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ERGODIC THEORY FOR

INNER FUNCTIONS OF THE UPPER HALF PLANE

Jon Aaronson

Abstract

The real restriction of an inner function of the upper half
plane leaves Lebesgue measure guasi-invariant. It may have a finite or
infinite invariant measure. We give conditions for the rational ergodi-

city and exactness of such restrictions.

Abstrait :

La restriction 3 la droite réelle d'une fonction intérieure
du demi-plan supérieur laisse la mesure de Lebesgue quasi-invariante,
et peut avoir une mesure invariante finie ou infinie. Nous donnons les

conditions pour 1l'ergodicité rationnelle et 1l'exactitude de telles

transformations.

Rennes,

December 1977
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ERGODIC THEORY FOR

INNER FUNCTIONS OF THE UPPER HALF PLANE

Jon Aaronson

§0 - Introduction

In this paper, we consider the ergodic properties of the

real restrictions of inner functions.on the open upper half plane

R2+ = {x+y : x,y e R, y > 0}

2+ 2+

Let f:R" -+ R be an analytic function. We say that f

is an inner function on R2+ if for i-a.e. x ¢ R the limit 1limf(x+iy)
y¥o
exists, and is real. (Here, and throughout the paper, » denotes Lebesgue

measure on R). Consider the l1limit 1im f(x+iy) = Tx . This is defined
y+0
A-a.e. on R . We call this 1limit the (real) restriction of f , and will

sometimes write this as T = T(f) . We will denote the class of inner
functions on R2+ by 1(R2+) = I , and their real restrictions by M(R).
We note that f ¢ I(R2+) iff ¢_1 f #(z) 1is an inner function of the

unit disc, according to the definition on p. 370 of [8] (where

B(z) = i(+2))

1-z
The following characterisation of I(R2+) appears in [Q]and

7],
£ o T(R?Y) iff

(0-1) fw) = aw + g + [° 1;33 du(t) where o > 0, B ¢ R and u is
a bounded, positive Borel measure, singular w.r.t. X . Since we shall

be refering to (0-1) rather a lot, we shall denote the class of bounded,

positive, singular measures on R by S(R)
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G. Letac ([6]) has shown that a measurable transformation T

of R preserves the class of Cauchy distributions iff either T ¢ M(R)

or -T ¢ M(R). In particular, if dPa+ib(x) LB dx for a+ib € R

7 (x—a)2+b2

2+

and T = T(f) ¢ M(R) , then

-1 Z+

(0.2) P oT = pf(w) for w e R

w
This equation shows that M(R)} 1is a class of non-singular
transformations of the measure space (R,B,A), and is therefore an object

of ergodic theory.

Let f ¢ I(R2+) have a fixed point mO € R2+ . By (0.2},

T(f) preserves the Cauchy distribution Pm . It was shown in; f%],
0

that if £ is 1 - 1t , then T(f) 1is conjugate to a rotation of the

circle, and shown in [}5] that otherwise, T(f) is mixing. We show

in §1 that if f is not 1 - 1 then T(f) is exact.

In §2 we recall some well known facts about inner functions
of B2+ . The Denjoy~Wolff theorem (see [}3],[]4] and [lg]) adapted

to R2+ shows that when studying the ergodic properties of T(f)

H
for f ¢ I(R2+) with no fixed points in R2+ , we may assume that
a(f) > 1 . In case o(f) > 1, T(f) 1is dissipative, and when a(f) =1,

T(f) préserves Lebesgue measure.

