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P.

MICHEL

COINCIDENCE VALUES AND SPECTRA OF SUBSTITUTIONS

In the recent upswing of ergodic theory, symbolic dynamics iLias

come Lo play an increasingly important role, both in proving genercl thuorems
and in providing concrete examples of dynamical systems with desired properties.
The earliest examples of this type (Morse Dl] , 1921) are constructed by the
use of substitutions, and the idea of substitution dynamical systems was forma-
lized by Cotrschalk and Hedlund ([}] , 1955). Thelir topological propertics have
hecn studied extensively by Gottschalk ([%] , 1963), Kamae (191, 1972) and
Martin (Ili], 1971). On the other hand, measure - theoretic properties oi subs~—
titution dynamical systems have only recently been investigated (Kakutani ]7] \
1967, Keane IEQ] , 1968, Jacobs-Keane [&] , 1969, Neveu [23] , 1969, Coven-Keane

L], 1971, Keane [11] , 1972, Klein [14] , 1972).

These results all deal with metric properties of substitution dyna-

mical systems generated by substitutions of constant length.

In general, metric properties of dynamical systems are of more interes
for ergodic theory as well as more difficult to establish. In particular, the
interesting case of substitutions of non-constant length has (with the exception
of the classical special cases considered by Morse and Hedlund [éé] , 1940,

and Kakutani Bﬂ , 1972) scarcely been touched.

in lli] R [j@l, it was shown that any substitution minimal set pos-
sesses a unique invariant probability measure, thus providing a canonical dyna-
mical system associated with the substitution. In the author ' s thesis [i;!
crgodic properties of certain classes of substitutions of non-constant length

were developed, and this article contains essentially these results.



A substitution © over a finite alphabet I is a map from I

to Y 1", Here we shall principally be interested in the case I = {0,11},

n>2
and = © can be represented as
o _o )
0O ——» aj @y creee
1<) o
l —— a1 a1 ..... a1
o 1 ' 21-1

If ag = 0 and ai = 1, then two one-sided infinite 0-1 sequences

P -0 - © .0 O
0 w wo w1 w2 ceene
and
_ .1 1 1
©l=w =w w1 w2 ceene

can be generated in an obvious manner by successive replacement of a symbol

i by the block © 1i.

In the first paragraph, we study the coincidence density d(@) of
such a substitution, defined as the density of the set of integers k for
which wi = wi . A method is developed for calculating d(©), and this method
suffices to calculate d(8) for the classes of substitutions which are studied
in the sequel. It is a rather surprising fact that the coincidence density

does not always exist.

In the second paragraph, we study the class of substitutions
defined by
0 ——0™*1P g oP

1 ——>1 0" , n>p>0.

It is shown by using a modified continued fraction expansion developed in
[ig] , [ii] that the associated dynamical systems have discrete spectrum
and that all eigenfunctions are continuous. The proof is rather complicated,

but we have not succeeded in finding a simpler one.



In the last section, an example is given of a subsStitution
dynamical system with partly continuous spectrum. The methods here have been
used subsequently by M. Dekking and he has been able to extend this result to

a much larger class of substitutions.

Many questions remain to be answered, and in Eﬂ a systematic
study of substitution dynamical systems and their topological and metric

properties will be published.

The author is grateful to M. Keane for valuable advice in the

writing of this paper.



I - COINCIDENCE VALUES. -
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A substitution ¢ over a finite alphabet I 1is a map ¢ from
- n
I to M I
nz?
Tiie substitution ¢ associates to each letter 1 ¢ I a block
11 i .. )
-1 =a a; ... a . We say that ¢ 1is of constant lenght if . = .
. o 1 li—l y & i 23

for all i, j ¢ I ; otherwise ¢ 1is of non-constant lenght.

If & 1s a substitution, then for any block b = bobl"' bn—l( I
we define ¢ b=GDb &b, ... G .
o} 1 b
n-1 s
In particular, we may define the substitution ¢ for s > 1
inductively by setting e 8 1 i= t-(esl) (s > 1)

The kth element of &° i will be denoted by e ° i(k).
Now let i ¢ I such that for some s > 1, the block ¢®i begins
with the letter i. Then the block & 2°i begins with the block ¢°i, the

3s, . . 2s, . P
block *=°°%i begins with & "i, etc, and we can define an infinite sequence
® .. ~ NS, . .
@ 1 as the " limit " of < "i. This sequence will be denoted by
i_n® . i i 1
w =0 i=w w, w, ...
o 1 "2

In this paragraph, we shall assume that I = { 0, 1 } and that
0 and © 1 begin with O and 1 respectively. Our goal is to study
1

the subset of N defined by {n ¢ W : wg =w_}

and in particular we shall calculate the relative density of this set in
certain cases. We call
card {ntN : n < N and wg = wi}

d(¢) = lim N

N-—)OO

whenever this limit exists, the coincidence density of ¢

I - 1 Balanced blocks and balanced substitutions.

Definition 1.

The blocks b = bob1 .o bm—l and ¢ =c¢c ¢

(o]
equivalent (b~ c) iff m=1n and card { k : b

are said to be

=0} .

1 " Cn_l

K = 0} = card {k : C



Lemma 2

Each pair b, ¢ of equi;alent blocks of length n admits a unique
decomposition into a sequence of pairs of minimal equivalent blocks, in the
following sense

1) There exist integers r > 1 and n, = 0 < n1< n, <... <n_=n
such that for each 0 < t < r , the blocks

b b ve.s b -1
t

and

are equivalent, and

2) The sequence O s e+ 5 D is maximal with respect to the

property 1).

