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S EM IN AIRE DE PROBABILITIES RENNES 1983 

ON TILS Tv/O Î UlAKiSTiSil I TO EQUATIONS 

CONtfTANTIN TUDOR 

C0NT1SWT 
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3«A priori estimate of errors in tho numerical resolution 

Hoforencos 
o.Introduction 

In tho last time a number of papers are devoted to studying the two 
parameter Ito equation 

(o.l) X z - H z +f F(u,X)dw u G(u,X)du ; z € R 2 

Hero (w z) is a two parameter Wiener process and the first integral 
is in the Ito sense. 
In section 1 some important results concerning the existence and 
the uniqueness of solutions of (o.l) are formulated. 
When the equation (o.l) possesses H weak solution which is pathwiso 
unique fwe give in section 2 a condition which guarantees the con­
vergence in maximal quadratic moan of successive approximations to 
the solution.Also, a convergence theorem in maximal quadratic mean 
is established under a topology on the set of drift terms which is 
weaker than the one usually used. 
In section 3 we give bounds for K( sup II 2^ , - ^ 1 1 2) $ where X n is an 

U£Z 
approximant process obtained from the solution X of (o.l) by a de-
terminist discretization of time. 

1.Existence and uniqueness theorems 

V/o introduce the following notations! 

C(R 2,R d)=the collection of all continuous functions from R 2 to 
d * 

R endowed with the uniform convergence on compact subsets. 
D(R'*,R )=the collection of all right continuous and with left 

7 d 
h'-.nd limits functions from to R endowed with the Scorohod topo­
logy. I, 

r =C(R2,R d) or J)(R2,Rd) . 
J^z»the Dorol field on V goneratod by the soto of tho form 

{f € P ;f(u)^C] ,where u*z and d -
R 

i 
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= sup iif(u))i if f£f\ 

•^Wa(rT)=tho collection of all roal valued functions <x defi^Cc^ on 
>l2xV which are 0 -measurable and such that for every z,o((zf.) 

+ R^xP 

la j?z-moasurable · 
"»i«t (Ar*, T" zf PF z^ 0) b o a filtered probability space and (wz.) Z^ 0=( W2> · 
. ••..wrl) be a R^-valued two parameter V/iener process i.e 1 z z ̂ o 
J.) w is null on tho axes nnd has continuous paths, 
:>) for every 3,w z is ^-measurable(w is ^-adapted) and for each roc-
tnn^lo £ls,t), (3ri)l the increment. Q t w - r =w . -w -w +w 13 

independent on the Borol field J D ( ? ^ y U ^ ^ t > u - 3 o r ^ ^ - ^ t ' 
3)the processes (vv^),. · ·, (w^) are independent, 
4)every w 3 - has a gaussian law with mean o and variance at. 
Lot ^:R2xPx[l^>Rd(£Rd

 f GllfixVxCl — R d bo S o ®J"-moanurable 

r:uch that P-a.sco the mappings P ( · ,G(. ,û ) have tho components in 

is called the diffusion coefficient and G the drift coefficient* 

Definitional.A strong solution of ( 0 · ! ) with initial process H 
is a process ( ^ 2 ) z * 0 with path3 inF(H is .supposed having the paths 
inP) f3^-adapted and which satisfies (o.l) with probability one. 

pefinition^g^A system (H$T9 7r

z979H fPfSfwfZ;z^o) is a weak solu­

tion of _(o.l) if 
l)(QfTf Tz*2) is a filtered probability space, 
2)On (dt^ffV) are given the processes H fP(z,f) ,G(z,f) ,w„ ,!£ such that 

z z z 
2.l)Tho system (ffz>F(zf f) ,G(zf f)) ;z>o,f €F,is stochastic equivalent 
with the system (H z,F(z f f) ,G(z,f)) ;z£o;f€F Ixaa the paths in F , 2«'.)(w„) is a two parameter Wiener process, (3„) is a process with path; z _ z 
in r , J^-adapted and which satisfies (o.l) with probability one. 

Ik in cloar that every strong solution 13 a weak solution. 
£2£i2i*i22_3£We Q a7 that (o.l) has a pathwise unique weak solution 

iC every two weak solutions X,Y on ' the scuno filtered probability 
space and with the same initial processes.and the coefficients and 
having the same' two parameter Wiener process are indistinguishable. 

