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In the last time a number of papers are devoted to studying the two
parameter Ito equation

z z
(o.l)v X, =H, +J; F(u,)()dwu +/; G({u,X)du ; zeRE

lHero (wz) is @ two parumeter Wiener process and the first integral
ig in the Ito sensec.

In section 1 some important resulis concerning the existenco und
the uniqueness of solutions of (o0.l) ure formulated.

when the equation (0.l) possesses w weuk solution which iz pathwise
unique,we give in section 2 a condition which guarantces the con-
vergence in maximal quadratic moan of successive approximations to
the solution.Also, & convergence theorem in maximal quadratic mean
igs cstablished under a topology on the set of drift terms which is
wealter than the one usually used.

In gection 3 we give bounds for I supl‘xu-xauz),where ™ is an
u<z
approximant process obtained from the solution X of (o0.l) by a de-

terminist discretization of time.
l.Existence and uniqueness theorems

Wa introduce the following notations:

2
+

C(R2 Rd)=tha collection of all continuous funetions from R to

+?
Rd endowed with the uniform convergence on compact subsets.

D(R_‘E,Rd)=tho collection of all right continuous and with lef®
hind limits functions from Rf to R® endowed with the Scorohod topo~

lopy. \
r=c(r2,8%) or D(r%,2%),

[
]Zz=ﬁhﬁ Dorel field on f’ generated by the sots of the form
{re p ;f(w)ec} ywhere ugz and cefBRd.
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ficll_= sup H£{w)li if fel.
2 ae
Ma([") =the collection of all real valued functions defined on

»,  =meagurable and such that for every z,x(z,.)
Rex D

- +

.9 ﬂy-moasurable. L
et (, 7T z,l’;z;-o) be a filtered prohability space and (vvz)z>_0=(wz,.

-tfx[‘ which aro (B

....,v.le)z:‘O be & Rd-valucd two porameter Wiener process i.e

1) w is null on thoe axes ~#nd has continuous patha,

2) for overy z,w, is g—measurable(w is };-adapted) and for each rec-
trmele. [(s,%),(3,8)] the increment [J  wz g =w_ . =w_ -w _+w  is
e [ a,%78,% s, 3,t s,% s9,%

'd
independent on the Borel ficld .@(g,vuyu’t;ués or v<t)= (;;,t .

3)the processes (w;’),...,(wg) are independent,

4)avery wg % has & gaussian law with mean o and variaace st.

?
Let F:sz[‘xQ——’, qucnd ’ GZR?'x[‘xQ-% Rd be B 5 &J -meagurable
such that P-a.sow the mappings F(.,w),G(.,w) have tho components in

Macry.

i g A o e

ig n process (;{z)z>o with paths in[ (Il is suppesed having the paths

inl"),F, -adupted and which satisfies (o0.1) with probability one.
Dofinition 2.A system (Q,F, F,,P,B ,F,G,#X;220) is a weak solu-

tion g_fio.l) if
1)(Q,F, ?7,1") is a filtered probability space,

Mon (Q,F,T) are given the processes ﬁZ,F(z,f),G(z,f),Wz,iz such that

7.1)The system (HZ,F(z,f),G(z,f));zao,fé_[‘,is stochastic equivalent
with the system (H_,F(z,f),G(z,f));220;f€l",M has the paths in [,
:2.;?)(sz) is a two parameter Wiener process,(xz) is 1 process with path:
in [ ’ T’z—nd:tpted and which satisfiea (0.1) with prob.bility one.

It ina clear that every strong solution is a weak solution.

Definition 3.We say that (o0.1) has a pathwise unique weak solution
iC every two weak solutions X,Y on ° the same filtered probability
gpnce and with the samo initial processcs.and the cocfficients and
having the same two parameter Wiener process are indistinguisnable.

Dofinition_4.We say that (o0,1) has a unique in law solution if
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avery two wnok solutions (,¢ h've the same Law on i@ .

tiong.The investigition of strong solutions uses usually tae succe-
sive approximation and for weak solutions one use in principal the
two prrameter martingale technique.