In §3, we consider the case a(f) = 1. Here, the conservati-
vity of a restriction T(f) 1is sufficient for its rational- ergodici-
ty ([4]) (ergodicity °~ was established in [15]). We also give suf-
ficient conditions for exactness, and discuss the similarity classes

([4]) of restricitions.
The ergodic theory of certain restrictions has been consi-

dered in [2],[S],[7],[10], (111, L5 and [16]

The author would like to thank B. Weiss for helpful conver-
sations, and G. Letac, J. Neuwirth and F. Schweiger for making pre-

prints of their works available.
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§ 1 - Mixing restrictions preserving finite measures

Theorem 1.1

Let f ¢ I(R2+) and assume that f is not 1 -1 . If f
has a fixed point wy € R2+ , then (R,@,Pw ,T(f)) 1is an exact mea-
0

sure preserving transformation.

i.e. n T_1 B = {#,R} mod ).
n>1
Before proving theorem 1.1., we shall need some auxiliary
results. The first of these is Lin's criterion for exactness of Markov
operators (theorem 4.4. in [7]) as applied to our case. To state this, we
shall need some extra notation

Let T € M(R), then (R,B,X,T) 1is a non-singular transfor-

mation, and so g ¢ L (R,B,)) iff goT ¢ L (R,B,1). We define the dual

operator of T , } : LT(R,B,X) > L1(R,B,A) by
IR Th.gdx = fR h.goTdx for h e L1 and g € L
. : . 2+
If we write, for { = a+ib ¢ R
dPu) b 1
—2(x) =4, () =7 . gy
dx @ T (x-a) b

then equation (0.2) translates to

~

(1.1) Te = ¢f(u)) for T = T(f) ¢ M(R)

w

~

Clearly, T is a positive linear operator, IR Thdx = thdA
for h e L

Lin's Criterion (for restrictions) Let T = T(f) ¢ M(R)

T 1is exact iff
~T
(1.2) [T uH1 ~ 0 for every

u e L] , [ udx = 0 . (Here, and throughout, []u[|1 = fR fuldx)
R
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We will need the following elementary lemma:

2+

Lemma 1.2 If W€ R and w, > w e RZ+ then

‘lcbw _¢wll1+0
n

Proof of the theorem 1.1

2+

We first show that fn(w) - w Yw € R , where

0
£ (w) = f(w) and £7(0) = £(£%(0)).

Let @ : U = [|z]<1] » R’* "be a conformal map. Then
g = ﬂ-1f¢ : U~-» U 1is analytic, and g(ﬂ(mo)) = ﬂ(mo). By the Schwartz
lemma ([4]) : lg" (#(uwy))
hard to see that gn(Z) > ﬁ(wo) ¥z ¢ U. and hence that

(W) > w

<1 as g 1isnot 1 - 1 . It is now not

R 2+
0 Yw e R

Hence, by lemma 1.2

~n s
LT 6, - 9, ll1 = {le - ¢w0||1 >0 for wek
£ (w)
We will now establish that
AT 1 )
[T uH1 >0 for uel with IR udr = 0

which, by Lin's criterion, will ensure the exactness of T

Let uel' with [pudi =0 and let e > 0 . By
Wiener's Tauberian theorem (see [12] p.357), there exist «

R @ such that

N
lu - 7 a. ¢ |, o< oe/2
521 Jj aj+1 1
N
Clearly, this implies that | ) a e/2 and so



~N. 5)

Tl s
||An N An.<N ‘ N
< T (o= Joase, (O 10T CF asloy w50, DIy + 11T ase |
=1 J aj+1 1 i=1 j aj+1 w g 1 L j mo 1
- ] ) 1] sl
us § asey ol ol 1T by s - b 1+ 1 eyl <
i=1 J aj+1 1 j=1 ] aj+1 w 1 551 j
< e+ 0of(1) as k » » ]
.
Since e > 0 was arbitrary : ||T ul|l, >0 . []
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§2 - Basic Classification

Proposition 2.1 (D?J P.lgl'l)

Let £ e IR®Y)

a(f) = o e [0,9) as b > o (a as in 0.1)

Then LUB)
ib vy(f) € [a,w] as b 4 0
Moreover a =y iff f(w) = aw
Proof. From the representation 0.1 , we immediatly calculate that
£(ib) 8 . 1-b° ;= tdu(t) o 1+ t2 ~
LUb) o gy By db e8], pm L2 E g (2.1)
ib ib ib -o t7 + b - t7 + b

It follows from elementary integration theory that

> a = a(f) as b » = .

