Zjer a'! ajfj+cal th+ujal g is the required representation.

COROLLARY 2 Foreach f € Loc(P) - {0}, F c Loc(P) - {0}, there is h € Loc(P) s.t.
i) h is a normal form of f w.r.t. F
ii) f - h has a standard representation in terms of F.
Proof: If F is infinite, there is a finite subset F) < F, s.t. M(F) = M(F}). Clearly if h satisfies the thesis for Fp, it
satisfies it for F too. So we can assume F is finite, F = (fy,....f).
There are polynomials h, g, h;, g; with T(g) < 1, T(g;) < 1, s.t. f = (1+g)"1 h, f; = (1+g;)"1h;.
If p € Loc(P) is a normal form of h w.r.t. (hy,...,hp) and h - p = I a; h;, a; € Loc(P) is a standard representation, then
f-Q+g)ylp=2+gl1(1+g)aif;
is a standard representation in terms of F and so (1 + g)"! p is a normal form of f w.r.t. F.
So we are reduced to the case that f € P and F is a finite subset of P.
The proof in such case is an obvious consequence of Lemma 11.

Clearly, the following modified version of NF(go.F) allows to compute the g whose existence is proved in Lemma
11:
h := LNF¢(g.F)
where
g is a non-zero element in P
F c P - {0} is a finite set.
there is u a unit in Loc(P), s.t
u h is a normal form of f wr.t F
f - u h has a standard representation in terms of F
hi=g
F:=F .
While h # 0 and M(h) € M(F) do
F" = {fe F : T(f) divides T(h)}
Choose f € F" s.t. max(E(f),E(h)) < max(E(f),E(h)), V f € F"
F:=Fu (h)
h :=Red(h,f)

3.2 Normal forms and normal form algorithms: the polynomial case

First of all, we would like to reinterpret the result in Section 3.1 in the more general context of a tangent cone ordering.
We start remarking that if < is an ordering anti-compatible with the degree as in section 2, it is characterized by an array
of vectors (ui,...,uy) where uy = (-1,...,-1). Then if f = Z ¢; m;, c; € k-{0}, mj € T, m; >... > my, then
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E(f) = deg(f) - ord(f) = wy(m)) - wy(mp.
We could give this definition of ecart in the general case, but we recall that we used the fact that there were just finitely
many terms m with the same degree i.e. with wi(m) constant: in the general case this can be false (e.g. if uj = (1,
0....0) then each term m which is free of X is s.t. wj(m) = 0). While the result (and the algorithm) above can be .
applied, with the new definition of ecart, in the more general case:

for each d € Z, there are just finitely many terms t with wi(t) =d,
if this doesn't hold, we must make use also of the next "degrees” w,..., Wr.
So we say, foreach j<r: )

f € P =k[X].....Xn] is j-homogeneous of degree (dy,....dj) € ZJ iff

f=ZXcymy,c € k-(0}, m € T and for each |, for each i <j, wi(m) = d;.

Clearly:

1) f j-homogeneous of degree (dy.....d;) implies f i-homogeneous of degree (dy....,d;) fori<j

2) each polynomial can be written uniquely as a finite sum of j-homogeneous polynomial of different degrees.
Order Z lexicographically and define

iny(f) to be the j-homogeneous component of highest degree in the decomposition of f

deg;(f) := (w1(M(D),....w;(M(D)
(remark that for an degree anticompatible ordering inj(f) is in(f) and ord(f) = -wy (M(f)).
Clearly:

1) inj(f) = inj(iny(f)) fori < j

2) M(f) = M(iny(f)).

We can now measure "how far a polynomial is from being homogeneous” by the sequence E{(f),....E((f), defined as
follows:

i) f can be written as a finite sum of p 1-homogeneous polynomials f, of degrees €3, €1 > ...> ¢p. Define E;(f)
=e1-¢p€N.

ii) If f is a (j-1)-homogeneous polynomial of degree (di.....d;j.1), f can be written as a finite sum of p j-
homogeneous polynomials f), of degrees (dj....,dj-1.a), €1 > ...> €p. Define E;(f) := e; - ¢p € N. Then for f € P,
define Ej(f) = Ej(inj-l ).

So in practice we are measuring how far f is from being homogeneous w.r.t. wi, then how far in;(f) is from being
homogeneous w.r.t. wy, etc.

To give an example, let us consider < to be the converse of the lexicographical ordering on kX1, X3, X3] with X >
X2 > X3; it is characterized by u) := (-1,0,0), uz := (0,-1,0), u3 := (0,0,-1), so w;(t) = -degx(t) and with respect to this
ordering one has:

1>X3>X32>...>X2>X2X3>X2X325...5X2 >..5>X1>X1 X3>...> X1 X2 > ... X2 >...
Consider

fi=X12 + X312 X32 + X712 X2 X3 + X12 X22 + X12 X22 X3" + X4
where the monomials are in decreasing order w.r.t. <.
Then

wi(X12) = -2 wi(X1%) =4 E)(f)=2

ing(® = X12 + X12 X32 + X12 X2 X3 + X12 X322 + X2 X2 X3"

w2(X12)=0 waX12X22X3M=-2 Exf)=2
in2(f) = X312 + X312 X32

w3X12)=0 w3(X12X32) = -2 E3(f)=2
in3(f) = X;2

M() = X;2

Forf,ge P- (0}, s.t. T(f) =t T(g), for some t € T, define:
ind(f.g) := max {j: Ej(g) <Ej(f)}
For notational convenience, we will denote ing(f) := f.

REMARK Let g, h € P be s.t. M(g) = c t M(h) for some te T, c € k-{0}. Let g' := Red(g,h). Then:

1) If j is the minimal index s.t. inj(g) = inj(c t h), so that iny(g) = inj(c t h) for i > j, then:

If i < j then inj(g) # inj(c t h), deg;(g") = degi(g) = degj(c t h), ini(g") = inj(g) - inj(c t h), Ei(g") < max(Ej(g), Ei(h)).
Ifi=j then inj(g) = in;(c t h), deg;j(g) < deg;(g) = degj(c t h), E;(g") < max(E;(g), E;j(h)). '

If i > j, then inj(g) = inj(c t h), degi(g") < degj(g) = deg;(h), no relation holds among E;j(g"), Ei(g), Ei(h).

2) If i < ind(g,h) and in;.1(g) # inj.1(c t h), then E;(g") < Ei(g).

Let's go on with the example above and let
g:=X12+X12X32+X12 X2 X3
for which we have g = in)(g), in2(g) = ina(f), in3(g) = in3(f), E1(g) = 0, Ea(g) = 1, E3(g) = 2; ind(f,g) = 3.
Then g' := Red(f,g) = f - g = X12 X22 + X12 X22 X3™ + X;4, so that
deg1(g) = degi(g) = deg1(f) = -2
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in1(g) = X12 X2 + X1 2 X52 X3P = iny (f) - in1(g)
E1(g) = 2 = max(E; (f), E1(g))

dega(g) = (-2,-2) < dega(g) = (-2,0) = dega(f)

ing(g) = X12 X2 + X12 X22 X3"

E2(g") = 0 < max(E2(f), E2(g))

deg3(g) = (-2,-3,0) < deg3(g) = (-2,0,0) = deg3(f)
in3(g) = X12 X22

E3@g)=n

In the case of a degree-anticompatible ordering, our reduction strategy was to reduce f by a g s.t. either E(g) < E(f) or
E(g) was minimal among all possible choices. We are generalizing that strategy as follows:
when reducing an element g by a set F, we are going to choose h € F s.t.
for all ' € F with T(g) multiple of T(h")
ind(g,h) < ind(g.h’)
if i := ind(g.h) = ind(g,h’) <1, Ej+1(h) < Ej+1(h")

LEMMA 12 Let Fc P - {0) be a finite set, gg € P - {0].
Then there is no infinite sequence go,...,g;,..- with gj € P - {0} s.t., denoting Fg :=F, F; :=Fj_1 U {g;-1}:

1) Vi20, M(g) € M(F)

2) Vi 20, there is h; € F; s.t. gi+1 = Red(g;,h;)

3)Viz0,ifh’; e Fis s.t. T(h'p divides T(g;) then

ind(g;,h;) < ind(g;,h")
if p = ind(gj,hy) = ind(gi,h'y) <, Ep1(hy) S Egy1(h'D)

Proof: Assume an infinite sequence go,....8j,... with gi € P - {0} be given satisfying 1), 2) and 3).
Let, for each o, cy € k-{0}, mg € T bes.t. gu+1 = ga - Co Mg hgy.
Since there is just a finite number of terms t having a fixed degree deg,(t) and T(g;) > T(g;+1) for each i, the existence of
such an infinite sequence implies that the sequence deg,(g;) is not constant, and so there is a minimal p s.t. the sequence
degp(gi) is not definitely constant. We want to show that the assumptions imply that degp(g;) is a definitely constant
sequence, giving a contradiction and proving that no infinite sequence satisfying 1), 2) and 3) exists.
The existence of a minimal p s.t. the sequence degp(gj) is not definitely constant, implies that there is No s.t. degj(g;)
is constant for j < p and i 2 Ng.
For a 2 Ny, the following hold:

i) since deg;(ga) = degj(8a+1) for all j < p, inj(ga) # co Mg inj(her)

ii) because of i) and Remark 1), Ej(ga+1) < max(E;j(ga)), Ej(ha)) for all j<p
So, for j<p, let E; := max{Ej(g) : g € PN°+1}; we can conclude that:

for j < p, for each a > Ny, Ej(ga) < E;.
Define dp := min{d < Ep s.t. Ep(g;) = d for infinitely many r 2 Np}.
Also for j = p-1,...,1 define

d; := min{d < E; s.t. E;(gy) = d; for i > j, E;(gy) = d for infinitely many r 2 No}.
Then there is an index Nj s.t. for r 2 Nj:

Ep(gd) 2 dp

for 1 < j <p if Ei(gy) = d; for i > j then E;(g) 2 d;.
Consider the set

M := (M(g)), Ei(gr) =dj for 1<i<p}
By Dickson Lemma there is an index N2 s.t.

if M(g;) € M then it is in the ideal generated by {M(gy) : u < N2, Ei(gy) < djfor 1 <i<p)
Solet N := max{Ng,N1,N2].
Letr2Ns.t Ej(gy)=difor1<i<p.
Then r 2 N implies that either

Ei(gr+1)=difor1<isp
or there is j, 1 € j <p, s.t.

Ei(gr+1) = Ei(g) = difori>j

Ej(gr+1) > d;
We want to show that the second case cannot occur.
In fact since r 2 N2 and M(g,) € M, there is h'y € F; s.t. T(h'y) divides T(gy) and E;(h'y) < d; fori= 1...p.
In particular j < p < ind(gr,h'y) < ind(gr,hy); S0, since inj.1(gr) = ¢ My inj.1(hy), then E;(gr+1) < Ej(g) < dj, by Remark
2). ‘
Vze can therefore conclude that there is an index N' s.t. forr2 N

Eij(gr) =djfor1<j<p.
If degp(gr+1) < degp(gy). then p = min(i : in;(gs) = ¢; my inj(hy)} (since inj(gy) # c; my in(hy) for i < p) and then dp =
Ep(8r+1) < max {Ep(gn), Ep(hy) < dp (the inequality being a consequence of Remark 1), a contradiction.
This implies that degp(gy) = degp(gN) for r 2 N' and gives the desired contradiction.
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LEMMA 13 Let F < P - {0} be a finite set, gg € P - {0].
Then there are gg.....gs with g; € P, and g; # 0 if i < s, s.t,, denoting Fg := F, F; := Fi.j L {gi-1):
1) Vi,0<i<s, M(gj)e MF)
2)Vi,0<ic<s,thereis h; € Fj s.t. gi+1 = Red(gj,hj)
3) Vi, 0<ic<s,if b e Fjiss.t. T(h}) divides T(g;) then
ind(g;,hy) < ind(g;,h%)
if 1 1= ind(g;hy) = ind(g;h') < 7, Ey+1(h9) S By ()
4) either gg = 0 or M(gs) ¢ M(F)
5) Vi, 0<ic<s, T(gs) < T(g;) and there is u;, a unit in Loc(P), s.L.
u; g5 is a normal form of go w.r.t. Fi_q
g; - u; & has a standard representation in terms of F;_1
Proof: Repeat verbatim the proof of Lemma 11.