Romurk 2.The famous result of /utanabo and Yamada from the one
dimensional time which gtates that pathwise uniquenoess implics uni-
qurnesg in law holds in the two parameter case too.

The ostudy of two parameter Ito cquations begins around 1972 with
nxigtence and uniquencas theorcems for Lipschitz coefficientg(with-
out pagst)(see Cairolill J, Ponomirencol 7 ], Tzarenco[1ld).
..-——-—'*’n',‘ﬁ‘u“s“&‘éflnn"' T TTm o T s -
132(3;,]7‘)=the a%-valued procasses (fz)za-o having paths in [’ ,};-

adipted and such that for every T>o
TaT 2
// g(IE, )l )dz L oo
ovo

Bz(Tz,l")ﬂ:he processes (f_) from Bz(};,f') such that for

2z’ 220
avery 1>o0 verify

T AL
TR
[ £ B IIel2)dz < =0

The following two theorems give convenient forms of existence and
uniqueness theorems in the Lipschitz case.

';L:l_l_ggggg_;(Ghihman-Piasetzlcaia.[2]) «Asgume that for every T>o the-
ra exists Cyp>o0 such that for 7z<(T,T) "nd g,h el

() (gpowth_condition) : W (., )l +llol., o)l , £Cp(1elal,)
Then for HE Bz(?;,f') the equation (o0.l) has a strong solution in
B,(F,.I") and the solution is pathwise unique in B,(F_,M).
Lhet ug define

;S(TZ,[")=the rRé—valued processes (fz)zgo with paths inl’,};—adnp..
ted whidh verify for each T)o

» BUE_I2) 2 oo
gz("r,u:) L

- e g e e e gmn e

components in Ma(f’).l\loreovor assume that there exists a Radon mea-
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" , N . . . .
gure % on R+ guch that lor every T»0 there eoxists CT7° such th~y

(1) (Lipoehitz_condition) Illi(z, @) ~7(z,n)l) *+la(z, 8)-6(z,0)l1%L

———

o] [Mnt)-g(I*a2) () -a(2)) 2]

" o— " - = - — -

Cor z&(T,T) =and g,hel.
Then for HéS(T;J?) the equation (0.1) possesses a pathwise unique

atrong solution in S(};:P)-

#or more gaeneral coefficients the existence of weak solutions can be

obtiined.The noxt three results givae a answer in this direction.
heorem_ 3(Ghihmam-Piasetzkaial 2]) ILet Firn?xC(R2,r%)x(l—s r@n?,

GtfoC(Rf,Rd)xfz-J? Rd be measurable functions such that P-asw the
mappings F(.,w),G(.,w) have the component in./%%(C(R+,Rd)).
Woroover assume that '

WeCe, el +laCe, el , £Lp (14l glly,)

for z&(T,T) and ggc(Rf,rcd).

' z z
(2)The functions Oz,g)—q?Jﬂ F(u,g)du,(g,g)—q>vf G({u,g)du are conti-
(" o
2 2 L4 . 2 L4
nuous on R+xC(R+,R ).and H has the paths in C(R+,R ).

(3)For every Tyo there exists K,»o such that

(Il 6 . i 16)x
(Nl ) )&Kp 5 B oup o e, -, Al °) gk, 03
Tz,2°% T,Tg

Then the equation (o0.l) hao a contimious weak golution.

e B A OPe G e e G e o+ - -

ﬂb‘(z,p)ll-o-u(}(z,p)lléCT(lHJpﬂ) for z<(T,T) and peRY.

"hen for each de there oxists a continuous weak solution of the

following oquation

Z Z
(1.1) Kz=x+/; P(u,X,) v, +/o' 6w, X, )du


http://obt.iinod.The

"heorem 5(Pudor(@]).suppose we are given N,Giﬁfx&-—é»R measu. -ulz,

bounded and moreover assume thut #(z,x)2C»0 for every z,X.

I

Then the equation (1.1) has a continuous weak solution.
Womark 3.Unfortunatcly there is no satisfactory resulis concerning
Give uniqueness in law of wealk solutions.

r

2.Convergonce +iicoruing

a

a1 -
et F(z,x) :fond—> R @Rd,G(z,x) :fl;:c‘L?d-—‘? RY be measurable in (z,x),

Locnlly bounded in the first voriable and continuous in the second
——Naiol e, .

