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1
ON NUMERICAL METHODS FOR THE STOKES PROBLEM( )

R. GLOWINSKI and O. PIRONNEAU

+ 1. INTRODUCTION

A great deal of work has been done already for the numerical solution of

the Stokes and Navier Stokes equations. Since it is impossible to review

all the papers on this subject, we shall mention only those which we feel
are related to the methods developped in this Chapter. For a more complete

study we send the reader to TEMAM [1] and the bibliography therein.

The following study can be roughly divided into two parts :

= In the first part we shall review briefly the Stokes and Navier-Stokes
equations and some classical methods for the solution of the stationary

Stokes problem. The cost of the numerical solution of the approximated

problem will be our point of view.

- In the second section we shall introduce a new method for the approximation

of Stokes problem ; it is based upon a new variational formulation. This

approach allows the use of Lagrangian conforming elements of low order
(quadratic for the velocity and linear for the pressure). The errors of
approximation are shown of optimal order. Then we shall describe several
methods for the solution of the approximated problem which are based upon

the very peculiar structure of the problem.

The main purpose behing this study is to obtain an efficient "Stokes Solver"

for an iterative solution of the Navier—-Stokes equations.

h GATLINBURG

(!) This chapter follows the text of a lecture given at the vii®
Meeting on Numerical Algebra and Optimization ( Asilomar, California ;

December 11, 1977~ December 17, 1977).



2. THE STOKES AND THE NAVIER STOKES EQUATIONS

Several Sobolev spaces will be used ; for their definitions and properties

we send to ADAMS [2], LIONS-MAGENES [3], NECAS [4], ODEN-REDDY [51].

Let § be an open set of RFA(N=2 or 3). Let ' = 9{] be its boundary that we
assume smooth. The non stationary flows of incompressible viscous Newtonian

fluids are governed in & by the Navier—-Stokes equations :

i) A TG + ¥ >, Q
3¢ - VAu + (0*V)u + Vp = £ in &,
I Ved = 0 in Q,
. =3 (wichj’d-“ﬁdr=0).
r B T 8
In 1" and in a suitable system of units :

- O is the velocity of the flow and p is the pressure (which is

defined up to a constant),
-V (>0) is the (Kinematic) viscosity,
- ; is the unitary normal vector to I', exterior to {2,
- EB (given) is the velocity of the flow on T,
- f is the density of external forces,
- the condition Veu = 0 comes from the incompressibility of the

fluid.

In this Chapter we shall study the homogeneous stationary Stokes problem :

- Vs + Vp = f in Q,

2. {(Vu=0 in Q,

+l >
ujp 0.

The following results and methods are very easy to extend to the non stationary
and/or non homogeneous flows (see GLOWINSKI-PIRONNEAU [6]).



Let us recall a theorem of existence whose proof and extention to the

case §} unbounded can be found in [1], [7] :

Theorem 2.1 : If 2 is bounded (in one direction at least) and if -f)e (I-I-](Q))N
then .2 has a unique solution in (Hl(Q))NX(LZ(Q) /R).

3. REVIEW OF SOME STANDARD NUMERICAL METHODS FOR STOKES PROBLEM.

It follows from -‘;II' = 0 that
J q Vev dx = - < Vg,v> VYqel’(Q) Vve (u")(n))N,
Q

where <¢,*> stands for the duality pairing between (H_](S'Z))N and (H;(Q))N.

In other words,

-V LZ(Q) - (I-l“](EZ))N is the adjoint operator to

Ve . (H;(Q))N > 1%9).

This shows that 2 1is of the form
A 8% ,Q T
B O P 0
In - 3i, Ae £(V,V'), Be £ (H,H) where V (resp. H) is a Hilbert space

whose dual is V' (resp. H' that we identify with H). Moreover A is self-

adjoint and V-elliptic, i.e.,

<Av,v> 2 0L||v”2 Vvev.
\Y

where <¢,*> is the duality pairing between V' and V.

For the Stokes problem +.2 we have :
t
A=-VA |, B=-Ve B =V
N ' - N
B=12@ , v=@ent,v - @@



It is desirable that this structure be preserved when '.2. is approximated

by finite differences or finite elements.

Example : On a 2-D example we shall exhibit some of the properties of the

linear system approximating Stokes problem.