To check the limit as b > 0 , we "flip" f to get
f(w) = - 1/f(1/w)
. p 2+
Since f ¢ I(R™ ), we have that
£G2) , 4(F) ¢ [0,«) as b > w
ib
but this decodes to :

f.(_l_‘l) oy () = —— ¢ (0] as b + 0

ib a(f)

Now, if «y(f) < = then, by 2.1

2
Y(£) =+ [T du(n)
~ 0o t

Hence «y(f) > «(f) with equality iff u = 0 .

Proposition 2.2

Let f e I(R®) and T = T(£)
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If o(f) > 1 then T 1is dissipative .

Proof. Write fn(w) = un(m) + ivn(w)

From the representation (0.1), we have

2
=) 1+t
f e

Vo () = WV ¢ VL) [T o g
n n
Hence Vn(i) > «" for n > 1, and
~ V(1)
Tn¢ (t) = n PR
i 5 - n
n((t-u )+v) "¢
n
Clearly § TMg,(t) < —— Vt ¢ R
n=1 (a=-1)
and so J 1, o T" <= a.e. YA e¢B ; A(A) < = ]
n=1 A

Proposition 2.3 (Letac [6])

Let f e I(RZYY , T = T(f)

If o(f) =1 then A o T ! =2

Proof. Let f(ib) = u(b) + iv(b)
we have u(b) - 0 and v(b) + 1 as b -+ =
b b

Hence, for A ¢ B :
anib (A) » A(A)

and ﬂbe(ib)(A) - A (A) as b+ = .

. -1, _
Since Pib(T A) = Pf(ib)(A) , Wwe have that

AT 'A) = A(A)  for A e B ]
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The next result is the Denioy-Wolff theorem stated on R2+,
which shows shows that if £ ¢ I(RZ+) has no fixed point in 'm2+ s
then = }"s I(R2+) with a(;) = 1 , and such that (R,B.r, T(f))
and (R,B,A,T(?)) are conjugate, (and therefore have the same ergodic

properties).

Theorem 2.4

Let £ ¢ I(R2+) have no fixed points in R2+ , and assume
that o(f) < 1 ; then )
d! t ¢ R such that a(ﬁt f¢;1) > 1 where

P (w) = 1¥t0  (Note that u(¢61 £§) = 1/v(£)).

t-w

Proof.

1+Z

Let §(z) = i(9=2) . Then g = g

f¢@ : U > U 1is analytic,
and has no fixed points in U . The Denjoy-Wolff theorem on U(see

[137 or [1#]) shows that 3! p ¢ T such that

p+g(Z) p+Z ,
(%) Re (37E025) > Re(21D) VZ e U
_ ey " ~ppy 2+
Now let 't = @(e) , ¥ = 1(;:7) and f = yg d’eﬁml )-'.
n
It follows that ﬂw_1 = ¢;1 and hence that f = g, £¢;1

Also, (=) means that Im yg(Z) > Im (Z) for Z ¢ U, and hence

v N
Im f(w) > Imw for o ¢ R* , which implies a(f) > 1 . -

If a(ﬁt f ¢;1) > 1 for some t , then by proposition 2.2,
T(f) is dissipative. If a(f, f ¢£1) = 1, then, by proposition 2.3,
T(Q)t f ¢;1) = ¢t T(f) ¢;1 preserves Lebesgue measure. Hence T(f)

preserves the measure Ve oo where dvt(x) = dx/(x—t)2
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The rest of this section is devo-

ted to odd restrictions.

(We say that a restriciton T is odd if T(-x) = -T(x)).