4o introduce the following asgumpbtion:
Angumpiion_(A) iThere exists a function w :foR+—>R+ such that

(i)ew(.,0)=0,w is continuous in both variables,concave nondecreasing
in bthe necond variable.

‘or every nonnegative congtanto T,Cl,Cz,C3 the trivial solution is the
nnique polution of every inequatiocn

84T
oqu(s)<4C w (p+T,q,u(p))dpdq
LJo o
T A4t
osu(t)écpf/‘w(p,q+T,u(q))dpdq
“Yo /o ' .

gnt
oex(s.t)sc3/fw(p+'l',q+T,u(p.q))dpdq
ovo

(1i) N7 (z,x)=F(z,7)I1? + [[6(2,x)=6(z,7)l|%2 w (2, lx~yll %)

Conoider thae following Ito oquation '
. } z z
2.1) )CZ=IIZ+J;' .'v‘(u,)(u)dwu + /: G(u,k’u)du

vine unique asolution.

:J_.‘l-_xg_g;gg_ﬁ;Supposo that (2.1) posseases a weak solution X.Define
Llhhe nuccessive approximations associnted to £ by

o—
XZ-IIZ

N+l z n 2 n
X, +£ F(u,Xu)dwu +/; G(u,X;)dun

1€ the assumption (A) is gutisficd and for every T>o
s(bul 2 )<
kg, p)< o

then  1im  B(P-xd2 )0
> 00 (2,1)) |

7
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ve need the Following two lemuwns whose proofs are casily consequen-
crnor the Sehwortz inequality,of the Doob inequality and of tun

S e
o~

fnet that the assumption (4) implies the existence,for cvery z,ef o

conabmt C(z) such that

(r.2)  Weu, )l + No(u, )% < c(z) (1+l=ll?)
Covr eveory uez nnd xeﬂd
Feoomit thve detnils.
Lommn_L.ouppose the hypoiuscges ol bucoren 60 are sutislied.Taamn

Lor overy o bnere exists o constent Cl(z) suchh that we nave

(7.3)  owp D(\l:nllz)écl(z)
_ n _ o

el it e e n e e e e

(2.4) (llfcll?) 40, (z)

(2.5) Bl X-’-Hu&)écl(Z)A(. [o,u]) for usz(here A is the Lebosgue
me wwure) .
Now fix I>o0.Define 2z =(1,T) and chooso o«I;<T such that

(7.6) @ (7,0,(z )N [o,2]))<, (2,) for zs2,=(T1,T;)

ahora W (z,x)=(32+421%)0(z,x) .
'or n=0,1,... and Z4Zq define

h,(2)=Cy (2 )A( [0,2])
V'
hn+l(z)=¢£<¢2l(u,hn(u))du

Y (z)=m(uxn-x“2)

Lommna_2.Under the hypotheses of theorem 6 and for every n=i,...

the following inequalities hold
(2.7) Oelill(z)ﬂln(z)éhn_l(z) ; 245]
Lroof of theorem 6.5tep l.We shall show that
(2.8 lim s(E™-xIZ )=0
1

=% 00
penote h(z)=lim h_(z) for Zézl.ﬂf course h is continuous,null on

N co
the nxXes and gatisfies

h(,.)zf wl(u n(u))du
e nsgumption (A) $els us that h=o and (2.8) follows by utilising

Lemmiy 2.

’



Jhep 24ila define

=oup|T;0¢T <T and lim  S(H&P-XI%; 4\ )=0 .
n_,w (-L'J.) ~

It ig clenr that oL, &l,«l.In this gtel we shall show thag
(2.9) 1im  e(Nx=xh? V=0
© n—pos Z2
wheee z2=(T2,T2)-
b €=(e,e) ,€>0.We have
(2.30) Lim  B(Ux™-zi? _ 2)=o.
N0 22-
Vonote D= [(oyT-g), (T o—€ T )-} L - €,2,),D "[(Ta =€ 0),(T,, Ty -a).

