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ON WEAK CONVERGENCE OF PARAMETER ESTIMATORS 
OF GENERAL STATISTICAL PARAMETRIC MODELS 

L. V o s t r i k o v a . Computing Center o f Eotvos Lorand U n i v e r s i t y , 
Budapest, 112. Pf. 157. 1502. 

SUMMARY 

We c o n s i d e r a sequence o f g e n e r a l s t a t i s t i c a l p a r a m e t r i c 

models equipped w i t h f i l t r a t i o n s and t h e c o r r e s p o n d i n g 

l i k e l i h o o d r a t i o p r ocesses. Using theorem about weak 

convergence o f t h e l i k e l i h o o d r a t i o processes t o t h e l i k e ­

l i h o o d r a t i o process o f t h e Gaussian model we o b t a i n 

c o n d i t i o n s f o r weak convergence o f maximum l i k e l i h o o d 

e s t i m a t o r s and Bayesian e s t i m a t o r s . 

KEYWORDS: g e n e r a l s t a t i s t i c a l p a r a m e t r i c model, l i k e l i h o o d 

r a t i o p r o c e s s , Gaussian s t a t i s t i c a l p a r a m e t r i c model, 

maximum l i k e l i h o o d e s t i m a t o r , Bayesian e s t i m a t o r , H e l l i n g e r 

p r o c e s s , jump measure, compensator o f jump measure, weak 

convergence. 
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1. INTRODUCTION 

We c o n s i d e r a sequence o f g e n e r a l s t a t i s t i c a l 

p a r a m e t r i c models<£'n = { C i 2 n , F n
/ n F n ) , p£, 6 e e n } w i t h 

f i l t r a t i o n s 3F n , n>1. Here ( f t n , F n ) a r e measurable 

spaces, t h e f i l t r a t i o n s ] F n = ( F ^ ) t > Q a r e such t h a t 

V F 2 = f U > F O = n 1 1 } / a n d ( p e ) e € e n a r e 

p r o b a b i l i t y measures depending on t h e parameter 9 

w h i c h belongs t o a c l o s e d convex s e t 6 n C R m , QncQn+^r 

m>1 . 

Suppose t h a t {O}£0 n and f o r e v e r y 0 £ 9 n t h e measure 

Pg i s a b s o l u t e l y c o n t i n u o u s w i t h r e s p e c t t o a o - f i n i t e 

measure y n . Then f o r t h e g e n e r a l s t a t i s t i c a l p a r a m e t r i c 

model £ n we can c o n s t r u c t t h e l i k e l i h o o d r a t i o p rocess 

Z n = ( z ^ ( 6 ) ) t > Q Q^0 n'°^ t h e measure PQ w i t h r e s p e c t t o 

Po w i t h 

dP* dP n 

z n ( e ) = _ B ^ T ! _ o ^ r ( h e r e 2 / Q = o o ) 

dy dy 

f o r e v e r y 3F n - s t o p p i n g t i m e T where Pg ^ , P o x a n d 

y^1 are t h e r e s t r i c t i o n s o f P*?, P n and y 1 1 t o t h e 
l U o 

a - a l g e b r a F*\ 

As t h e " l i m i t model" t o <£ n we c o n s i d e r t h e Gaussian 

one w i t h a l i k e l i h o o d r a t i o p r ocess Z = ( Z . ( 0 ) ) . ^ n 

o f t h e f o r m 
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Z t ( 8 ) = e x p { N t ( 8 ) - ^ < N ( 0 ) > t } ( 1 ) 

where N = (N, ( 9 ) ) . . n n^-nin i s a n a. s. c o n t i n u o u s Gaussian 

f i e l d such t h a t N(0) = ( N
t ( e ) ) t > 0

 i s a m a r t i n g a l e f o r 

ever y 9 6 R m w i t h N 0 ( 6 ) = 0, <N(6)> f c = DN^(9) and N(0)=0. 

I n t h i s paper we f o r m u l a t e c o n d i t i o n s f o r t h e weak 

convergence o f t h e maximum l i k e l i h o o d and t h e Bayesian 

e s t i m a t o r s § n = ( 0 ^ ) t > Q o f t h e parameter 9 based on Z n, 

t o t h e c o r r e s p o n d i n g e s t i m a t o r s 9 = ( 0 ^ ) ^ > Q o f t h e 

parameter 9 o f t h e Gaussian model. We a l s o g i v e c o n d i ­

t i o n s f o r t h e weak convergence o f t h e l i k e l i h o o d r a t i o 

process Z n = ( z
t ( e £ ) ) t > 0 w i t h 9 s u b s t i t u t e d by t h e 

e s t i m a t o r t o t h e l i k e l i h o o d r a t i o process Z = ( z ^ ^ t ^ t > 0 

o f t h e Gaussian model. 

