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ON A CLASS OF WEIGHTED SOSOLEV SPACES 

I - CASE OF THE HALF-LINE R + . 

For an integer m e IN, two real numbers a and g >, 0 and an inter­

val I of IR+, we consider the space : 

V* fl(I) - { u e J ' ( I ) ; t a u £ L 2 ( I ) , t e D ™ u £ L 2 ( D > 

equipped by the canonical norm. 

Proposition I.1 : 

If u €1 V m
 o ( 0 , T ) , where T is a real number strictly positive, we have : 

(i) t ^ D ^ u E L 2 ( 0 , T ) for 0 ^ j * M i n ( j Q , m ) with j Q = [ B + J ] _ ; 

B - j 2 

(ii) t J u e L (0,T) for j Q + l u ,< m i f J o + U ra ; 

(iii) u € H r f i ( 0 , T ) if B-m + integer + ~ . 

The notation [A]_ means the greatest integer <A . 

Proof : Let ^ be an indefinitely differentiable function such that "f(t) = 1 

T T m 
i f t v< 2 and f(t) = 0 i f t >/ Jj. Put v = ^ ; then v €T V a g((R +) with bounded 

support. 

Using the Hardy's inequality, we obtain ( i ) . 

r J o m " j o 2 S ' V 1 m " j o Again for (ii) : we have t D t v e L ( R + ) , also t D t v 

E L (IR+) and by the Hardy's inequality, we get t D v e L ( R + ) ; 

repeating the same argument, we obtain (ii). 

B~*m 2 
If g > m, it results from (i) that t "u G. L (IR+) and consequently 
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I - 2 

if B-m i integer + ~, we have u H (£R+) . 

If 3 v< m, then j Q m and " " Y < ^ " " ^ o ^ T # Then, two cases 

must be distinguish according t o - ~ < 3 " " J o ^ 0 and 0 < 3 - j Q ^ ~. 

First case : 
3-j m-j -1 B - j Q m ~ j Q 2 

0 < 6 - j <: ~. We have : t °D t ° v and t D f c v e L ( R + ) (see that 

1/2 " " V 1 

0 < 3 - j Q and 3 $ m implies j +1 £ m) . Then, we have t P t v and 

1/2 m " j o 2 
t D t v e L 0R+), and now we prove that these two conditions imply 

m-j 0-l 
D t v C T ( ( R + ) . 

Lemma I~l : 

If u V j / 2 , 1 / 2 5 t h e n u ^ L • 

Proof : 

If u C i)(iR+) , we can write : 

o r +°° 
|u(t)I = 2 Re u(a)u f(a) da 

J t 

and using the Fubini's theorem, it comes : 

. + 0 0 , + oo , + O D - +oo 

|u| dt s< -2 Re a u(a)u !(a) da N< t|u(t)| dt + t | u f ( t ) | dt. 
Jo Jo Jo Jo 

At last, by the density of $ ( R + ) in the space v j ^ 2 j ^ ^ M * W e g e t t h e 

lemma 1. 1. 

m-j -1 
Now, we prove that D ° v £ H G ( I R + ) with e = 1 - ( M 0 > -

m-j^-1 m-j 
that, put D f c v = f and D . v = F and compute : 
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But, 

f(x+t) - f(x) = [ F(x+a) da . 
^ o 

Then, 
/ • + 0 0 . . 2 r + o o f - H » n 

[f(x-ft) - f(x)| = "I, I F ( x + a ) d a dt , J 2e+l a t J .2e+l 1 J n J o t ; o t ' o 

and using the Hardy's inequality, 

r + c o 

* C " ^ H " ! F ( x + t ) | 2 dt . 
^ o t 

(C is a constant). 

But, 
f + ° ° f+CO ry 

-^rr | F ( ^ ) | 2 «t - j — U z r ' l F W l 2 ^ 
J o t J x I y-x I 

- x - 2 ( e - 0 r 1 , F ( o x ) | 2 d a 

il | a - l | 2 e _ 1 

and using the Fubini's theorem, it comes : 

r + 0° o/ ,\ r+co i n r +°° 2(e-l)-I r + 0° o / p - n , ,2 

•'o J 1 I a— 1 | J l I cr— 1 | J o 

m-j -1 

then, D t ° v e H e (R +) and v e H m e((R +). 

Second case : 

- -jr < 2 - j Q ^ 0. The case 3 - j = 0 being trivial, we can assume that 
1 i 2 

- j < 3 - j Q < 0. Then, - < 3 - j Q + 1 < 1 and we have D °v e L (R +) 
g-j Q+1 m-j Q+l 2 

and t D . v g: L . By the same calculus as before we get that 
m-j 

D °v G H e ( R + ) with e = -( 6 - j Q ) and finally v e H m " 3 ( ( R + ) . 
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The proposition I.1 is proved. 