Proof : Define n; as the minimal number for which by «vv 5 b _; and
C sy ese 5 C are equivalent, etc. 1

o n, - 1
Lemma 3

If b~A~c , then &b ~ Gc

Proof : Let k and n~k be respectively the number of zeros and ones in b

(and in ¢). If u, and v, are the number of zeros in 80 and @ 1

respectively, then the number of zeros in 6b (and in 6 c¢) is uok + vo(n-k).

A similar calculation holds for the number of ones.

Definition 4

Let & be a substitution over I ={ 0,1 } such that 6 0 and 61
begin with O and 1 respectively. We set n, = 0 and define n inducti-

vely for t > 1 by

. (o o
n =inf {n:n>n_,+1,w w oo W
t t=-1 -1 nt_1+1 n 1
w1 wh w1 }
4% s _
By Pt ol

We distinguish two cases



Case 1. n, = ©

In this case, we say that € does not possess balanced blocks.
Case 2. ny < .

In this case, lemmas 2 and 3 imply that n_ < for all t,

t
and we say that © possesses balanced blocks.

In case 2, we set

W w’ w°
n n +1 """ "n. -1
/:E _ t_]. t_l t t —>- 1
) w1 w1 w1
+ ces _
nt_1 nt_1 1 nt 1

~
and we call the elements of I balanced blocks for &
A

It can happen that I 1is finite or infinite. In case 1, we set simply
A
I=¢.

Lemma 5

A
1f (E) € I, then €b ~ Gc.
Any pair of minimal equivalent blocks b', ¢' of & b and & c

' A
given by lemma 2 are such that (:.) ¢ I.

Proof :

If (l:) € ?, then by definition b ~ ¢ and hence @b ~ ©c¢
by lemma 3. Now let b" and c" be O-l-blocks such that w° hegins
with b'"b and w1 begins with c¢'"c. Since ew® = w° and €9W1 = wl,
w® and w1 begin respectively with € (b"b) and © (c"c¢).
Moreover, by the definition of f, we may choose b" and ¢" such that
b" - c¢". Then b"b v c"c and 6 (b'"b) = &(b") € (b)
~ 0 (c") @ (c) = e(ce).

If n = 0 < noee. <m is the minimal equivalent decomposition of

& (b'"p) and € (c¢"c), then since € (b") ~ &(c"), the construction of
lemma 2 shows that for some t, n, is the beginning index of 8 (b) in

© (b"b), and hence n< ... <n yields the minimal decomposition for
€ (b) and & (c).
It follows from definition 4 that if b', ¢' is a pair of minimal equiva-

' A
lent blocks of & (b) and @ (c) (given by lemma 2), then (2,) €l



Corollary 6. If T # ¢, then @ induces a map
A [ ~
§ : 1 — U 1"

n>1
21b . . . .. &b
where € ( ) is the minimal decomposition of ( )
c Cc
If ? is finite, ©® will be called the balanced substitution associated
with ©

Pl
Remark : G does not satisfy strictly our definition of " substitution "
JABIN A

“~
since © T cam be of length one for some 1 ¢ I,

s

I-2 Coincidence density.

In this paragraph, we shall assume that € 1is a substitution over

I = {0,1} such that ©0 and 6 1 begin with O and 1 respectively,

”~ ~ A
and also that I 1is non—empty and finite. If io ¢ 1 1is the first balan-

ced block of the minimal decomposition of w® and wl (as described in
N
definition 4), then it is obvious that 81 begins with 10
0

~ A

"co‘ . ~ A
Thus € 1, = W= W W e exists, where v € I for each n ¢ N.
A
For any T e I, we set
card { n ¢ : n <N and V. =1}
N

d(®) = lim

A simple application of the Perron- Frobenius theorem (see e.g. [ié])
shows that this limit exists for each T« I and that the convergence rate
is exponential. Obviously d(i) > O and 12? d(1) = 1.

In order to formulate our next theorem, we shall need the following notation.
A

. . ~ _ (b ~
Let 1¢ I with 1= (c) and b = bO cen bz-l s o "t -1 °
We then set 2(i) = £ and

c(f) = card {n : 0 < n <y and bn

Il
(¢
[

Theorem 7
Let © be a substitution over I = { 0,1 } such that ©0 begins
A
with O and € 1 with 1. If I 1is non-empty and finite, then the coinci~

dence density d(8) exists and is given by the formula :



Jr e dD
d(e) = 3
RS NCORLEY
Proof
Let (nt) be the sequence of definition 4. Since I 1is finite,
nt+1 - n_ is bounded, and thus
o _ 1
d(-) = lim card { n N : 2 <ny _and w, =w, }
t e t
if the right - hand limit exists. Now
card {n ¢ N : n<n. and w = wl} = _I f c{(i) card {m¢ N : m< ¢t
t n n 1C

~

and w_=17%}
m

2(2) card { m¢ N : m< t and Qm =1}

card { n¢ N : n<n,_ and wo = wl }
t n n

z (D) card {m¢ N : m< t and Gm =17}
_ Tl t
5 card {m ¢N :m< t and W_ =1}
A~ (D) m
1cl t

and the latter expression tends to

. 0 T
Ve c(1) d(1)

. (1) d(3)
¢l

as t tends to infinity.