22£iaiii25-itWtf s a y t h a t (o.l) has a unique in law solution if 
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a very two wnak solutions XfY" have the same law on I"1 . 
rtomark^l.Thoro 13 a deep difference between strong and wcrdc^GOlu- ... 

tions.Tho investigation of strong solutions uses usually the su'cce-
nive approximation and for weak solutions one use in principal the 
two parameter martingale technique. 

Ucmark^2 .The famous result of V/atanabo and Yamada from the one 
dimensional time which states that pathwise uniqueness implies uni­
queness in law holds in the two parameter case too. 
The study of two parameter Ito equations begins around 1972 with 
existence and uniqueness theorems for Lipschitz coefficients(with­
out past) (HOC CairoliD. ]fPonomarencoC7 j.TzarencoCl^) · 

^ r & ' u s ^ t b f i n e " ~ 
B0(Jl,F)=the Jftd-valued processes having paths in.r,JI-

adapted and such that for every T>o 

ii(Jlfzl/2)d2 

B0(7" ,P)=tho procesaea (f„)„^n from B0(T S1) such that for 

every T>o verify 
E(Wf|f2)da^«o 

The following tv/o theorems give convenient forms of existence and 
uniqueness theorems in the Lipschitz case. 

Theorem^ 1(Ghihraan-Piasetzlcaia C2 3) ·Assume that for every T>o tho­
rn exists Cr£>o such that for z^(T fT) and g , h € F 

(l)(J4pschit^^ 

(:>) (Growth^ condition) : M ., c ) II . , c ) | | z ^ c T ( g//z) 

Then for H£B 2(J^ fP) the equation (o.l) has a strong solution in 
^(J^fJ*) and the solution is pathwise unique in EgC^t^1)* 
tint uo define 

o{^z9D^hQ R d-valued processes ( f
z ) z ^ 0 with paths in T , adap­

ted whidh verify for each T>o 

sup E(llf J l 2 ) ^ . ^ 

Thoorcm^gCYeha^ ̂ Let i r ^ x f 1 — ^ R d<^ d, G: R^x p R d be with the 

components in ̂ /HaCT) •Moreover assume that there exiats a Radon raoa-
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our a /\ on ouch that Tor ovnry T>o thero exists C ^ o such th.'-ii; 

( 1) (£i J??chitz_condition) : (z, g) -1?(z,h)i| 2 + IJG(z, g) -G(z,h) li 

^C T|^ Zlh(u)-g(u)||' ?dMu) + lis(7J)-h(z)j|2} 

( 2 ) ( O r o ^ h _ c o ^ llg(u)/!2d^(u)-f | s ( 2 5 ^ l j 

for z4'l\T) and gfh£p. 

Then for H€C(J^ #P) the equation (o.l) possesses a pathwise unique 

ntrong solution in 3(J^,P)* 
^or moro General coefficients the existence of weak solutions can be 
obt.iinod.The next three results give a answer in.this direction. 

Theorem^ F:R^xC(R^,Rd)x£2—^ Rd<2Kd, 
o ^ d /"̂  d CrlR-xC(iV;fa ) x l 2 _ ^ R u bo measurable functions such that P-ascu the 

mappings F(. ,a>) ,G(. ,w) have the component in C(R +,R d)). 
uioroovor assume that 
(1)(Growth_condition)l^or every T>o there exists Ly>o such that 

Hp( · ,g)!l z+l|cr(. ,e)ll 2 £l t(i +ii g» z) 

for ẑ ('J?,T) and g6C(R 2,ii d). 

(2)The functions (z,g)«—^ J1 F(u,g)du f ( g ^ g ) - ^ ^ G(u,g)du are conti­

nuous on R 2xC(li 2,R d) -and H has the paths in C ( R 2 , R d ) . 