Lemma 2.5

Let f . I(R®*) and let T = T(f). The following are equi-

valent
(i) T is odd (ii) Re f(ib) = 0 for b > 0
) -— e e 2+
(1i1) f(-w) = -f(w) for w ¢ R
(iv)  f(w) = aw + [° X2 qu(t) where u ¢ S(R) is symetric.
- t-w-
Proof. The implications (iv) => (iii) => (i) and (iii) => (ii) are

elementatry. That (ii) => (iii) 1is because of the Schartz reflection

principle (see [9]). The fact that for t > 0

eitf(m) - Im eitT(x) ¢m(t) dt

gives the implication (i) => (iii)

We show that (iii) => (iv). Assume (iii). It is evident that



g = 0 in the representation 0.1 , so we have

f(w) = aw + fm T*tw du(t) where o >0 and wuw e S(R)

- t-w

We must show that u is symetric. To see this, we first

]

rewrite the equation v(—a+ib) v(a+ib) (implied by (iii)) as

(2.2) 7 oy (t-a) (1+t%) du(t) = [7 ¢ (tva) (1+?) du(t)

[ved @

Next, we take g(t) a continuous function of compact support

and let gb(t) = ¢ib * g . for b >0 . It follows from (2.2) that

[ g () (1+t%) du(t) = [° g () (1+t%) qu(r) . .
- b - b

The symetry of u is established by the (elementary) facts

that
gb(t) »~ g(t) as b >0 .

sup (1+t)) g, (8)] < =

teR E] |

b>0

We denote the collection of those inner functions on R2+
satisfying the conditions of the above lemma by IO(R2+), and remark
that f ¢ IO(R2+) iff pT'EP is an essentially real inner function

of U . (Here #(z) = i(}fz)).

Theorem 2.6

Let f e Io(R®") and T = T(f) . :
If a(f) <1 < y(f) then T preserves a Cauchy distribution.

Moreover, if wf(w) 1is not constant, then T 1is exac®.

Proof. If f e Iy(R°") then it follows from the lemma
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Now since o(f) < 1

A

vy(f), we have that

2
Pl duy s 1 -as 0
o t
© 1+t2
But | ——5 du(t) + 0 as b > = so there is a b, > 0
oo +b2 0
- 1+t - ,
such that | 77 du(t) =1 - a, i.e. f£(iby) = ib, , hence
| = t+b
0
Py T = Piy
0 159

The result now follows from theorem 1.1 _

To illustrate the results of this section, we consider

Tx = aX + ftan x where a,8 > 0

If either o > 1 , or o + 8 < 1, T 1is dissipative.
If o <1 < a+tB , then T preserves a Cauchy distribution

and is exact. (This was established in [5] for o =0, 8 > 1)

The remaining cases (a = 1 and o+B = 1) are contained in

the discussion of

§3 - Restrictions Preserving Infinite Measures

In this section, we consider those restrictions preserving
infinite measures with o« =1, and vy = 1 |

We will see that for these tfansformatiOns, conservativity is
sufficient for ergodicity and rational ergodicity ([1]) - a stronger

property  (example 1-2 in [1]). We then give sufficient conditions

for exactness.
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Firstly, we recall the definition of rational ergodicity. Let
\,B,m, ¢} be a conservative, ergodic, measure nreserving transformation
ot a4 non~atomic, o-finite measure space. We say that + 1is rationally
crgodic if there is a set A , of positive finite measure and K < =

such that

n-1

)
k=0

nA N+ %))%  for

o}
tv

1'1—1 k 2
(B) [ (1 Tpeot)dm < K (
A k=0

For a rationally ergodic transformation =+ , we let B(tr) denote the col-
lection of sets with the property (B) . It was shown in [1] that there

is a sequence {an(T)} such that

n-
an}ri kZO n(ANTA) > m(0)?  for every A ¢ B(x)

The sequence {an(T)}n is known as a return sequence for 1

and the collection of all sequences asymptotically proportional to an(r)

a -
(i.e. =—2~ > c e (0,»)) 1is known as the asymptotic tyve of t and
a (x)
T and T,
are rationally ergodic transformations which are both factors of the same

denoted by (Q(r). It was shown in [1] (theorem 2.4) that if

measure preserving transformation, then

a (t,)
_ . 1
Qe = Qe Give 3 iiZ ai(TET e (0,=))