I n p a r t i c u l a r , c o n s i d e r i n g t h e Gaussian model h a v i n g 

t h e s p e c i a l form: 

Z t ( 0 ) = exp{0W t - \ 0 2 t } (2) 

where W = ( w
t)•(->() i s t h e s t a n d a r d Wiener p r o c e s s , we 

o b t a i n c o n d i t i o n s f o r t h e weak convergence o f t h e maximum 

l i k e l i h o o d e s t i m a t o r s and t h e Bayesian e s t i m a t o r s t o t h e 

process ( W t / t ) t > Q and a l s o c o n d i t i o n s f o r t h e weak 

convergence o f t h e l i k e l i h o o d r a t i o process Z w i t h 0 
2 

s u b s t i t u t e d by t h e e s t i m a t o r t o t h e process ( W t / t ) f c Q. 

I t s h o u l d be n o t i c e d t h a t these r e s u l t s about weak 

convergence t o g e t h e r w i t h t h e r e s u l t s o f §9 o f c h a p t e r 

1 i n Z2l i m m e d i a t e l y g i v e c o n d i t i o n s f o r t h e a s y m p t o t i c 
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e f f i c i e n c y o f t h e e s t i m a t o r s o f 6. 

2. ON WEAK CONVERGENCE OF THE LIKELIHOOD RATIO PROCESSES 

To o b t a i n t h e theorems about weak convergence o f 

e s t i m a t o r s f i r s t we f o r m u l a t e t h e theorem about weak 

convergence o f t h e c o r r e s p o n d i n g l i k e l i h o o d r a t i o 

p r o c e s s e s . 

We c o n s i d e r t h e Skorohod space 3E(R+, ffi2_oc(Rm)) o f 

t h e f u n c t i o n s Z : t ̂ - * ( ( 6 ) ) Q where t £ R , , w i t h v a l u e s 

i n t h e space ffii_oc(Rm) °^ r e a ^ c o n t i n u o u s f u n c t i o n s w i t h 

l o c a l u n i f o r m m e t r i c . The weak convergence o f t h e l i k e l i ­

hood r a t i o processes w i l l be c o n s i d e r e d i n t h e subspace 

CDHCC) = {z*ID(R , <Z ( R m ) ) : l i m sup sup Z ( 9 ) = 0 , l/N>0} 
1 0 0 L-*~ 1/N<t<N |0|>L 

of t h e Skorohod space B ( R + , ^ l o c ( R m ) ) -

To f o r m u l a t e t h e theorem we denote by h n ( 9 , 6 ' ) = 

= ( h ^ ( 0 , 6 ' ) ) Q t h e H e l l i n g e r p r o c e s s c o r r e s p o n d i n g t o 

Pg, Pg, and T F n (see 1 5 1 , t i l , C 4 I I ) . We s e t Q n = (Pg+P^)/2 

and d e f i n e 

?£(8)=dP^ t/dQ£ and f£(x,6) = l > / l - x / e £ j e ) - x/l+x / c£jO) I 

w i t h x/0=oo f o r e v e r y 8,9' € 0 n , t>0 and x e R. We w i l l 

denote by v n ( 0 ) t h e compensator o f t h e jump measure 1 3 1 , 
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C8: o f t h e process C n ( 0 ) = ( C ^ ( 0 ) ) t > Q w i t h r e s p e c t t o 

(Q n, 3F n) and by t h e s i g n 11 *" t h e i n t e g r a l w i t h r e s p e c t 

t o a compensator. The symbols 6 ( 0 and 1 ( 0 w i l l be used 

f o r t h e Doleans-Dade e x p o n e n t i a l f u n c t i o n L31 and t h e 

i n d i c a t o r f u n c t i o n r e s p e c t i v e l y . 

We c o n s i d e r f u n c t i o n s 'P^(y) where y>0, t > 0 , n>1 and 

«Pt(y) = l i m «p ( y ) F which s a t i s f y t h e c o n d i t i o n s : 
n-*oo 

the f u n c t i o n s y m + r ''('P^(y))'' m ^ monotonically 

decrease with r e s p e c t to y and are i n t e g r a b l e at (3) 

i n f i n i t y f o r t>0 and 1<n<°° where r>0 and 3>0 are 

constants. 