We take Q = ]0,1[2 and 2 is discretized by finite differences. Let

1/M. On @ we define the nets (see

M be a positive integer and let h

Figure 1

U = {MijIMij = {ih,jh} , 0<i,j <M} ,

o _ . . 11 =
Uy, {Mileije ‘uh » 1€1,jsM-1} =% nQ
PR o
Ph = {Mi-f-l/2,j+l/2|Mi+l/2,j+1/2 = {(1*7)h,(3-i7)h} , 0<i,jsM 1} .
X, N
]
x x x X % X
x x x X X x
-4
x X X X x x
X x X X X X
X x x X X X
h X x xl x x X
. e >
0 h 1 x‘
Figure 21

e Nodes of 'L(h ,
x Nodes of Ph .

The velocity is approximated on the net uh by the vector {Eij}OSi j<M
—_— ,j<

while the pressure is approximated on the net Ph by

{ }

Pit1/2,5+1/72 7 0<i < j <M1

(do not forget that :ij eRz,
> 1 2
uij = {uij’uij}) .



Then A is discretized by the classical 5 point formula and 52— s 52—
2

by centered 4 point formulae.

Therefore the approximate Stokes problem is the linear system :

- (u! .+u! .+u! . +u! . —4u!.)+ L(p -p +
h2 i+lj "i-1j3 “ij+1 Tij-l ij Zh™Pi+1/23+1/275i=1/23+1/2
4:]
+P. -D-: ) = f] 11, <M-1
i+1/25-1/2"Pi-1/23-1/2 ij ° »J ’
v, 2 2 2 2 2 1
7 e - T P TR P25 2P i /251727
A 2 )
*Pio1/25+41/2 Pi-1/25-172) = fi5 o 1 E1ni <M,
! S0 U S DR P 2 w2 2
Zhe i1+ it Cie1i Y307 Zhtierger Vielj uij41-uij) =0,
)
0<1i,jsM-1
4 u i T
In . we assume u, o = 0 if Mk2€ .
Remark 3.1 : Eq. 4 (resp. 51') are derived by discretizing the
first equation of ' 2. (resp. the second equation of °~ .2;) at the points

of ﬂh (resp. Ph) .

Remark 3.2 : If ? is continuous one takes gij = ?(Mij).

Remark 3.3 : Formulae .4 , . .5 can also be obtained from a finite

element discretization with rectangles and piecewise bilinear approximation

nd 13 . 3
for u and piecewise constant pressures. Let us mention by the way that the

above method is a variant of the MAC (Markers And Cells) method developped

at Los Alamos.

Some Properties of the linear system 4 and .5 = If the unknowns{u;j},
2 . . . 1

{uij} s {pi+1/2j+l/2} are numbered properly and if 1.5, is multiplied

by -1, then we obtain a linear system of type 3. with A positive, definite

and symmetric. It is instructive to compare some properties of this system



with the system arising from the Dirichlet problem

ulr=0

(see Table !5 1 below) .

If " 6 1s discretized with the 5 point formula we have

Ui e e T 1T
) h2 " iy
7.
1<i,j<M-1 5 u, =0 if MgeT.
DISCRETE DISCRETE
PROBLEM STOKES' DIRICHLET'S
NUMBER OF 2(8-1) 2482 (N-1)2
UNKNOWNS
NUMBER OF
NON ZERO 2(13N-17) (N-1) (5N-9) (N-1)
MATRIX ELEMENTS
PROPERTIES OF - SPARSE - SPARSE
- SYMMETRIC - SYMMETRIC
THE MATRIX - INDEFINITE - POSITIVE DEFINITE
BANDVIDTH ~ _ BANDWIDTH
BANDWIDTH STOKES DIRICHLET
Table 1

By inspection of this table it appears that the numerical solution of
Stokes problem may cost much more that the one of Difichlet's problem.

This comparison is even worse in the 3-D case.



Orientation : It appears from the short analysis above that two directions

may be pursued for the solution of Stokes problem :

(:) Use the general methods for symmetric, indefinite, linear systems.
Either the recent direct methods of DUFF-MUNKSGAARD-NIELSEN-REID [8]

which seems very interesting for sparse matrices ; or use the iterative
methods of Lanczos type like e.g. PAIGE-SAUNDERS [9], WIDLUND [10] (some
recent tests done by THOMASSET and WIDLUND at IRIA and at the Courant
Ipstitute, demonstrate the intefesting properties of Lanczos methods for

the Stokes and Navier Stokes problems).

(:) Use specific methods based upon the particular structure of the

problem.

In the sequel we shall focus on the second approach. In particular we
whall break down Stokes' problem into a finite number of Dirichlet pro-
blems for -A (for which a very sophisticated methodology can be used

either with finite differences or finite elements).