Remark I.1 : 

We can improve the result of the proposition 1.1 when g-a > m ;in fact we 

have : if B-a > m and if u R(0,T), then t ^ ^ D ^ u £L 2(0,T) for 

j = 0,...,m. The proof is analogous to that of the following proposition 

1.2. 

Proposition 1.2 : 

If 8"~a < m and if u £ .-H») where T is a real number >0, then 

a+l(B-a) . 2 

t m D | u e L (T,H for j=0,...,m. 

Proof : 

It will be made in two steps. 

First step : 

Reduction to the case a = 0. 

Lemma 1.2 : 
If u e V ™ ft(T,+«), then : t

e " m + j ^ u C L 2 ( T , H a, p t 
Proof : 

If B , obviously we have u Hm(T,+«>) and then te~JD™""Ju e L2(T,+°°) 

for j = 0,...,m. 

If B > |, then, as in the proposition 1.1, we get that 

t B ~ J D m - J u e L
2

( T > + o o ) f o r o ^ j ^ Min(jQ,m) with j Q = [B+J].. At last, 

since D^-Ju e:L 2(T, +co) for j - 0,...,m, we get that t e~ jD m"" j
u e:L2(T,+oo) 

f o r J' = J 0
+ 1*--.>m if j +1 ^ m (B-j is negative). 
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Lemma 1,3 : 

The map u — — > t a u is an isomorphism from v"1 „(T,+<») onto v"1

 n (T,+°°)-
r a,B 0,3-a 

Proof : 

Let u be an element of o(T,+«0, w e p U t v = t u ; then t P TTv(t) -
a, p c 

I a..t J D ^ " J
u ( t ) and by the lemma 1.2, it results that v £ g - a ^ ' ' 

j=o 

Conversely, let v be an element of / n (T,+°°), W e p u t u = t 

B m ft—a " 
then t D™u(t) = I a..t ~ a ~ J D f ~ J v ( t ) and by the lemma 1.2, it results 

that u e V£ g(T,+«>). 

Seconde step : 

We assume a = 0. 
m-B 

We use the change of variable y = t m and of function w(y) 8 8 

y 6 / 2 ( m - 6 ) u ( t ) . 

By induction on p, we show that, for 0 ^ p ^ m, we have : 
B 

d , . B/2(m-B) ? ^ ^ P 4 " 1 ^ J , . DyW(y) = y 1 a- . t D^u(t) . 
m-p 

m 2 ^ where a p p ^ 0. By the lemma 1.2, we get D y w e L (Y,+°°) where Y = T 
2 2 and consequently w e H m ( Y , + ~ ) since w E: L (Y,+°°). Then, D^w ez L (Y,+°°) 

for p = 0,...,m and using the precedent foijmula, we get, by induction on 

p and since j-p+pj < j - for j < p, that t "̂ ETjju e L 2(T,+°°) for j = 0,...,m. 

The proposition 1.2 is proved. 

We now apply these results to a sub-class of Sobolev spaces 

with weights which we will be useful ^ o r the following : let be m€llN, 

-a and 6 two real numbers >0 such that a+m >, 0 and a+6m >, 0, we consider 

the space: 
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W™ fi(R+) = {u e t f a ( R + ) ; t ° + 6 k + J D j u e i 2 ( R + ) for a+6k+j >> 0 and k+j « m} 

equipped by the canonical norm. 

By the propositions 1.1 and 1.2, this space coincide with the 

space V™, (R ) . 

We now give the Sobolev's theorem for the spaces g ( R + ) . 

Proposition 1.3 : we have : 

i) If u e W m ^(ffO, u is continuous on R, and there exists a constant a , o + + 

C > 0 such that for every u e: W^ ^ (R +) , for every t > 0, we have : 

- ~ l/2m l - l/2m 
( l . l ) |u(t)U< c. t 2 m ||u|| ||u|| 2 y ; 

W o , « L 

(ii) We assume -a > ~, then : if u e W m
 X ( R . ) $ u is continuous and bounded 

2 a, o + 
on R and there exists a constant C > 0 such that for every u c W111

 f ((R ) » + a, o + 7 

for every t > 0, we have : 

(1.2) |u<t)|< C. ||u|ry2° ||u|| 2
2 ° ; 

W r L 

-(o+6m) -4(6-1) 
(1.3) |u(t)|.< C. t l|u|| . 