COROLLARY 3 For each f € Loc(P) - {0}, F € Loc(P) - {0}, there is h € Loc(P) s.t.
i) h is a normal form of f w.r.t. F
ii) f - h has a standard representation in terms of F.

REMARK LetR be aring s.t. P < R c Loc(P) and for each ideal I c R, for each f, there is g € NF(f,I). Then R =
Loc(P) (cf. Prop. 6). So Loc(P) is the smaller ring available to have standard basis theory and algorithms.

In fact, if f € Pis s.t. T(f) <0, 1 - f is invertible: consider the ideal I = (f - £2) and the element f; since T(f) < 1, T(f2)
< T(f), M(f - £2) = M(f), M(D) = M()); let g € NF(f]); if g # 0, then, for some pe R,f-g=p (f - f2), so
M(g) = M(p) M(f) € M(I), a contradiction; therefore fe I,f=p(f- f2), for some p € R, and, dividing by f, 1 =p (1 - f)
inR. SopistheinverscinRof 1 - f.

3.3 Normal forms and normal form algorithms: the module case

PROPOSITION 8 If < is a tangent cone ordering, then Loc(P) has normal forms with standard representations.
Proof: First of all we need to extend to the module Pt all the relevant notation, as in § 3.2.
We start by extending the notion of j-homogeneous element to P*; we recall that there are terms p;,..., p s.t. T(ej) =
Hi.
We say that ¢ = (f1,...,f) € P, is j-homogeneous of degree (dy.....dj, j <, iff:

for each i, either fj = 0 or fj y; € P is j-homogeneous of degree (d;.....d;).
We can then extend the functions in; and the notion of ecart to Pt as follows:
clearly each ¢ € Pt can be written as a finite sum of j-homogeneous elements ¢, of different degrees (d1)....,dja); order
Zi lexicographically and define: '

inj(¢) to be the j-homogeneous component of highest degree in the decomposition of ¢

deg;(¢) := degj(in;(¢)) = (W1(T(9)).....w;(T($))

¢ can be written as a finite sum of p 1-homogeneous elements ¢, of degrees(d.....d;-1.e3), €1 > ...> €p; define
Ej(¢):=e;-¢ep€ N.

for a (j-1)-homogencous ¢ € Pt of degree (d1,...,dj-1). ¢ can be written as a finite sum of p j-homogeneous
elements ¢), of degrees(dy,...,dj.1,€3), €1 > ...> €p; define E;j(¢) :=e1 - ep € N; then for ¢ € P!, define Ej(9) :=
E;j(in;j.1 (9)).
We need now to define a strategy for reductions, generalizing the one of Lemmata 10 and 12, and reminding that (¢f. the
proof of Lemma 3) "reductions” for modules involve more than one reductor at each step.
So, for y € Pt, & c Pt define:

D(y.i) := (M(9): ¢ € @ s.t. Ej(¢) <Ej(y) forj=1...i)
Clearly ®(y,s) c ®(y.s-1) c ... c D(y,1)
Fori=0...s-1, ford € N define

O(y.i.d) := (M(9) : ¢ € D s.L.Ej(9) <E;(y) for j=1...i, Ei($) < d)
Clearly ®(y.i.d) c (y,i,d+1)  ©(y,i) and O(y,i+1) = D(Y,i.E;41(Y))-
Let y € P if M(y) € M(®) then there is a maximal j := ind(y,®) s.t. M(y) € ®(y,j). Then (unless j = r) there is a
minimal d := E(y,®) s... M(y) € ®(y,j,d).
An optimal representation of M(y) in terms of M(®) is then a homogeneous representation M(y) = X cg mg M(¢¢)
with cg € k, mg € T, g € D(yj.d) with j = ind(y,®), d = E(y,P), mg T(da) = T(Y).
We remark the two following facts:
Let ye P, ® c P, M(y) = Z cq mg M(9q) be an optimal representation in terms of M(®), y] := y - Zcg mg $o.
Then:
1) If j is the minimal index s.t. inj(y) = Z cqg mq inj(¢g), S0 that inj(y) = Z cq mq ini(@q) for i > j, then:
Ifi < j then ini(y) # Z cqa mq ini(9q), degi(y]) = degi(y) = degi(Z co mq Pa). ini(W}1) = ini(y) - Z cq mg ini( Pg),
Ei(yi1) < max(E{y), Ei(¢pa)).
Ifi=] theninj(y) = Zcama inj(dq), degj(y]) < degi{y) = deg{Z ca mqa ¢, Ej(y1) < max(Ej(y), Ej(¢q))
2)Ifi <ind(y,®) andini.)(y) # Z cq mg ini_|(9q), then Ei(y]) <Ei(y) (again denoting ing(¢) := ¢).
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We can now turn to prove the proposition.
First of all we remark that, by the same argument of the proof of Corollaries 2 and 3, we can restrict to prove:
for each ¢ € P* - {0}, D a finite set in P* - {0}, there is y € P, s.t.
either w=0or M(y) € M(D).
¢-v=2Xgi¢igi € Loc(P) - {0}, pi € @, T(g;) T(¢;) ST(¢-y)
The thesis derives then by the following two claims:
CLAIM 1 Let @ c P! - {0} be a finite set, yp € P - {0}
Then there is no infinite sequence y....,Vi.... with y; € P* - {0} s.1., denoting ®g := D, D; := @j.] U {yi.1}:
1) Vi20, M(y;) e M(d;)
2)Vi20, there are cig € k. miq € T, ¢pijq € D;s.t. M(y;) = Z cig mix M(dj) is an optimal representation,
Vi+l = Vi - X Cia Mia Yia
CLAIM 2 Let & c P! - {0} be a finite set, yp € P* - {0}.
If wo.....Ws with y; € P!, y; #0 for i < s, are s.t., denoting @g := @, @; := ®;.; U {y;.1}:
N)Vi,0<i<s, My;) e M(®)
2) Vi,0<Si<s, therearecig€ k., mig € T, §jqg € D; s.t. M(y;) = Z ciq mijqg M(Piq) is an optimal
representation, Wi+ ] = Y - X ciqg Mia dia
3) either yg = 0 or M(ys) € M(D)
then:
4) Vi, 0<i<s, there are qig € Loc(P), uj, a unit in Loc(P), s.t.

Vi-uj Ys = X giq $ia With ¢ia € Fi, T(qia) T(9ic) ST(y; - uj ys)
Derivation of the thesis by the claims: 1) and 2) specify how to define recursively a (possibly infinite) sequence
Y0,---Wi,...; because of Claim 1), such a sequence is necessarily finite and then a maximal sequence g,...,Yi,...,¥s
satisfies 3) too. Because of 3) and Claim 2), then ug ;s satisfies the thesis.

Proof of Claim 1: Assume an infinite sequence yo,...,V;,... with y; € Pt - {0} be given satisfying 1), 2).
Since there is just a finite number of terms t s.t. deg(t) assumes any fixed value, and T(y;) > T(y;+1) for each i, the
existence of such an infinite sequence implies that there is a minimal p s.t. the sequence degp(y;) is not definitely
constant. We want to show that the assumptions imply that degp(y;) is a definitely constant sequence, giving a
contradiction and proving that no infinite sequence satisfying 1), 2) exists.
The existence of a minimal p s.t. the sequence degp(v;) is not definitely constant, implies that there is Np s.t. deg;(y;)
is constant for j < p and i 2 Np.
For i 2 Ny, the following hold:
i) since degj(yi) = degj(Vi+1) for all j < p, inj(y;) # Z cig Miq inj(dic)
ii) because of i) and of remark 1) above, Ej(yi+1) < max(E;j(yy)), Ej(¢io)) for all j<p
So, for j < p, let Ej := max{Ej(y) : y € d’No*l }; we can conclude that:
for j < p, for each i > Ny, Ej(y;) S E;.
Define dp := min{d < Ej, s.t. E5(yy) = d for infinitely many r 2 Np}.
Also for j = p-1,...,1 define
d; := min{d < E; s.t. Ej(yy) = d; for i > j, E{(yy) = d for infinitely many r 2 No}.
Then there is an index Nj s.t. for r 2 Nj:
Eo(¥p) 2 dp
for 1 <j < p if Ej(yy) = d; for i > j then Ey(yy) 2 d;.
Consider the set
M := (M(yy), Ei(wy) = dj for 1 Si<p}
By noetherianity there is an index Nj s.t.
if M(y;) € M then it is in the submodule of P* generated by {M(yy) : u < N, Ej(yy) < djfor 1 £i<p)
So let N := max{Ng,N,N2}.
Letr2Nbes.t Ei(yy)=difor1 <i<p.
Then r 2 N implies that either
EiWr+1) =difor1<i<p
or there is j, 1 < j <p, s.t.
Ei(¥r+1) = Ei(yy) = dj fori>j
E;j(Wr+1) > 4
We want to show that the second case cannot occur.
In fact since r 2 N2 and M(yy) € M, then M(yy) € ON,(¥r. p) = (M(y) € ON,: EJ(\v) <Ej(yy) forj<p].
So ind(yr.®y) 2 p 2 j. Therefore Ej(yr+1) < Ej(yy) < dj, by remark 2).
We can therefore conclude that there is an index N' s.t. forr 2 N'
Ei(yp =djfor1<j<p.
If degp(Wrs1) < degp(yy), then p = mini : ini(yy) = I crq Mg ini(brc)) (since ini(Wr) # E crey My ini(@ra) for i < p)
and then dp = Ep(¥r+1) < max (Ep(¥r), Ep(9ra)) < dp (the inequality being a consequence of remark 1) ), a
contradiction.
This implies that dego(yr) = degp(WN) for r 2 N' and gives the desired contradiction.
Proof of Claim 2: If i = s-1, the thesis obviously holds, since, by construction, Ys.1 = Ys + Z Cs.1q Ms- 10 Ps-10
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with ¢5.1¢ € D51 and T(ys) < T(Ys.1) = mg_1o T(9s-10) Ver.
So we can assume it holds for i, i.e.