3.2 Gradient and Conjugate Gradient methods .

- 3.2.1. Generalities.
From now on { is bounded and T is regular (Lipschitz continuous).

We define H(:LZ(Q) by
H = {q eLz(Q)|J q(x) dx = 0} .
Q

The iterative methods below are based upon the following result :

Theorem 3.1 : Let @7 : LZ(Q) +,L2(Q) be defined by

8 qell@,
AV = Vq in 9,
9 '

3.€(Hl(9))N (which implies ;IT = 6),

10 aq = Vev.



Then & is H-elliptic, self adjoint, automorphic from H onto H (i.e.Ta>0

2 .
such that (g4,q) , 2 ol qll , VaeH).
L L
The proof can be found in CROUZEIX [11].

Remark 3.4 : The discrete forms of /7 are in general full matrices.

From Theorem . . 3.1 we shall derive a family of gradient methods (steepest

descent) for the solution of Stokes problem.

3.2.2. Gradient methods and variant.

Let {:,p} € (H;(Q))NXLZ(Q) be the solution of Stokes' problem 2, and

let —L:O be the solution of
- VvAu_ =Ff in Q,
11 ©
> ] N
u € (HO(Q)) .

By substracting 2 and 11 we have

vA(u-u ) = Vp in Q,

> > 1 N
u-u € (HO(Q)) .

Hence 7p =\)V-(:—Ko) = - \)V'Eo. In other words the pressure is the unique
solution in LZ(Q)/R of

-
12 dp = - \)V*uo.
Owing to the properties of /7 (see Theorem 3.-1) it is natural to solve
12  (and therefore : .2 ) by iterative methods such as the method of

steepest descent.

Gradient method with fixed step size : For a given p >0 consider the following

algorithm :
o 2 . . .
13, p €L7() given arbitrarily,

for n 20, pn given compute ,



14 pn+] = pn—p(a pn+\)V°-l:°) . ' ' “

In practice one has to replace (13.14) by

- vau® = -vp" in @,

]4\]
-n ) N
u e (H (),
VI e
Remark 3.5 : To solve 14 . one has to solve N independent Dirichlet

_ 1
problems for -A (in practice N=2 or 3).

Remark . 3.6 : The previous method is close to the artificial compressibility

methods of CHORIN and YANENKO.

We recall the following result :

Theorem 3.2 : If in 13:, .14 we have

2
15 0<D<'ﬁ,

then Vpo € LZ(Q) we have

. -n n > . ) N 2
16 lim {u',p} = {u,p} in (H_ ()" xL°(Q) , strongly
n>+ ©
where {:,p} is the solution of Stokes' problem 27 with

I p dx = po dx. Moreover the rate of convergence is limear.
f 91

We remind the reader that the (H;(Q))N-norm is
1

- N —
vl = (J |v3|2dx)2 =1 (J |Vvi|2dx)2 .
: Q i=] ‘Q
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Variants of 13 14

One can find in [11] variants of 13, 14: where a sequence of

parameters {pn}dEZO (cyclic in particular) is used instead of a fixed p.

Accelerating methods of Tchebycheff type can also be found in [11] for
13., 14,

Steepest descent and minimal residual procedures for 13 .14, can

also be found in FORTIN-GLOWINSKI [12] and FORTIN-THOMASSET [13].

Each of these methods requires N uncoupled Dirichlet problems for -A

to be solved at each iteration .

However these variants of 13., . 14, seem less efficient than the

conjugate gradient method of Sec. ° 3.2.3 which, by the way, is only

slightly costlier to implement.

3.2.3. A conjugate gradient method.

It follows from DANIEL [14] that one may solve 2. via 12 by a conjugate
gradient method. Sending back to [12], [13] for more details, we shall limit

ourselves to the description of the algorithm. For the sake of clarity, but
without loss of generality we set v=1. Then the conjugate gradient algorithm
is as follows :

17 poe‘Lz(Q), given arbitrarily,

- a° = E-vp°,

18.

then for n20,
(zn’gn) 2 n |22
21 0 N L7(Q - L7(R)
BN C S @=",z" ,
L7(R) L7()




- 11 -

22 P =P -pnz ’
23 gn+1 - gn_pn az”
” I'H']l 2
2
_ L™(Q)
24 . L.
n ny2 ’
”g “ 2
L7(
n+l n+l n
25 z =g Yz ,
then n = n+l and go to 21,
To implement 17,-. .25 it is necessary to knowdzn.
From Theorem = 3.1, Zz" can bé obtained by
8" = V2",
26

X el @,
27 @ = VY.