We commencc with the case a(f) = 1

Lemma 3.1

Let f ¢ I(R2+) be non-linear and let T = T(f) ,

f'(w) = u () +iv (8) for nx1  we RZ*

If o =1 then T 1is conservative
w V_(w)
iff X ‘—?fl-~7 = V w € R2+
n=1 [£" ()]
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Proof. It will be more comfortable to work on the unit disc U . Accor-

dingly, we let M(z) = ﬂ-1fﬂ(z)€% Then M 1is an inner function on U

. . ig
Let M(rele) > rele as r > 1 a.e. . Denoting Im(gigii) by qz(e) and
_ e’ +z
q,(0) de by dr_(8), we see that n, o [/ L= T Pﬂ(z) and this combined

with the fact that p~ Tf = 1 gives us that

-1

’HZ o T = TTM(Z)

So ¢ 1is a non-singular transformation of (r,)), and is con-
servative iff T 1is conservative.

Let 1t be the operatotr dual to =, acting on L' . Then

T qz(t) = qM(Z)(t) and ¢ 1is conservative iff

(3.1) Y q n (t) = = a.e. Yz ¢ U
n=1 M (z)
We next show that Mn(z) -+ 1 as n » « Vz ¢ U . This will

follow from the fact that fn(w1 > ® as 0 » o ¥ € R2+ which we now

demonstrate. From 0.1

| ) = (1+t%) du(t
Ve (@) = v () + v () fm ((f U)) :izj 2 Vp()

Hence vy + v, . It is not hard to see that if v_ < =, we must

co

have IUnl + o . Hence M"(z) » 1

ie
Now choose z ¢ U and let Mn(z) =r, e N | We have T, > 1
and e -+ 0 . Also
n
]frﬁ 1jrn

9 n (t) = 7 v as n »:» . For t # 0

M (2) 1-2r cos(@ -t)+r 1-cost
Thus
(3.2) T 1is conservative iff § 1-|M'(z)] =« Vz e U

n=1

Since Mn(z) 5> 1, the second condition is the same as

* where  g@: i(XZ)



2
: 1 - MM (2)|7 == ¥ 2z eU .

i~ 8

n

Now if w = a + ib e R2+ , then

w-1

= 4b

w+i

a%+(b+1)

From the definition of M , we have

4 (w) D
2
U (v D £ W) ]

1 - ‘Mn(9:1)|2 =

0¥l as n-> o

Theorem 3.2

Let £ ¢ I(R®*) be non-linear, T = T(f) and o(£f) = 1

If T 1is conservative then T is rationally ergodic,

and CI{T) ={ ? ——%KﬁfEY} for every w e R%Y .
k=1 | £ (w)]
Proof. We first prove ergodicity, and here again, it is more comfor-
table to work on U . We prove the ergodicity of =t . If T 1is conserva-
tive then by (3.2) § 1-|M*(z)| = » ¥z e U . Since M’(z) > 1, we must
have that the pointsn_1{Mn(z)} are distinct. Now, let h e N(U) (defi-

n>1
ned on p. 303 of [9]) . If h(M(z)) = h(z) for some z ¢ U then by

theorem 15-23 of [Q]Jlmust be constant. The ergodicity of +t is deduced

from this as follows ': e

Let A= T be an <(-invariant measurable set.
The function y(z) = quZ(e) 1A (6) d8 is a bounded harmonic function on
U, and u(g(z)) = u(z) on U . By theorem 17-26 of [8], y is the imagi-

nary part of an analytic function F(z) ¢ Hp(u) for 1 2 p < = (HPC: N)

Clearly F(g(z)) = F(z) + ¢ where ce R .

* i 8 3
Let F (e'?) = lim F(re®
r4+1

. .
%), then F*(re'®) = F*(e’®).. .The
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conservativity of t yields that c = 0 (since the set [[F°| < M] has

positive measure for some M , and so every point of this set returns infi-
nitely often to it under iterations of 1t — an impossibility if ¢ # 0).

Thus, by step 3, F 1is constant and hence u 1is constant,hﬁn(o iAG@.
We now turn to rational ergodicity.