Theorem 8
Let ¢ be a substitution over I = { 0,1 } such that © 0 begins
PAY
with O and ¢ 1 begins with 1 . If I 1is non empty, finite, and if

0= (Z) € /I\, then d(¢) = 1.



~

Proof : Suppose O appears at place s in w . The block in w .

beginning at place S04 (k) and of lengch £o<k) is the block . K ),
and thus
card {n ¢« N : s & ) n < (s +1)8 (k) and wo = w1 }
) — o o n n_ k « )

(k) ‘

2

0
But :

S (k) o _ 1

card {n ¢ N : s % <n < (sO + 1) ¢ o and W= }

(k)

2

o

card {n ¢ N : n < (sO + 1)L ék) and wﬁ = wi }
= (So + 1_) (k)
(s, + 1)a
card {n (N :n<s & (k) and w° = wl}
- o”o i n
o (k)
56 %6

and the latter expression tends to
(so + 1) d (¢) - sy d(¢) =d ®

as k tends to infinity and thus d (¢) = 1.

Pe)

7 A . ”~ A
Remark : We have ¢ ¢ I {1iff 1 ¢ T.
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I -3 Examples ana counterexamples

In this section we shall determine ? and d(¢&) for some cases
of substitutions on I = {0,1} . In general, this seems to be a difficult
problem, and it would be interesting in view of our applications in II
and III to have a method for determining d(¢) for any substitution ¢ .

The first case to be considered is when & is of constant length €.
According to D] , we separate substitutions into two classes, discrete
and continuous.

If 0O —-us ajdy eees ag

L———>bby oo Db,

then ¢ 1is continuous iff ay # bk for all 0 <k < &, and discrete
if for some k , a = bk . We recall that only the case a = 0 and bo =1
is being considered. (This is not really a restriction, since using the
normal form of DJ we may always find another ¢ satisfying this condi-

tion with the same orbit closure.)

Proposition 9

If ¢ 1is of constant length 2 > 2 and if € Q@= 0 and & HQ= 1,
then

i) d(e)

ii) d()

0 if & 1is continuous and

1 if  1is discrete.

. . 1 .
Proof : If % 1is continuous, then wg # w for all n , so d(&) = 0.
If ¢« 1is discrete, then

k

card f{n < 2" : wg # wi }o<o (- 1)k

and this implies d(¢) = 1. (See also DJ )

. A Ve
In the case of constant length, the relation between € on I

and d(¢) 1is not as essential as in the case of non-constant length.
It is not hard to see that if ¢ 1is of constant length £ . with & 0(1) =0

and & 1(1) = 1, then i is finite and non-empty iff the number of ones
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in €é 0 1is the same as the number of ones in € 1.

We now investigate the more interesting and difficult case of non-constant
length. Let ¢ be a substitution over the finite alphabet I.

If i,} ¢ I, we set

li ; : =card {k:0 <k < Qi and € i(k) = j 1}
The matrix M = M(€) = (L..)

D I is called the € - matrix.
171,31 ¢1 — ST
For any s > 1, if

M® = [p g?)]

then Qij) =card { k : 0 <k fhlis) and G si(k) =i}
where ¢ = . L.. denotes the length of the block ©°7 1.
i jel 713
If we take I = {0,1} , then the matrix M(®) has positive
integral entries. Therefore its eigenvalues A and A, are real

and distinct, and the larger eigenvalue A is larger than 1.
By replacing © by 92 if necessary, we may assume that Az > 0.
(This changes neither ? nor d(6¢), since w®  and w1 remain the
same.)
We distinguish four cases
1. Al >1 > AZ = 0. This means det(M) =0 and tr(M) = Al.
In this case, we can see that d(8) always exists, is rational,
and there is a method for calculating d(@). Since we shall only need to
calculate d(®) for the © of section III, we adopt a simpler technique
which may not work for the general case. Suppose that
- [1 1]
2 2
Then there are three possibilities for 6
o - 0 —>01 6 . - 0—01 . 0 —>01

2 ¢ €,
1 —31001 1 —»1010 1 —>1100

In the case of (91, we have

S0, E, W)
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i A 0 ~
Thus by theorem 8, d(C'l) =1 since O = (0)6 L.

N

In the case of €y I remain the same and d(Cz) = 1.

For g,3, the situation is different. We have

I = (011) (10) 01) (100) 110 001) 1100) (0101)}
110/, \01/, (10 > V0017, (Oll); (100 > (0101 , \1100

PN 7\ ”n /\ N ~ ) 7 . -~ N
= {a, b, ¢, d, e, £, g, h} with i = a.

The calculation of d(63) can be simplified (also in the other cases) by

identifying the pairs (3, e) , (Q, E) , (8, ?) and (g,lﬁ). This yields
AT AN

s~ YA

a ——y abbd
| 6 L ad
Gt i gk
8 —abdg
(where we have modified g and I according to our identification).
The matrix of €4 is
1 2 1
1 0 1
0] 0 0 2
1 1 1 1J

The corresponding frequencies, lengths and coincidences are

. 3 A ~ 1
4@ =db) = a@d = a@ =7
c(a) = c(d) =1 Ja) = o(d) =3
c(®) =0 £b) = 2
c(g) =2 L(8) = 4.
This yields according to theorem 7, dG;3) = %‘.