. 0 , 6 

Proof : 

(i) At first, we apply the usual Sobolev fs theorem : if v e: H m ( R + ) with 

m >, 1, then v is continuous on fT" and there exists a constant C > 0 such 

that for every v e H m((R +) , for every t ^ 0, we have : 

f + 0 ° o f + c o 

| v ( t ) | 2 . < C { | d " V ( T ) | 2 dx + | V ( T ) | 2 dt }. 
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If w e w
a ?

 t h e function v defined by V ( T ) = w(x+t) belongs to 

H m ( R + ) for every t > 0. Since -a > 0 and a+m V 0 , then m >, 1 and for 

every w €i ^((R +), for every t > 0, we have : 

9 f+°° 9 f + 0° 
| w ( t ) | Z « C { | D ™ w ( T ) r + | W ( T ) | 2 dx }. J J t 

Now, let u be an element of \F ( R + ) and we apply the precedent inequality 

to the function w defined by w(x) = U ( X T ) where X is a positive constant. 

Then, there exists a constant C > 0 such that, for every u €: if1
 C((R.), for 
a, 6 + 

every t > 0, for every X > 0, we have : 

(1.4) | u ( t ) | 2 ^ C/X { 

and since t £ T , we get : 

f+oo / + 0 O 

X m D m u ( T ) | Z dx + | u ( x ) | Z dx }, 

|u(t)T « C/X { 
a+m 

+oo 
,2m -2 (a+m) I a+num , n ) 2 , f+°° i , x i 2 . X t ' | T T) tu(x) I dx + |u(x)| dT } 

t 

Choosing X = t m , a fortiori we obtain 

a+m 
| u ( t ) | 2 < C . t m { | T 0 + , n D " u ( T ) | 2 dt + | u ( x ) | 2 d T } . 

JO z J o 

Now, we apply this inequality to the function v defined by v(x) = u(Xx) 

where X is a constant >0 : 

a+m 
| u ( X t ) | Z « C. t 

X 

l/2a 

+oo r+oo 

A - 2 a ( ^ ^ ^ d T + ( u ( t ) | 2 d T } 

Putting X = r , we get for every u e f o r every t > 0, for every 

r > 0, we have : 

|u(t r , / 2 « ) | 2
 v < C. (t r , / 2 ° ) 

- s ± 2 l _ - l 
m 2m 

r { + M K ° + m B > | 2 d t + r r i u ^ ) | 2 ^ } < 
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Finally, there exists a constant C > 0 such that, for every t > 0, for 

every r > 0, for every u £ T / we have : 

- 0 + m 1 _ j 
| u ( t ) | 2 . < C . t" m r 2 m " { | | u | | 2

m + r | | u | | 2
2 } . 

w x L a,6 

M i I 2 u y 0 , we obtain the inequality (1.1). 

(ii) If -a > -j-* the Sobolev's theorem imply that if v e H °(fR +), then v 

is continuous and bounded on (R and there exists a constant C > 0 such 
+ 

that for every v G: H °(IR +), for every t ^ 0, we have : 

| v ( t ) | 2 « C. ||v|| 2_ a . 
H a ( R + ) 

But, from the proposition 1.1, the space a + m ( R + ) is continuously imbedded 

in H °(iR +), then, for every t > 0, for every v € 1 ^((R +), we have : 

* +00 f +oo 

| v ( t ) | 2
 s< C. { | T ° + m D ^ u | 2 dr + | u ( x ) | 2 dx }. 

Jo * o 

Using the same change of functions as before, we get that for every 

u e: for every t > 0, for every r > 0, we have : 

_, _ J _ 
| u ( t ) | 2 < C. r 2 ° { ||u|| 2 + r | | u | | 2

2 >. 
a , 8 

2 
We obtain the inequality (1.2) in taking r = ||u|| , „ 

w™ J\ |u| r „ 
0,6/ l 

To have the inequality (1.3), we start from the inequality (1.4) in which 

we choose X = ( | u ( T ) | 2 d x ) 1 / 2 m ( | D
m u ( T ) | 2 d x ) _ 1 / 2 m , that gives : 

t . 't t 
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| u ( t ) | 2 .< C. ( | D > | 2 d T ) l / 2 m (f | u ( T ) | 2
 d , ) l ' l / 2 m ; 

after that, we remark that, since t ^ T , we have : 

f + O O <.-foo 
] r m ,2 , -2(a+m) 2(a+m) i-m ,2 , . - 2 ( a + m ) M .,2 
D u dx ^ t T D<-u dx £ t v u 

it 1 it t W m
 x 

a,6 

and 

|u(x)| 2dT < t - 2 ( ° + 6 m ) T 2 < ° + 5 m ) | u ( x ) | 2 dx < t - 2 ( 0 + 6 m ) | | u | | 2 

J t J t W a , 6 

hence the inequality (1.3). 