(3)For every T>o there exists K T>o such that 

i3(IlH||fT T 0 ^ K T ; B( cup ftH -H l 6)^K Th? 
~z,z'^(Tfa') 

Then the equation (o.l) has a continuous weak solution. 
ThooremjKGhihman£3$[iet P : R 2

X R d — ^ R d 0 R d , G : R 2 x R d — > R d such that 

is continuous,nonaingular and G is measurable. 
(;?)(Grpwth^condition)I For every T>o there exists C^po such that 

IWz,p)tf+J|G(z,p)JUCT(l+|lp/p for z^(T,T) and P 6 R d . 

Then for each ^eR there exists a continuous weak solution of the 
following equation 

(1.1) K*mf* V d v v u +J** GCu^Jdu 

http://obt.iinod.The
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Theorem 5(Tudor [8] ) .Suppose we are given *«',G-\it̂ xR—=?*R measu . mjI-j, 
bounded and moreovor acsumo that i?(zfx)^C>o for every z fx. ^~T^ 
Then the equation has a continuous wo ale solution. 

Uoinark_3.Unfortunately there is no satisfactory results concerning 
the uniqueness in law of weak solutions. 

2 . Convorgonc e ĥoorrjins 

imt F(s fx) : a 2 x R d — R d < » R d . G ( z . x ) I R 2 x R d — R a be measurable in (z,x), 
Locally bounded in the first variable and continuous in the second 

•^uritthlu^.... -
/e introduce the following assumption: 
li]£5y!?P*iPlJ^l£\liT3:lore ^ i 3 * ^ a function co ! R 2 x R ^ — ^ R + such that 
(±)OJ(·Fo)=of <x? is continuous in both variables,concave nondecreasing 
i.n the second variable. 
|!or every nonnegativo constants T.C^.CgfC^ the trivial solution is the 
unique solution of every inequation 

0^.i(s)^Ciy J cu(p+T,q,u(p) )dpdq 

o#\{*)±G2j£ w(p fq-HT,u(q))dpdq 

o^jx(sf t)^C 3 ^Ty 1 u , (p+T,q+T,u(p,q) )dpdq 
(ii) l|p(z,x)-F(z,y)||2 + ||a(zfx).G(z,y)j/2^U)(zfi|x-y|i2) 
Uonnider the following Ito equation 

(2.1) X z = I I z + / o
Z ? ( u ' X u ) d w u + y* ZG(u fX^)du 

ftemark^Under assumption (A) the stochastic equation has a path-
\/ino unique solution. 

Zli52rS2}^§l 3 uPP 0 3 0 *hat (2.1) possesses a weak solution X.Define 
Lhrt successive approximations associated to X by 

Tf the cinou nipt ion (a) ia satisfied and for every T>.o 
i i ( l l l l l(T,T) )^°° 

•I'hon lim B(llxn-X«? „0=0 
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'iVf> nood tho following two lemmas whoso proofs are easily conrjequmv-
c \ M of the ochv/artz inequality, of the Doob inequality and of tho 
fact that tho assumption (A) implies the exist once, for every'sr,of a 
conn tout 0(7,) such that 

(:!.2) i|F(u,x)II2 + l|G(ufx)||2^C(z)(l+||x|l2) 
for every u<££ and xeita. 
ViV omit tho not;»ils« 

;'u pposo iv/pothscccs of tivjorom 6 aro sutisfiod.Then 
for ' i v c r y r. thoro exists a constant C ^ ( z ) such that we have 

(,!.3). nup a(H;cnl|2)^c ( 2 ) 
J

n . 

(2.4) u U l x i l ^ c^z) 

(:£.5) isOfX^Hj^^C^z) /i( Co,u]) for u^z(here A is the LoDosguo 

III" '-JJUrG) . 

Mow fix T>o.Define z Q=(T,T) and chooao oxl'-^T such that 

( Z.G) cJ 1(a5,0 1(a 0)>([o,a]))4P 1(z 0) for a s S j - C T ^ ) 

whore C O - ^ z ^ M 32+2T2)w(z,x) . 

ifor n=o,l,... and ZAZ^ define 

h 0(z)=C 1(z o)^([o,z]) 

fin(a)-a(lie.xl2) 

L-;uu[ia_2.Under the hypotheses of theorem 6 and for ovory n=l,... 
Uho following inequalities hold 

(2.7) 0 4 f i n(z)*h i x ( « ) ^ i l . 1 ( 2 ) J 2 ^ 1 

i ,i'22l-Pf-5 i202E£2-^'5*2P-l , v' c Q h ! X l > L s h o w t h a t 

(,'Vrt) lira 13(11 X n-XU| )=0 
n->oo 1 

Unrroto h(z)=lim h n(z) for z ^ . O f course h is continuous,null on 

l;lio nxos and satisfies 
h(z) = / cu 1(u,h(u))du 

Tho aooumption (A) tela us that h=o and ( 2 . 8 ) follows lay utilising 
l.ninma 2 . 