Vi = I Qi dia + Uj Ws With gjo € Loc(P), ¢ija € Pj, uj a unit in Loc(P), T(ys) < T(¥i), T(@ia) T(dix) <
Ty :

and prove it for i-1. _
We have also y;j = ¥j.1 - Z Ci-1a Mj-1a $i-1a With ¢i.1g € k - {0}, Mj.1q € T, ¢i-10 € Pj.1, and T(y;) < T(yi-1) =
m;.1o T($i-10) Vo
So ¥i-1 = ¥j + I Ci.1a Mi-1a ®i-1a = Z Gia Pic + I Ci-1a Mi-1a $i-1a + Uj Vs, With ¢i.10 € Di.1, dia € Pi-1 U
{wi-1).
So,if J' := {0 : djq € Di.1} and J" := {& : djo = V¥i-1):
¥i-1 = ZaeT ia dio + Cael” Qi) Vi-1 + Z Ci-1a Mi-1a $i-10 + Ui Ys
(1 - Zge T Gia) Vi-1 = ZaeT Gia dia + I Ci-1a Mi-1a -1 + Uj Y.
Also T(yj.1) = mj_.1ja M(¢i-1e) > T(¥3) 2 T(qiax) T(icx) for all a.
Soif o € J", T(q;) < 1 and, denoting q := ZgeJ” Gia, T(Q) < 1, u :=1 - q is a unit in Loc(P).
Therefore .1 = ZaeJ ! Gio dia + Z Ci-10 U™} Mj.1¢ 0i-10 + u! uj s is the required representation.

4 THE TANGENT CONE ALGORITHM
4.1 The tangent cone algorithm: basic version

From the results of the previous section and of §2.3, correctness and termination of the following algorithms LNF(g,F)
and StandardBasis(F) (whose subroutine SyzBasis(F,U) is the same as in §1.3) follow easily, when < is a tangent
cone ordering:

h:=LNF(g,F)
where
g is a non-zero element in P
F c P - {0} is a finite set.
there is u a unit in Loc(P) s.t.
u h is a normal form of f wr.t. F
f - u h has a standard representation in terms of F
hi=g
F:=F
While h # 0 and M(th) € M(F) do
F":= {f e F : T(f) divides T(h))
Choose f € F" s.t. p := ind(f,h) 2 ind(f,h) V f € F" and 41 (D) <Ey () VI e F,ind(fh) =p

F:=F v {h}

h :=Red(h,f)
G := StandardBasis(F)
where

F :={f}.....f;) < P - {0} is an indexed set of non-zero elements in P.
G c P - {0} is a standard basis for the ideal I := (fy,....f)

B := SyzBasis(G,B)
While B+ @ do

Choose (i,j) € B

B:=B- {(ij)}

h := 8(o(i,j))

h := LNF(h,G)

If h # 0 then
t=t+1
fi:=h
G:=Gu {fy)
B := SyzBasis(G,B)

We just remark that LNFg can be used instead of LNF, anytime for each d € Z, there are just finitely terms t with
wi®) =d.

EXAMPLE We give here an example of the algorithm:
Let P := Q[X,Y,Z] and let < be the ordering on T, associated to the following array of vectors:
(-1,-1,-1), (0,0,-1), (0,-1,0).
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We explicitly remark that this is a degree anti-compatible ordering, so the easier notion of ecart introduced in 3.1 can be

For such ordering we have:
1>X>Y>Z>X2>XY>Y2 >XZ>YZ2>22 >...

Let: :
fi=XZ-YZ-Y2Z T(f) = XZ E(f) =1
fp:=XZ-YZ+Y2Z T(f2) = XZ E(fp) =1
f3:=Z+Y2Z T(f3)=2 E(f3) =2

We want to compute a standard basis of I = (f},f2,f3).
Since a minimal homogeneous basis of Syz(M(f1), M(f2), M(f3)) is {6(1,2), 6(1,3)}, we start with:
hy :=S(6(1,2)) =1} - f, =-2Y2Z T(hy) = Y2Z E(h;)=0
hy :=Red(h;, f3) = hy +2 Y2 f3 = 2Y4Z T(hy) = Y4Z E(hp) =0
We can now reduce hj with h; (actually we must since E(h;) = 0 < E(f3)) and we get:
Red(ha, hy) =hy + Y2 hy =0.
We can then reconstruct a standard representation of hj as follows:
hy1=-2Y2f3+hy
hy=-Y2h;
sohy=-2Y2f3-Y2hy, hy =-2 (1 +Y2)1 Y23 (¢f. the reduction of X by {X-X2}).
Then we go on with:

h3:=S(c(1,3)=f -Xf3= - YZ-Y2Z - XY2Z T(h3) = YZ E(h3)=2

hg :=Red(h3, f3) =h3 + Y f3 =-Y2Z - XY2Z + Y3Z T(hg) = Y2Z E(hg) =1
We can now reduce either with f3 or h3; choosing f3 we obtain:

hs := Red(h4.f3) = hg + Y2 f3 = - XY2Z + Y3Z +Y4Z T(hs) = XY2Z E(hs) =1
so the next reduction can be done either with f}, f2 or hg but not with f3; we choose f3, obtaining:

hg := Red(hs, f1) = hs + Y2 fy = 2Y4Z T(hg) = Y4Z E(hg)=0
The next reduction can be performed with hg, not with f3 or h3, since E(hg) < E(hg) < E(f3) = E(h3); we get:

h7 := Red(hg,hg) = hg + 2 Y2 hy = - 2 XY4Z + 2YZ T(hy) = XY4Z E(hy)=1

For the next reduction we can choose fy, fa, hg, hs or hg; choosing hg we get:
hg := Red(h7, hg) =h7 + X hg =2 Y5Z

and then:
Red(hg, hg) =hg - Y hg = 0.

From this we reconstruct a standard representation as follows:

h3=-Yf3+hy
hg=-Y2f3+hs
hs =- Y2 f, + hg
hg=-2Y2h4 +hy
h7=-Xhg + hg
hg=Y hg
SO
hg=-2Y2hg-Xhg+Y hg
hg=-2(1+X-Y)!Y2hy
hy=-Y2f3-Y2f)+hg=-Y2f3-Y2f,-2 1+X-Y)1 Y2
SO
1+X-Yhg+2Y2hy=(-Y2-XY2+Y3)f3+(-Y2-XY24+Y3)f,
and

ha=(1+X-Y+2Y2) 1 (Y2.XY24+YH)f3+(1+X-Y+2Y2)1(-Y2-XY24+Y3)fp
h3=-Yfi3+(1+X-Y+2Y2) !l (Y2-XY2+Y)f3+(1+X-Y+2Y)1(-Y2-XY2+Y3)fy =
=(1+X-Y+2Y)l (Y -XY-XY2-Y)Hf3+(1+X-Y+2Y2)1(-Y2-XY2+Y3) fp
So the original basis is a standard basis; after eliminating elements corresponding to redundant generators of M(I) = (Z),
we are left with the standard basis {f3}; in fact, visual inspection would have been sufficient to remark that, in Loc(P),

1=0).
4.2 Improvements to the tangent come algorithm: enlarging the set of simplifiers

The only difference between Buchberger algorithm and the tangent cone algorithm as presented above is in the
subroutine for normal form computation and the difference can be easily explained stating the set of simplifiers used in
NF is fixed and global (being the current basis G), while the one used in LNF is variable (new elements being added
during the computation) and local (the added elements are forgot at termination).

We can clearly improve the performance of LNF if we globalize the set of simplifiers, i.e. if we use also simplifiers
produced by previous calls of LNF; that's because in the enlarged set, there being more elements, there are more
chances to find a simplifier f s.t, say, E;(f) < E;(h) for all j.

To avoid storage of too many simplifiers, we can drop out those simplifiers which are clearly redundant: if f, g are s.t.
T(f) divides T(g) and Ej(f) < E;(g) for all j, any time g can be used to reduce h, f can be used instead.
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We are then lead to the following formal definition of simplifiers:
DEFINITION 9 H c P is a set of simplifiers for F c P iff Vh € H, h has a standard representation in terms of F

and to the formalization of the discussion above in the statement of the following propemes of sets of simplifiers,
where we say that h; makes h redundant if

T(hy) divides properly T(h) and Ejhy) < Eh) Vj:

LEMMA 14 Let F c P - {0} be a finite set, let H ¢ P - {0} be a finite set of simplifiers for F. Let H; ;= (he H:
there is no h' € H, s.t. T(h') divides properly T(h) and E;(h’) < E;(h) Vj}. Let f € P-{0). Then:
1) f € P - {0} has a standard representation in terms of F iff f has a standard representation in terms of H.
2) H; is a set of simplifiers for F (called a minimal set of simplifiers)
3)Ifh € H - Hy, there is hy € Hy which makes h redundant.
4)If h € His s.t. T(h) divides T(f) and V h' € H s.t. T(h") divides T(f)
ind(f,h) 2 ind(f,h")
if p := ind(f)h) = ind(f,h") < r then E} 11 (h) < Ey41(h")
then there is hy € Hj s.t. T(hy) divides T(f) and V h'e H s.t. T(h) divides T(f)
ind(f,h1) 2 ind(f,h")
if v := ind(f,h;) = ind(f,h") < r then Ey4+1(h1) £Ey+1(h")
Proof: 1) Let g = Z; q; hy, g; € Loc(P), hj € H be a standard representation in terms of H.
For each h;j let hj = Z; g;j fj, gij € Loc(P), fj € F be a standard representation in terms of F.
Then g = Z; j q; qjj fj is a standard representation in terms of F.
2) and 3) are trivial
4) Either h € Hj, and there is nothing to prove, or h ¢ Hj, and there is hy € H; which makes h
redundant. Then T(h;) divides T(f); for j < u, Ej(h1) < E;(h) < E;(f), so v 2 and (by the maximality of p) v = .
Moreover E;4+1(h;) < Ep+1(h) S Ep41(hy).
So V h'e H s.t. Th") divides T(f):
ind(f,h1) = ind(f,h) 2 ind(f,h")
if ind(f,h) = v =y then Ey41(h1) = Ey41(h) < Ey41(h).

This leads immediately to the following version of the tangent cone and the normal form algorithms:

Hj := Simp(H,h)

where
H is a minimal set of simplifiers for some set F
he P
H; is a minimal set of simplifiers for F U {h)
H =0
Repeat
Choose fe H
H:=H- (f}
If h doesn't make f redundant then
H; :=Hj v {f)
until f makes h redundant or H = @
If f makes h redundant then
H; =HyUH
else
H; :=Hj v {h)

(h,H}) := SimpLNF(g,F,H)
where
g is a non-zero element in P
F c P - {0) is a finite set
H is a minimal set of simplifiers for F
there is u a unit in Loc(P) s.t.
u h is a normal form of f wr.t. F
f - u h has a standard representation in terms of F
H; is a minimal set of simplifiers for F U {h})
h:=
H :=g H
While h # 0 and M(h) e M(H;) do
Hj := {f € Hy : T(f) divides T(h)}
Choose f € Hp s.t. u := ind(fh) 2 ind(f,h) V f' € Hp and 41 (f) < Eu+1(f) V £ € Hp, ind(fh) = p
Hj := Simp(H;,h)
h :=Red(h,f)
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G := SimpStandardBasis(F)

where
F :={f},....f;}] c P - {0} is an indexed set of non-zero elements in P.
G c P - (0} is a standard basis for the ideal I := (fy.....f)

G:=(f1)
H:= {f1)
B=0
Fori=2...tdo
G:=Gu (fj)
B := SyzBasis(G,B)
H := Simp(H,f)
While B # @ do
Choose (ij) € B
B :=B - {(iyj)}
h := $(o(i,j))
(h,H) := SimpLNF(h,H)
If h# 0 then
ti=t+1
fl :=h
G:==Gu {ft)

B := SyzBasis(G,B)
H := Simp(H,fp)