We note that these examples show that d(Y) does not depend only
on the ¢ - matrix, but also on the distribution of zeros and ones in & O

and 1.

2. Xl >1 > Az > 0., This means O < det (M) < tr (M) - 1 .
A
In this case, we do not know whether I 1is finite, infinite or
empty, or whether d(¢) exists for a general substitution 6. We shall

restrict our attention to the case where


file:///ooih
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n+l 1 a> 1
M(G) = 0 1 ’ id

Then the possibilities for & are

n+l-p p
5 . 0 ——0 n10 0<p<n
1l —1 0
where Ok=0 0 k times.
Fal
If p = n, I={3,8,/1\}with 'a\1=($ é) =To,
and 3____)/5611’16n
~ A RATEAS
[ O —————> 010
~ A/\n
1 ——=>10
Fa¥ ~
Thus 0 ¢« I and d(e) = 1.
N _ 0 0 1 ) “ 0 1
If p=n-1, I = {a, b, 0, 1} with a=100—10,b= 1 0
and 2—-—-—9 2 6n g 6“'1 ﬁ 8“'1
N - A ATy —
5 b—w a o1 § ot
A —
0————-——7621 Snl
A r o n
l———>1 0

A
This yields again 9eT and d@G) =1,

Finally, if O < p < n-2, we have

1_
~ '~ AN AN N On+ p 1
I={a,b,8,0,1} with 32 =( n+1-p = ']':0 ,
1 O
~ 0 1 ~ On—p 1
b =( } s and c = ( n- ) s
1 0 1 o%P
A —— 3 @ 5P 0P ¢ P
A
SRR I
& ¢ 5 A @E"HPTE P oz 9P
A - A A
0 — o™ 7 QP

N

—>

Here again, 0¢T and d®) = 1. Thus we conclude for any © with matrix M
that d(©) = 1.
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If M 1is any matrix with positive integral entries and det{M) =1,
then we can find at least one substitution ¢ such that M(.) =M and
d('!) = 1. We omit the proof since we thall not use this fact.
3 - Xl > AZ = 1. This means deti{M) = tr(M) - 1.
In this case, we conjecture that I is empty or infinite. A calculation

due to M. Dekking shows that if

& . O0=——0 0
1 I-—=>1 1 0 0 1
and ( 0 -0 1
72  J— ~1 1 0 1 O,
then d(el) = %- and d(Uz) does not exist . Note that

M (Gl) = M(Oz). We also conjecture in this case that d(&) cannot be equal
to 1.

4 - Al > Kz > 1. This means det (M) > tr (M) - 1.
We conjecture here that d (€) does not exist. The only thing we can
prove is that if L > 2. .+ 2
oo — ol
and Q’ll _>_2,10+2,
N

then I 1is empty or infinite. We have not succeeded in calculating d(G)

for any ¢ satisfying this condition.
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II - A CLASS OF SUBSTITUTIONS WITH DISCRETE SPECTRUM.

In this paragraph, we consider the substitutions

(L0 — o ot LIP P
P 1 >1 o"

for 0 < p < n. As we have seen in 1.3, d(ép) = 1. This will enable us
to prove that E'p has discrete spectrum.
In general, if ¢ is a substitution over I = {0,1} and if

©0 and &1 both contain O and 1, then the subset

. s
ol "t Xpaq appears in some 6 "0 }

of IZ is cowmpact, invariant under the shift T (defined by (Tx)k = xk+1),

X@®) = {x e IZ : for all p <q, xpx

and for each x ¢ X(G), the orbit
Orb(x) = { 5% : se Z } is dense in X(&) . (sce e.g. Eﬂ ).

By [ii] [}S] , there is a unique probability measure such

U
that Mg (X(6)) =1 and T Hg = ug - The spectrum of © 1is l:h(i3 spectrum
of the unitary operator (which we shall also denote by T) induced by T on
the space mz xe®©), Mg ). The substitution & has discrete spectrum iff
mz (X(@),UG) is spanned by the eigenfunctions of T . We shall prove the

following result

Theorem 10.
For any O < p <n, € p has discrete spectrum.
The proof is rather long and we shall separate it into several

parts.

II. 1 - The sturmian case

0—s0 1 o"
If p = n, that is, 911 P 1 o" , i1t 1s not
hard to see that the substitution
. 00— 0"t 1
1—»0" 1
satisfies X(g) = X(n) and 5 = Hp (In general, if the two blocks

n 1
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# 0 and © 1 of a substitution end with the same symbol, we may
" transfer " this symbol to the beginning of the blocks without changing
X() or y 2)

. =
Let M=M () = | ™ 1
L n 1

Then the characteristic polynomial Az - (n+¥2) x + 1 of M admits roots

-1

o

Al > 1 > Az > 0 , with Al’ AZ irrational and
1 - (n+1)>\k
("') Ak:j—T (k= 1, 2).

We consider now the compact space Y =R/, , provided with normalized Haar

measure v . The transformation -
S: Y ——Y
defined by
Sy =y + i, (mod 1),
satisfies S v = v , and the spectrum of the dynamical system (Y,v, S)

is discrete with eigenvalues exp (2ﬂikA2), k €2 ([g]).

Proposition 11.