AllL wo must to show ig

(2.11) &( oup Wxp-z V¥ an(m)e
. ZeDi

for n enough large.Wae havo

B(  oup o D236 sup || 228 2
z=(8,t)€D, I z s ziui L z (S'T2"€')\l )

ol . 2y et o2 _y st
31 aup I EIZAS’TZ_eH )+3(f & Kalzz_e)-3ll+3xz+31f3‘

By using the Schwurtz and Doob inequalities, lemma 1 ang (2.2) we

23[ ]l f_[ F(u,x0"1)aw “2]
ZL[mup“ f[ G (u, X2 1)duu2]Q£ /{ 2B(IP(u, x2" 1)) 2au) +

ta=éTs
2(T2—&)€/; 4 _fz(uG(u,:g?'l)uz)dueszcuz)<m2-e>e

sat

20(z,)(Ty€de = L(T,)e
3imilarly we obtain IasLl(Tz)e

On the other hand from (2.lo) we arrive to Ig{.& for n enough large.

ilence (2.11) is proved for i=l.The cases 1=2,3 follow in the scme

Coanmar,
: Step 3. We oshnll chow thnt '1'? =T,Contrary assume that T, <T Obgarve
tunt the above calculus shows the exisctence of a uequenco a, \\ 0

aquch that



(.12)

[@v]

a( )] <2=xll i ) )_L_Zln

Cliooue o<n AT-TZ and a positive integer p such that

vhare

) l r t f E
P00 (845, %, 30 +L(T)e)<L(T) for s<£7q, 4T,

uJ1=(48+3qu)nJ.

or 8£hn, We define

gp(s)=3ap+L(T)s
s T2 1
gp+n(s)=33p+n+sz£ w (u+12,v,gp+n_1(v))&udv

(s)=B( sup [l zZ3*Px ||?)

p+n
ueD, g)

by induction on n we obtain (we omit the dotails)

(2.16)

e put

inplies

gp+n:$gp+n's‘gp+n-l

g(s)= 1lim
N~ co

o] T2 1
{;(S)=ff w (u+'l‘2,v,g(v))dudv
L] 0 o

gp-hn

limece g=o0 by assumption (A).In particular we obtain

(7.17)

lim  B( sup “ X.u-JQ.l“? =0 § 847, .

Ne=in od ueDl s

vimilnrly follows the existence of o<;Q 4T-T2 such that

(7.18)

Demote

lim i D 4y 8-z W2)=0 ; ten,

=200 uGD?

2_ , 12 . e 3 - P e
QW “=4(32+27°)w ond choose 0417344m1n(71 72, T2) such that

2(a+T?,t+'l'2,L(T)st)AL(T) for Og.-(s,t)A 73

Now for z=(o, t)<(V23 73) we dofine

P e

Hafine z=(g,t),D ('a) [(fg,o) (L +a,T )] D (t) [(0 lo) (T29T +%)7,
.U(:.’.):[z;_,,z2 z l.llor 22+Zszo as in stuf 2 follows
(2.1.3)  a( ,up “ £1ox ]lz)=13i(s)é3n.n+L(T)ﬂ
t2.04)  B( sup H Kn—{ H2)=I2 t)<3a_+L(T)+
uéJ)?(t) u- tu n( S n (1)
(_;:.13) 13( quE }lD (zcn x) Il2 ~I3(s,u)4L(T)s‘t
RESPRNE -4} | e S

(s),We have g(o)=0,g is continuous and (2.16)
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n:]::,:ﬂ k(rzs,?.})-,nel

<7(1 sup I ()23 A —)up I3 (723)'0(

kan
ho(z)=L(T) gt
Z
] 2 l 3
h\.}“-l(Z):fo (Y (U_+Z2,h]v1(u)+(xn +dn)

Bo(m)=s( oup | O, (=) 7

uen(z)
Uy utilising the incquﬂlitv
e ot 2s e et = 2 ?___. . n_k ”2
au [ 2 Al X -il +4 sup I +
ueh(z) Xul eDl(B) S

v 2 n "2
4 sup | x2-X lI¢ +4-sup UEJ (xu-xu)
ueD?(t) AN ueb(z) 22
we phnll obtain 4ﬁn$hnshn_l and hence h=o.In particular

(2.19) 1im & Ny J12)=
niiaa{(ugg z)“Xu u' =0

Pinnlly from (2.9),(2.17)-(2.19) we obtuin

lim  B(4x™ xllz ‘“("Z '713))=0

n-»co
which ie contradictory with the definition of Tz.