EXAMPLE Let us now compute the previous example with SimpStandardBasis:
Again we have B = {(1,2), (1,3)}; from (fj, f2, f3} we return the minimal set of simplifiers H = {f, f3}; then we start
with:

h) :=S(6(1.2) =) - f2 = - 2Y2Z T(hy) = Y22 E(h)) =0
We add h; to the set of simplifiers since its ecart is less than the one of its divisor f3, H = {f3, f3, h1)
hy :=Red(h;, f3) =hy + 2 Y2 f3 = 2Y4Z T(hy) = Y4Z E(hp)=0

We don't add h3 to H (since E(h;) < E(hy)) and we go on with:
Red(hg, h1) =ha + Y2 h; = 0.
Then we go on with:

h3:=S(0(1,3)=f; -Xf3= - YZ-Y2Z -XY2Z T(hs) = YZ E(h3)=2

hg :=Red(h3, f3) =h3 + Y f3 =-Y2Z - XY2Z +Y3Z T(hg) = Y2Z E(hg) =1
The computation differs now from the previous one because of the presence of h; in H; we get the shorter reduction
sequence:

hg :=Red(hg,hy) =hg-1/2h; = - XY2Z + Y3Z T(ho) = XY2Z E(hg)=0

h1o :=Red(hg, hj) =hg - 12X h; = Y3 Z T(h10) = Y3Z E(hj0)=0

Red(hyo, hj)=hjo+ 12 Y hy =0
producing the standard representation:

h3=-Yf3+hy

hg=1/2h; +hg

hg =122Xhy +hyg

hig=-12Y Iy

SO
hy=12(1+X-Y)h
and substituting the standard representation of hy, hy =-2 (1 + Y2)-1 Y2 f3:
ha=-(1+Y>1(Y24+XY2-Y3)f3.
So, having saved results of previous reductions has shortened the computation; we remark however that
SimpStandardBasis is clearly very dependent on the ordering in which reductions are performed; if we had chosen to
compute S(0(1,3)) before S(5(1,2)), the computation would have been more or less the same than for StandardBasis.

4.3 Improvements to the tangent cone algorithm: early termination tests

Let us assume that the set F is s.t. there are only finitely many terms not belonging to M(F). This happens when F is a
standard (or Gribner) basis of a 0-dimensional ideal I (those ideals which have only finitely many zeroes), and occurs in
the applications of the tangent cone algorithm related to the study of isolated singularities (cf. § 6.2).

If this occurs there isa term t s.t. ) € M(F) V 1; <tl.

So, if f is s.t. T(f) < t, then NF(fF) = {0); in fact, if g # 0 is a normal form of f, then T(g) < T(f) < t, implying M(g)
€ M(F), while, by definition of normal form, M(g) ¢ M(F).

1 This fact is absolutely of no help for Grobner bases; in fact 1 is then the minimal term and either 1 € M(F), I is the whole
ring, and, detecting that, the algorithm is forced to terminate; or t = 1, and the remarks above don't help at all.
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Therefore, if there is a term t s.t. t; € M(F) V t < t, and in the computation of the normal form of f € P w.r.t. F, we
obtain h € P s.t. T(h) < t, we can conclude that NF(f,F) = {0} and we can force an immediate termination of the normal
form computation.
Also, if T(i,j) < t, then T(S(0(i,j)) < t, and we know that the normal form of S(o(i,j) is necessarily ol
With this in. mind, we need therefore:

1) to recognize if there are only finitely many terms not belonging to M(F)

2) to find the minimal termte M(F)s.t. t1j € MF) V t; <t.

The first problem is easy to solve, because of the following well-known fact:
REMARK There are only finitely many terms not belonging to M(F) iff for each i, Xiai € M(F) for some &;

A solution to the second problem which is both efficient and holding for the general case seems difficult to obtain, so
we restrict our discussion to those orderings s.t.

Xj<1foreachi
where an efficient solution can be achieved and which covers the orderings used in the known applications (study of
isolated singularities) in which one can expect to work with a 0-dim. ideal.

Let M = {mi,....m;} c P - {0} be a finite set of monomials, M the ideal generated by M. Assume that for each i there
is &j s.t. xi5i e M.
Define:

Comp(M) := {te T : te M}, the complementary of the ideal generated by M

MinComp(M) to be the minimal term t € M s.t. t) € M V t; <t (the minimal term in the complementary of
the ideal generated by M)

Comers(M) := {te M : X; t e M Vi}, which is the set of the elements of Comp(M) which are maximal for the
divisibility property2.

LEMMA 15 1) MinComp(M) € Corners(M).

2) Comers(M) := {t € Comp(M) : t doesn't properly divide t' Vt' € Comp{M))
Proof: 1) By definition t := MinComp(M) ¢ M. Since t is the minimal element in Comp(M) and X; < 1, then Xj t <
t,s0 Xjte M Vi,

2) is obvious

So we obtain MinComp(M) if we are able to compute Corners(M). To compute the latter, we propose an "incremental”
algorithm, which, just with small adjustments, given Corners(M), allows to compute Comners(M) for M; =M U (m},
together with an obvious computation of Comers(M) for M = {x151,...,x,,5n}
It is based on the following result, where My denotes the ideal generated by M1, and on the following operations on
terms t, m, where m is multiple of Xj:

let o be the exponent of X;in t, B =y + 1 > 0 the exponent of X; in m, ¥ := min(c, B-1); denote by A;(t,m)
the term which is obtained from t substituting X;* with X;7, i.e. A;(t,m) =t / X;{®7;
remark that if m divides t (as in the following application), then y= B-1.

LEMMA 16Ift, m € T, either:

i) m doesn't divide X; t for all variables X

ii) m doesn't divide t and divides X; t for just one variable X;

iii) m divides t
Proof: We have just to show that if m divides both X; tand X; t, i # j, then it divides t. But this is immediate since
then t divides G.C.D.(Xit, Xjt) = t.

LEMMA 17 1) If M = (X;91,.... X8} then Comers(M) = {X;91-1...X,5n"1}
2) Comers(M)) < (t € Comers(M) : t is not multiple of m} U {Ai(t,m) : t € Corners(M), t multiple of
m, i s.t. Xj divides m}

1 We have never discussed the strategies which can be applied for the various Choose commands in the algorithm.

Both for Grobner bases and for standard bases, a sensible choice for the next pair (i,j) € B is to choose (i,j) s.t. T(i,j) is not

properly divided by any other T(a.,B).

glor Grébner bases, this is usually implemented by choosing (i,j) s.t. T(i,j) is minimal according to < (if m properly divides m’,
enm <m').

In the case of an ordering s.t. X < 1 Vi, if m divides m’ then m > m), so the corresponding choice is to choose (i,j) s.t. T(i,j) is

maximal according to <. For such an ordering and with this strategy, if at some stage (i,j) is chosen with T(i,j) < t, then for each

(a.B) € B, T(,B) < t; therefore immediate termination of the algorithm can be forced.

For a discussion of good strategies for Choose commands in Buchberger algorithm, cf. [T-D]

2 If terms are represented as points in an integral lattice (the coordinates being given by the exponent vectors), a monomial

ideal looks like a stair. The elements of Comers(M) are exactly the concave corners of the complementary of M.
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3) IfT is s.t. Comers(M) < I' c Comp(M), then Corners(M) = {t € I" : t doesn't properly divide t' Vt' e

Proof: 1) Let t := X181-1.. X 8n-1, Then clearly t ¢ M. If t; doesn't divide t, then t; is multiple of X; t for
some i, so it is multiple of Xisi.

2) Lett € Corners(M)); then Xjt e Mj for each i. Since t ¢ My, so that m doesn't divide t, we have
two cases: -
i) m doesn't divide X t for all variables X;: in this case X; t € M for each i, t € Comers(M).
ii) m divides X; t for just one variable X;: in this case X;te M for all j # i. So if t; € Corners(M) is a

multiple of t, necessarily t; = Xg5 t. Denote ¥ the exponent of X in t, B > O the exponent of X; inm, & = 8 + y the
exponent of Xj in tj. Then y = min(a, B-1), i.e. t = Aj(t;,m)

3) Denote by I'g := {t € T : t doesn't properly divide t' Vt' € T"}. Then Corners(M) c I, since its
elements don't divide properly any element of Comp(M), and a fortiori of I".
If t € Tg, then it doesn't properly divide any element of T, and so any element of Corners(M).
Since each element of Comp(M) divides some element of Corners(M), we can conclude that t doesn't properly dxvxde any
element of Comp(M), so by Lemma 15.2) it is in Corners(M).

We have then the following algorithm to compute Comers(M1) from Corners(M):
for each t € Comers(M), insert in Corners(M; ):

t itself if m doesn't divide t,

Ai(t,m) for all i s.t. X; divides m, otherwise;
remove those elements which divide some other element.

Example Let (writing the vector of exponents instead of the terms) m; := (3,0,0), m3 := (0,4,0), m3 := (0,0,5), mg :=
(2,2,2), ms := (1,0,4), mg := (0,2,3).
Then
Comers({mj, m2, m3}) = {(2,3,4)}
{2i( (234, my) :i=1...3) = ((1,3,9), (2,1,4), (2.3.1)}
Comers({m1, my, m3, my}) = {(1,3,4), (2,1.4), (2,3,1)}
(Ai( (1,34),ms) :i=13) L (A((2,14), ms):i=13} U ((23,])} =
= {(0,3.4), (1,3,3), (0,1,4), (2,1,3), 2.3,1)}
Comers({mj, my, m3, my, ms)) = {(0,3,4), (1,3,3), (2,1,3), (2,3,1)}
(A (0.34), mg) : i =23} U (A((1,33), mg) :i=23} U {(0,1,4), (2,1,3), (2,3,)) =
= {(0,1,4), (0,3,2), (1,1,3), (1,3,2), (0,1,4), (2,1,3), (2,3,1)}
Corners({m}, m, m3, mq, ms, me}) = {(0,1.4), (1,3.2), (2,1.3), (2.3.1)}

C := Corners(C,m)
where
C = Comers(M) for some monomial set M
meT
C'=ComersM L {m})
C=0
While C=@ do
Choose te C
C:=C-{t)
If m divides t then
C':=C v {A(tm) : i s.t. X; divides m}
else
C:=Cu(t)
= (t e C':tdoesn't divide properly any t' € C')

C := InitCorners(G)

where
G is a set of polynomials s.t. {M(f) : f € G} contains a pure power of each variable
C = Comers(M(F))

M = {M(f) : f € G :.-M(f) is not multiple of M(f") for some f € G)

= {m € M : m is a pure power of a variable}
M2:=M-M;
Compute t to be the product of the elements in My
= (/(X)...Xpn))

Forme Mzdo

C = Corners(C,m)

We can now describe a normal form and a standard basis algorithm with the Early Termination and the Simplifier
improvements: to consider the situation in which t doesn't exist we enlarge T by adding a symbol -eo, which we assume
to be less than any element of T; we list in X the indexes i s.t. no pure power of X; is in M(G).
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(h,Hj) := ET-S-LNF(g,F,H,t)
where
g is a non-zero element in P
F c P - {0} is a finite set
H is a minimal set of simplifiers for F
te TuU [-e=} iss.t. foreacht' <t,t' € M(F)
there is u a unit in Loc(P) s.t.
u h is a normal form of f w.r.t. F
f - u h has a standard representation in terms of F
H; is a minimal set of simplifiers for F u (h}
h:=g
H;=H
While h # 0 and M(h) e M(H;) and M(h) 2tdo
Hj := {f € H; : T(f) divides T(h)}
Choose f € Hj s.t. p := ind(f,h) 2 ind(f,h) V f € Hp and Ey+1(f) <Ey+1(f) V f € Ha, ind(f,h) = p 1
H; := Simp(Hj,h)
h :=Red(h,f)
If M(h) < t then
h:=0

G := ET-S-StandardBasis(F)
where
F :={f},....f;} c P - {0} is an indexed set of non-zero elements in P.

