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ORTHOGONAL MEASURES: AN EXAMPLE
by
Dorothy Maharam

A family Y1} of measures, defined on a Borel field 8
of subsets of a space X , is sald to be pairwigse orthogonal
if, given A , p € YYL with A # p , there exists Hy, € A3
such that A(Hy,) =0 =p(X - Hy,). YIL will be called
unifermly orthogonal provided there is, for each A € m, a
set H, € B such that, for each p € YL -3,

x(Hb) = 0 = A(X - H,) . Clearly every uniformly orthogonal
family is pairwise orthogonal, and every ceuntable pairwise
orthogonal famlly is uniformly orthogonal. One simple example
of an uncountable pairwise erthogonal family ML that is net
uniformly orthogonal is provided by taking X te be the

unit interval I , 3 the Borel sets of X s and YIL te
consist of Lebesgue measure, tegether with all l-peint

measures. Here, however, the family dees have an uncountable
subfamily consisting ef uniformly orthegenal measures; we

have only to emit Lebesgue measure. The following example shows
that in general we cannot obtain an uncountable unifermly
orthogonal family from a pairwise orthegonal family by discarding

measures ~- provided the continuum hypethesis is assumed.

Theerem (CH) There exists an unceuntable family /11 of

pairwise orthogonal Borel prebability measures on the unit

square 1%, such that ne uncountable subset 23171 is uniformly

erthegonal.



we need a well-known lemms (see for example [1, p. 76]).

Lemma (CH) There exists & partition of the unit interval I

inte a family YL ef ¢ pairwise disjoint nen-empty Borel

null sets such that each null set in I is cevered by a
countable sub-family ef n .

Proof: Well-order the null G; sets as {Gut : k< wf,
define lo‘ = -Gq - U 5 qu : %3 < u}, and omit empty Bu ‘g.

Constructien Let Il = {X_ : x<wjbe a partition as in the

Lemma, and let iyd: o < w& well-order I without repetition. For
each < ), , let u  denete the (1inear) Lebesgue measure

en I xiyd§CI?. For each o > O, take a seguence

iuoc‘% P 3 <o<} of pesitive real numbers such that Z iub(?='§<o§}= /2.

Take a Berel measure moqs on M x{yd ((% < X< LJ‘) such that

2

muB()i“a@'?’;) = uot,%. Now, Tor each Berel set H < I and

'.>('< e, , define '

m (H) = }2-;10((11 n(Ix§xgd) + Zimd?(Hn(Hxx{ybﬁ)): ‘:,.3<0<"§
if & =2 1, and define mg(H) = pg(Hn(I x{yg)). Then
put YIL = {md 2 ™ < w;g, an uncountable family of Borel
prebability measures eon 12. It is easy to see that :they are
pairwise erthogoenal. On the other hand, fixing 3y < Gy suppese
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is a Borel subset of I such that mX(H)’) = 1 ; then also

24
py(li:rn(lkiy,‘})) =1 . That is, p(H') =1 where p is
Lebesgue measure and H' = fx ¢ I : (x, yx) € H),%. By
construction of the sets X, EY must contain all but a
countable subfamily of the sets XN, , and hence HY can be

null with repect to only countably many measures ml,3 with *P>)‘ .

It follows at once that every uniformly orthogonal subfamily

of YIL is countable, as required.



s

Remarks 1. By taking a little more trouble, we could ensure
that the measureas my Were all non-atomic (in addition to
their other properties).

2. The continuum hypothesis is essential for the
theorem. It is relatively consistent (with usual set theory)
that the union of fewer than ¢ null sets in I (with respect
to any finite Borel measure) is always null. (See, for exaumple,
[2] for the case of Lebesgue méasure; the same argument works
for the more general measures considered here.,) From this assumption
it follows easily that, if Rl < ¢ , each family of N’
pairwise orthogonal finite Borel measures on I (or_, what

comes to the same thing, on I2) is uniformly orthogonal.
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