Thus each iteration costs N uncoupled Dirichlet problem for -A . The strong
convergence of pn to p can be shown as in Theorem . .3.2.

Remark 3.7 : Owing to the H-ellipticity of @ it is not necessary to precon-

dition (i.e. to scale) the conjugate gradient algorithm above.

3.3. Penalty—duality methods

It is shown in [12], [13] for example (see also [1]) that Stokes problem can
be solved by a penalty-duality method (in the sense of HESTENES [15], POWELL
(16]).

Therefore let r >0. We note that Stokes' problem .2 is equivalent to

- A - tV(Ve)+Vp = f in Q,
28y { Veu =0 in @,

0.

>
ulp
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It is then natural to generalise algorithm 13y, . .14, by
o 2 . . .

D29 p €L7(R)) arbitrarily given,

and for nz0, pn being known :

- M - £V(VeE™) = £-Vp" in Q,

30
e @ (ST =,
31 PP o pRepved® p>o.
For the convergence of ..:.29:-1''| 31 one shows the following
Theorem 3.3 : If in 29:-. .31, p satisfies

© 32 0<D<2(r+’1ﬁ) ’
then Vp° ¢ LZ(Q) one has
33, lim (8%,p") = (3,p} in (B (@) x17(®) strongly
e

where {:,p]’ is the solution of the Stokes problem . 2 with

f p dx = I p0 dx. Moreover the convergence is linear.®
9}

The above results can be made more precise by observing that

p™lp = (1-pr1s@ 7 (p"p)

(where (7 is as in Theorem .3.1). Each operator being in £(L2(ﬂ) ,LZ(Q))
we have

” n+l

36, 1o™'-pll , sllz-ecemea ™H7] o™l , .
L°(Q) L7(Q)
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And
~1, -1 ~1,-1 51
I-p(rI+7 ) = (rI#7 ) ((r-p)I+&@ )
yields
=-1,-1 1 -1
l1-pGzz+ @™ )7l < - (r-ol+ll@ ).
It follows from 34, ..35 that for the classical choice (see [12])
p=r, we have
.l
n+l ”67 n
v .36) ”P "P” 2 s —— ”P _P” 2
L r L
Therefore if r is large enough the convergence ratio of algorithm . .29~
" 31 1is of order %-.
Remarks on algorithm =~ 29,-: 31 :
Remark - - 3.8 : The system .30: is closely related to the linear elasticity

system. Once it is discretized by finite differences or finite elements, it

can be solved using a Cholesky's factorization 1Lt or LDLt, done once and for all

(this remark holds also for the algorithms of Sec. : 3.2 above).

Remark 3.9 : The method of 29 = 31 has the drawback of requiring the

solution of a system of N partial differential equations coupled (if r >0) by
rV(V-), while this is not so for algorithms of Sec. . 3.2, Hence much more

computer storage is required.

Remark . ..3.10 : By inspection of 3.6, it seems that one should take p=r,
and r as large as possible. However ' .30 and its discrete forms will be
ill-conditioned when r is large. In practice if '* .36 is solved by a direct

method (Gauss, Cholesky) one should take r in the range of 102 to 105. In

such cases and if p=r the convergence of ' .29,,.. .31 1is extremely fast
(about 3 iterations). Under such conditions it is not necessary to use a

conjugate gradient accelerating scheme.



_]4_

Remark 3.11 : In fact, .~ 29,- 31 is a UZAWA algorithm (see for
example [12], GLOWINSKI-LIONS-TREMOLIERES [17, Ch. 2]) applied to the
computation of the saddle-points of the augmented Lagrangian

2 (H:)(Q))N x12(Q) + R defined by

037 2. =4 W% ax + L | (o9 %ax - f fov dx - [ qu-v dx .
v o 2 Q 2 Q

Q 9)
This remark holds also for algorithms of Sec. . .3.2 with r=0 in .37,
Formula . 37 1is directly related to the fact that the pressure p is a

_> .
Lagrange multiplier to the condition of incompressibility Vev = 0 in the

equivalent formulation of Stokes problem :

Min { %J |vv]? dx - f .3 ax)
38 veV Q Q

Ve={ve (HL(Q))N : Ve¥ = 0}

4. ON A NEW METHOD FOR THE SOLUTION OF STOKES PROBLEM

In this section we shall describe a new class of methods, due to GLOWINSKI-

PIRONNEAU [181, (191, for the numerical solution of the Stokes problem.
Unlike the previous methods, the trace of the pressure on 90 will play an

important role. It leads also to the construction of a Stokes solver easy

to implement, once in possession of a subroutine for the numerical solution
of the Dirichlet problem for =A, This method is closely related to the ideas

used by the authors in [20] for the biharmonic equation.