£n 2

Let b _(w) anw)

Since fn(m) > o , it is clear that

(3.3) ﬂbn(w) Tn¢w(t) +~ 1 uniformly on compact subsets of R .

n

] _

Let a_(w) = 7 . From (3.3) we have that
n Ko ﬂbkiw) ‘

n-1 -
(3.4) 5—%*7 , Tk¢ -+ 1 uniformly on compact subset of R .
n“l k=0 w
Now, since T is a conservative : ergo&h: transforma-

-~

tion -, it follows that T 1is a conservative ergodic Markov operator, and

we have from (3.4), by the Chacon-Ornstein theorem (see [3]) that

(3.5) 1 Y T*F » [ fd» a.e. Vf ¢ L'
a_(w) k=0 R
n
a_(w)
Hence dJa » = s.t. 2 - 1 for every w ¢ R%*

n

‘We ‘will prove rational ergodicity of T by showing that bounded

intervals are in B(T)
Let A = [a,b] where =-= < a <b <

Then Ty < coy

Hence, by (3.4), there is a C1 < @ s.t.
1 ot oek

(3.6) = Yy T 1,(x) = C, for n>1, x e A
n k=0
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This, combined with (3.5), gives (by dominated convergence)

1 el X 2
(3.7) T YOAANT CA) - A (A)
n k=0
To complete the proof that T is rationally ergodic, we show
that
n ky2 2
(3.8) fA (kzo 1, 0T)" du < 2Cyaf for n x|
n-1 n-1 n-1
k.2 -k -2
(Y 1, o TH"du <2 7§ AAM T M1T7"A)
a kZO A kZO~gZO
= 2 T 1, da
2=0 TANT *A k=0 A
2
<2C a ]
1 n
Remark : If, in addtion, we assume that f ¢ IO(R2+), we have that

bn(i) = Vn(i), and that (3.6) holds for every x ¢ R . In this situa-

tion,; we have that

n-1
51 ) p(% EA) +~ A(A) for P a A-absolutely continuous pro-
n k=0 [\

bability measure, and A a bounded measurable set. (see [4] §4).

We now turn to exactness. The following elementary lemma plays

a similar role to that of lemma 1.2.

Lemma 3.3

If b » =, B A b and = >0 as n > » then
n n b

Theorem 3.4

Let f ¢ I(R2+) T = T(f) and assume

2
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f(m) = + IK d\)(t!

-K t-w

then : T is exact,rationally ergodic and GUT) = {/n}

Proof.tet L = max{v(R),v(R)Z} and assume that K > % . We write
fn(w) = un(m) + ivn(w). The assumption of the theorem means that
K t—un
(3.9) un+1 = U.n + i ;-:—-—):2*- i dv(t)
u_ v,
_ k __dv(t)
Vasr1 T Vn T Vn [ 7

2. 2
-K (t~un) Vo

The first part of the proof of this result consists of dedu-
cing the asymptotic behaviour of u, and v, - For this, we assume that

w = a + iL. where a ¢ R . The recurrence relations (3.9) show us that
v (w) > L for every n > 1

and this enables us to deduce the boundless of |un(w)| as

follows

Not-ing that

t-u
« 77 dv(t)| < \2)(5) 571_'
-K (t-u_ ) +v n
n n
we see that
- 1
If u, > K then -K < K= 5 < U yq S Uy
1
If u < -K then Up S Up,q < K+ 5 < K
If u,., < K then
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(K-up)
Up+q1 < Up (K-un) f K dVZ 5 <un + 5 v(R) < K
-K  (t-upy) "+v v
n n

If u, 2 -X then u ~-K

>
n+l =
Hence |u (a+il)| < |a]yK for n > 1

The recurrence relations (3.9) now imply that v_ » « as

n
n - «» and hence
R e e e e
-K (t—un) - -K (t~un) v
+ 2v(R) as n -» o

Hence vn(a+iL) v ¥Y2vn as n -+ =

Lemma 3.3 now shows us that for every a <€ R :

(3.10) S T e B as n -+ w

We now obtain exactness by Lin's criterion by an argument simi-
lar to that of theoremi-f, (The rational ergodicity of T has already been

established, and its asymptotic type characterised)by,theorem 3.2).