THEOREM 2.1 (see C l i n ) . Suppose the f o l l o w i n g condi­

t i o n s are s a t i s f i e d : 

n 

1) for every e>0, t>0 and 0 6 0 with n 0>1 

2 Po 
((f£(x ,6 ) ) I ( f £ ( x , e ) > e ) * v n ( 0 ) ) t •> 0, 

2) f o r etféry t>0 and 6,8' € 0 ° with n 0>1 

n 

h j ( 8 , 8 ' ) 1 <N(8) - N ( 0 ' ) > t 

3) t h e r e e x i s t constants 3>m, r > 0 , d>0 and D>0 such that 

for every t>0 and s u f f i c i e n t l y large L>0 

p £ ( h £ ( e , e ' ) > D L r i e - e ' i 6 ) 2 r 

sup sup — < dL < 0 0, 
n |6|<L,19'|<L | 0 - 0 ' | 2 B 
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4) there e x i s t constants c>0, C>0 and f u n c t i o n s <p^(y) 

s a t i s f y i n g the conditions ( 3 ) 3 swc/z that f o r every 

t>0 and s u f f i c i e n t l y l a r g e L>0 

P o ( ^ ( - h n ( 6 # 0 ) ) ^C«PJ( 161 ) ) 
sup sup < C < 0 0 . 

n , e | - L ( ^ ( i e i ) ) 2 

T/z^n there e x i s t l i k e l i h o o d r a t i o processes Z n having 

(Po-a.s.) -paths i n ( D h E ) ^ and 

• N W(PS) 
Z n Z ( 4 ) 

where Z i s defined by ( 1 ) . 

REMARK 2.1. The c o n d i t i o n s 1) and 2) o f theorem 2.1 

p r o v i d e t h e convergence o f t h e f i n i t e d i m e n s i o n a l 

d i s t r i b u t i o n s o f Z n t o t h e ones o f Z. The c o n d i t i o n 1) 

i s t h e c o n d i t i o n a l v a r i a n t o f t h e L i n d e b e r g c o n d i t i o n , 

and t h e c o n d i t i o n 2) i s t h e one about convergence o f t h e 

t r i a n g l e b r a c k e t s o f t h e m a r t i n g a l e p a r t s o f Jin Z n ( 0 ) . 

The c o n d i t i o n s 3) and 4) p r o v i d e t h e t i g h t n e s s o f t h e 

d i s t r i b u t i o n s o f Z n i n (Da(C) c o. The meaning o f t h e s e 

c o n d i t i o n s i s t h e f o l l o w i n g : t h e c o n d i t i o n 3) g u a r a n t e e s 

s u f f i c i e n t l y q u i c k convergence i n v a r i a t i o n o f t h e 

d i f f e r e n c e P^ - P*? when 0'-*0, and t h e c o n d i t i o n 4) 

p r o v i d e s s u f f i c i e n t l y good s e p a r a b i l i t y o f t h e measures 
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PQ and Pg # when t h e v a l u e o f I 9-9'I i s l a r g e . N o t i c e 

a l s o t h a t t h e q u e s t i o n s concerned w i t h t h e c a l c u l a t i o n 

o f t h e H e l l i n g e r process which appears i n t h e c o n d i t i o n s 

o f theorem 2.1. were c o n s i d e r e d i n ill and C6D. 

REMARK 2.2. From t h e a n a l y s i s o f t h e p r o o f o f theorem 

2.1 g i v e n i n L113 we g e t t h a t t h e a d d i t i o n a l c o n d i t i o n s 

as P g « P ^ , V9€ 0 n , and t h e completeness o f t h e f i l t r a t i o n 

3F n w i t h r e s p e c t t o t h e measure P n used t h e r e , can be 
o 

o m i t t e d . 

REMARK 2.3. From t h e p r o o f o f theorem 2.1 we have 

t h e f o l l o w i n g : i f we make t h e r e p a r a m e t r i z a t i o n 9^-*9 + 9 0 

w i t h some 9 0 Ç 0
n° and suppose t h a t t h e c o n d i t i o n s o f 

theorem 2.1 are s a t i s f i e d u n i f o r m l y over Q 0 € < j C Q Q
 0 

where i s a compact s e t , t h e n t h e weak convergence o f 

Z n t o Z w i l l be u n i f o r m over 0 o^oC. 