G c P - (0} is a standard basis for the ideal I := (f;,....f;)

G:=(f1}
H:={f)
B:=@
X:={l,...,n}
MinComp := -eo
Fori=2...tdo
G:=Gu {fj)
B := SyzBasis(G,B)
H := Simp(H,f})
If M(f;) is a pure power of X; then
X:=X-(j}
If X = @ then
C :=InitCorners(G)
MinComp := min{t:te C}
While B @ do
Choose (ij) € B
B :=B- {(i)))

If T(i,)) 2 t then
h = S(o(i,j)
(h,H) := SimpLNF(h,H)
If h # 0 then
ti=t+1
fi:=h
© G:=Gu{fy
B := SyzBasis(G,B)
H := Simp(H.f)
If MinComp # -o- then
C := Corners(C,M(f))
MinComp := min{t:te C)
else X # @)
If M(f) is a pure power of Xj then
X:=X-{j)
If X = then
C :=InitCorners(F)
MinComp := min(t: te C}

If < is an ordering on T, the variables can be divided in two classes and renamed, denoting by
{Z),....Zm} the set of variables s.t. Z; > 1
{Y1,...,Yd]} the set of variables s.t. Yj<1;
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each term m € T is then the product m = mz my of a term myz in the Z's only and of a term my in the Y's only
While we have presented the theory of standard bases and the algorithms in a general setting, the orderings for which we
know interesting applications fall in four classes:

i) Xj > 1 for each i, which is covered by Buchberger algorithm, where early terminations tests are impossible

ii) Xj < 1 for each i, which is covered by the algorithm above (tangent cone computation, isolated singularity
theory) A

- iii) m < m' iff my <m'y or (my = m'y and mz < m'z) (computations in local rings and in algebraic series

rings)

iv) m < m' iff mz < m'z or (mz = m'z and my < m'y) (elimination in algebraic series rings).
The following results allow to obtain an Early Termination algorithm to these two cases too:

LEMMA 18 1) In case iii), if for each Y;, M contains a pure power of Yj, then thereisms.t. Vt<m,me
M, and MinComp(M)) = min{Comers(Mg)}, where Mg = {(me Ms.t. mz=1]}
2) In case iv), if for each Y;, M contains a pure power of Y;, then there ism s.t. Vi<m, me

M, and m = min{Comers(Mg)}, where Mg = {me Ms.t mz=1)}
Proof: 1) Let m = my = min{Comers(Mg)]. If t = ty tz < m, then ty < my; since the restriction of < on the terms in
the Y's only is an ordering in class ii), by the argument above we know there is m' = m'y € Mg which divides ty and
so t. Since m ¢ Mg c M, then m = MinComp(M))

2) Let my = min{Comers(Mg)}). If t=tytz <m, thentz<mz =1,s0tz=1and t = ty < my; since the
restriction of < on the terms in the Y's only is an ordering in class ii), by the argument above we know there is m' =
m'y € Mg which divides ty =t. Again m ¢ M, so m = MinComp(M)).

4.4 The tangent cone algorithm: the lazy version

Practical experience with Buchberger algorithm shows instances in which several normal form reductions performed at
some stage are time and space consuming, while, if postponed until some specific new element is added to the current
basis, all of them become very fast.

Clearly, one could, still preserving correctness, postpone the reduction to normal form of some element, in the hope
that this occurs. One good reason why this has never been tried (at least in documented form), is that it could as well be
that the postponed reduction is exactly the one giving the element of the basis which is needed in order that the other
reductions become fast.

Let us fix now our attention to an ordering s.t. X; < 1 for each i. In this case, the fact that < is not a well-ordering,
which, as we have seen, is cause of troubles, has however a very desirable effect.
In fact while for a well-ordering, if m divides m; then necessarily m < m;, for such an ordering:

if m divides m; then necessarily m 2 mi.
As a consequence, if we postpone the reduction to normal form of some polynomial h, we know that its normal form
will never be used in the reduction to normal form of some other element g, until we obtain an intermediate reduction g’
s.t. T(g) 2 T(h).
If we pursue this idea to the utmost consequence, we realize that after g single step of reduction, it is convenient to
interrupt the normal form computation, add the partial result to some gueue containing all partial results of interrupted
computations, pick that element h of the queue s.t. T(h) is maximal, and restart the normal form reduction of it (just
one step, of course!).

To formalize this, we have to think of Buchberger and the tangent cone algorithms, as they were processing quepes of
clements, by means of glementary operations involving other lists of elements.
In the versions we have described up to now:

the lists are the one consisting of the basis elements and the one consisting of the simplifiers (they coincide in
Buchberger algorithm)

the guenes are the one consisting of the pairs (i.j) still to treated, and the one consisting of the single element,
the simplificand, to undergo a normal form computation.
The clementary operations are:

for an element (i,j) from the pair queue: compute S(c(i,j)); add the output to the (void) simplificand queue

for an element (the only one) from the simplificand queue: compute its normal form (and upgrade the simplifier
list); if the output is not zero, upgrade the basis list and the pair queue.
The second operation is not so elementary, but it becomes so if we unwind the normal form computation in its
components, as follows:

for an element from the simplificand queue which can be reduced: compute one reduction step and upgrade the
simplifier list; add the output to the simplificand queue

for an element from the simplificand queue which cannot be reduced: upgrade the simplifier and the basis list;

upgrade the pair queue.

Before writing down the algorithm consequent to the unwinding above, we need to remark that, from the discussion
above, we have seen that the obvious strategy for choosing an element from a queue is, when X; < 1 for each i, to take
the simplificand h s.t. T(h) is maximal and the pair (i,j) s.t. T(i,j) is maximal.
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This is not a good strategy, whenever the assumption of the ordering is not satisfied!. So we need to find a sensible
strategy.
We use the following:

NOTATION Let H be a set of polynomials; let H := {h; € H : T(h;) is not multiple of T(h) V he H, h#h;}; let
h; € Hj be s.t. T(h;) 2 T(h) Vh € Hy. Denote h; =: opt(H) (the optimal choice in H as we are going to prove).

Let (f1.....ft} be a set of polynomials; let B c {(ij) : 1 Si < j <t}; let By := {(i,j) € B : T(i,j) is not multiple of
T(a.B) V. (a,B) € B, (a,B) = (ij)); let (ij) € Bj be s.t. T(i,j) 2 T(a,B) V (a,B) € By. Denote (i,j) =: opt(B), T(opt(B))
= T(,j).

LEMMA 19 1) If T(opt(B)) < T(opt(H)), then
V h' e H, h' # h, T(opt(H)) is not divisible by T(h')
V (aB) € B, T(opt(H)) is not divisible by T(S(a(c,B)))

G := LazyStandardBasis(F)
where
F :={f}.....f;} c P - {0} is an indexed set of non-zero elements in P.
G c P - {0} is a standard basis for the ideal I := (f;,....fp)
BasisList := {f1)
SimpList := {f;)
PairQueue := &
Fori=2...tdo
BasisList := BasisList U {fj}
PairQueue := SyzBasis(BasisList,PairQueue)
SimpList := Simp(SimpList,f;)
SimpQueue := &
While PairQueue U SimpQueue # @& do
(i) := Opt(PairQueue)
h := Opt(SimpList)
If T(i,j) > T(h) then
PairOperation((i,j))
else
if M(h) € M(BasisList) then
BasisElementOperation(h)
else
SimplificandOperation(h)
G := BasisList

where we have:

PairOperation((i,j))
h := S(a(i,j))

PairQueue := PairQueue - {(ij)}
If h # 0 then

SimpQueue := SimpQueue U {h)

BasisElementOperation(h)

ti=t+1

f[ :=h

BasisList := BasisList U (ft)

SimpList := Simp(SimpList, fp

BasisQueue := SyzBasis(BasisList, BasisQueue)
SimpQueue := SimpQueue - {f;)

SimpliﬁcandOperation(h)

:= {f € SimpList : T(f) divides T(h))
-Choose fe Hst.p :=ind(f,h) 2 ind(f,h) V f € Hand Ey1(f) SEyi(f) VF e H, md(f h)=p
SimpList := Simp(SimpList,h)
SimpQueue := SimpQueue - {h)
h:=Red(h,f)
Ifh#0then

SimpQueue := SimpQueue U {h})

We leave to the reader how to introduce early termination tests in this version too.

1 Actually for Grébner basis computation, it would give a strategy which is unanimously considered by the experts as the worst
possible strategy.
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We remark however that in the case the ideal is (known in advance to be) O-dimensional and we use an ordering s.t.

for each term t, for each infinite decreasing sequence of terms 1) > 13> ... > t5> ... thereiss s t> tg
we can generalize SimplificandOperation allowing in its second line any choice, not only one governed by the
ecart. The line becomes simply:

Choose fe€ H
This comes back to a form of Buchberger algorithm.
The proof that the early termination test is successful after a finite number of computations, relies heavily on the
property of the ordering: in fact the maximal terms of the elements which undergo Simplificand Operation form a
decreasing sequence; so if a pure power of a variable is the maximal term of a basis element, it must appear after finitely
many computations; when all pure powers have been found, there can be just finitely many applications of
SimplificandOperation(h) with T(h) =2 MinComp.

EXAMPLE Let us go back of our previous example. We remarked that SimpStandardBasis is dependent on the
ordering in which reductions are performed; clearly LazyStandardBasis instead is not dependent on that:

We start with:
BasisList = {f], f2,f3}  SimpList = {f5, f3} PairQueue = {(1,2),(1,3)) SimpQueue =
Then we apply PairOperation to (1,2):
hy :=S(6(1,2) =11 - f2 =-2Y2Z T(hy) = Y2Z E(h)) =0
BasisList = {f}, f2, f3}  SimpList = {f, f3} PairQueue = {(1,3)) SimpQueue = {h;}
and since T(1,3) > T(hy), we apply again PairOperation to (1,3):
h3:=S(E(13)=f-Xf3= -YZ-Y2Z-XY2Z T(hs) = YZ E(h3)=2
BasisList = {f, f2,f3}  SimpList = {fy, f3) PairQueue = & SimpQueue = {hj,hs3)
Since T¢h3) > T(hy), we next apply SimplificandOperation to h3:
hg := Red(h3, f3)=h3 + Y f3 =-Y2Z - XY2Z + Y3Z T(hy) = Y2Z E(hg) =1
BasisList = {fq, f3,f3)  SimpList = {fy, f3) PairQueue = & SimpQueue = {hy, h4)
Then we apply SimplificandOperation to h;:
hy :=Red(h;, f3) = h; + 2 Y2 f3 = 2Y4Z T(hy) = Y4z E(hp) =0
BasisList = (f1, f3,f3}  SimpList = {f, f3, h;} PairQueue = @ SimpQueue = {hj, hq}
then to hy:
Red(hg, hy) =hy + Y2 hy = 0.
and to hy:
hg :=Red(hg,h;) =hg-12h; = - XY2Z + Y3Z T(ho) = XY2Z E(hg) =0
hy0 :=Red(hg, h;) =hg - 12X hy =-Y3Z Tho)=YZ  E(hio)=0