'Throrem ig now proved.
Remark 5.In the one oarametor case 4 similar result as in thoeorem

6 bag boen obtained by Yamada[l3].
Lt (Q,j, J'Z,P,wz,u_.o) a two parameter Wiener process BDA % be a

nlnan of continuous processes <Xz)z>o defined on (ﬂ,'f:P) and with
volues in Rd'such that for cvery T>o there exiaots a conastant K(1)
indnpendent of X with properties

2.20) Ii-:(lllill%T,T))éK(T)

(7.21) .z‘i:(llxz-szﬁ)éI{(T){')( [o,2°1)-A[o,2])§3

Lor oz ’<(1,T).
Doefinition. Wo gay that o measurable function a( z,x,w):fonde_;

B

k! yatiolieo ngsumption (B) if for every T>o there exists a constant
L{('t) rmuch that P-a.0

Brz, e () (1+lixll)
i zyx)=alz, PSD(D =y



lo

for ogiez’ «(1,1) and x,y in RY.

i'roposition l.Let (a ) ba a sequence of functions viiich

Rt n'‘n=o,l,.. ~

lﬂ

cnbiafy th agoumption (B) with the same constant L(T).
NDefine for n=o0,1,..., and T,N)o0
z7 "
A, (N, ) =i&( oup gup / [zzn(u,x)-ao(u,x)]du;.:)
Ixiel o<z’ < (0,T) /2
Astume that for every n,W,T we have
(7.22) 1lim dn(N,T)=o
== 00

"n

V2 T Tim T DXE( BRIV S l/ [a (u,X)- -a (u, K)]dulz) )

n->oo ong-z 4-(’1' 'I.')
Yroof.liet D be a partition of the rectangle [o, TJ2 of the form

0711 (Ko 00 LBy 15 T,0=% <...<ts l“" and denote z; -(.; y b ) Dl i [i,;j'

%501, 410 Pn=n =8

Computation gives

z’ . -
(n.24 &( oup l/ b (u,X ) du 2)-;1’*:-1 %, < 7).
| ) ownezia(r,n) 1 Ju B By I n' (K1) < 24, (N, )+

Ly (DN~ o

no n=»ogll-»oo0 (in this order) uniformly in xe.%
Lt "’L be arbitrarily fixed and choogse the partition. D guch that

mAax >\(D EXE m'”‘ [(“14-1"3 J+(ty0-85 )]1 2"’[

i,
Then we shall obtain
1n( l/‘ b, (u, a()du' }1/2
oézsz 4-(’1‘ T)

=3 J=°{E(‘£ o (u, X)au) | }1/2 N

4(r+l)(s+l){E[§l,15} (/];i,j ibn(u.x)’du)zj}l/2=

Jy+4(r+1)(8+1)J,
Next we have
J'] i: L('f b (u 2 )du‘Z)}l/z +
e i3
r g
g;": J= E(l ‘f;i,;i [bn(u'x)-bn(“’xﬁ,j)] d“)\z}l/z.‘-
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(r+1)(s+l) '*up [I ,](, T)]l/?
— g{m(lfDi,j[bn(u,r)-bn(u,;czi .)]du l?} 1/2_

, o .
(r+1)(o9+1) Gun[I:‘l’J(K,T)]l/z + i Z L,
d

i, i=o j=o *T1d

A computation gives
. 1/2
' - -3, R
Ly, 3€ly(0) 7 W(Di j)[(~-‘i+1 63 )+ (%5, 3)]

Ic W choog se n, enough l%rﬂo auch that

I ST P M 44" *S L. . Mol . % . .-

(rv»l)(c3+l)' iug 2235 [In’ J({ )| €7 for n2n (qee (2. 24))

thon we get
(2.25) J,€7+1,(T) > 7\(Di'j)7 =(1+L2(T)T2)7(=L3(T)Q
for nAN . " .