REMARK 2.4. Suppose t h a t t h e c o n d i t i o n s 1) and 2) 

o f theorem 2.1 a r e s a t i s f i e d f o r 0<t<T and t h e c o n d i t i o n s 

3) and 4) are f u l f i l l e d f o r t = T . Then u s i n g t h e methods 

o f t h e p r o o f o f theorem 2.1 and theorem 5 i n CIO] we 

get t h e weak convergence i n t h e space Œ ( R m ) : 

N W(PS) 
z î * ZT 

where z£ = (z£(9)) Q^ Rm and Z T = ( Z T( 9 ) ) Q<,Rm. 
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3. WEAK CONVERGENCE OF MAXIMUM LIKELIHOOD ESTIMATORS 

We c o n s i d e r t h e maximum l i k e l i h o o d e s t i m a t o r s o f 

9 based on Z n and Z: 

9^ = a r g sup z£(0), 9 = a r g sup Z ( 9 ) , t > 0 , 
Z 9eR m z 9eR m 

where t h e y are e q u a l t o any p o i n t o f t h e maximum w i t h 

r e s p e c t t o 9 i f t h e r e are s e v e r a l such p o i n t s and 

= 0 0 and 0 = 0 0 i f t h e supremum w i t h r e s p e c t t o 

0 i s n o t a c h i e v e d . I n t h e same way we d e f i n e 0 and 

s u b s t i t u t i n g Z^(9) and Z.(0) by (0) and Z. ( 9 ) 
t - t t t - t : -

r e s p e c t i v e l y . 

THEOREM 3.1. Suppose that f o r every t > 0 the maximum 

l i k e l i h o o d e s t i m a t o r s 0., , and 0^ are unique. 
t t - t t -

Then under the c o n d i t i o n s of theorem 2.1 f o r 

9 = ( 6 t ) t > 0 and 9 = ( 9 t ) t > Q we have 

w ( P n ) ^ 
( 0 n , Z n) — ( 0 , Z ) ( 5 ) 

in the Skorohod space B ( ( 0 ,<*>) , RmsrfC( R m) ) . 

PROOF. Since Z n and Z b e l o n g t o (IDaa:)^ we have 

t h a t |0£|<«, |0£ j<« and ¡0 !<«>, I 0 |<» f o r e v e r y 

t>0 and a l s o t h a t t h e processes 0 n and 9 have p a t h s 

i n t h e space D ( ( 0 ^ ) , R m) . 

By (4) and t h e Skorohod r e p r e s e n t a t i o n theorem we 

can f i n d a p r o b a b i l i t y space ( f t , F, P) and t h e processes 
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Z n and Z w i t h t h e same d i s t r i b u t i o n s as Z n and Z 

r e s p e c t i v e l y such t h a t f o r e v e r y N>0 (P-a.s.) 

sup sup Iz j ( 8 ) - Z (6)| - 0 (6) 
1/N<t<N 0£R m u ^ 

as n-*». I f we suppose t h a t a t t h e same t i m e 

sup 19^-0 |-f0 as n-*°o t h e n t h e r e e x i s t s t h e 
1/N<t<N r c 

sequence ( t ) -j, 1/N<t <N, such t h a t | - 0 I + 0 
n n 

as n-*«>. Since t h e sequence ( t
n ) n > - ] belongs t o t h e s e t 

C1/N, ND we can suppose t ->t 0 and t > t 0 o r t < t 0 f o r 
r s r n n n 

ev e r y n>1. I f t ^ t 0 t h e n by r i g h t - c o n t i n u i t y o f t h e 

process 8 we have |0^ - 0, I 0 as n-«>; i f t < t 0 t LQ n n ° 
t h e n I 0^ - 0 _| £ 0 as n-*». Since . t h i s c o n t r a d i c t s t o 

n o~ 
( 6) , we have ( 5 ) . * 

COROLLARY 3.1. Suppose that the l i m i t process in 

( 4 ) has the form (2) and the maximum l i k e l i h o o d estimator 

0̂_ and 0^_ are unique. Then under the c o n d i t i o n s of 

theorem 2.1 we get 

^ w(Po) 
e n . ( W t / t ) t > 0 ( 7 ) 

where W = ^s the standard Wiener p r o c e s s . 

PROOF. I n t h i s case t h e maximum l i k e l i h o o d e s t i m a t o r s 

0 f c and 0 f o r t h e l i m i t process i n (4) are u n i q u e , 

6 = § = W^/t and t h e r e s u l t f o l l o w s f r o m theorem t t - t ' 
3.1.» 
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Consider now t h e weak convergence o f t h e l i k e l i h o o d 

r a t i o processes Z n = (z£(e£)) Q w i t h t h e parameter .6 

s u b s t i t u t e d by t h e maximum l i k e l i h o o d e s t i m a t o r s . 

THEOREM 3.2. Assume the c o n d i t i o n s of theorem 3.1. 

Then we have the weak convergence 

Z • Z 

i n the Skovohod space D ( ( 0 ,°°) , R ) wheve Z = ( Z
T ( 9 1 ) ) •(->() * 

PROOF. I f Z S C D H 1 ) ^ and 6€ 3D( ( 0 , » ) ,R) t h e n t h e 

process Z = ( z
t ( 6 t ) ) t > 0

 H A S P A T N i n JD( ( 0 ,°°) , R) . 