7 

JJi£]2_£·V/o defino 
'L' 2=:5Upj_7;o^^T and lim S(IU n-X<i 2

n n O = o 

It io clenr that o ^ T ^ T ^ T .In this at el? we shall ahow that 

(2.9) lim 13(lUn-Xl\2 ) = /> 

whoro z 2 = ( T 2 , T 2 ) . 
L-l; f=(e,fc) ,^>o.V/<3 have 

U.lo) lim E(llXn-Xii^ _ -)=o. 

/Vll wo muot to show 13 

(J?.11) B( cup l U n-X 1 2)4L(T)E 

for n enough large.We havo 

E < ^ ) 6 D l

1 | x ^ l | 2 t o G ( ^ l | x S - x u ^ 2 - 6 ) l l 2 ) + 

ffy using the Schwartz and Doob inequalities, lemma 1 and (2^2) we 
get ^ 

1 2 2 

/^2-^*2 

2(T 2-6)€^ ^ ^(||G(u,X^~ 1)il 2)du£32C(z 2)(T 2-6)6-

Similarly we obtain Ig^L^T 1 )ig, 
On the othor hand from (2.1o) we arrive to I^fc for n enough large. 
Hence (2.11) ia provod for i=l.The caaos 1=2,3 follow in tho same 
-n.-rnnor · 
;tojj_J.Wo alrnll ahow that T ?=T.Contrary aooumo that T 2<T.0haorv9 
that the above calculus ohow3 the oxiotonca of a sequence a 0 

:iuch that 
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(;:..!.;>) , ; ( | | x n - x | | 2

? ) ^ n 

I'nfino z=(a,t),D 1( g) = t(T 2,o),(T 2 +B,T 2)] ,D 2(t ) = [(o,T 2) , (T^I^Y} , 
i»(-)-[z;),z2+55].For z 2+s^z Q a n in tstoy 2 follows 

(2.13) B< nup [\^\\2)^iI(S)^O.^L(T)B 

ueD-^s) u u n n 

12.14) E( imp II xJ->c ull 2)=i^(t)^ n+L(T)t 
u6J32(t) u u n A 

(2.15) lfi( HUT. | D Z (*n-X) J!. 2)=l|( S,t)£L(T)st 
~ — u 6 D ( a - J Z 2 J ? il-- - --

(Jhooyo o-ci^-^T-Tg and a positive integer p such that 
T 2co 1(s+ ,J: 2,t,3a p+L(T)s)^L(T) for s ^ i r t^Tg 

vlioro o->1=(48+31,^1)c*-» . 
lor ô *2"j_ we define 

e p(a)»3a +L(T)s 

W 3 > = 3 V n + / 0 7 Q

T 2 ^ 1 ( u V J ! 2 ' V ' V n - 1 { V ) 5 d u d V 

ly induction on n we obtain (we omit the details) 

(2.16) £ ^g <g ' . *p+n "p+n^p+n-l 
\'e put g(s)s lim g-._(s),We have g(o)=o,g is continuous and (2.16) 
implies a T 