4.1. The continuous case : motivation.

As before Q is bounded and v=1. Let
31/2(1‘) = {u e‘H]/Z(F), j pdal = 0} .
N . r
The methods below are based on the following result :

Theorem .4.1 :-Let AEuH-]/Z(T) ; let A : H-]/Z(F) - HI/Z(T) be defined by

Apx = 0 in Q,
39 {p, eH@0) = {qlqe’@, aqer?@} ,
py =ronT,
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Au, = Vp, in Q,
40
1 N
Uy €(HO(Q)) s
- wa = V'uA in Q,
41.
: 1
%\EHO(Q) ’
Bwk
© 42 A\ = - &—ir

-1/2 1/2

Then A is an isomorphism from H (T). Moreover the bilinear

form a(-,*) defined by

(T)/R onto ¥

a(A W =<A, >,
| . s 1/2 -1/2
where <+, +> denotes the duality pairing between H '“(I') and H

continuous, symmetric and H-l/z(r)ﬁk—elligtic.

M, is

The reader is sent to [21] for the proof.

Application of Theorem "~ 4.1 to the solution of Stokes problem
Assume that ¥ e(LZ(Q))N, and define po’:o’wo by

bp, = V+f in @,

\ 43

pO € Hl(ﬂ) ’

-’ -
- A;o = f - Vpo in Q,
N V%
-+ 1 N
3, € (@),
+ 3

- Awo = V°uo in Q,

B 45“
1
wo € HO(Q) .

The following is easy to prove :

Theorem .4.2 : Ef_{:,p} is the solution of Stokes' problem : ' . 2y, then the

trace A of p on T is the unique solution of the linear variational equation :




_16-

reu V2,
(E)
<AX 311}0 -1/2
W =< vuew VEM/R LW

Theorem -.4.2 implies that Stokes' problem .2 can be broken down to a

>
finite number of Dirichlet problems for -4 (N+2 for lbo, N+1 for {u,p} once

A is known) plus the problem (E) on 3Q ; the main difficulty being that A

is not known explicitly. °
Remark 4.1 : If u is sufficiently regular, Green's formula yields
1) -
46 < °u>='(le-Vﬁdx-IV':ﬁdxzf(Vlb-c-u)-Vﬁdx
’ on °’ o] o o o
Q 9} Q
. a\po
where |l is a regular extention of u in . Note that in - 46 I does not

appear explicitly. We shall use this remark to approximate (E).®w
To approximate (E) will require to introduce a new variational formulation
of Stokes' problem,discretized in turn by mixed finite elements (see

Sec. 4.3).

4.2 A new variational formulation of Stokes' problem

Let
W ={{5,6}e @ (¥, f VéoPw dx = I Vev w dx VweH (Q)).
° ° Q Q

Proposition 4.1 : If {:,4)} ewo then -A¢ = Vev in Q and ¢ = 3—2 =0onT.

As above for the sake of clarity we assume that Te (LZ(Q))N. Consider the

following problem

Find {-L:,IP} €W such that

®
J VusVv dx = J-f"(-\;+v¢)dx Vi{v,0}ew .
Q Q °

Then we have

Theorem 4.3 : (P) has a unique solution {—t;,lp}where Y=0 and U is the solution

of the Stokes problem . .2 ,
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Remark - '.4.3 : The formulation (P) can be interpreted as follows : if
Ve (H(])(Q))N and 92 is sufficiently smooth, there exists ¢€H2($2) nH:,(Q)
and we (H](Q))N with V--(5= 0 , such that

> >
< 47" ve -V +w,
and the decomposition :.471 is unique.
' -+
In the formulation (P), instead of directly imposing Vev = 0, we try to
impose ¢=0 ; these precedures are equivalent in the continuous case but

not in the discrete case.

.+.4.3 A mixed finite element approximation .

In this section we proceed to define a mixed finite element approximation
to the Stokes problem. We limit ourselves to the case where 2 is polygonal
and bounded in Rz', but the following extends to Q < R3 (see [22] for

computational results).

. .4.3.1. Triangulation of f. Fundamental discrete spaces.