Because o f (5) we need t o pr o v e o n l y t h e c o n t i n u i t y 

o f t h e map ( 8 , Z ) /-VA— (Z) f o r t h e Skorohod m e t r i c when 

t h e l i m i t processes i n ( 5 ) are c o n t i n u o u s w i t h r e s p e c t 

t o t . 

Suppose t h a t ( X n , Y n) - (X, Y) as n-~ where 

Y n, Y £ CDHCE)^ X n, X€B((0,<»), R) and t h e f u n c t i o n s X 

and Y a r e c o n t i n u o u s w i t h r e s p e c t t o t . Then f o r e v e r y 

h>0 and N>0 such t h a t sup IX^ - X | < h we have 
1/N<t<N 

sup |Y?(x") - Y. ( X . ) | < sup sup J Y ? ( 9 ) - Y.(6)| + 
1/N<t<N ^ ^ 1/N<t<N 0*R M Z Z 

+ sup sup |Y (9) - Y. (0 ' ) I ( 8 ) 
1/N<t<N |9-0'|<h r r 
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and t h e r i g h t - h a n d s i d e o f t h i s e s t i m a t i o n tends t o 

zer o as h-0. Hence, Y n ( X n ) * Y ( X ) as n-°° f o r t h e 

Skorohod m e t r i c . • 

COROLLARY 3.2. Assume the c o n d i t i o n s of c o r o l l a r y 

3.1. Then 

W(P2) 

Z n ( e x p ( W t / ( 2 t ) ) ) t > Q -

REMARK 3.1. Note t h a t under t h e c o n d i t i o n s o f 

remark 2.4 and t h e assumption about uniqueness o f 6^, 

T>0, we a l s o have 

w(P n ) w(P?) . ^n o ^ —n o 
e

T * 8rp/ Z T Z T ' 

and i n t h e s p e c i a l case (2) we g e t 

w(P n ) w(P*) 
ej — WT/Tf z£ 2 — e x p ( W T / ( 2 T ) ) . 

4. WEAK CONVERGENCE OF FUNCTIONALS OF INTEGRAL TYPE OF Z R 

L e t ¿(0), 0 £ R m , be a no n n e g a t i v e c o n t i n u o u s f u n c t i o n 

o f p o l y n o m i a l g r o w t h w i t h £(0)=0. L e t ( Q n ) n > i b e 

p r o b a b i l i t y measures on R m a d m i t t i n g t h e d e n s i t i e s 
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q n ( 0 ) , 0é-R m, w i t h r e s p e c t t o t h e Lebesgue measure. 

Assume t h a t sup sup qn(0)<°° and t h a t q n ( 6 ) - * q ( 0 ) , 
n 06 R m 

V 0 € R m. For e v e r y t > 0 we s e t 

< ( u ) = / * ( u - 8 ) z"(0) q n ( 0 ) d 0 , 
^ R 

(9) 

V u > = / £(u-0) Z (0) q ( 6 ) d6. 
R m ^ 

We a r e i n t e r e s t e d i n c o n d i t i o n s f o r t h e weak conver-

gence o f * n = ( ^ ( u ) ) t > 0 / u 6 R m t o y = ( \ ( u ) ) t > 0 , u*R m 

i n t h e Skorohod space D ( ( 0 ,«>) , E

l o c ( r I U ) ) • 

As i n t h e c o n d i t i o n ( 3 ) we i n t r o d u c e f u n c t i o n s 

lP^(y) w i t h y>0, t > 0 , n>1 and <P^(y) - l i m (P^(y) 
n-*°° 

s a t i s f y i n g t h e c o n d i t i o n s : 

the f u n c t i o n s y m + r ^ ( <p^(y ) ) $ + m ) monotonically 

decrease with r e s p e c t to y and are i n t e g r a b l e at (10) 

i n f i n i t y for t > 0 and 1<n<°° where r>0 and 3>0 are 

c o n s t a n t s . 

We s e t 

^ T ( u ) = / a(u-e) z * ( e ) g

n ( e ) d e , 
i e i > L t 

(11) 

^ T ( u ) = ; A(u-e) z , ( e ) q ( 6 ) d e 

t , L |8|>L t 

and prove t h e f o l l o w i n g lemma. 
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LEMMA 4.1. Suppose the c o n d i t i o n s I I I ) and IV) of 

theorem 2.1 with 3>1 and s u b s t i t u t i o n of (3) by ( 1 0 ) . 

