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ABSTRACT 

v¥e construct an interval exchange transformation with infinitely 

many intervals on £b, lj which has a positive metrical entropy with 

respect to the Lehague .ua^sura• 



2) 

k ora-sfoona tion y o:: [0, I j is called an lir-iv al .r^.£::;_:^ 

I - ~ — ^ - = S--.LST f•••;:.v:i.3s I, and J.. of oo -.t-lly 

y disjoi-t intervals in [o, l] such that 

(i) v( U i,)=v( U v%)=i, 

i i 

(2} V(I i)-VCJ i) for any i, and 

(3) jf(inf I ± -x)=inf J ± +x for any i arjd x with 0(x(V(I±) , 

•where V is the Lebesgue measure on 1̂ 0, 1 j . It is well known that if 

¿1 -V(I.)log V(I. )< z*>> tnen the metrical entropy hv($>)=0. It v.as 
i 1 1 

asked by Prof. M. Keane (Eennes) whether there exsists an interval 

exchange transformation with positive entropy or not. Here is an 

answer to this question to construct such a transformation. 

A real number x whose expansion to b*sse 2 is O.x^x^x^... shall be 

identified with an element ( ( x Q , x 2 , . . . ) , (x^x^,...)) o f ( 0>l} N*(0,lj^. 

Let \ = /"*}
A be the measure on (0,l| x|0,lj induced from the Lebesgue 

measure by this identification. 

-n e» 
We select FCfO.lf* and F= (J F, so that 

n v J n=l n 

(4) \ F} ; F J is a f&aily of disjoint subeets of tuch that 

U where for ^ ,...,£..), U-}--O i l j N for :_,C, 

(5) For £=^£fF , where 4 <• Is the c^ncat-n^.t1 >n of ^ • .-..d <v in 

„n-l _ 

10,1]^ , define * = S^. Tnen ^ j; £ * F | is also a family of disjoint 

.---ts such z;-at ;*( U ; -) = 1, and 

(6) If f l*F n, where / o , !} 2 " 1
 1 , then $£\j?n for any ^ O.l} 2""" 1. 
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3) 

Such ? does exist as we will see later. For <*-«-jo,lj^, let —(*)=n 
— — ' > 'K if vf;,. wish tU'. Let S- be a transformation on "0,1: such that for s n K J 

any «*(0,1; K, 

- «(n+2 k" 1) 0 i n < 2 k _ 1 

(3 k«)(n)=- * ( n - 2 k _ 1 ) 2 k"" 1<n<2 k 

<x(n) n ^ 2 k 

Finally, let T be the transformation on (0,lj /(O flj such that for any 

( o ^ K ( 0 , l ^ { 0 , l j N , 

T ( ^ ) = ( s r ( e c ^ f s r ( ^ ) . 

This T can be considered as a transformation on fo, lj through the above 

correspondence between [o, lj and |o,lj^x^O.lj^. In this.sense, it is 

easy to see that T is an interval exchange transformation. 

THEOREM h A('T)>0. 

(proof) Let A=^A Q, A 1 j be the partition on 10,lj N/|0,lj N such 

that A±=[(*tp); 0(O)=iJ (i=0,l). Then, it is sufficient to prove that 

h A(T; A)=log 2. For simplicity, we denote S«*=S r^yx. By D^, we denote 

the set of sequences (nQ,n-^,... ,n k_^) of positive integers such that 

n^^juax|n^ +^,.., .n^-^j for any i=0,l,... ,k-l. Then, it is easy to see 

tnat^|o< ; (r(«) ,T(S°0 ,... ,r(S k - 1«.))^D kj=l. For k=l,2 define 

functions cr^: Jl,2,.. , j k _ , ^1,2,.. .j inductively by 

<r 1(n 0)=2 n0- 1 

( 2 n 0 ~ 1 + < 7i :_i( ni» • • • » nk_i) n o ' > m a x ( n l , , * , ' n k - l ) 

^ V ^ ' - ' - ' V - i H / 
1 °k-l^ nl** * * , n k - l ' else. 

Z 



4) 

It follows that if (iiQ fn i f . . • fn

m^i^then cn. (n^), £ r 2 ^ n 0 ' : : l ^ " M 

. -r ( i , ^ , j . . M n r are different fro^ each other. Thsref crs, . we :-ve 

>.(A. n T _ 1 A . ,->...0*"% ) 

A(A. nI'"1A, n» • •n,I'"iiiA. |T(«)=nr1,T(Sa)=n-i  

( n 0 , n 1 , . . . , n E . 1 ) . D a
 l 0 x l • **! 

T-(SIE"1«)=nia_1)-X(-(«)=n0,-r(S«)=n1,... .xCS 1 1 1" 1^)^^) 

J > _ Z X((5(0)=i0,f3(^1(n0))=i1,...,j3(^m(n0,n1,...,ni2:_;L) 
^n ( ) fn 1,...,n B l_ 1)€D m 

= i m jT(a)=n 0,-r(S^)= n ; L,... MS*'1*.)^^) 

* A(T(^)=n 0,Tr(S«)=n 1,... ,T(S m~ 1<*)=n f f i_ 1) 

3^>L__L X(^(0)=i 0,^(^(n 0))-i 1,...,^(.^ 1(n 0 >n ; L,... >n t o - 1)) 
0 1 ni-1 m 

=i m)-X(r(oO*n 0 fr(S«)=n l f. • . . ^ ( S ^ 1 * ) ^ ^ ) 

Z > E 2- m" 1 -A(r(^) =nQ,r<S«) = n i,..., viS*'1*)-n^) 
(n 0 >ii 1,...,n a i_ 1)€ :D m 

Thus h A(T; A)=log 2. (Q.E.D.) 

How, we show how to construct F satisfying (4)» (5) and (6). 

T-.̂ t F,---((0,1) f. SUDDO.38 that F, , F^,..., F^ have been selseted so that 

:7) r 0 / ; %if',r any in 5 F^, 

— n 
1-3) ; c/V^ ̂ i o r any 6 in 0 F±, and 

(3) if H ^ i (?,^€J0.1j . i=l,2,...,n), then for any 

C-Jo,i)2 . 
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5) 

r. , n_ . ^ i 

1 = 1 j € P ± > i = l 1 1 1 1 1 

i 2 n 

--.en, we c~n select subsets and H of iO,lr satisfying that 

(10) |=n| = !H n| sod | G n | 2 - ^ , 

(11) SnnHn-jH, 
_ n 

(12) /J n/$=^for any } e G n and f? U * n , and 

(13) /f n/]r=^for any $«H and ^ U P„. 
" n i=l n 

Let F
n + i = Q - n

H
n = | H 5 ̂ f G

n » ^ 6 Hnt* T h e n » i* i s S £ S V t 0 check that P-,̂  Pg, 
satisfy the conditions (7), (8) and (9) with n+1 for n. 

Moreover, since 

cT -> 0 as n - ^ s o , so that n 

/<( U /I)-lim/<( U U )=1. 
r n-*> i=l ?6?± 

Thus, finally we get P satisfying (4), (5) and (6). 
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