» Y such that

There is a continuous map *7 : X (n) -
S T=9S8. %J and such that %3 un = v . Moreover,
{yc¢Y: card \g—l (y) > 1} is countable, and card \f -1 (y) <2 for
each y ¢ Y.
Proof : Let w ¢ X (n) be the point for which w, = o , Wy = 1, and
W= 1 W. A simple calculation using (x) for k = 2 shows that w, =0
if s (¢ [0, A-ap[ and w =1 if s ©@ ¢ [1- 2, ,1[ .
Since the orbit of w 1is demse in X(n), for any x ¢ X(n), we may find

t
a sequence of integers t such that x = lim Tk w.
ko
Then lim t A, (mod 1) exists, and if we set
.

4 (x) = lim tk Az (mod 1), then %: has the desired properties.
ko0

Corollary 12

If p =n, then Gfp has discrete spectrum.
This result is essentially contained in the results of Hedlund

and Morse on Sturmian sequences (see [22] ).

See also L7J , ng
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IT - 2 Martin ' s result

In the case O < p < n, we shall need a result given in [:16]

Let Y =R/Z , let * = A ) be the smaller root of A - (n+2) A+ 1 = 0,

and denote by S the rotation
Sy=y + A mod 1 (y ¢ Y).

Theorem 13 (Martin [16] )

There exists a continuous map h from X (bp) to Y such that
h (T x) =S h (%) (x ¢ X (ep)).

Our procedure in the following will be to show that h is one-to-omne
on a set of measure one, so that h actually represents an (almost-continuous)
isomorphism between (X (ep), T) and (Y, S). It then follows immediately that
up has discrete spectrum.

We define w=1w'¢ X (bp) by setting

w = (. s W_p o W Wy, e )
with (w_ o, Wy, W, ) = 1im  ©° (0) = o™ 1 oP ..
o} 1 g>o0 P
and ( .... , V_y s w;l ) = " 1im " e s (0) = On+1—p 1 oPF.
g L

By composition of h with a rotation of R /Z , we may obviously assume that
the h of theorem 13 satisfies

h(w)=0cR/Z.
We remark that the result of Martin applies to a much more general situation,
but that his methods yield little information concerning non-continuous eigen-—

values.

II - 3 Continued fraction expansion

In this section we define a symbolic system (£2,T) and relate this
system to the rotation (Y, S), where Sy =y + A and A 1is the smaller
root of 2 - (n+2) 2 +1=0.
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Details of the proofs can be found in [13] .

. 1
Since A T

we have the following continued fraction expansion for

Consider a sequence

(s Yo vene s )€ {o,1, ..., ntl ko

Such a sequence will be called admissible if it contains no block of the
3

form n+l n ntl =1+l , n, n, “e. , D n+l y Z.O
J times
We set
0 ={ w =(u)1, wz,...) :O_<_ wkin+1,

(wl, cee wk) admissible for all k > 1 }

Obviously, @ 1s a compact subset of ({ 0,1,...,n+1}{N .

Amap 1 :  ——>Q 1is defined by setting
T (w) = (w1+1, Wys W3 ced)
if (w1+1, Wys Wys =+ ) is admissible, and by setting t (w) Dbe the first

admissible element of { following w in the lexicographical ordering

otherwise. This defines the pair (Q,t). We remark that t 1s injective,

@ = o N (0,0,0,...), and T 1is continuous except at ¥ = (n,n,Nn,....
(see [137] .
Now define T i Q-——R /Z by
-z k
7 (w) Kol ® A
Theorem 14 r}q]
a) 7 1is continuous, onto, and T o T =S oq

b) & 1is one-to-one on n_l R/Z-Zx )
) I [aq s ere s o] = {wei wg= o
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then T ([Ot 1* oo ak]) is an interval in R /Z and
v(om (Lo, ey e D)
takes one of the two values A K or A k (1L - M.
Next we consider the orbit of the point W = (0,0,0,...) .
By the definition of T , T k& (k > 0) are points of the form

(0, @y «0vv , W, 0, 0,0, ... ) , and all points of this nature belong

J
to the forward orbit of

0
@
w (3) = (0, 0, O, vee s 0,1, 0,0, ... )
] -1 timés

. In particular, the point

corresponds to an integer which we shall call Cj . That 1is,

T Cj @ = ®(j) . It is easy to see that

C1 =1

C2 = n+2
and

= - 1 >

Cj+1 (n+2)Cj Cj-l G2>20n.

Lemma 15.
The sequence Cj A is bounded.
Proof : Obviously, Cj =a M +bp —13' for some constants a and b .
A

Thus  C; Mo X2j+b_<_ la] + | b] .

It follows also from the construction in [iil that Cj A= Ad
mod 1 . Hence Cj A ———> 0 mod 1 and

™ P
O IR,

1 ] =1 1 71
For w of the form (wl, cee wj , 0, 0, O, .... ) this just means
k
I , C
k j=1 !
m(w) = 2 w. C, » =8 (0) ,
j=1 J ]

which also follows from the definition of the C'J-s . We shall need also

the following notation. Let 8 R/Z - Z X . By theorem 146), there exists
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a unique w = (wl, Wys v ) ¢ Q such that 7 (w) = B . We set
m-1
3 = . C. m>1).
8 S (@ 2 1)

mo ]

[{Ja]

™
Ti:en R n s a non-negative integer and

B
lim s ™ (0) =8
m->x
II -~ 4 A null set in Q .