II - CASE OF THE HALF SPACE IR^, n > 1. 

Let m be an integer, -a and 6 two real numbers >0 such that 

a+m >y 0 and a+6m ^ 0, we consider the space : 

W™ ) 6(1R") = { u e l / V ; ) ; t a + 6 l a l + j D J D ^ u e L 2 ( R ; ) for a+6|a|+j>0 and |a|+j «m} 

equipped by the canonical norm. 

The space cP(R^) is dense in the space W m -OR1*) ( c f [ 2 l f o r example) and also 

we have : 

w ^ O r ; ) = {ue:J)'(Rj); t M a x ( o ' a + 6 l a l + J ) D J D % e L 2 ( < ) for | a | + j < * } . 

Proposition II.1. we have : 

i) if m > n/2 and if u e . 6 № + ) , then u is continuous on IR^ and there 

exists a constant C > 0 such that, for every u £1 f o r every 

(t,x) c we have : 

(2.1) |u(t,x)| , c . t '-Zt-'TST ( o * s ™ ) | , | | I 1 / 2 . ||u||l-n/2« 

- 9 -
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(ii) If Min (-o > n/2 and if u e ^ ( ^ ) , then u is continuous 

and bounded on (R^ and there exists a constant C > 0 such that for every 

u e W m

 6 № + ) , for every (t,x) e: R^, we have : 

_ _ l+6 ( n - l ) 1 | l+6 ( n - l ) 

(2.2) |u(t,x)| 4 C. ||u|| 2 0 2 ° . 

a, 6 

Proof : 

The proof is analogous to those made in the chapter I. (i) ; at first, we 

apply the usual Sobolev's theorem : if v e H m((R^) with m > n/2 then v is 

continuous on and there exists a constant C > 0 such that for every 

v £ H m(lR^) , for every (t,x) e: IR^, we have : 

| u ( t , x ) | 2 4 C. { I | D j D x v ( x , y ) |
2 dx dy + | v ( x , y ) | 2 dx dy }. 

j +|a|=m J R n X J R n 

If js(1R,) 9 the function v defined by : v(x,y) = w(a+t,y) belongs to 
O , 0 * 

H m(IR^) for every t > 0. Hence, for every w e: Wm ^ O R ^ ) , for every (t,x) EL IR+, 

we have : 

| w ( t , x ) | 2 * C. { I |D JD^w(i,y)| 2dTdy + |w(T,y)| 2dTdy] . 

|a|+j=mJt £ n - r X j t ¿ 1 1 - 1 

Let now u an element of № + ) and apply the precedent inequality to the 

function w defined by : w(x,y) = u(Ai,yy) where A and u are two constants. 

Hence, there exists a constant C > 0 such that, for every u e W m
 g ( R n ) , 

for every (t,x) €: [R^, for every A and y > 0, we have : 

| u ( t , x ) | 2 < c / , . { I I X 2 j , 2 ( r a - j ) | D J D a u ( x , y ) | 2 dx dy 
/ A . / 1 1 |a|+j-m J t ¿11-1 C X 

»-foo 0 

+ | u ( x , y ) | 2 dx dy }, 

fc IT1 

-10-
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and since t ^ T , that gives: 

| u ( t , x ) | 2 « C / x 

r+°° t I I . * 

x { Y x 2 J W

2 ( n , - J ) t - 2 ( o + 6 ( , D - J > + J ) | T 0 + 6 l a l + J D ; D a u | 2 d T d y 

I I • . t X 
|a|+J=m J t ¿11-1 
f+°° f ? 

+ I J |u(T,y ) p dx dy}. 

R n + 1 

a+m a+6m 

choosing A = t m and p = t m ,.a fortioti we get : 

a+m n-1, .. x 

o (a+om) r , . | I , . . 0 

I / \|2 m m r v i o+o a + u n a i2 , , 
|u(t,x)| S C.t { I |x 1 1 D t X

U I 7 

|a|+j=m ^n 
+ 

2 

+ | u ( T , y ) I dx dy }. 