G(A)*JJ 2 u u 1(u+T 2,v,g(v))dudv 

linnco g=o by assumption (A.) .In particular we obtain 

(2.17) lim fi( sup || X n-X Jj2)=o ; s £ » - . 
n-^*> ue:D1(s) c x 

; imilnrly follows the existence of o-CT^-cT-Tg such that 

(2.18) lim J3( sup \\^-Xj 2)=o ; t 6 ^ 
n-^od u*D ?(t) * 

jJrrnofcn CU 2=4(32+2T 2)c«J and chooao o < £ ^ ^nan^-^^jT-T,,) such that 

CL? 2(s+T 2,t+T 2,L(T)st)^L(T) for 0<z=(s,t)^)23 
Now for z=(D,t)^(^ 3,»j 3) we define 
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<S£ • i ^ T S *lW*n~£Z x^yV^ c -
li0(z)=L(T)at 

h n + 1 ( z ) = / , Z c u 2 ( u + z h n ( u ) ^ J ; ^ + ^ ) d u 

H n ( z ) = L . ; ( cur, |) Q Z U n - ; c ) J 2 ) 

u&)(z) 2 
Uy utilising the inequality 

u6D(z) u z 2 u6D 1Cs) 

4 sup l|X*-lJI2
 +4.sup II0, ( ^ ) H 2 

u€D ?(t) U ^ U€U(z) 2 

we nliall obtain 4xi £h , and hence h=o.In particular 
n n XI—X. 

(2.19) lim E( sup llX n-X j)2)=o 
n-*oc . u«J)(z) ^ u 

finally from (2.9), ( 2.17)-(2.19) we obt.ain 

which ic contradictory with the definition of Tg* 
Theorem is now proved. 

Remark^5-In the one oarametor case & similar result as in theorem 
G has boon obtained by Yamada£l3j. 

hot Tf 3 ^ z t P fw 2;z£o) a two parameter Wiener process and j£ be a 
cln.fsn of continuous processes ( x

z ) ^ 0 defined on (fi/J>P) and with 
value 3 in Rrl such that for every T>o there exists a constant K( T) 
independent of X with properties 

(2-2o) I':(||X||^TfT))4K(T) 

(2.21) B C l X ^ X ^ W T ^ C C o ^ ' l J . ^ C o ^ l ) ] ^ 

Cor o«*z'£(T fT). 
T)ofinitlon.V/0 any that a measurable function a(z.xlto) : R 2 x H d

x Q _2> 

it* Msrtiafieo assumption (B) if for every T>o there exists a constant 
fj('L') raich that P-ii.a 

Ha(z,x)l^:,(T)(l+|Ixll) 

j)a(25,x)-a(z,y)|j^L(T)||x-y|l 
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for o*»£z' ̂ (T/iO and x,y in ild. 
.1 'reposition l.Let (a„)„_rt , ba a sequence of functions which 
— *·. — — — — i i 1 1 — O , 1 f . · N 

. • sat is fy bh i assumption (B) with the same constant L(T). 
Online for n=o,l,... and T fN>o 

<* (N,T)«B( oup aup I / [a (u,x)-a (u,x)7uuj 2) 

A.:;numo that for every n,N,T wc have 

{P..22) lim c<n(N,T)=o 

Tlum , 
"(T^rB'T^Xim OUP;e( -sap-;— I f [ a n(u,X)-a n(u,X)]du| 2)=o 

J'roof.Lot D be a partition of the rectangle £p,Tj 2 of the form 
o«n 0<...<B r + 1.'J! fo-t 0<...<l; B + 3 L-T and denote * i f j-C^.* j) , D l f j - & i f 

! ,i +l,j +l )»V ata- ao-
Computation gives 

(2.24) E( oup I f b (u fX )du| 2)«iJ;»J(x,<e)^ax(N,T) + 

an n-»ot»N-»oo (in this order) uniformly in XC3£ 
Lot ^ bo arbitrarily fixed and choose the partition. D such that 

max > ( D i f J > * ^ » « t W ^ i ^ V l ' V l ^ 2 ^ 

Then we shall obtain 

. - J ' 5 ( . . . ) l / . , ^ ( u ' I , d u ' a J 1 / 8 * 

£ £ { « i l > ™ i 2 } 1 / 2 * 

4(«.1)( 8 +1)(b[BU ? . Jb^u . ^ f i u ) 2 ] ] 1 / 2 * 

WnKt we have ^ 

i-o 3=0*· 1 , 0 i f 3 

i=o j=o v 1 , 3 i» J 4 *^ 
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(r+l)(s+l) sup T l J ' 3 U , T ) ] l / 2

 + 

1=0 j=o *- x » 3 

(r+l)(s+l) D u p [ l Ì - T ( X , T ) ]
l / 2 + ¿ 1 è L -

A computation gives 

I i ( J ^ 2 ( T ) ?(D i > 1 ) [ ( 8 i + 1-o i).(*j. 1-tj)]
l / 2 

If wo chooso n Q enough largo such th.-'1*^ 

(r+l)(s+l) sup sup fl^H^f^for n>n Q(see (2.24)) 
. i, j X6 X 

then wo get 

(2.25) J ^ + L g C T ) 2 1 7 \ ( D i > J . ) > 2 = ( M 2 ( T ) T 2 ^ = L 3 ( T ) 1 r l 

for ns^n0. 