In this section we shall prove a technical lemma necessary for
the proof of theorem 10.
Let N= { o & @ : {k : = =0 } 1is finite }

Lemma 16
v (m (N)) =0

Proof : If we set

N, = {we : 00 does not appear in w } ,
then by the definition of 1 , N C sL6 ° (NO).

Thus it suffices to show that v ( ﬂ(NO)) = 0.

Consider now a cylinder set

[@1, ceee ak] ={ weR Powg = o for 1 f_i <k}
Let Nk denote the union of all such cylinders of length k with the
property that no two successive zeros occur in Aps vee s a, and
Qps seve s O is admissible. Then for each k,
NN,

and hence

v (ﬂ(NO)) < inf v (ﬂ(Nk)).

k
We shall calculate the number of cylinders in Nk «Let pp o, g, Ty, Sy
denote respectively the number of cylinders [:al, cee s O é] in Nk such
that o is 0, i, n, n+l (where i denotes any symbol with 1 < 1< n-1).
Then P, = 1, 9; = n-1 , r, = 1, 5, = 1
and P, = ntl, q, = (n+2)(n-1), r, = n+2, s, = n+l.
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Moreover, for k > 1,

'pk+£“ 0 1 1 1] f{p ]
Qy41 n-1 n-1 n-1 n-1 9
Tel = 1 1 1 1 T,

L Spe1d 1 1 O 1_ \Sk ]

The first three lines of this matrix are obvious ; the fourth line is obtained
by noting that

k-1
+r S.

-z
kj3=1 ]
and by the corresponding matrix for k - 1, one gets

x 'S

k = Pr-1 % -1 F Tk-1

S S

k- Pr-1 T -1 T Sk

k ~ Sk T Tk-1

Hence k-1
T

and r

- 2 = » .
kT 3e1 sj Sy by induction.

If we now calculate the characteristic polynomial of the above matrix, we get
3 2
P(§) = g (¢ - (ntl)g” - n g+ 1).

If %— is the larger root of Xz - (n+t2) A + 1 = 0, then one finds that
P (%) = %— >0 ; since P (0) > O and P(l) < O, this implies that the largest

root £ of P (£) = O (positive by the Perron — Frobenius theorem) satisfies

(o]

1
EO< T -
By theorem l4c, each cylinder [:“1’ N ;] of Nk satisfies
k

v (Do, ol A5
k

Since there are asymptotically K . £, such cylinders, we obtain

k k

v (TN)) < K. § LA ——>s O.
oo
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IT - 5 Subsets of N related to ﬁlp , n and Q .

We recall that n 1is the substitution defined

o — o™t

1 — o 1.

If we consider nw (0) ns(nw(O)) =V, vy Yy

see that n (0) is made up of a sequence of blocks of
and ns (1), for any fixed integer s > 1. Suppose that

0= ko< k1< k2< k3< ... 1s the sequence of integers

is either nS(O) or ns (1). We then set

In the same fashion we define jﬁg for s> 1

by
«+. , then we
the form ns (0)

such that for each j,

and for the

substitution € p (0 < p < n), by decomposing (9: (0) into its blocks

e§<o> and @Z(l»

Our purpose in this paragraph is to relate the

with the sets j)s defined by

(00

={k «iN : k=,2% w: C. yw=(w:)e ,4{7
s J

j=s+1 ] ]

Lemma 17.

For any s > 2, we have Y “— RP
Z s = s-1

Proof : 1. ¥ . v,
e g - s

. *
sets i{g and ils

; # 0} finite }

(s > 0)

nS(O), and Qis)

We recall that % és) denotes the length of the block
the length of ns(l). Since
R B (N (o DRy () R 6D
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-+
and n**lo) = [n°@ ] " L onf,
we have

o (8) _ fLs+l) o ()
o 0 1

(s+l) _ (s) (s)
JLO = (n+l) !L.o +21

This yields the recurrence relation
2(s+1) = (0+2) z(s) _ Zés-l)’
o}

o)
with
S B Y
o o
Thus we see that for each s Z.O’ Q(S)= Cs+1’ where C is the number

o s+1

defined in II.3 (by the same recurrence relation).

Any element in 373 is of the form

t
= L . C.
k j=8+1 wJ CJ
. . (s)
If t = s+l, that is if k = Woyl Cs+1’ then since CS+1 = xo and

oo S
O 1 < n*+l, and since n (0) begins with n+l blocks n (0) followed
by omne block n®(l) we see that k ¢ 6{,‘; .

Moreover, k ¢ 51: corresponds to the beginning of a block ns(l) if

and only if Wegp = n+l . Now suppose that t = s+2, that is,
-

- = [ ' =
k= wq Coy* g Caun Wgsp Cgap * K'+ Then k'e R
and is the beginning of a block ns+1 (0) or ns+1 (1) in ne (0),
the latter occurring only if Wepy = n+l,

s+l s s s

Now no (0) = n°(0) n°(0) ... no(0), n°(D),

n+l times

so that if k' 1is the beginning of a block nS+1 (0), then k 1is the

beginning of a block ns(O) or ns(l) (the latter only if Wgpp = n+l)
and k ¢ R : . If on the other hand k' is the beginning of a block
+
n® 1 (1) then wgyp < B (since » must be admissible) and
s+l s ]
no(W =m0 (0 .....  n° (0) n° (D).
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Therefore k = k' + w C is the beginning of a block nS(O) or ns(l)
s+l s+l o
(the latter only if O = n+l), and k ¢ dog
N g *
Continuing in this fashion, we have .} s & 1N S
2. W i)
i\,
s+l — s