Red(hjo, h1)=hj0+1/2Yh; =0

4.5 A detailed example

The example above was actually chosen mainly to compare the different performance of the three versions; a less trivial
example, where the three versions behave more or less identically, but which gives a fuller flavour of an actual tangent
cone computation is the following (the ring and the ordering being the same as above); we describe just the computation
performed by the lazy version:

We consider the ideal I:=(f}, f2, f3, f4) where:

f] = X222.Y6 Ef))=2 Ty =X2z2
fp =XYZ2 + Y4Z - X5Z - X4Y3 Ef)=3 T(fp)=XYZ2
f3=XZ- Y3 + X2z - XxY3 Ef3)=2 T(3)=XZ
f4=YZ+XYZ-X4-X3 E(fs)=3 T@4)=YZ

We compute a minimal homogeneous basis of Syz{M(f1).....M(f4)} and discard redundant simplifiers from the original
basis, obtaining:

BasisList = {f], 2, f3, {4} SimpList = {f3, f4}
PairQueue = {(1,3), (2,3), (3.4)) SimpQueue = @.
- Since T(3,4) is maximal among all choices, we apply PairOperation to (3,4):
hy :=S(6(34)) = Y 3 - X f4 =-Y4 + X7 - XY4 + X6 Eh)=2 Thy)=Y*
BasisList = {f1, f2, f3, {4) SimpList = {f3, 4}
PairQueue = {(1,3), (2.3)) - SimpQueue = {h].
Since T(h;) > T(1,3) > T(2,3), and M(h;) ¢ M(F), we next apply BasisElementOperation to fs := h;:
BasisList = {f}, f2, f3, 3, f5) SimpList = {f3, {3, fs)
PairQueue = {(1,3), (2,3), 4.5)} SimpQueue = &,
since {0(1,3), 6(2,3), 6(3.4), 6(3.5), 6(4,5)} is a minimal homogeneous basis of Syz{M(f}),...,.M(f5)} and T(3,5) =
TG)T(S).
Then, applying PairOperation to (1,3):
hy := S(6(1,3)) = f] - XZ f3 = XY3Z - X322 . Y6+ Xx2y3z EM)=1 T(h)=XY3Z
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BasisList = (f1, £2, f3, {4, {5} SimpList = (f3, f4, f5}

PairQueue = {(2,4), 4,5)} SimpQueue = {hy}
Since T(hy) 2 T(2,3) > T(4,5) we next apply SimplificandOperation to hy:
h3 := Red(h2,f3) = hp - Y3 3 = -X372 + XY6 EM3)=2 T(h3)=X372
BasisList = {f1, f2, f3, f4, f5) SimpList = {f3, {3, f5, h2}
PairQueue = ((2,4), (4.5)} SimpQueue = {h3)

adding hy to the simplifier list since E(hp) < E(f3) = E(fy).
Then, applying PairOperation to (2,3):
hg:=S(023) =f2- YZf3=2Y4Z -X2YZ2-X5Z + XY4Z - X4Y3  EMg)=2 T(My)=Y%Z

BasisList = (f1, f2, 3, f4, f5) SimpList = (f3, {4, f5, hy)
PairQueue = {(4,5)) SimpQueue = {h3,h4)
We have T(h4) = T(4,5) > T(h3), so we now apply SimplificandOperation to h4:
hs:=hy+2Zf5=
=-X2YZ2 + X5Z - XY4Z - X4Y3 4+ 2X6Z Ehs)=2  T(hs)= X2YZ2
BasisList = {f1, f2, f3, {4, f5) SimpList = {f3, f4, f5, hy)
PairQueue = {(4,5)) SimpQueue = {h3,hs}
Applying PairOperation to (4,5):
hg := S(6(4,5)) = Y3 f4 + Z f5 = X5Z - X4Y3 + X6Z - X5Y3 Ehg)=2 T(hg)=XZ
BasisList = {f1, f2, f3, f4, f5) SimpList = (f3, f4, f5, hp)
PairQueue = & SimpQueue = {h3, hs, hg}

Applying SimplificandOperation to h3;
h7:=Red(h3.f3) =h3 + X2Z f3= - X2Y3Z + X422+ XY6-X3Y3Z  Emp=1 Thy)=X2Y3Z
BasisList = {f1, 2, f3, f4, f5) SimpList = {f3, f4, f5, hy)
PairQueue = & SimpQueue = {hs, hg,h7} -
Applying SimplificandOperation to hs:
hg := Red(hs, f3) =hs + XYZ f3 =

=X9Z-2XY4Z + X3YZ2 - x4Y3 + 2X6Z - X2Y4Z EMhg)=1 T(hg) =XZ
BasisList = (f1, 2, f3, {1, {5} SimpList = {f3, f4, fs, h2}
PairQueue = & SimpQueue = {hg, hg,h7)

We now choose hg since T(hg) = T(hg) but E(hg) < E(hg); applying SimplificandOperation to it:
hg := Red(hg, f3) = hg - X4 f3 = - 2XY4Z + X3YZ2 + X6Z - X2Y4Z + X5Y3
E(ho)=2 T(hg)=XY4Z
BasisList = {1, f2, f3, 3, f5) SimpList = (f3, f4, fs, hy, hg}
PairQueue = @ SimpQueue = {hg, h7, hg}
Then, applying SimplificandOperation to hg:
Red(he,f3) = hg - X4 f3 = 0;
to h7:
Red(h7,h2)=h7+ X hy =0;
and to ho:
h10 := Red(hg, f5) = hg - 2 XZ fs5 = X3YZ2 - X6Z + X2v4Z + X5Y3 .2X"Z :
E(hi0)=2 T(ho)=XYZ2

BasisList = (f1, 2, f3, 4, f5) SimpList = (f3, f4, f5, hy, hg)
PairQueue = & SimpQueue = {hjg)
hyy :=Red(hjq, f3) = h1g - X2YZ f3 =
=-X6Z +2X2v4Z - X472 + X5Y3 - 2X7Z + X3v4z EMi)=1 Th1)=Xx5Z

Red(hi1,hg)=h11 +Xhg=0

We can now reconstruct the standard representations as follows:
fi=XZfa3+h
hy=Y3f3+h3
h3=-X2Z f3 + hy
h7=-Xhy

hy=(Y3-X2Z)f3-X hy
ha=(1+X)! (Y3-X22) 13
fl=Z+1+X1(Y3-X2Z) f3=(1+X)1 (XZ+Y3) 3

fo=YZf3+hy
hy=-2Zfs5+hs
hs=-XYZ f3 + hg
hg =X4f3+hg
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hg=2 XZ f5 + hyo
h10=X2YZ f3 + hy;
hj1=-Xhg

hg= (X4 +X2YZ) f3+2XZ f5- X hg
hg = (1+X)! (X4 + X2YZ) f3 + 2 (1+X)'1 XZ £5
fp=(YZ-XYZ)f3-2Zf5+hg=
= ((YZ - XYZ) + (1+4X)"] (X4 + X2YZ)) f3 + 2 (-Z + Q+X)' 1 XZ) f5 =
=(YZ+XH(U+X)1f320+X)12Zf5.

hg=X%1f3

A standard basis of 1 is, after removing redundant elements, (f3, f4, f5).
‘We now remark that denoting:
g1:=XZ- Y3
g82:=YZ- x4
g3 =Y+ X5
we have f1 = (XZ + Y3) g1, fa = (XZ + Y3) g2, f3 = (1 + X) g1, f4 = (1 + X) g2, s0 in Loc(®P), I = (g1, £2. £3)
It is immediate to verify that (g), g2, g3) is a standard basis of J; moreover we remark that f5 = (1 + X) g3 and that the
standard representations obtained for f) and f5 can be read:
fi=(XZ+Y3)g
f2=(YZ+X%g12Z g

4.6 Implementations

There are at our knowledge the following available implementations of the tangent cone algorithm:

- a MODULA 2 version running on ATARI and on IBM-PCs, realized by G. Pfister and H. Schoenemann and
essentially implementing SimpStandardBasis: Buchberger algorithm, a version of the tangent cone algorithm for
modules and specific apphcatmns for singularity theory are part of the system;

- a SAC 2 version, realised in Kaiserslautern by M. Zimnol [ZIM]

- the lazy version is included in the AIP/ system (a MU-LISP system for Grébner basis computations, running
on IBM-PCs) by C. Traverso.

The algorithm is also under implementation in the CoCoA systcm (a Pascal system for Grébner basis and commutative
algebra computations, running on MacIntosh), designed by A. Giovini and G.Niesi (Genova).

Tangent cone computations can moreover be performed on any system containing Buchberger algorithm by means of
Lazard's Homogeneization technique ([LAZ])

5 STANDARD BASES IN FORMAL POWER SERIES RINGS

Standard bases were originally introduced in the ring of formal power series by Hironaka [HIR]; we will devote here a
very short discussion to the subject.
For the whole paragraph, the ordering < on T will satisfy the condition:
1> X foreachi
which is equivalent to:
foreachme T, m< 1.
In some instances we will restrict our discussion to those orderings s.t.
wi(X;)<Oforeachi
but we will not require that wi(X;) € Z1.
Because of the restriction on the ordering, for each formal power series f = Z4e T c(t) t, c(t) € k,
T() == max{t:c(t) =0}
M(f) :=c(T()) T()
are well-defined.
The definitions can then be extended to the modules k{[X1,....Xp]I".
Generalizing our definitions for polynomials and elements in the localization we can then speak of
M(F), the ideal in k[X},...,Xp] generated by {M(f) : f € F}
for each F < k[[X},....Xn]] and we can extend the various notions related to standard bases to any ring R s.t.

k[X1i.....Xn] € R < k[[X1,....Xnl):

DEFINITION 10 Given fe R- {0}, Fc R - {0}:
an element h € R is called a normal form of f wr.L. Fif
f-h=Xgif;,gie R-{0),fie F
either h = 0 or M(h) ¢ M(F).

1 Clearly if w1(X;) € R, the resulting ordering could be not computable; we will implicitly assume suitable restrictions when
discussing algorithms.
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NF(f,F) will denote the set (h € R: h is a normal form of f w.r.t. F)
f has a standard representation in terms of F iff it can be represented:
f=Xg;f;gie R- (0}, f; e F,T(g) T{f;) < T(f) for every i
(such a representation will be called a standard representation).
F c1- {0} is called a standard basis for the ideal I R iff M{F) generates the ideal M(T).
R has normal forms with standard representations iff:
for each ¢ € Rt - {0}, ® c Rt - {0}, there is y € R!, s.t.
either y = 0 or M(y) ¢ M(D).
¢-y=Zgd.ge R-(0),0;€ @, Tg) TO) <T@ - V).

The basic result in this context is Hironaka's Division Theorem:

PROPOSITION 9 Let R = k[[Xi,....Xp]]. Foreachf € R- {0},Fc R - [0}, thereis g € R, s.t.

either g=0or g = Lie T c(t) t, with c(t) =0 if t € M(F).

f-g=Zgifi,gie R-{0),fie F, T(gp) T(f) <T(f-g)
Proof: For an ordering s.t. w1(X;) < 0 for each i, ¢f. [HIR], [GAL]. The restriction on the ordering has been removed in
{BEC1].

COROLLARY 4 k[[Xji,..., Xp]] has canonical forms w.r.t. ideals, i.e.
for each h € k[[Xj...., Xp]] there is a unique g € k[[X},...,Xp]] s.t. h - g € I and no term appearing in the
development of g is in M(I).