/Vico a simple computation gives 

i f j ' i f 3 

Finally we deduce 

fis( s*f I /*2 b n(u,x)du|
2) é M D w -

4(r+l)(s+l)L4(T)^=L5(T)>l 

for n*n Q funiformly in Xé3£. 

The proof in now complete. 

•!:LI£2££1J}_Z*SuPP08G w o i x r o g i v " e n ^ o r n=o fl ?.. the functions 

n *t* ri 't­

will ch satirify assumption (B) with the same constant L(T) · 

Lot ( H ^ ) s o ; n = o f l f . # # f be a sequence of continuous and 3^-adapted 

R d-valued processes such that for every T>o there exists a consta­

nt M(T) satisfying 

sup B C f c ^ l l ^ ^ j ^ K S . ) 

%V B(lta2^i2JI6>^«(l){^(C0f»T Co f »3) } 3 

for o « 5 f i 5 ' ^ ( T f T ) # 

Moreover assume that for every N fT>o 
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( i , ) l im й( aup ff Ii ( и , х ) - ? л (u . x ) |Pdu)=o 
n^co UxlléN /о/о n ° r-:-

( i 0 ) l im ii( пир лир ¡ fG (u,x)-G (u,x)]du 2)=o 

( i , ) l im I i ( | | l l n - II 0I|L ф О = о 

Lot ,(Xn) bo tho S o l u t i o n of tho Ito equation 

%<?£^'®}z¿£.bs*'®«> .... 
Thon 

lim E(IlXn-X°üL фч)-о 

£roof»The existence and tha pathwise uniqueness of X n follow 

from C2] mid 

Noto also that from ß:p.79,3o 1 it follows that (2.2o) f(2.21) aro 

•íintinfiod for Х={х П;п>о}. 
Now the theorem follows by ад application, of the standard method 
tor the Ito integral and af the previous proposition for the Le-
bvntyxQ integral. 

Rnmark_6.Usually the assumption (ig) is given with the norm 
invortod with the integral. 

Uomark_7.In the one parameter case a similar result as in theorem 
7 has been obtained by VarsnnljLll. 

3.A priori estimate of errors in the numerical 
resolution 

Lot 3 be a real separable Hilbert зрасе with norm I.\ and inner pro­
duct ¿. ,.>nnd let (Slfh T^fPfZel^Ll 2) be a equiped probability space. 

We denote 

1= Ь Д ] 2 : 1 0 = { о , 1 } х { о } ф } х [о-,!] 

^(ü)=the Hilbert space of all Hilbert-Schmidt operators on 3 

with the norm ||. II2· 

LpCQfTT^S) 8 8* 1 1 0 Hilbert opaco of all 3-valuod functions on (i2# 

7", I') which are square integrable in the Bochner sense. 

D ( I f j ) « { f 3 ; f is right continuous and with left limits} 

9ethe Dorel field on Ixfl generated by the sets (z,z']xA,Aé£T 
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(a ti-valued procons which io (f ,Sg)-measurable io called predict.'bio) 

ü-riiíliiiSS-á*-^ 3-valued process „ej
 i : i called square int :gra­

tín otrong martingulo(or difference martingale) if r r - - > : 

(r.) for evory z,M z4 L 2 ( Q f 3 ^ f P , S ) and H vanishes on I Q 

^ ^'n o'^o l^'^ Mo t'^1 t̂  a I*° 3-valued martingales with one paramatrr 

(c) B ( a a . > t .
 R T s , t ^ % , l Ú T 1 / c ) ) = o if M ' . t * t ' . 

i22£iSi¿i.°2-.X*^^ M

z

 ; l square integrable strong martingale then the 

•rocess denoted by<pfl> with properties 

(i)<M>han continuous paths. 