Let {G .} be a family of regular triangulations of { such that Q= U
h"h Py

We set h(T) = length of the greatest side of T, h = max h(T) and wz h

assume that Te rh

[08’4 h SBVG,-

min h(T)
Te Vh

Then we define the following finite dimensional spaces :

B = {6, <c®Gh , o, €, VTeT ),

49.
By = H;"H;(m = {6, <y, 0150 = 0},
A {zhe c>@)?, 3the (Pz)zvret,‘h},
.50

1 2
Voh = Vh n (HO(Q)) .
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We will also consider Vh defined by

_ 0,=2 > 2 o
50 .o V= v eCP@®T, vl (BT VTeE )
where ﬂh is the triangulation deduced from th by dividing each triangle
Te th into 4 equal triangles (by joining the mid-sides). We record that
Pk denote the space of polynomial of degree <k. Finally we define

L

> 1 > 1
Woh = {{Vh,¢h} EVOh xHoh . JQVd)h-th dx = ng.vhwh dx th el-lh}.

4.3.2. Definition of the approximate problem; characterization of the

approximate solution

We approximate (P) (i.e. the Stokes problem) by

Find {2 ’wh} €W, such that

h
()
> - -> -
JQ Vu, +Vv, dx = Jgf-(vhwqah)dx Viv .6 bew ,.
Then the following is shown in [6]
Theorem ~ 4.4 : (Ph) has a unique solution and it satisfies
511 Vp,*Vw, dx = foUw, dx Yw eHl p, € !
' L o h€Hon o Pp el o
- - - > - -+
.52, L} Vuh'Vvh dx = [Q(-Vph+f)'vh dx Vvh eVoh , uhevoh s
>
53 {u ¥ Yew .
Remark . .4.4 : The discrete pressure Py is the Lagrange multiplier of

condition \ 3.

Remark 4.5 : If in woh and (Ph) we impose ¢h = l,bh = 0 (which may be, since
Y=0), then the scheme is identical to the one in TAYLOR-HOOD [23] for the
Stokes problem whose convergence was established by BERCOVIER-PIRONNEAU [24].
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“.4.3.3. Error estimates.

In the sequel C will denote various constants. The following lemma, proved in

(6], [24],plays a fundamental part.

Lemma . 4.1 : It is assumed that no T‘eCh has two sides or more belonging
to 3Ql. Then, provided that 48 - .50 (resp. ' .50 bis) holds, there
exists C independant of h such that
-
Q vy th dx |
. 54 Hth” 9 L, max = theﬂ.h .|
L) v Vo= 10r vl
L7()
It is easy to show that v 54 implies the uniqueness of Py in H;.

From Lemma - 4.1 and following THOMAS [25], one can show the following :

Theorem 4.5 : Assume that . . 48 . .50,,v' 54 hold and that @ is a

convex polygonal. Then if {K,p} , solution of Stokes' problem, belongs to
2,42
@ @)% x (@

> > 2 -
55 gl o S=entCllull 5, +lell )
(H () (H () H™(R) /R
-
56 lpy-ell sch(flull 5, + el ).
H (2)/R (H°()) H(Q)/R
Remark 4.6 : If we use Vh defined by . ‘SOJbis and if

(%,p) e (B2 ()2 x 8 (Q)/ R then,

57 |lu,-ull scn( Jfull +|

T @ @n?

) .
%)) 2 ul (@) /xr

Remark - 4.7 : The above error estimates have an optimal order.

4.3.4. Com@énts.
The above methods, based on Lagrangian finite triangular elements, conforming
in Hl(Q), are easier to implement that the non conforming methods (cf. [1],
[26], [27]). They generalize naturally to the 3-D case, to quadrilateral
elements as well as curved boundaries (with curved elements (see ZIENKIEWICZ

[28]) isoparametric for the velocity, superparametric for the pressure).
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Finally let us mention that LE TALLEC [29] has extended the error estimate

theorems to the stationary Navier—Stokes equations.

4.4, Approximation of Problem (E).

We shall now use the finite elements of Sec. 4.3, to approximate (E)

defined in Sec. 4.1,

4.4.1. The space mh. Approximation of a(*,*).

1. 1 . 1 1
Let mh be a complementary space of Hoh in H.h ;s 1.e. I-Ih thHoh .

In practice My is defined by

1 1

7”h@Hoh = Hh ’
58,

o €M, = ¢, |, =0 vTeC, such that ITndR = 9 .