Then f o r every N>0, L>0, u 6 R m and e>0 

pj( sup ^ T . ( u ) > s ) < c ( e ) / ( y 4 - 1 ) ^ \ ^ / N ( y ) ) 3 / ( 3 4 i n ) d y f (12) 
1/N<t<N L/2 , / N 

P( sup K, r(u)>e)<c(8) / ( y + 1 ) ^ r > ! : m ( y ) ) 3 / ( B 4 i n ) d y (13) 
1/N<t<N t / L L/2 1 / N 

where r i s degree of the polynomial growth of &(•) 

and c ( e ) i s a p o s i t i v e constant. 

PROOF. Note t h a t i f ^ ( u ) = (ip1} . ( u ) ) , ^ i s an o p t i o n a l 
L t / Jlj t > U 

process and f o r e v e r y N>0, L>0, u 6 R m and e>0 c o n s i d e r 

t h e s t o p p i n g t i m e 

T = i n f { 1 / N < t < N: ^ T ( u ) > c} (14) 
t , L 

w i t h i n f { p ' } = N . Then 

P"( sup <|£ _ ( u ) > s) < P n ( ^ T ( u ) > e/2) . (15) 
1/N<t<N t / L 0 T ' L 

Using t h e f a c t t h a t £(u-6) i s s m a l l e r t h e n a p o l y n o m i a l 

o f degree r and a l s o t h e e s t i m a t i o n (37) o f theorem 2 

i n C 9• we o b t a i n 

P n ( ^ T ( u ) > £ / 2 ) < c U ) 7 ( y + 1 ) m + r - 1 0 p r f / N ( y ) ) 3 / ( S + m ) d y , (16) 
o T , L L / 2 l / N 

f o r e v e r y s t o p p i n g t i m e x>1/N and, hence, ( 1 2 ) . 

- 158 -



- 14 -

Us i n g t h e weak convergence ( 4 ) , t h e Skorohod r e p r e ­

s e n t a t i o n theorem and Fatou's lemma, f r o m t h e e s t i m a t i o n 

(12) we o b t a i n ( 13) . 

THEOREM 4.1. Suppose the c o n d i t i o n s of theorem 2.1 

with 3>1 and the s u b s t i t u t i o n of ( 3 ) by ( 1 0 ) . Then 

n w ( P o > 

as n-*00 i n the Skorohod space B ^ O , 0 0 ) , ^ - j _ o c ( O ) . 

PROOF. To prove t h e convergence o f t h e f i n i t e 

d i m e n s i o n a l d i s t r i b u t i o n s we use t h e Kramer-Wold method 

and show t h a t f o r e v e r y c ^ R, u^ £ R m, t.^6. R + w i t h 

1<i<k, k > 1 , we have 

k w ( p o ) k 

Z c, ̂  ( u . ) > E c, ( u . ) . (17) 
i = 1 1 r i 1 i = i 1 r i 1 

For e v e r y L>0 we s e t 

From ( 4 ) , t h e Skorohod r e p r e s e n t a t i o n theorem and t h e 

convergence q n ( 6 ) •* q ( 8 ) , Ve £ R m , and a l s o f r o m t h e 

u n i f o r m boundedness o f t h e f u n c t i o n s ¿(9), q n ( 9 ) , 

Z^(9) on compact s e t s o f 9 we g e t by t h e Lebesgue 
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dominated convergence theorem t h a t f!?-*f T as n-*°°. Hence, 

f o r a l l c o n t i n u i t y p o i n t s y o f t h e d i s t r i b u t i o n o f f T 

we o b t a i n 

l i r a P* (f£ > y ) = P ( f > y) . (18) 

n-*°° 

Note t h a t f o r e v e r y L>0, y>0 and e>0 

k k 
0 < l i m P n( E c. V1} ( u . ) > y ) - l i m P n( I c. ( u . ) > y ) < 

n-oo ° i = i 1 r i 1 n-«o 0 ±=1 1 r i 1 

< Tim p"(fJ>y-£) - l i m P n ( f ? > y + e ) + (19) 
n— 0 0 n—°° 

k 
+ 21im P*( Z I c . I i j r j _<u,)>e) 

n-*oo 1=1 1 

and by lemma 4.1 

k 
l i m l i m P^( E |c. I T ( u . ) > e) = 0. (20) 

-*-00 X\-+CQ 1=1 1 

Then choosing e±Q such t h a t y-e and y+s a r e p o i n t s o f 

c o n t i n u i t y o f t h e d i s t r i b u t i o n o f f T , f r o m ( 1 8 ) , (19) 
J L i 

and (20) a f t e r t a k i n g l i m l i m we o b t a i n ( 1 7 ) . 