Let ue L s Jgudx =0, and e > 0

By Wiener's Tauberian theorem, there are Gy e Ay

a, «.. ay e R  such that

N
[fu - ) %y ¢ak+iLl‘1 < e/2

Whence
I - ] I ) |
IT5 ully, <] T (u=§ e, o)l + HIT Y ape, oy = % apds ]
<l k=1 K aril? i k=1 KAl S K gy
N
+ l| ; ak¢ [!

k= iv2vn 1
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~ | N
ok T g it = avauntly Y

+
i ~1Z,

- N
n
[T u < flu- § apo 1
I |l1 k=1 k ak"’lL 1 k

< e+ o(1 []

We notz that the '"generalised Boole transformation" (proven

ergodic in [7]) falls within the scope of this last theorenm.

If we added g # 0 to f in theorem 3.4, we would obtain
that for Imw large enough 1un(m)i > ¢qn and v (w) < c, logn (where

fn(w) = Jn(m) + ivn(m)). The methods- of lemma 3.1 would vield that T(f)

is dissipative.

The following corollary follows immediately from lemma 3.1

and theorem 3.2

Corollarv 3.5.~7

Let £ e I (R®*) and let T = T(£), (i) = iv (1) . If

a(f) = 1 then

T 1is conservative iff ¥ 1 }i) = w

and in this case, T 1is rationally ergodic with

n

- 1
Moreover, in case f ¢ IO and o(f) = 1 : we have that
v. + * gznd so
n
2 2 2 1+t2 2 e 14t? 2
v - ve o= 2w 7 I qut) + vE (T = du(t))”
n+1 n n {m 24yl u(t) n {w e lay?2
n
S 2 ,
= 2 [ (1+t%) du(t) < =
Hence
v, (1)

s 207 (+tY) 4y(t) < e
\/ﬁ -0
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which means

(a) Tx Tx T 1is dissipative
a, (T)

(b -
) /n

~»ce [0,) as n > = . (in case T 1is r.e.)

These last two properties are held in common with the restric-

tions of theorem 3.4, and with the Markov shifts of random walks on Z

The following example does not fall within the scope of theo-

rem 3.4, (though theorem 3.2 does apply).

Example 3.6 Tx = x + aotan x 1is exact, rationally ergodic with

an(T) N L9§~E for o > 0

Proof. Let f(w) = w * atan w and fn(w) = un(w) + ivn(w)
Then
2asin ZuneZvn
Upe1 ~ 8 F 4vn ZV“,,
e —2c052une +1
4v
e n
and Ve T Vp T O 4Vn Vo
e ~2cos Zun e +1
Whence : v - v. > gtanh v. > atanh v, > 0
n+1 n - n - . 0
S0 v, Vv ob as n > o,

On the other hand

Zae2Vn -2V

al 2 Hge— s dae " g dae”
2

(e M-1)

&«n

lu ,q - U for n large .

Hence u, ru, o, and the argument that T 1is exact now pro-

ceeds identically to the last argument of theorem 3.4.

L]

The following lemma will give examples of f ¢ IO(R2+) with
dissipative
a(f) =1 and T = TTfﬂé and also uncountably many dissimilar (see [1])
m}.maﬂﬁ M‘gcd,l.(, ! 24
Arestrictions T(f) with f ¢ IO(R ) , a(f) =1
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Lemma 3.7

Let u e S(R) be symetric with

c(x) = u(|t] > x) ~ l; where 0°< o < 2
X
o 1+t2 n,. .
Let f (o) = o + [w = du(t) and (i) = iv,
Then : v, cn1/a where ¢ depends only on «
Proof. We have
Vil T Vn(1+F(vn))
© 1+t2
where F(b) = [ 5> du(t)
-o t7+b

It is not difficult to see that

F(b) = 2B 4 pep2iqy = _XelX) 4y
b jo (x2+b2)1

c
We first show that F(b) ~ —% as o > @
b

Let” ¢ > 0, and M be such that

1-€5C(X) <-1:—§- VX'ZM

Writing

Ly(b) = [* —"—— dx

K4
—_
b
+
o

we have that

(1-e) Ly(d) = [° XLJdX o 140y 1 (b)