. . 1 1 .
Let Nh = dim 7/’(h ; if Hh s Hoh are defined by 49, then Nh equals the
number of nodes of Bh which belong to 92 . Notice that if ¢h€ 7)2h,
supp(cbh) C-QY = U T and that, lim meas ) = 0.

h  TnoQt § b0 Yh

Approximation of a(°,*) .
With the notation of Section 4.1, if u is sufficiently regular, Green's

formula yields

311))\
a(A,p) = -‘( gn—udl" = '[

2 -ﬁdx-—f AV, idx
r A a *

59 &

~ > o > ~
= = IQ Vi, +Vidx + JQV'“A idx = - Jn(Vw)ju)‘)'Vu dx ,

where 11 is a regular extention of p in . Now let )\h,uhe mh and define

1
JQ Vph Vg, dx = 0 V»qh €H,
60

1
Ph~An € Hop



-21 -

> >
Vuh°Vvlr1 dx = Vph n 4% Vv Von »
Q 9]
.61
eV
uh€ oh ’
VY, -V Veu d :
Q“’h ¢ dx = Q up 9y dx Vo €Hy,

62,
| ]
Yh€ B o

>
. .63 ah()\h,uh) = - JQ(WJhﬂxh)-Vuh dx .
Then the following holds (see [21])

Lemma 4.2 : If 54, holds2 the bilinear form ah(' *) is symmetric,
positive definite on ( th/Rh) where Rh = {uhe mh’ uh = constant on 9Q}.

4.4.2, Transformation of (Ph) into a variational problem in W(h.

In .. . 51 = 53 of Section 4.3, an approximate pressure Py, was found
unique in H'k]x/R once .54 holds. Therefore we can now state the discrete

analogue of Theorem 4.2 (see [21])

Theorem ~ 4.6 : let Py be the discrete pressure. If '  54; holds the

component >\h of phgl_mh is the unique solution of

Ap € Mp/Ry s

(E
3, Oy Hp) = JQ(Vth;‘;oh).vuh dx VHy € M, /Ry

h)

->
where Pon® uoh’woh are respectively the solutions of

e . (= 1 1
.64 JQ Vpoh th dx sz th dx the Hy s Pop €ty »

- 5> > -+ >
IQ Vuoh'Vvh dx = Jn(f—Vpothh dx Vvhe Voh’

1 1

. - .->
66" JQ leoh-V(bhdx = IQV U ¢h dx V¢he Hoh , wohe Hoh .
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Remark 4.8 : The reader will recognize that (13.64)-(13.66) are the

discrete analogue of = .43'=- 45",
Remark 4.9 : To compute the right hand side of (E ) 1t is necessary to
solve the 4 (5 if QCR ) approximate Dirichlet problems - 641, . .65,

Similarly if A is known, to compute the approximate solution {uh,ph} of

the Stokes problem .2° it is necessary to solve

+> 1
L} Vph th dx = sz th dx the H, »

67,
i
PpAh € Bop
and .52 ; i.e. 3 approximate Dirichlet problems (4 in R3).
Remark ° 4.10 : On account of the choice .58 for the spacemh, the
integrals in the definition of ah(',') (see . . 63). and of the right hand side

of (Eh), involve functions whose supports are in the neighborhood of 3Q

only.

4.5 . Solution of (Eh) by a direct method.

. 4.5.1, Construction of the linear system equivalent to (Eh)

Generalities : As before mh is defined by .58, ; let B {w } h
be a basis of Wlh. Then Vuhe mh
Nh
- 68 uh = 2 uiwi ,
i=1

and from now on we shall write

N

_ h
.69, rhuh-{ul,...,unh}eR .

In practice Bh is defined by
N

70 -{w}
i'i=1

and (see Figure ' . 2)
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Vi=l,.f.,Nh

71 wi(Pi) =

3

wi(Q) =0 VQ vertex of 'Ch, Q# Pi

where we assumed implicitly (but in practice it is not necessary) that the

boundary nodes are numbered first.

With this choice for Bh, u; = uh(Pi) in 68 .
P.
i
o
Q
Figure !

(The support of v, is shown).

Then problem (Eh) is equivalent to the linear system

N
-
1.21 ah(w Vs ))\ L} (leohﬂxoh)-Vwi dx ,
72
1 s iSNh.
Let a1 = (w Wy ) Ah 1_] ] ,jSNh . bi =I (pr +u h)-Vw. dx ,
= {b, } h . The matrix is full and symmetric, positive, semi definite.
h
If ‘ SA is verified, then 0 is a single eigenvalue of Ah s furthermore
if Bh is defined by .71, then
N

73 Ker(Ah) = {yeR h » Yy =Yp=e =Yy }.
h
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N
As to the conditioning of Ah restricted to R(Ah) (=R h--Ker(Ah)), it can be

shown that the ratio v(Ah) of the largest eigenvalue to the smallest
is of order h—z, if .54, holds. In fact, by analogy with [20, Sec. 4]
it is reasonable to conjecture that v(Ah) = 0(%) but we were not able

to obtain this estimate.