Xá^il.^itanishoa.-on I0..and...la-in.cccasing. 

:'.o called the quadratic variation of W(<.M> exists and is uniquely de­

termined) · 

Uomark_8.If H is a predictable process which satisfies 

1 f 

then the Ito integral / HdM as usual. vYc note the validity of the Doob 

inequality 1 

b( oup J^£UHdM | 2 ) ¿i6js( JZ ||h||a<m>) 

7« have the following version of theorem lC'frie proof i 3 similar) . 

( M

Z) Z6I
 a C 0 r v f c i n U 0 U 3 S-valued process which is a square integra­

ble strong martingale with quadratic variation M satisfying 
^a^ 7 6 i a continuous S-valued process with finite variation 

•fehnr satisfies 

l=n\t' A 0 > t ^ C 2 ( s ' - s )(t'-t) 

(i^) № z),¿££ «n adapted 3-valued process with paths in D(I,S) ouch 

that i2(|lH||2

:L>1))=a3-¿.,oo. 

(i 4)F,G:ixJj(l,3)xil—^3f 2(0) S z*<3^-predictable processes such that 

H P ( z fn)-P ( 8 f e ) | | | - ér^Hh -c l l 2 ' ; j|G(z f h)-G ( Z , e ) | | 2 é=K 2l|e -h|J 2 

||P(aflx)|l¡áK3+K4l|hU| ; llG(z,h)jf ^Kg+KglM* 

"turn there existo a pathwise unique ii-valued process X 2 adapted and 

vith paths in D(I,S)(if H iS continuous so is X) and such that 
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^ ' ^ V V V j T ^ ( u , A ) d ^ + J* G(u,X)dV u a.a 

Next wo suppose the hypothccee of theorem 8 hold. 
"or simplicity we denote r — x 

V i/ 2 n' Di f3-E*i»*i +i>[t j.t d + 3Ji,d-o 2a-l 
i!E£I?2Piii2S_2.Acsumo that 

| H s - H s , | 2 ^ 0 4 H Z - z ' i l 2 ; 4 8 0 ^ 3 0 ^ ^ 
Tlion we have 

JS< sup | X -X 1 2)^1 ̂  2 - K o < _ 2 - 2 n
+ ^ 2 - n 

whore o o . o 
• '^i==7C|K 5^38G^K 6 B ^ K A G j K ^ C 2 ! ^ ) exp( 48C 1K 4+3C 2I<; 6) 

a S,=14C 4 +14C 2K 5 +112C 1K 3 +( 3 C 3 + 4 8 C 1 K 3 + 3 C 2 K 5 ) (4480^ + 

28C 2K 6 ) exp( 4 8 0 ^ + 3 0 ^ ) 

^ = 5 6 0 ^ 1 1 2 0 ^ ( 3 0 ^ 8 0 ^ + 3 0 ^ ) 0 X 5 ( 4 8 0 ^ + 3 0 ^ } 

A proof may he found in [9 J · 
The following three theorems are proved in[9], 

'^£2£2S_2 # i i ,° r e a c h n l e t x n b e " f c h o Process defined by 

t t 

Then we have 
(2.27) E(|X-Xnll2. # t )^d n f i > < i = A 2 " 4 V 2 2 " 2 n - C 9 6 C 1 K 1 + 2 4 C 2

K 9 ) . 

where o „ ? , o « X 0 J 

A = 1 2 C 2 K 5 + 4 0 C 2 K 6 ( 3 0 3 + 4 8 0 ^ 3 + 3 0 ^ ) exp( 4 8 0 ^ + 3 0 ^ ) 

^ 2=6C 4+240 2K 5+480 2K- 6(3 0 3 + 4 8 0 ^ 3 + 3 0 ^ 5)exp(480^ + 3 C 2 K . 

'£&£2E£!S_l2 , v 7 e a d d * Q ^ i x ) - ( i 4 ) a*"1 "the hopotheaea of prop 0 • 
2 tho ur, sumptions X o x i 

l|0(a,g)-G(z ' f e)l |2^:L 2 sup. J^-3 - 1 2 

We define for every n 
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l+J. 0+1 1+1' j+1 r=o a^cr ° r-t-1' s+l . 