By a suitable generalization of Prop. 9 to modules, one can prove that k[[X,..., Xp]] has normal forms with standard
representations; as a consequence the conditions of Theorem 2 give equivalent characterizations for standard bases in
k[[X1,...,Xnl]); for a proof one can consult [GAL] with the restriction w1(Xj) < 0 for each i i, [BECl] and [BEC2] for the
general case,

Since one performs computations in subrings of k[[X1,...,Xp]] which are finite extensions of k[Xj,...,Xp], it could be
interesting to have Theorem 2 for the general case of a ring R s.t. k[X},...,.Xp] € R ck[[Xj,...,Xqnl}:

PROPOSITION 10 Assume:
for each ideal I c R, for each f € R, f has a normal form w.r.t. I
and let F be a standard basis for the ideal I c R. Then:
1) let h € NF(g,F); then:
ifh=0,thenge I
ifh#0,ge I
2)if h € NF(g,F), h# 0, then T(h) =min{T(g) :g'-ge I)
3)ifg,g'e R-lares.t g-g' € I then M(h) = M(h') for each h € NF(g,F) and h' € NF(g'.F).
Proof: The proof of Prop. 7 applies verbatim.

NOTATION Letfj,..., fye R- {0}, F:= (f},....ft}; leeIc Rbe anideal s.t. Fc L
Let T(-) and M(-) be defined in R, so that T(e;) = T(f;).
Define

s :Pt— P by s(Z g; &) = T g; M(fp);
so that the kernel of s
Syz{M(f1),....M(fp) := Kex(s)
is the module of syzygies among {M(f1),....M(f)].
Define S : Rt > R by S(E gj ¢;) ;= g; f;.
If u is a homogeneous element in Ker(s), we say that u lifts to v € Ker(S) (v is a lifting of u) if M(v) = u.
Let U be a basis of Ker(s) consisting of homogeneous elements.

THEOREM 3 If R has normal forms with standard representations!, the following conditions are equivalent:
1) F is a standard basis of I
2) f € Iiff f has a standard representation in terms of F
3)foreachfe R - (0}:
D iff e I, then NF(F) = {0)
ii) if f ¢ 1, then NF(f,F) # @ and Vh € NF(f,F), h = 0.
4) F is a basis of I and for each u € U, u has a lifting
Proof: The proof of Theorem 2 applies verbatim.

No much is known about standard basis computations in formal power series rings: we will discuss briefly in the next
section the case of algebraic formal power series.
Here we remark only the following:

! Standard representations for module elements are not necessary; cf. the note to Theorem 2.
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assume a O-dimensional ideal I < k[[Xj,...,Xy]] is given through a basis F, and one is interested to compute a standard
basis of I, w.r.t. some ordering < s.t. w1(X;) < O for each i (these being exactly those orderings s.t. X;< 1 Vi and
satisfying the assumption introduced at the end of §4.4).
Assume also that for each element of F it is possible to compute any truncated expansion, i.c.

for each f € F, foreach t € T, it is possible to compute g € k[X},....Xnl s.t. T(f- g) < t.
Then, since the modified version of the lazy algorithm with early termination for 0-dimensional ideals (discussed at the
end of §4.4) doesn't make any more reference to the notion of ecart (which is not generalizable to power series), one can
apply it to compute a standard basis of I w.r.t. <.
Of course the operations on standard bases must be "lazy", i.e. the value of a coefficient should be computed only when
it is used in the computation of the leading term and equality tests should (and can) be avoided. The early termination
test, being bound to succeed after a finite number of steps, allows then to compute a standard basis of 1.

6. APPLICATIONS?
6.1 J-adic topologies in local rings

We have discussed in §2.2 the computation of the tangent cone to a variety at the origin. Its generalization in
commutative algebra is the following:

Let R be a commutative ring (noetherian and with identity), J c R be an ideal s.t. 1 J® = (0).

Then J induces a topology, the J-adic topology, on R, to which the graded ring grj(R) := @ J® / J**1 s associated.
Foreachae R - {0}, thereis ns.t. a € J" - J°*1, We can then define vj(a) := n, inj(a) € grj(Q) to be the residue class
of a mod. J"*+1, We define also inj(0) := 0.

To each ideal I c R, the homogeneous ideal iny(I) := (iny(a) : a € I) < gr)(Q) is associated.

A J-standard basis of 1 is a finite set {g)...., gs) < I s.t. iny{T) = (inj(g1)...., iNJ(gs))>.

It is a classical technique in commutative algebra to study properties of the J-adic topology on R by studying related

properties of grj(Q) (cf. [Z-S], Ch. VIII)
We will use the following standard notations:

Rysr:={Q+g)1f:fe R, ge J)
Ry:= (gl f:fe R,ge J}, whenever J is prime and contains all zero-divisors of R
and remark that if J is moreover maximal then Rj4j =Rj.

In the tangent cone case we have: R = k[Xj,...,Xp]l = P or R = Loc(P), J := (X},...,Xp), gr3(R) = P, vy(a) := ord(a),
inj(a) := in(@), iny(I) := in(l).

The same techniques based on standard basis computations can be generalized to other J-adic topologies. We will restrict
here to discuss the case in which R is the localization at a prime ideal of a coordinate ring and J is its maximal ideal.

Our computational tool will be however related to the (X;,....Xj)-topology on k[Xj,....Xp]:
let P :=k{Z},....Zm, Y1.....Ysl, let @ := (Y}],...,Ys) € P; remark that gr o (P) ~ P, graded by degy : P — N, where
degy(Zj) =0, degy(Yj) = 1.
We impose an ordering < on the semigroup of terms of P s.t.
1) w1(Zj) =0, wi(Yj) =-1
2)Zi> 1 foreachi; _
such an ordering is a tangent cone ordering (of the third class in the partial classification before lemma 18). Let <y, be
the total semigroup well-ordering on the semigroup of terms of P defined by:
m <y n iff degy(m) < degy(n) or (degy(m) = degy(n) and m < n).
Remark that under <, for f€ Pone has T(f) < 1 iff f € g, so that Loc(P) = P14 .

LEMMA 20 If G is a standard basis for I c P w.r.t. <, then itis a & -standard basis for I and {in p(t) :fe G)lisa
Grobner basis for in g (T) w.r.t. <w.

We now turn to the following situation: .
let A := k[Z},....Zp); let H ¢ J < A be two ideals, with H := (hy,..., hp), J := (f1,....fg). Let Q:=A/H,n: A—> Q
the canonical projection, L := n(J). Remark that, since "J® = (0), one has "L = (0).
Let us moreover assume that J is maximal and contains all associated primes to H; this is equivalent to the fact that L
is maximal and contains all zero-divisors of Q; it is easy to verify L* := L Qp, is the maximal ideal of Q..
LetP, o, < as above and define g : P — Q by q(Zj) = n(Z;), q(Yj) = n(fj), so that

Ker(q) = (hy,..., hf1 - Y1,....f5- Yo = S.
Remark that q induces a surjective morphism (which we will still denote by q) q: Loc(P) = P14+ — Q14L, whose
kemnel is Loc(3) := 3 Loc(P), so that P14 i/Loc(3) =~ Qi1 = QL and () = L*.
Since

grLe(QL) ~ grp(P) /in g (3) = P/inr(3),

2 we give here only a brief sketch, with no proofs, of the main applications in local algebra, and we refer the reader for details
and proofs to [MOR4].
3 Fora theory unifying and generalizing Gr8bner bases, standard bases, J-standard bases, one can consult [ROB2]
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after a standard basis G of 3 w.r.t. < is computed, because of Lemma 20 and Lemma 1:

1) gr+(QL) is explicitly given as a polynomial ring modulo a homogeneous ideal, which is given through a
Grisbner basis.

2) P/ ingp(S) is isomorphic as a k-vector space to the k-vector space k[B], with basis B := {te T - M(S)}, this
allows, by canonical Griibner basis techniques, to define a ring structure on k[B] isomorphic to grp +(QL) and therefore a
projection IT: P — k[B]. It is immediate to see that the isomorphism between grp +(Qr) and k[B] is degree preserving if
we just assign to each b € B its degree degy(b) in P.

Then:

PROPOSITION 11 Letae A - {0} c P and let us compute b € P and a unit u s.t. u! b is a normal form of a
wr.t. G.LetI o 3 be an ideal in P, F c P a standard basis for I Loc(P) w.r.t. <.
Then:

VL#(%(a)) = V i (b) = -W(M(D)).

in_+(n(a)) =TII(in (b))

{q(D) : f € F} is a L*-standard basis of q(I).

so that we are able to obtain in an explicit computational way, the relevant informations about the L*-adic topology of

QL.

We can now tumn to the following more general case:

let A :=k[Z1,....Zm]; let H € J c A be two ideals, with J maximal and containing all associated primes to H; let Q
= A/H, n : A > Q the canonical projection, L := x(J). Then L is prime and contains all zero-divisors of Q; let us
consider Qr, and L* := L Qr, the maximal ideal of Q. We want to study the L*-topology of QL.

The reason is that the prime ideals of Q[ canonically correspond to those prime ideals of A which contain H and are
contained in J; so (at least if H is radical) they describe those irreducible algebraic varieties contained in the variety V
defined by H and passing through the subvariety W defined by J.

The notions related to the L*-adic topology are then, in a very rough sense, a generalization of the concepts involving
the "infinitesimal order” in a "neighborhood™ of W, for "germs of rational functions™ over the topological space Spec(A)
of all prime ideals (irreducible algebraic varieties) of A with the Zariski topology.

To do this we just show that considering only maximal ideals is no restriction: in fact let us consider a maximal subset
of variables {Z;,,....Z;,} s.t. J N k[Z; ,....Zi,] = (0) (such a set can be computed by Grisbner basis techniques) and let us

relabel our variables denoting Zij by Uj and V}...., Vy the remaining ones.

LEMMA 21 Denote A0 := k(Uj....,Ug)[Vi.....Vy], 30 :=J AD, HO := H A, Q0 := AO/HO, 0 : A0 — QO the
canonical projection, L0 := x0(J0). Then:

1) JO is a maximal ideal, LO is a maximal ideal

2) QLo~QL.

6.2 Isolated singularities

The tangent cone algorithm and its generalization to modules! has been applied in [L-P] and [P-S] to the study of
isolated singularities.
Let C be a variety in C™ with an isolated singularity at the origin; two important invariants of the singularity are the
Milnor number p and the Tjurina number T of the singularity, the first being a topological invariant and the second an
analytic invariant of the singularity.
In case C is a complete intersection variety with an isolated singularity, both numbers have an easy characterization as
dimensions of C-vector spaces; namely let C be a complete intersection variety in C® with an isolated singularity at
the origin; in particular C is given by equations f] = ... = f; = 0, where fj € C[Xl,...,anz, f(0) = 0.
Let I be the ideal in C[[X]....,Xn]] generated by the maximal minors of the Jacobian matrix of f],..., fm; It the ideal
in C[[X1,....Xn]] generated by the maximal minors of the Jacobian matrix of f1...., fm and by f1,....fm.
Since 0 is an isolated singularity of C, both ideals are 0-dimensional so that Cl(X1.....Xnl)y and C[[Xj,...,Xnl)Iz
are finitely dimensional C-vector spaces.
It is possible then to characterize the Milnor and Tjurina numbers of C by:

i :=dimc C[[X},....Xnl}y

1 :=dim¢ C[[X},....Xn])/I1.
Because of the following easy:

1 We have not discussed such a generalization. We only remark that the notion of M(-) we have given for theoretical purposes
is not to be used in such a generalization, since then normal form reduction would involve linear algebra. To achieve a better
generalization, one needs a suitable notion of "monomial” in P*; it tums out that monomials must be defined to be elements m
¢; with m a monomial in P. Then a tangent cone algorithm for modules is obtained by generalizing the ideal case, in the same
way as Buchberger algorithm has been generalized (cf. [BAY], [M-M], [C-T])

2 Actually one should require the fj to be convergent power series; the (non essential) restriction is due to computability
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LEMMA 22 Let {f1,....f;} € k[X}1,...,Xn] = P, denote by I the ideal they generate in k[Xj,...,Xp], by J the ideal
they generate in k[[X1,...,Xn]], by Loc(I) := I Loc(P). If J is a 0-dimensional ideal, then:

dimg k[[X..... XnllJ = dimk Loc(P)/Loc(l) = dimkP/M<(D)
where < is any total semigroup ordering on T s.t. w<(Xj) <0 for each i

both i and 1 can be computed easily by means of the tangent cone algorithm.