Alco a simple computation gives

J.ér.m..‘ [ N0, .)]1/2{/;i ; (o (u,%)] z)du}l/zé.L4(T)'2

finally we dedﬁc.e

{E( i '/;z' bn(u’x)dulz) £1,Mn

0<z<z '<(T,T)

4(r+1)(s+1)L4(T)vl=L5(T) n

for nmo,unifomly in Xe¥.
The proof i now complete. .

o e G i s e o

P .R”xn x_()_—yn en® ; G :RSxR *c_O_—-'-, nd

which gatisfy aspumption (B) with the same constant L(’I.‘)
Lot (HD )z 0i0=0, 1,404, bo n sequence of continuous and St;-adapted

Rl-—v::l.lued processes such that for cvery T>o there exists a consta-

nt H(T) sm;iafyingG
- 3 n M" [

oup B( Ilnrz‘--u;‘,li6 Y ( T){)( [o,2°])=X Do, z])}3

for ocaen’ &« (7,17).
fioreover ogsgume that for every N,T>o

[
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.7
(1)) lim i Sup /C)C lan(u,X)-Fo(u,x)U?du)=o .

n—==>oc ¥ xijeN o, ~—
. ‘ 2" 2
(.1.2) 1lim e( sup aup ,f [Gn(u,x)-Go(u,x)]du‘ ) =0
n-»o0 |x§4N o<z¢z’<(T,1) Y2
(i) Tim  B(PIR-HONZ,, o ) =0
: 1= o0 (4,T)

Letb (xg) be the solution of the Ito equation

. 2
w1 a n n
Kz““zt4£i T (u x ?Efu+Jl- G ﬁu,xu)du

et . i

——— - g

from [2] and [147. :

Note also that from 12:p.79,801 it follows that (2. 20) (2.21) are
antinofied for X—{X .ngo}.

Now the theorem follows by an applicntion of the standard method
tor the Ito integral and af the provious proposition for ths Le-~
bwzmw intogral.

——— ——-—

invorted with the integral.
Remark 7.In the one parameter case a similar result as in theorem

7 bas been obtoined by VArsan[11].
3.A priori estimate of errors in the numerical
resolution

Let 3 be a real separable Hilbert space with normn|.} and inner pro-
duct &y oy and let (Q.T:?Z,P;zeﬁa,ﬂz) be. a equiped probability space.
¥e denote

1= [o,l]z:Io={o,l}x{o}U[o}x E)',l]
&, (5)=the Hilbert space of all Hilbert-Schmidt operators on 3

with the normij. ll2 .

L (_Q,TT,S) =the Iilbert apnce of all S-valuod functionsa on (f),
D] whic'h are gnuare intecrnble in tho Dochner scnac.

D(I,9)= {f I—= 3;f io right continuous and with lef% limits }
§)=th9 Borel field on IxfL gcnerated by the sets (z,2°]xA, Ae.j-z_
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(A d-valued process which io (?,@ )-mecasurable is called predict.bhils)

____________ . is called gauare iat iora-
z€l - P -

hle nl,ron,f_r mxrblnﬁ')lo(or di ClOI""nCe merin{:’lle) if
(rn) for evory Z,Mzé LP(Q,?;,P,S) and M vanishes on IO

{n) (Mn,o"?.:s,l)'(Bio,t’?{,t> are S-valued martingales with one paramotor
(e) &(C,» - Ms'.uB(x,lU?;'t)) =0 if o<s’,t<%”.

Dnfinition 7.If M, ia o squarc integrable stirong martingale tihen tle
irocnng denoted b:,'dvt)z with properties |

(i)<M » has continuous patha.
——{§)ily yaniohes..on I . and.ia increasing,

SRt w R S ;33(3; LUE e eany +.\3_ UE 8
ig enlled the quadratic variation of M(4M> exists and is uniquely de-
‘l:m'mined)

i( j; llHuSdAM» £ o0

ihen the Ito integral fHdM ag ugual.We note the validity of the Doob

inequality I

U 2 z 2
B( sup L HdM' )é,lGE(f I I-I“?‘d(h'xy)
usz : 0 )

‘{a have the following version of theorem l(ihe proof is similar).