+ 

We now apply this inequality to the function v defined by : v(x,y) = 

u(Ax,yx) where A and y are some constants : 

|u(Xt,ux)| $ C x 

_ £ 1 2 - £ l ! ( a + 6 m ) 

x t m m

 { l ( A -
2 ( 0 + 6 ( m - J ) ) y 2 ( M - J ) | T a + 6 l a l + V t D ^ u | 2 d T d y 

X.y 1 1" 1 |a|+j=n^n 

+ |u| 2 dx dy }. 

k 

T> -\ l/2a - ,5 , _ , m (1R^), for 
Putting A = r and y =A , we deduce that for every u e:W^,^ + 

every (t,x) e: IR^, for every r > 0, we have : 

-1 1-
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, . l/2a S/2a.,2 „ „ 
Iu(tr ,xr ) I S C x 

a+m n-1 . . 
* ( t r

, / 2 ° ) ~ n " — ( a 6 m )
r n / 2 m - ! { j f | x a + 6 | a | + i D J D c x u | 2 

I I I ' J t X 1 

+ r J |u| 2dx dy }. 

Finally, there exists a constant C > 0 such that, for every (t,x) €1 R^, for 

every r > 0, for every u W m
 r(DR?), we have : 
a»6 + 

a+m _ n - 1 ( « * 

|«(«.,)| 2«C. t - - • - ( ° " , A ' ( | | U | | \ + . r ||u|| 2
2l . 

2 2 
The inequality (2.1) results form this in choosing r = ||u|| /||u|| 9 -

W"1 JC L 

a,6 

(ii), we begin to show the 

Lemma II-1 : 

We have the algebraic and topologic imbedding : 

w1" , < ) c H M i n ( - a ' - a / 6 ) ( < ) . 
a, 6 + + 

Proof : 

By the chapter I, we know V ™ + 5 m a + m ( R + ) C H Q ( R + ) , hence, there exists a 

constant C > 0 such that, for every v C W™ ^ ( R + ) , we have : 

f + O O / . + 0 0 * + o o 

( l + T 2 ) " a | F ( P v ) | 2 d T * C.{ | t a + m D ^ v | 2 d t + | t ° + 6 m v | 2 d t } , 
. —oo x J O ' O 

where F means the Fourier transform in the variable t and P a linear and 

continuous extension operator from H a((R) (for example, P can be taken as 

the Babitch extension). 

- 1 2 -
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m "*l/6 
If v G x(R . i _ ) » t h e function u(t') = v ( t A ) , where l\ is positive cons-

0 , 0 + 

tant, belongs to W m (IR ) ; for every A > 0, we have : 

' 0 , 0 + 

r ( A
2 / 6

+ T
2 ) - C T | F ( P v ) | 2 d x < C. { ( + V + m D ? V | 2 d t + ^ m r | t ° + 6 m v | 2 d t } . 

J - c o J O J o 

Let now u be an element of J)(R^) and for every £ ̂  R n ^{o{, we consider the 

function v(t) = u( t , £ ) , where N means the Fourier transform in the variable 

x e: R n 1 ; then F (PV)(T ) = ^ F P U ( T , £ ) , wherejt means the Fourier transform in 

the variable (t,x) in R n and from the precedent inequality, we deduce, 

taking A = |£| and after integrate in £ over R n \ that there exists a cons­

tant C > 0 such that for all u £ JX^Q) » we have : putting a* = Min(-a,-a/6), 

I M l _ a * « C.||u|| 

H ( Rn> W a , 6 < > 

and then : 

I M I -o* n < C . | | « U m n . 
+ a > o + 

The space j)(R^) being dense in the space ^ (R^) , we have proved the lemma 

II-1. 

Now, if Min(-a,-a/6) > n/2 and if u ̂  _(R ) , then u is continuous and 

a ,o + 

bounded on R^ and there exists a constant C > 0 such that for every 

u C w"1

 r (R^) , for every (t,x) e: R*1, we have : 

O , 0 + + 

| u ( t , x ) | 2 « C. { 1 f T 2 ( a + 6 ( m - J ) + J > | D

J > u ( T , y ) | 2 dr dy 

M + j = m ¿1» X 

+ | | u ( r , y ) | 2 dx dy }. 

+ 

- 1 3 -
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Then, we do the change of variable of ( i ) , that gives : 

' U ( t ' X ) | 2 * H ' " " 1 X 

x { I f X - 2 ( a + 6 ( m - J ) ) p 2 ( m - j ) | T 2 ( a + 6 ( m - j ) + j ) D J D ^ u ( T , y ) | 2 d T d y 
|a|+j«m£n 

+ |u(t,y)| dx dy }: 

we choose X = r^2° and p = A 6 , that gives : 

_ 2a+l+6(n-l) 

| u ( t , x ) | 2 « C. r " 2 0 { ||u|| 2
 + r | | u | | 2

2 K 

and taking r = ||u|| . _ , we get the inequality (2.2). 