Other invariants (related to the Poincaré complex of the singularity) for isolated singularities can be described in terms
of the finite dimension as C-vector spaces of modules C[[X],...,Xp]]"/U, U a submodule explicitly given through a
basis.

Since an analogue of the result above holds for modules, such invariants have been extensively computed (using a
generalization to modules of the tangent cone algorithm) and used to derive theoretical results ([L-P],[P-S]) on isolated

singularities of curves in C2 and complete intersection curves in c3.
6.3 Standard bases in algebraic series rings

In the recent paper [AMR], a computational model for algebraic formal power series has been proposed which relies on
the symbolic codification of the series by means of the Implicit Function Theorem introduced in [ALR], and on the
tangent cone algorithm.

For aring B s.t. k[Z;,...,Z;] € B c kl{Z;,...,Z;]], denote Bjoc := {f g~ 1. g € B, g invertible in k{[Z,,...,Z,]]}, and
remark that for B = k[Z,...,Z,], and for each ordering < s.t. m £ 1 Vm, Bjoc = Loc(B).

Let k be a computable field; k[[X),...,Xp]]alg denotes the ring of algebraic formal power series.
Let us fix an ordering < on the semigroup T generated by the Xj's s.t.

wiXp e Z, wi(X) <0 Vi.
Let us consider polynomials F,,..., F; € k[X},...,Xy, Yi,....,Yy] vanishing at the origin and s.t. the Jacobian of the
Fi's with respect to the Yj's at the origin is a lower triangular non singular matrix. Under this assumption, by the
Implicit Function Theorem, there are unique fj...., fy € k[[X],....Xpllalg st fj(0) = 0 Vj, and Fi(X.fj,....fr) = 0 Vi.

DEFINITION 11 (Fy,..., F;) is called a locally smooth system (LSS) defining fy,..., f; € k[[X1,... Xnllalg if:
the Jacobian of the Fj's with respect to the Yj's at the origin is a lower triangular non singular matrix.
f1...., fy are the unique solutions of F; = 0,..., F; = 0 which vanish at the origin.

Given the LSS F := (F},...,Fy) defining fi,..., f;, let P := k[Xj, ..., Xp, Y1, ., Yl, KIX,Flioc = k[X1, ..., Xn,
f1..... frhioc € k[[X1,...,Xnllalg. To compute in it, we consider the evaluation map OF : Loc(P) — k[X,Fljoc dcﬁned

by OF(Yj) = fj, for which Ker(OF) = (Fy,....Fr) Loc(P), so that k[X ,F]joc =~ Loc(P)/(F}.,...,Fy).

If an algebraic series g is given by assigning a polynomial G(Xj,...,Xp,T) s.t. G(X1,...,Xn,g) = 0 and an algorithm to
compute any truncation of g, it is possible to compute a LSS F s.t. g € k[X,Fljoc. '

It is possible to show that, for suitable orderings <y on P which restricts to < on T, a locally smooth system
(F1,...,Fy) is a standard basis in Loc(P) for the ideal it generates and My(Fj,....Fy) = (Y1,...,Yy); therefore, by normal
form computations with the tangent cone algorithm it is possible to modify the LSS defining the fi's so that it satisfies
the following assumptions, for an explicitly obtained ordering <g, which restricts to < on T:

1) F = (F1,...,Fr) isa LSS for fy,...fr

2)fi#0Vi

3) Fj = Y; (1+Qj) - R; with Q;, Rj € (X,Y), R; € k[X,Y},....Yi-1,Yj+1,...,Y1] and M(R}) = M(f))

4) {F1,....Fr) is a standard basis for the ideal it generates in K[X,Y]joc W.I.t. <g.
Such an F is called a standard locally smooth system (SLSS). )

By applying the tangent cone algorithm w.r.t. <g in Loc(P), given Gy,...,Gs € Loc(P) and denoting g; := 6(G{Vi, it is
then possible: .

1) to compute H € Loc(P) which is a normal form of Gg w.r.t. (Fy,...,Fr);suchan Hisst. H=0iff go=0
and, if H # 0 then 6(H) = go, Mg(H) € k[Xj,....Xn), Mg(H) = M(g0) and is called a representation of gg

2) therefore to decide whether gg = 0, and, if go # 0, to compute T(go) and M(go)

3) to compute a representation of a normal form of go w.r.t. {gi.....8s) )

4) to compute Hj,...,H; s.t. Hj is a representation of h; := 6(H;) and {hj,...,h;} is a standard basis for (gj,...,gs)

w.r.t. <.
It is also possible to prove that the conditions of Theorem 3 are equivalent for R = k[X Fjoc and R = k[[X1.....Xnllalg.
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In the same context, a different application of the tangent cone algorithm, together with effective algorithms for
classical results on algebraic series (Weierstrass Division Theorem and Noether Normalization Lemma) can be applied to
effectively perform elimination theory for ideals in k[[X},...,Xnllalg:

PROPOSITION 12 Let P := k[Z,,...,Zy], <o a tangent cone ordering on the semigroup T gencrated by
{Z1,....Zm)- '
LetR := Loc(P)[Y1.....Ys]. Let I be an ideal in R given through a basis (fj,....ft}.
It is possible to compute a basis of I N Loc(P).
Proof: Let T be the semigroup of terms in P, and impose a tangent cone ordering < on the semigroup of terms of Q :=
k[Z;,....Zm,Y1,...,Ys] S.L.
wi(T) =1, w1(Zj) =0
the restriction of < 10 T is <g.
Remark that < is an ordering of the fourth class in the partial classification after Lemma 18 and that Loc(Q) =R.
Remark also that foraterm m, m € T iff wi(m) =0 and that if m'<me T, thenm'e T.
Therefore if for g € Q, M(g) € T, then g € k[Z},....Zp]
Since < is a tangent cone ordering, we can compute a standard basis G for I w.r.t. <.
Then we claim that G N Loc(P) is a standard basis for I N Loc(P) w.r.t. <.
In fact if f € 1 N Loc(P), then M(f) = Mo(f) € P; so there is g € G s.t. M(g) = Mo(g) divides M(f).
But then M(g) € T and g € G m Loc(P).

COROLLARY 5 Let fy,..., f; € k[[Xy,...,Xnllalg be given (w.lo.g. by a local smooth system). Let I c
k[[X1,...,Xn]lalg be the ideal generated by them.
It is possible to compute a linear change of coordinates C on k[[Xj,...,Xp]lalg, @ L.S.S. H defining series in
k[[X1,....Xi]lalg, a basis of an ideal I* c k[X],...,Xj,H]joc S.t.

I* k[[X1.....Xillalg = C(D k{[X}.....Xnllalg N k[[X},....Xillalg
Sketch of proof: The techniques of [AMR] allow to explicitly compute C, H and a basis of an ideal J ¢
k[X1,.... Xi.-Hloc[Xi+1s-.- Xnl s.t. I* =J n k[X},....X;.Hlioc-
Denoting by P := k[Xj,...,Xi,Y1,... Y{] and by ¢ both the evaluation map oy and its polynomial extension
Loc(P)[Xj+1,..- Xn] = k[[X,...,Xnllalg, by the result above applied to o-1(J) € Loc(P)[X;+1.... Xn] one obtains J* =
o-1(J) N Loc(P), so that I* = o(J*).

APPENDIX: GRADED RINGS

The polynomial ring is the basic example of a graded ring: each polynomial is uniquely represented as the sum of
homogeneous components of different degrees, and since the natural numbers are an ordered semigroup:
1) a notion of degree can be defined for any non-zero polynomial f, to be the degree of the non-zero homogeneous
component of highest degree in the representation of f
2) these notion of degree satisfies the well-known rules:
deg(f+g) < max(deg(f),deg(g))
deg(f g) < deg(f) + deg(g).

More in general, let us consider an ordered (additive) semigroup I". We say a ring G is a I'-graded ring if there are
subgroups G(y) for ye T s.t.

for each g € G, g can be uniquely represented g = Zye T gy, gy€ G(¥), only finitely many of them not zero.
Then one can define deg(g) := max{ye I'": gy # 0}, which satisfies the rules above; the non-zero elements of G(Y) are
called the homogeneous elements of degree ¥.

Grtbner basis theory is an instance of a different graded ring structure over the polynomial ring: here I' is the
(multiplicative) semigroup T, homogeneous elements of degree t € T are the monomials ¢ t, ¢ € k, T(f) is then the
degree of f, while M(f) is the highest degree non-zero homogeneous component in the representation of f.

In graded rings an important role is played by homogeneous ideals.
An ideal I is called homogeneous if it satisfies the following equivalent conditions:
1) I is generated by homogeneous elements
, 2) if g = Zyer gy€ 1, then each homogeneous component gy € L.
If g is homogeneous of degree y and it is in a homogeneous ideal I generated by homogeneous element g; of degree v;,
then it has a homogeneous representation
g = Zfj g;, fi = 0 or f; homogeneous, deg(g) = deg(f;) + deg(g;)-
Homogeneous ideals in the T-graduation of the polynomial ring are exactly the monomial ideals.

Graduations can be extended to modules of a I'-graded ring G; we will just mention the easiest case of a finite free
module Gt
If we assign arbitrarily a degree v; € I to each element ¢; of the canonical basis (ej.,..., €;), we can define homogeneous
elements in Gt

Z g; ¢ is homogeneous of degree vy if Vi g; = 0 or g; is homogeneous and deg(g;) + v; = v.
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Then homogeneous elements of a fixed degree form a subgroup of G, each element of G! is uniquely represented as a
finite sum of non-zero homogeneous elements of different degree, one defines the degree of ¢ € G! to be the maximum
of the degrees of its non-zero homogeneous components, which satisfies:

deg(¢+y) < max(deg(¢).deg(y)) for ¢,y € G*
deg(g ¢) < deg(g) + deg(¢) forge G, o e Gt

A submodule ® of Gt is called homogeneous if it satisfies the equivalent conditions:

1) @ is generated by homogeneous elements

2) if ¢ € @, then each homogeneous component in the representation of g is in .
If ¢ € G!is homogeneous of degree y and it is in a homogeneous submodule ® generated by homogeneous element ¢;
of degree v;, then it has a homogeneous representation

¢=I g; ¢;, g =0 or gi € G homogeneous and deg(¢) = deg(g;) + deg(dy).
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