For t h e weak convergence o f ¥ n t o ¥ i n 3D( (0 ,<») , 

( E ^ Q c ( R m)) we have t o prove t h e weak convergence i n 

ID(n/l\i,N:], { C
l o c ( R m ) ) f o r e v e r y N>0. For t h a t i n t u r n 

- 160 -



- 16 -

a c c o r d i n g t o C11: and t h e f i n i t e d i m e n s i o n a l conver­

gence proved b e f o r e i t i s s u f f i c i e n t t o show t h a t 

i ) l i m sup P"(W£ (¥ n)>e) = 0, \/u€R m, VN>0 , 
h-0 n ' 

i i ) l i m sup P N ( K ? ; M(¥ n)>e) = 0, V i > 1 , V N>0 , 
h-0 n 0 h ' N 

where N ( ^ n ) i s t n e modulus o f c o n t i n u i t y i n 

D(:1/N,N3, R) f o r Y n ( u ) and 

( Y n ) = sup sup |Y?(9) - <Fj(9')| 
n , N i/N<t<N i e-e' i<h,e ,e '«£ ^ x-

where ( ^ ^ ) J L > I i s a n i n c r e a s i n g sequence o f compact s e t s , 

U X . = Rm. 
i = 1 1 

To o b t a i n i ) we n o t e t h a t f o r e v e r y L>0, N>0 and 

u € R m 

w£ ( Y n ) < w£ (^ n - + 2 sup <j£ T ( u ) . (21) 
' n,N L 1/N<t<N t , L 

By theorem 2.1 and t h e e s t i m a t i o n 

where c ( L ) i s a p o s i t i v e c o n s t a n t and w, X T ( • ) i s t h e 
h,N 

modulus o f c o n t i n u i t y i n 3 D ( [ 1 / N , N i l , ) ' w e 9 e t 
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l i m sup P^(w£ ..(¥n - > e) = 0, Vu € R m. (22) 
h-0 n h ' N L 

I n t u r n by lemma 4.1 

l i m sup P n( sup ij>£ (u) > e) = 0 , V u € R m , 
L-«> n 0 1/N<t<N t f 

t h a t t o g e t h e r w i t h (21) and (22) g i v e s i ) . 

For i i ) we have f o r e v e r y L>0 and N>0 

icj N ( ^ n ) < < j M ( y n - + 2 sup sup ^ T ( u ) f ( 2 3 ) 
h ' N h ' N L 1/N<t<N u«X. t f L 

K£ (Y 1 1 - < sup u(e)-i i(e') i sup sup zJJ(e) 
n , J N ^ ie-e'i<h,e,0 'eXj i/N<t<N |9|<L 

where X J i s d e f i n e d by {u-9:|9|< L , u ^ X ^ £ j • Since 

t h e f u n c t i o n l { ' ) i s c o n t i n u o u s and t h e sequence 

sup sup Z^(9) i s t i g h t we o b t a i n 
1/N<t<N |0|<L 

l i m sup P*)( K K ( ^ N " 2: £ ) = 0 • 
i r> O i l J - i h-*0 n 

For t h e second t e r m on t h e r i g h t - h a n d s i d e o f (23) we 

use t h e e s t i m a t o r o f lemma 4.1 and g e t i i ) . * 
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5. WEAK CONVERGENCE OF BAYESIAN ESTIMATORS 

Suppose t h a t f o r ! , ( • ) , q n ( - ) and q( • ) t h e c o n d i ­

t i o n s o f t h e p r e v i o u s s e c t i o n are s a t i s f i e d . We 

denote by 0^ and Q^r t > 0 , t h e Bayesian e s t i m a t o r s 

o f t h e parameter 0 c o r r e s p o n d i n g t o q n ( • ) / Z n 

and £(•)/ q ( • ) / Z r e s p e c t i v e l y , i . e . 

0^ = a r g i n f (y£(u)), 0. = a r g i n f (¥,(u)) (24) t _m t t ^̂ m t ueR u€R 

w i t h 0^ = °°, 9 = 0 0 i f t h e i n f i m u m w i t h r e s p e c t t o 

u i s n o t a c h i e v e d and t h e y a r e e q u a l t o any p o i n t o f 

minimum w i t h r e s p e c t t o u i f t h e r e a r e s e v e r a l p o i n t s 

o f minimum. I n t h e same way we d e f i n e and 9^_ 

s u b s t i t u t i n g Y£(U) and Y (u) by H?£_(u) and ¥ t_(u) 

r e s p e c t i v e l y . 

THEOREM 5.1. Suppose that the Bayesian estimators 
~* n ^ n ^ ~ 
^ t - ' ^ t ' ^ t a n < ^ ^ t - a T e u n ^ c l u e for e v e r y t > 0 . Assume 
a l s o the c o n d i t i o n s of theorem 4.1 , then f o r 

0 = (^-^tX) a n < ^ ~ ^ t ^ t > 0 W e ^iave ^ e convergence 

w ( P n ) 
10 ,Z n) ^ ( 0 , Z) (25) 

i n the Skorohod space 3D( ( 0 ,<*>) , Rms(E ( R m) ). 