We use here a method similar to that of 1I) to compare the sequences
[ore] (o]

N (0) and G‘p (0). As in 1I), we defined a balanced substitution n

«

associated with T and (lp by setting

n (0) (0“+1 1 )
. (v‘p(O)) = ™R P
oo (MO ) _ (o“*l 1 )
(@p(l) 0 1 ot
n (0) o“*tl
, @ o o"P 1 oP
4o [ "W _ (on 1
('ep (0) o"P 1 oP

(Note that a, b, ¢ and d consist of pairs of equivalent blocks of the

same length, but for this purpose we have not decomposed

nw (0) into minimal balanced blocks.)
v (0)
P *
Now set I" ={a, b, c,d}
and define n" on I' by
a - ~»>an+1_p b cp—1 d
nk, P >b " d
c -——-»a" P b P d

d »runrv>an_p b ¢ d .
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A ,
Then for each i* =( ) ¢ 1 *, we have

B
. . n(A)\,
n (1" = .
(9 (B)
p
Therefore -
- n (0)
7 (a) = ((1:(0) = (xO X Xy .. ) = x
with

Since for any s > 1, we have

s s v

s n(y,) no(yy)
n (x) = x = s s

stz | \ @2

and since v is either n (0) or n (1), we see that this decomposition

*

of n¥S® (x) corresponds to the set X s+l

ments z; are finite sequences of zeros and ones, so that E}: (zi) is a

. On the other hand, the ele-

sequence of blocks of the form G: (0) or &S (1). Thus the same decom-
position corresponds also to a subset of the set ﬁﬁg , and hence

2 o RP

s+l — s
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II - 6 A null set in Y .

The last preparation for the proof of theorem 10 is a technical

result. We recall that w®  and w1 were defined in 1I) for (-p as
O A 0
= G
W P (0)
1 (oo}
w o= (.
P

It was proved there that the coincidence density d(Gp) = 1 for each of
the substitutions Gp » 0< p< n, and that the convergence to d(ep) is
exponentially fast.

Let B ¢ Y =R/Z and consider the sequence of positive integers @ﬁ
corresponding to 8 as defined in II.3. For each m , let km be chosen

with |km | minimal such that

w° £
B m+km B m+km

Now set
YO = {8 ¢ Y : lim inf lkm l < o }
>
Lemma 18. v (Yo) = 0.
Proof : By II.3 and [13] , the points 0, A, 2 , ... , (C_-1) A

divide Y into Cm intervals Ij of measures A" or Am (r -x).

Let r be a positive integer. Then

= bl .14 :
Yo o { B¢ Y : lim inf lkml < r}
m-> =

If we consider now for fixed r and m the set

{BeY: lkml < r}l ,
by the definition of k ~ and because ém is constant on each interval
we obtain l
s :0<s<C_, w o # wl
- m s+t s+t
card{ J +r
for some O < Jtl £ s

v({B¢ Y:lkmlir) < A",

c
m

I.
J

’
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1
card { s : 0 < s < C_, woF wo )} +r

m — m s s
< A S

Since Cm —_— @ exponentially and since
o 1
card { s : 0 <5 < Cor Vg # W }

Cn

5 1 - d (ep) =0

exponentially (by I.), we conclude that v (Yo) = 0.

II. 7 . Proof of theorem 10.

We first show that if B €Y 1is such that B ¢ Y, (see I1I.6),
g ¢ m(N) (see IT1.4), B € Z A (mod 1), and if 1lim o, A =B,
n

. . 00 . k>
then 1lim T w exists, where w = w as in II.2. Let r and s
=00
be fixgd integers > 2. Then lim o A= B implies that for sufficiently
_ ~ k—m _ ~~ p
large k , n BS & f; . By lemma 17, we have o BS e X o1
If we write n, = (nk - BS) + BS , wiJsee that the symbol wr occupies a
place in the sequence w which is By to the right of the place
n - §; , and, in w, the place o, - E; is the beginning of a block of
5-1 s-1 . o P
the form GI) (0) or © > (1) (since o, Bs e R s—l)'

Since B ¢ Z ) mod 1, we have E; _— as § —ma®

Moreover, if s 1is such that w w = 00, then
s=-2 s—1
~ Sgl 353 ) )
Bg = 0 ws Ci = 0 w; € < Cs-2 s and it follows essily that
(s-1) _  » © (s-1) _

2.,1 BS ——d and 2‘0 BS —_— as § —— o

Now choose a subsequence s -y o such that w w = 00.

u - su—2 su-l

This is possible because g = sEO wg AS ¢ m (N). Then choose u such

the number ks defined in 1II.6 corresponding to B satisfies | ks l > r.
u u

This is possible because B d Y0 . Finally, choose K = K(u,s)

such that if k > K, then n_ - B c h s . It follows now for u and

k 5
k > K that the blocks " "
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W w e W w
n, T > nk-r+1 ’ ’ nk+r—1 ? nk+r

do not depend on k . Therefore any two accumulation points of the sequence
n
T k w agree in the coordinates - r, ... , + r. Since r was arbitrary,

. k .
lim T w exists.
k—) -9

Now let h : X(Gp)—————> Y ©be the homomorphism of 1II.2, with
h(w) = 0, and set

Y=Y\ (Y, un®Muzi).