Proposition II.2 : 

Let £ be an integer, o ^ £ < -a - ; then the map u ^ u - D t u ( t = o ) : 

^ ( R n ) > (R ) ̂ can be extended in a linear and continuous m a P from 

W ^ t t ? ) into H " 2 6 ( R n " ] ) . 

Proof : 

It comes, by the chapter I, that there exists a constant C > 0 such that, 

for every v E ^(1R +), we have : 

f + O O f + O O 
i £ / n|2 f i o + m m i2, . a+6m i2. , | D t v ( o ) | * C. { |t D t v | dt + |t v| dt }. 

I o Jo 

If v G W 1 1 1
 P(SO > the function u(t) = v(t JV a ) , where l\ is a positive COnS-

O ^ O + 

tant, belongs to ((R ) ; hence here exists a constant 0 0 such that for every 
0 9 6 + 

-14-
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v g: W m for every A > 0 , we have : 

2(a+£)+l 

— . • • • • • f+oo f + 0 0 

A 2 6 | d S ( O ) | 2 .< c. { | t a + V v | 2 d t + A 2 m |t a + 6 mv| 2dt }. 
J O J O 

Let now u be an element of J)(R^) , and for every ^ £ R n l N { o } , we consider 

the function v(t) = u ( t , £ ) , where A is the Fourier transform in the variable 

x £ (Rn ^ ; as in lemma I I - 1 , we deduce that : 

' M l 2(q+£) + i * C - l | u | 1 m ' 

R 26 a,6 

It will be very useful for the following to have an inequality of type 

"compacity" for the spaces Wm : 
a 9 o 

Proposition II.3. 

Let m be an integer ^ 1 and put 6^ = M i n ( l , ^ ) . There exists a constant C > 0 

such that, for every c > 0 , for every u e. W™ ^ ((R^) , with supp u c : { 111 ^ 1 } , 

we have : 

(2.3) | | u | | * C. { e . | | u | | + r ^ N u l l 2 1 • 

0+6 j, 6 °", 0 

Proof : 

We begin to establish a lemma : 

Lemma II-2 : 

R 11 a + m m ||2 v i 1 . o+óm a \ \2 I I M 2 ,1/2 

The map u > { | 11 D t u | | 2 + ¿ I 1 1 D

x

u l I 2 ' ' U ' ' 2 n 

L I a I-m L L 

equivalent norm for the space W™ 

-15-
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Proof : 

Let k and j be some integers such that a+6k+j >, 0 and k+j S m - From the 

chapter I, it results that if v(t) ^ « J 6 № + ) » t h e n t a + 6 * + J D j v s L 2 ( R + ) 

and : 

| t 0 + 6 k + j Djv| 2dt * C. { | t a + m D m v | 2 d t + P | t a + 6 m v | 2 d t } 
Jo Jo J o 

where C is a constant >0 which does not depend on v. 

If v £ W m (R ) , the function u(t) = v(t A ~ ^ ° ) , where A is a a, o + 

positive constant belongs to W m
 r ( R j ; hence, there exists a constant 

C > 0 such that for every v e. W 1 1 1 (R,) , for every A , we have : 
0 , 0 + < 

(2.4) / l 2 k r | t a + 6 k + j D j v | 2 d t .< C . { r | t a + m D m v | 2 d t + A 2 m r | t ° + f i n v | 2 d t ' } . 
Jo 1 J 0

 1 j o 

Let now u be an element of 5)(R^) and for every £ <2Z R n * N { o } , we consider 

the function v(t) = u ( t , £ ) , where A means the Fourier transform in the 

variable x R n \ and from the precedent inequality, we deduce, taking 

A = |£| and after integration in £ over R n that there exists a constant 

C > 0 such that for every u C «2)(R^) , we have : 

||u|| 2 « C. { | | t ^ D m u | | 2
2 + J | | t 0 + 6 X « l | 2

2
 + I M | 2 2 >• 

- t IT a =™ L L Z 

a, 6 1 1 

The space «2)(R^) being dense in the space W™ $ № + ) , the lemma II-2 is a 

consequence of this inequality and the Banach's theorem. 

Proof of the proposition II-3 : 

From the inequality (2.4) in which we take j = m - 1 , k = 1 and 4"1 = z > 0, 

we deduce that : 

-16-
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•+oo 

11 D t v| dt < C x 

o 

x e | t a + m D m v | 2 dt + e -
2 < m - 0 | t °

+ 6 m v | 2 dt }. 