Construction of Ah : Ah is constructed column by column according to the

. .th .
relation aij = ah(wj,wi). To compute the j column of Ah we solve ' * 60,
.62, with Ah = v and compute aij from . 63). Thus 4 Dirichlet problems
must be solved for each column (5 in R?). The matrix Ah being szggetric one
may restrict i to be greater or equal to j. By the way Remark 13.4.10

applies for the computation of the bi and aij's.

4.5.2 Solution of 72 by the Cholesky method
Assume that 54 , .71 hold. Then one shows from 73 (see [21])
that the submatrix Ah ‘(alJ)] <i,j<N -1
Therefore one may proceed as follows :

Take AN = 0 and solve
h

is symmetric and positive definite.

74 Ah;hxh = bh

(where r}}h = {X]...XN _]}, b

via a factorization :

= {b],...,b } ) by the Cholesky method

Nyt

~ ot ~ x>t
75 A =L1L (or Zih = L, D, L)
where ih is lower triangular non singular (and 5h is diagonal).

» - [ . » -> .
Let us review the sub-problems arising in the computation of {uh,ph} via

(Eh) if the Cholesky method is used :

. The 4 approximate Dirichlet problems 64— .66 to
compute Poh? uoh’ ] oh and E (5 if Q<=R?),

. 4(N —l) approx1mate Dirichlet problems to construct Ah
(S(N -1) if QCR )

. >~ bnd ~t~ -~
. 2 triangular systems to compute Ah : Lhyh = bh’ h hxh Yy, >
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. 3 approximate Dirichlet problems to obtain Py and ;‘:h from Ah
(4 if Q<RO).

Hence if QCRN (N=2,3) it is necessary to solve (N+2) (Nh+l)-1 aggroximate

Dirichlet problems.

In practice the matrices of the approximate Dirichlet problem should be
factorized once and for all (there are two symmetric positive matrices,
one for the affine elements, one for the quadratic elements (or affine

on ﬁh if = .50 ;. is used)).

. 4,6, Solution of (Eh) by the conjugate gradient method.

We may also solve (Eh) (and therefore (Ph)) by a conjugate gradient method,

which does not require the knowledge of Ah but requires 4 approximate

Dirichlet problems to be solved at each iteration (5 if QCRB) :

.76, k.;e mh’ arbitrarily given,
. o o _
o

.78 zﬁsgh,

and for n20

2
(zh’gﬁ)h ”gll.:”h
79 p. = ——— or ————— ,
n n n n n
(Apzpszp)y (Ap2Zpozp)y
. n+l n _ n
- 80" rh>‘h rh}‘h PoZp
n+l n n
81 gy ™8y " Py, o
. 112
| Paallls
SRR T
12012
.83, n+] = n"'Y Zn

%n L N
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In N .76 ~ \83}, (°,°)h stands for the standard euclidian scalar product
of R.h (but one could use a conjugate gradient method with preconditioning

in the sense of [30]).

The matrix Ay being symmetric, positive semi-definite, one can show that

n . . .
{Ah}n.ZO zonverges to Ah’ solution of (Eh) ; the componant of Ah in R, is
that of Ah' Implementing 76, - .83, requires the solution of 4
Dirichlet problems at each iteration (5 if Q<:B§) to compute Ah zg

from
84 ah()\h,uh) = (A, T LT )y th,uhe 772h .

Here also one should factorize the matrices of the approximate Dirichlet

problem,

.+ 4.7 Comments.
In Section 13.4 a new mixed finite element method was described for Stokes
problem 21.,The direct method described in Sec. 4.4 has been used

in 2-D and 3-D cases for the computation of unsteady incompressible viscous

flows. We recommend the method if the Stokes problem has to be solved many
times on a given domain. On the other hand if the Stokes problem is to be

solved once only or if N, , the number of boundary nodes, is large,

h’
we recommend the conjugate gradient method of Section 4.6. The ideas of
Sec. 4 will be developed in [6], [21] where the proofs will be included

together with most of the results shown here.

5. FURTHER REFERENCES AND CONCLUSION
To conclude with we would like to mention the works of BERCOVIER [31], ARGYRIS-
DUNNE [32], JOHNSON [33] on Stokes and Navier-Stokes equations,

and incompressible media. These appear to us connected with some of the

ideas developed in this chapter.
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