Then by lemmas 16 and 18, v (?3 = 1. If B € nY and if
-1 . k
x € h "(B), then there exists a sequence 0, such that T W —— x
(because X(Gb) is minimal) and the corresponding sequence nkk & Y tends
to B (because h 1is a homomorphism). If now B ¢ §: then h_1 (R) must
consist of a single point, since any sequence ny such that nkk — B
n
k -1
T

will make w converge. Therefore h 1is one-to-one on a set h (?3 of

measure 1, and hence ep has discrete spectrum.
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IIT - A SUBSTITUTION OF NON-CONSTANT LENGTH WITH PARTLY CONTINUOUS SPECTRUM.

We have seen in the precading section that a class G‘p of
substitutions of non-constant length have discrete spectrum. It is natural
to ask whether any substitution of non-constant length has discrete spec-
trum. In this paragraph, we give an example of a substitution with partly
continuous spectrum.

We consider the matrix

L]
2 2
and its corresponding substitutions. Among them, only three do not yield

periodic orbits. They are :

6. - O—> 01
1 l—> 1001
) O —o» 01
92 :
l—>» 1010
O —— 01
93 :

l1——> 1100.

The coincidence densities of these substitutions have been obtained in I.3

they are respectively d(el) = d(ez) =1 and d(93) = %..

Again a result in [ié] yields the continuous eigenfunctions for 91, 52

and 93 , and gives the equicontinuous factor Z, < Z(3), Z, being

the cyclic group of order two and Z(3) the 3-adic integers. It is easy to

see why this is so : the Z, - part is obtained because 6°%0 and 6°1
10
w

always appear in w = at even places, so that one can " recognize

by looking at a finite number of successive symbols of a point x ¢ X (@
whether it is a limit of even or odd translates of w . The Z(3)-part

arises from the fact that for s > 2, the lengths lés) and 2.{S)of QSO
38—1

" 1"

and ©°1 are multiples of , which allows the " recognition " of a

point x as a limit of translates n of w with o, mod 3S_1 fixed.

’
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The proof of the following theorem is simple in comparison to

theorem 10 of II.

Theorem 19
81 and 62 have discrete spectrum.
Proof : Let a =01 and b =1 0. Then
91 a=0311001l=aba
elb=100101=ba’
92 a=011010=ab
92 b=101001-= b a.
The substitutions
—_— b a
ni
_ a a
and
——>a b b
i)

—> b b a

obtained in this manner have discrete spectrum (see [I] ) with equicontinuous
factor Z(3), and the homomorphism X(Gi)-————e-x(ni), i=1, 2, yields the
additional factor z, in an obvious manner.

We turn now to the substitution 93 . As above, let a =01, b = 11 and ¢ = 00.
Then

93a =011100=abdec
63b =11001100=bcbce
93c =0101=a a.

This leads us to consider the substitution of constant length
a———abec
N3 : b—>Dbechbh
¢ ——>c a a

Lemma 20.
There exists a continuous map

such that T T2 =T q .
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Proof : If x= (.... , X_1s Xo» X5 eees ) e X(93), the block 110
occurs at least once im x at a place k. According to whether k 1is even
or odd, we group symbols of x as

R, (x_2 x_l), (xO Xl), (x2 X3) s eees
or

.......,(x_1 xo), (xl x2), (x3 x4), Ceeenny

and replace each group by its corresponding symbol a, b or c.

(Note that in this " canonical decomposition " of any point of X(93), the
block b =11 1is always followed by ¢ = 0 0.)

This yields a well-defined continuous map 7 £from X(93) to X(n3) and it
follows immediately that g T2 =Tq .

Lemma 21

The substitution N3 has partly continuous spectrum.

Proof : The structure group of

ny is 2(3) (see [15] ).
Let ¢ : X(n3)—————> Z(3) be the corresponding projection.

Then the subspace H={ f o ¢ . f é.mz (Z(@3)) } of Lz(x(n3)) is the
subspace spanned by the continuous eigeafunctions of T . Moreover, since
g 1s almost everywhere 3 to 1, Bt  is not {0}

Let O # he H'* and suppose that for some complex § with Ig[ =1
we have T h = ¢ h. By ergodicity of (X(n3),T), |h| is a non-zero
constant, and it follows that h3e H and T h™ = 53 h3 .

Thus 53 is a 3k—root of unity for some k , and so 1is g . Therefore

there exists another eigenfunction hoé: H with eigenvalue ¢ , and this

contradicts the ergodicity of T .

Theorem 22.

The substitution © has partly continuous spectrum.

3

Proof : If not, then by lemma 20, n3 would have discrete spectrum, and

this contradicts lemma 21.

We remark that the article Dﬂ of M. Dekking contains a syste-
matic development of substitutions of the type considered in this last

paragraph.
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SUMMARY

Measure - theoretic properties of substitution dynamical systems
generated by some substitutions of non constant length on two symbols O and 1
are studied. For this, a new concept is introduced. The coincidence density of
a substitution € 1is defined as the density of the set of integers k for
which the sequences 6%y and 8" take the same value in the place k .
This coincidence density does not always exist. A class of substitutions for
which this coincidence density takes the value 1 1is given and it is proved
that these substitutions have discrete spectrum and that all their eigenfunctions
are continuous. An example of a substitution dynamical system with partly conti-

nuous spectrum is also given.
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