(il) (Mz)zeI a continuous u-yalued process which is a square integra-
ble strong martingale with qﬁadr:ltj.c variation M satisfying
~ I-. '-
Drs',t"M)s,'bscl(s a)(t’-t) |
(i) (Vz)zeI a4 continuous S-valued process with finite variation
z
A= Jo‘ alv,|

thnr satisfioes .
» .o ’
q,o,t’ Aoyt £C,(a"=8" ) (%"-t) .

(13) (Hz)zeI an ndapted S-valued process with paths in D(I,S) such

ihat E(“Hll%l'l) )=0y £ 00

(1-4)1?,G:Ix.u(1,s)xﬂ—-§f2(S) | ﬁ?za}“ -predictable processes such that
ez, 0)-1(z,e)l|3 <K, lin=glf 5 1J6(2,0)=6(z, 8)l[5 <K, lle-n 1
e ¢z )2 20yl 5 UGz, 0005 <Kg+iglhl?

“hent thore exists a pathwise unique S-vulued procesns Xz udapted and
vith paths in D(I,S)(if H is continuous so is X) and such that
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(ne20) L =_+ P9 Plu,D)die. + M Glu. )¢ (
~. e 0 Zf.l/; Lk ’ ) i‘\). o k.U’A‘)dbvl.u- Q3
lext we suppoge the hypothesee of theorem 8 hold.
Por simplicity we denote D
. n )
.= = - » s n
b3=1/27,0y s=[6y,%; 0[50t 5,008, d=0,..., 270
Iroposition 2.Agsume thab
- 2 e’ 2 B o - 2. n
V-1, 2 20, a2 0% 5 480 %, 4302k <2
Then we have

; X - 2 -4 - -
B sup | X -Z, . 19)ad =274 x 5-20 i om0
?

where

e s =T C 2K 2K _(-3C-~+4BG-K=+3CK_ Y, '
“ﬂ*l»702K5+3802K6(303h48GlK3+3C2K5)GXp(4801K4+3C§K6)
o‘2=1404+14021(5+13..2clK3+(3c3+4301K3+3C§K5)(MBQIKN
2802K6)exp(4801K4+3C§K6)
=5 2
d3—)6ClK3+11201V4(303+48C1K3+302K5)exp(4aclK4+3ch6)

A proof mny be found in[9]. v
The following three theorcms arc proved in9].

— ——" e oae e e

£ = A
t.,0 ti,o ' o,tj=u

i o,tj
" /"i/"a' coya o [ I 0
. + P(u,X)al + G(u,X
L5505 o o ' Y o Jo ! )dVﬁ
?

i if tiéa<7?‘:i+l’tjé¢<:b,j+l

'

LN _n
Xa,t=%4, 4

Then wa have

) , . . n 2 - -4n "'21‘1 2
(2.27) B(lx-X ”ti,tj)éﬁn,i,jffﬁz + 2 +(9601Kl+2402K2)_

-4n -2n
(dnffﬂz' tf%2 )titjexp{59601Kl+24c§K2)tit 3
J

vliere 2

ol 2
j31=1202K5+4802K6(3C3+4801W3+302K5)GXP(4801K4+3C§K6)

|2' 0 2 2
j5=504+2402h5+4uc2w6(3c3+4801w3+3c2K5)eXp(4801K4+3c§K6)
theorom Lo.ie add o (11)-(14) and the hopotheses of PTODOGI £ o

2 tho aosumpbions

ez, e)-F(z" @5 <1,

@]