'o t Jo 

We apply this inequality to the function v(t) = u(t,£) for u ) and 

£ € t t l n ~ 1 V { o } , we integrate in 5 over R N 1 , that gives : 

(2.5) M t ^ - y - ' u M 2 , « C . { e

2 | | t C T + m D > | | 2

2 n . e-2C«-l>,| u,,2 } 

t L 2 ( R ^ ) t l/(Rj) L 2 ( r J ) 

if supp uc{|t| < 1 ) . 

Besides, we know that there exists a constant C > 0 such that for every 

III TL"~ 1 
e > 0, for every v(x) £ H (R ) , we have : 

(2.6) I ( | D x v |
2 d x < C. { e 2 J f | D % | 2 d x + e -

2 ^ l ) \ |v| 2dx }. 

|a|=m-l ¿11-1 |a|=m^n-l j^n-l 

Then, we use this inequality to the function v(x) = u ( t , x ) , t > 0, where 

u C ^ ? ( R ^ ) ; we multiply by t ° + ( S m , and we integrate in t > 0 over R + , that 

gives : 

(2.7) I ||t°* aVu|| 2 < C . {e2 n|t° + 6Vu|| 2

9 

lalin-1 x L 2 ( R ; ) |a|£m" x " L

2 ( R n ) 

+ e " 2 ^ 0 | | « | | 2 , > . 

L 2 ( R n ) 

if supp u C { |t| ̂  1 }• 

The inequality (2.3), for 6 £ 1, is a consequence of (2.5) and (2.7). 

For 6 > 1, we replace the inequality (2.5) by the inequality : 

/o o\ i L a + m m-1 u 2 „ r 2ii a + m m \ \2 . -2(xnrl)ii m2 , 

(2.8) J t ^ u < C. {e t D u|| + e '||u|| 2 }. 

T L 2 ( R ^ ) * I T ( r J ) i * ( r J ) 

- 1 7 -
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if supp u C {|t| $ 1}. This inequality is easy to prove like for (2.5). 

After, in (2.7), we multiply by t
2 ( ° + 1 + , 5 ( m - l ) ) a n d w g c h o o g e 

6~" 1 
e = nt , rj > 0, and we achieve as before. 

Ill - CASE OF A BOUNDED OPEN SET to OF R n , n > 1. 

Let be a bounded open set of R n , with boundary r. We assume 

that H is a compact C°° manifold. VJe give *f: (Rn »IR a C°° function such 

that : 

f « = {x s (Rn ; f(x) > 0} , 

(3. 1) J r = {x e i R n ; f(x) = 0} , 

grad S (x) ^ 0 for x €• V , 

w h e r e grad - (x) = ( "^-(x) , . . . »"g5T~(x) i s t l i e gradient vector associated to ^\ 
1 n 

Let (X^) be some vector fields with C°° coefficients on (Rn such that : 
o^i^q, 

(3.2) X Q is transversal to T on r, ie : (X V) (x) ^ 0 for x e r ; 

(3.3) X.̂  is tangent to T on T for i = l,...,c(., i e : (X^'f) (x) = 0 for 

x e r ; 

(3.4) for every x&.H9 the rank of the system (X.(x)) • is equal 
i o ̂ l^q 

to n. 

Let m be an integer, -a and 6 two real numbers >0 such that a+m >, 0 and 

a+6m >, 0, we consider the space: 

W^jfl) - (u e L 2 ( n ) . ̂ , M a X ( o , a + < 6 , a > ) x a u _ L 2 ( f i ) £ o r \ a\ , m } 

-18-
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a
 a o a 

equipped by the. canonical norm. We have used the notation X = X X ^ 

+ g ° ' " % 

for a = (a , ...,a ) B IN^ and <ô,a> = ô £ a. + a . 

° % i=l 1 ° 

Proposition III—1. 

With the precedent assumptions, we have : 

(i) w ^ W c h ^ O » ; 

(ii) for every «T C° ( Q ) and for every u <=r. if1 we have : 0 u e W m .(ft). 

Proof : 

(i) With the assumption (3.4), for every x q 61 $7, there exists a neighbourhood 

V(x ) of x in Q in which we can write : 

o o 

•sir - j *i<*> 

k i=o 

k oo 

for k = l,...,n with some convenient functions 3^ which are C in V ( x q) and 

we can easily get (i). 

(ii) Let 0 be a C°° function on ÏÏ and u G. W™ A S Ù • Then u 1?(ti) and 

for I ot I ^ ra, we have : 

x a«Du) = I O <xfy> ( x a- 6u) 

it results that V M a X ( ° ' a + < 6 ' a > ) X a ( 0 u ) S L 2 ( 0 ) , that is to say <fr u £ . ( H ) . 