PROOF. For e v e r y L>0 and N>0 we c o n s i d e r t h e 

s t o p p i n g t i m e 

- 163 -



- 19 -

T = i n f { 1 / N < t < N: | e £ | > L} 

w i t h i n f { 0 } = N. Using t h e e s t i m a t i o n o f theorem 2 i n 

L 9 l we g e t 

p£( sup = oo) < l i m P*( sup i e j | > L) < 
1/N<t<N L-oo 1/N<t<N 

< l i m P ^ ( | 9 n | > L/2) = 0. 

T h e r e f o r e , t h e sequence (Q^1/N<t<N i s u n i f ° r m l y 
bounded (P^-a.s.) f o r e v e r y N>0 and s i n c e t h e f u n c t i o n a l 

f ( - ) = a r g i n f (•) i s c o n t i n u o u s when i n f i n u m i s 
u€R 

a c h i e v e d i n unique p o i n t , t h e process 8 has t h e p a t h s 

i n t h e space B( ( 0 ,°°) , R m) . I n t h e same way we o b t a i n 

t h a t t h e process 0 has t h e paths i n ^ t h e space 

3D( (0,«) , R m) , t o o . 

By ( 4 ) and t h e Skorohod r e p r e s e n t a t i o n theorem one 

can f i n d a p r o b a b i l i t y space ( f t , F, P) and t h e processes 

Z n and Z f o r e v e r y N>0 (P-a.s) 

sup sup | z j ( 9 ) - Z ( 0 ) I - 0 
1/N<t<N 0£R ^ 

as n-<*>. We d e f i n e H ^ ( u ) , ij£ T ( u ) and ? , ( u ) , ijJ. T ( u ) by 
"C t , J _ i "C * C , J - i 

(9) and (11) w i t h r e p l a c i n g Z n and Z by Z n and Z. Because 

of lemma 4.1 P ( l i m sup sup IjJ (u)>0)=0 f o r e v e r y 
L-oo 1/N<t<N uOC- ' 

i > 1 and a p p l y i n g t h e Lebesgue dominated convergence 

theorem we o b t a i n sup supl Y ^ ( u ) - ? (u)|-*0 as 
1/N<t<N u*#. 

l 
n-*°°. A f t e r t h a t i n t h e same way as i n theorem 3.1 we 
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prove t h a t sup |9^ - 9 |-*0 as n̂ °° and hence, (25) 

f o l l o w s . • 

COROLLARY 5.1. Suppose t h a t Z = ( z

t ^
e ^ t > 0 h a S t h e 

form ( 2 ) and 9 are the Bayesian e s t i m a t o r s f o r the 

continuous nonnegative loss f u n c t i o n £(•) havino at 

most polynomial grows and such t h a t &(0)=0, £(9)=&(-9) 

and the s e t {£(9)<c} is convex and bounded f o r every 

c>0, and for the a p r i o r y d e n s i t y q ( 9 ) E l , V9 6 R M . Assume 

the c o n d i t i o n s of theorem 4.1 and the uniqueness of the 

Bayesian e s t i m a t o r s 9^, 9^« for every t>0 then 

w(P*) 
9 n . ( W t / t ) t > 0 • 

PROOF. Since i n t h i s case 

v t ( u ) = ; m £(u-e)exp(ew t - 1 e
2t)de = e x p ( w * / ( 2 t ) ) • 

R 

• / £(u-9) exp(-t(9-W / t ) 2 / 2 ) d 9 
Rm r 

we o b t a i n by s e t t i n g . v = 9 - W ^ / t and u s i n g t h e a n a l o g o f t h e 

Anderson's lemma C2] t h a t 6fc = Wfc/t and t h e r e s u l t 

f o l l o w s f r o m theorem 5•1. • 

THEOREM 5.2. Suppose the c o n d i t i o n s of theorem 5.1. 

Then f o r the p r o c e s s e s Z n = (z£(ê£)) Q

 a n d * = ( Z t ( ^ t ^ t > 0 

we have the weak convergence 

~n w ( P o ) . 
Z Z 
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in the Skorohod space D( ( 0 ,°°) , R) . 

PROOF: t h e same as i n theorem 3.2. • 

COROLLARY 5.2. Assume the c o n d i t i o n s of c o r o l l a r y 5.1. 

Then 

w ( P n ) 2 

Z n — ( e x p ( W t / ( 2 t ) ) ) t > 0 . 
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