2.
up A
2 J;l"u Zl

PR 2
No(z,2)-6(z" )5 €L, oup.  |o,-e
| ’ 2 =72 Z Q142 “u Z‘

Ve define for every n
1 . xR =l
X% : xo,tj Ho,t

=|I
20 biro j

i
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< oI
4 . % (% o M, o )t
14170 4eL i1 J+1 T=0 SZ—:[ rr e )qrﬂ.’tm—l Srtis
Glop XN, 4 vy L)
r+l? "gxl “r’°’g
=3
a,t” b ,t. if %, e
ALY by b yEhet o
Then
(2.28) B0l K-k £ p.2~n 2n 2 -
ti’t‘) fg. B2 +(96C1L1+2402L2)(dn+
: o~4n
e et e - i Jﬁl %Z_-_).t t. oxp{(gsclL +24C5 L )‘Ll J}
— theorem 1l.Assume that H is continuous,#,G:Ixs \xﬂ—a,I (5) are

.‘f‘z-.,n.d.lptod and continuous such that there exists congtants ki'ﬁi 1=
Jlyeey6 with properties:

“w(z,h)—W(z,g)uzék ‘h—g‘Z!HG(zyh)-G(zyG)"2<ﬁ Ih'g!Z

I35z mllere, « || 280a,mler; 5 WP(z,m)l2as, 5 floCa,nll 545

I ap (z,h)IIAIc P G(z o)l £,

19z, gk, ¢+ 195z, nll <k,

"%(Z.hﬂskG PG(Z n)j| &k,

Por each n lot ™ be the process defined by

) -
=1 F(t,.,%, &
. 1+ Ti‘ i;y UL Y (= MR IRl

. -
G“’r'tn"t )6 )(Dtr+l'ts+lvtr’t5) *

) o4
f r+l. IF
(P- )(trr ﬁvﬂt ,t )(Ejef’t Mu V)dMu v +
g ? ?
‘tr+l ‘
j f (Ii'.aG)(1;1,,1;6,,{11 & )(Dt " Mu v)qu’v]+

2 . .n (G, Lt n

litj;tj,xh ptj)(c:%’tmti’tj)+r<Ll’tj'xti’tj)([:kvtvt' t )+
( . by by, X0 |

jﬁ 5;)( irV3y ti’tj)( ul’“QMti’tj)dMul'u

i 2
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3 nt
+Jgijlj(r.3G)(Ll, J,A '“j)(cjul,ugv tJ)dV uy
N (s,t)é[}i,ti+l)x[ﬁj,tj+l).
Then
2.29) E(\\x—:cnl\ﬁi’tj)sdﬁlf/‘a]_)-«(az@ )2 e (& +/“e§)2‘2“+
(§4fﬁh)2—4n]titjexP{(9601kl+60’r )+lg.16 Cl(x?u4 :kl)+

~ 2
1926, ¢35 (X, IE +k kl)}
wilere

qgci 400t1c4u( é%p lf&u;-; i.'*tjﬂ)
i,J

L,=160( 32k, k§01+202k3)

&3.1160[1c§+ké+2k§+32clklg( sup ‘xu-x
i,
4_160(64clk31c5+64c k6k3 +k§c“f )

’ 2 2,.2
tiltj‘ )+02k3r2]

‘Pl-lo/4C ke r( 2Bp \Ku"xt.,t,|4)
i,
JB2=1oC'é( 16k21'c'3" 1+l6k2k3 1*"302*‘1“ 02)

21,2 2 2y, 5202
Py=10C3 2 +RG+ 22 +326, 2k, B( ggp | %%, Y |%)+E503K, )
. i,
= 2,202 2r-2 2
Js4-1002(E3c2E2+64clk5r3+64clE3k5)
froposition J.Under the hypothesecs of theorem 11 and moreover if
M, ig o two purameter iiener procesg i.e

]

(1) vonishes on Io and has continuous paths,

(?.')E(rﬂz):-o and M_& Lz(_Q, z,P,S) for each z,

(3)C°V(Dn’,t' Ms’t)=(s'-s)(t'—t)‘.v,where W ia a positive,trace clasg
opeeator on S,

(4)tho increments over dinjoint roctangles are independent,

then the following inequ:lity holds:

. - 2
(2.30) l'(\;gn |xu-x 314>g3chzgz 73 [odr2(s34h)436(3/a) e,
(1+uuu) )2+4c4].-'4“+36 1 (4/3) MG awiP) 2 (6f5) 2720

A proof moy be found in[9].
Remark 9.Approximation thoorems for l-parameter has been obtainng

w1 . C6]
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