Remark III-l : 

It is easy to prove that the space W m (ft) does not depend of the choice of 
a 9 6 

the vector fields (X £) satisfying the conditions (3.2) (3.3), (3.4). 
o$i<:^ 

-19-
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Proposition H I - 2 • 

We have : 

(i) If m > n/2 and if u £ W m .(ft), then u is continuous on ft and there 
O j o 

exists a constant C > 0 such that, for every u e. w"1 (ft) , for every 
O , 0 

x ft, we have : 

fl+m _ HllL( A+5M) 
^ I / \ i . ̂  ,,-•/ \ 2m 2m i i it n/2 m i i i il-n/2m 
(3.5) |u(x)| £ C. -f(x) I |u| I I |u| I ' ; 

W x IT a,6 

(ii) if Min(-a,-a/6) > n/2 and if u W™ ^(ft), then u is continuous and 

bounded on ft there exists a constant C > 0 such that for every u <T- W ^ ^(ft), 

for every x ft, we have : 

- l+6(n - l ) j + 1+6(n-1) 

(3.6) |u(x)| « C. | | u | f m

 2° ||u|| 2
 2 ° 

W r L a, 6 

Proof : 

(i) With the proposition III-1 and by a partition of unity the inequality 

(3.5) can be only obtained for functions u £; W m
 r(ft) with support in a neigh-
0,0 

bourhood of the boundary r of ft. 

Let x q be a point of T; from the properties (3.1), we see that there exists 

a neighbourhood V ( x q ) of x q in R N and a diffeomorphism ® = (6j ...,6^) 

with 6 n = ft from V ( x q ) on to the unit ball of IRN such that : 

r® (V n ft) = B + = {y E R n
 ; |y| < 1, y n > 0} ; 

(3.7) ) ® ( V O r) = B q = {y £ R n ; |y| * 1, y n = 0 } ; 

w X o ( 0 k ) = 0 in V for k = l , . . . , n - l . 

In these conditions, if u £ W m (fi) with supp u C V and if v = u ( g f 1 , then 
0*6 

_ T Tm / n n , . , 
v e W (R ) with supp v o B ^ . In fact, it suffices for that to remark that 

0 > 0 T + * 
by the diffeomorphism @ , the vector fields (X.) are become the vector 

o^i<cq 
fields ( 1 ^ ) with : 

o*i<cq 

-20-
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( 3 . 8 ) I Q = a - J L , a(y) t 0 for y e B = {y £ i R n ; |y| * 1} ; 

( 3 . 9 ) I. = I* + [(X.vf) .. © _ 1 J - X - for i = 1 q , 
y n 

t . ° ° 

where 1^ means an homogeneous differential operator of order 1, with C 

coefficients in the variables yj »•••»Y n^j > 

(3.10) for every y G B = (y ; |y| ^ 1}, the rank of the system 

(I^) is equal to n. 
o^i^q 

Hence, the inequality (3.5) comes from the inequality (2.1) and the propo­

sition II-1. 

(ii) In the same way, the inequality (3.6), at the boundary comes from the 

inequality (2.2) of the proposition II-l. 

In the interior, it comes from the fact that if u then u £E H., (u) 9 o,6 * loc v 

and then too belongs to ( Q ) where m f = — t t t t — r v > in fact, since a+m^O 
loc l+o(n-l) 

and o+Sm >s 0, we have m f ^ m. Then, the inequality (3-6), in the interior, 

is a consequence of the classical inequality : 

i«cx)i * c. i i u | | n / 2 m ' \\n\\l:n/2m\ 
H m I T 

Proposition III-3 : 
1 3 ̂ u ^ . 

Let I be an integer, 0 ^ £ < - a - « ^ ; then, the map u >y £u = — ~ | r : ^ 
9n 

Jj(T) can be extended in a linear and continuous map from g(^) into 

2(q+£) +1 

H (r) . 

(JL. means the derivative along that unit normal vector to r , interior in q ) . 

This proposition comes from the proposition II-2. 

-21 -
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Proposition III-4 : 

Let m be an integer >A and Sj = Min(l,6). There exists a constant C > 0 

such that, for every e > 0, for every u £ we have : 

( 3 . 1 0 ||u|| < C { e ||u|| m • r ^ H u M 2 } . 

Proof : 

As before, we see that the inequality (3.11) at the boundary comes from 

the inequality (2.3) and, in the interior, from the classical inequality 

for the usu^l Sobolev spaces : 

I M I H „ - , «c- f ' I W I H „ + • - ( " - , ) I I U N L 2 ) . 

- 2 2 -
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