G ( t r , t a , x n ) ( C L V. . ) 
r a br+l' tall b r ' V 

1 J i 1+1' 3 3+1 
Tlmn 

(2.28)fi(HX-Xnll2. f t . H r / 1 2 - ^ 2 - 2 n

+ ( 9 6 C 1 L 1 + 2 4 c | L )(d n + 

• — - - A ^ A ^ ^ X - ^ t . c x p \ ( 9 6 0 ^ + 2 4 0 ^ 2 ) j } 

Theorem 11.Assume that II ia continuous, i?,G I Ix.Sxil-.^^(3) a r e 

j* -adapted and continuous such that there exists const ant a ^i^i* 
1,..,6 with properties! 

||U,(z,h)-li'(z,g)||24lCllh-c;(2:HG(s,h)-G(Z,g)|| ̂ J h - g l 2 

( ( ^ ( ^ h ) ! ^ . l | g ( » f h ) l 6 K 3 J «P(8,h)ll|fiJc2 ; l|G(2,h)l|2^2 

| | ^ ( Z f h ) I U i c 4 , | | | f | ( B . h ) | U E 4 

3x" f ^x* H 

l | ^ ( « , h ) | £ k 5 : li | i( 2,h)l)^ 5 

ll | | ( 2 , h ) (Uk 6 , ||^|( Z,h)||^ 6 

i?or each n lot X!n be the process defined by 

X * += Hn ++ ̂  $ZWK'Kt*% t ^ a t ' t M t ,t ) + 

o 
f^r+l^s+l ->r 1 

'f*j;*j- i tS 1.*j ) ( c»'.*"*i.*i , t r , < ti'*J , x*i.*i , ( i : l'*\'*j , + 
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^.A- * 3 V V ^ i » u 2 V V u i ' u 2 

Thon 
(2.29) № - * n i i ^ 

«<4+>) 2 - 4 n ] t i t i C X p ( ( 9 6 0 ^ + 6 0 2 ^ ) +12.16 ̂ ( k ^ . k ^ ) + 

^ c ^ k ^ + r c 2 ^ ) } 
where 

- ^ ^ o O ^ l K ^ p j - V - ^ 4 4 - ) 

^ 2=l6o(32k 2lc 2C 1+2C 2lc 2) 

^ 1 6 o [ k 2 + k 2 + 2 k 2 + 3 2 C 1 k 1 E ( ^ l X u - X t . > t . l 2 ) + C 2 k ^ 2 ] 
u^D · · i J 

^ = l 6 o ( 6 4 C 1 k 2 k 2 + 6 4 C 1 k 2 k 2 +k 2

i 0 2
!K 2) 

^=lo/4C 2

2 rc 2

E ( | V \ f t . | 4 ) 
^ i f d 1 <J 

j 5 2 = i o c 2 ( i 6 k 2 k | c ^ 
/ 3=loC 2[k 2 + I c 2+2lc 2+32C 1 I c 2k 1E( sup | X ^ - X . ? t J 2 ) + I c 2 C 2 I c 2 ] 

u£D. . i 9 J 

r£2J222ili3:2S-i # U n d Q r * b l l G hypotheses of theorem 11 and moreover if 
Ki io a two parameter Wiener process i.e 

(l)M vanishes on I Q and has continuous paths, 

{2)R№7)**Q and MZ^Jj2{Q4

<^9V93) for each z, 

(3)Gov(Q / ML ,)t=(s'-s)(t'-t)W.v/here W ia a positive,trace class 

onorator on S f 

(4)the increments over disjoint rectangles are independent, 
then the following inequality holds I 

<2 .3o) B( nup | V X t . ,t J 4 ) ^ 3 c 5 E 2 2 ^ M 3 [ 0^(tJ ^ ) + 3 6 ( 3 / 4 ) 4 l c l i 

( l + p l l 2 ) 2 ^ 2 ^ - ^ 
A proof inny bo found inQ)l« 

R_omark_2*^proximntion thooromo for l-paromotrar han boon obtninod 
UlHl . D O 
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