M (x%+b%)% ~
1-a 1-a
o 1 re X dx C
Now L. (b) = —X S dx = " as b » o
M M (x2+b2)2 b2+a M/b (x2+1)2 b2+a
1_(1
where c = [7 x __dx_

0 (x%+1)%



Since

Thus

e > 0 was arbitrary and o < 2, we have that

F(b) » & as b+ =
ba

Clearly, Vv, e hence

a  _ o} ¢}
v, = Vn[(1+F(vn)) - 1]
nvoavy F(v)) as n >
n n
+ oC as n + «
V. o~ (acn)1/a as n > ' ]
n

We now let T = T(f )
Qo a

By corollary 3.5

If

If

then

0 <a < 1" then Ta is dissipative

1 <a < 2 then Ta” is rationally ergodic and

acr)

[{logn} if a =1
V{n1—1/a} if 1 <o < 2

22)

If follows from theorem 2.4. of [1] that if 1 < o, < a, < 2

Tu and Ta are not factors of the same measure preserving trans-

1 2

formation.
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Theorem 3.8.

Let f e I(RZY) and T = T(f)

Suppose Xy € R and f 1is analytic in a neighbourhood around x

If Txg = Xg T'(XO) = 1 and T"(xo) = 0 then T preserves
the measure v where dv_ (x) = —dx , and is exact rationally
X X 2 J
0 0 (x-xo)

ergodic with asymptotic type {vn}

Remarks : The conditions Tx, = x

0 0 and T'(xo) = 1 correspond to

-1 . . . .
a(ﬁxo f ¢XO ) =1 . If, in this situation, T”(xO) # 0 : then T is

dissipative. By po&ﬁﬁly considering g(w) = f(m+x0)—x0 , we may (and

do) assume Xg = 0
Proof. Let f(w) = w + anmn for |w| small
n=3
Then 1o 1o enfle) o . ) anwn
flo) o f(w) f(6) n=3
- 0 as w » 0

Hence LIRS y bnmn for |w| small

flw) @ n=1
Let f(») = —1/f(—%)
Then
(3.11) f(u) =+ J bw ™ for |w| 1large, say |u| > K and,

n=1 m

since f e I(RZT) , a(f) = 1
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1+tw

(3.12.) f( ) = w+ B + f du(t) where u e S(R) , B € R

In order to prove the theorem by applying theorem 3.4, we

will show that

(3.13.) f(w) = w + j —ﬁiil where v ¢ S(R)

Firstly, let g(w) = f(u) - & . By (3.11.)

- ibg(ib) > b as b » =

1
But by (3.12.)

- ibg(ib) = -ib(8 - b’ f -Qﬁiil) + ip [ tdulf)

-* t +b

© 1+t
+ b7 du(t)
AR

Hence, we obtain, from the convergence of the real part, that
[T+t au(t) < =

and from the convergnece of the imaginary part that

bsz%l_>8 as b > « .
~o t +

which convergence, when combined with the previous one, gives

[“tdu(t) = 8

Now, let dv(t) = (1+t®) du(t) , then v ¢ S(R) and it

follows easily that

(3.14.)  f(u) = o + [ 28

~o  t-w

Now, let h (a) = Im g(a+tib) = bf" -—%El— . By (3.11.)
o (t+a)’+b

g is uniformly continuous on compact subsets of [|w] > K], and so

h (a) >0 as b+ 0 uniformly on compact subsets of [la]l > K]
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Let de(x) = hb(x)dx , then Qb = Pib * v , and so
Qb(A) > v(A) for A a compact set. If A 1is a compact subset of
Tix| > K], then

v(A) = 1im Qyp(A) = lim / hy (x)dx = 0
b+0 pb+0 A

Thus v 1is concentrated on [+K,K] and (3.13.) is esta-
blished.

[

The transformations Tax = ax + (1-a) tan x for 0 < o < 1
fall within the scope of theorem 3.9. (It was shown in [i1] that Ty
is ergodic). It follows from asymptotic type considerations that the

above transformations are dissimilar to Tx = x + atan x
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