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CLASSICAL KMS CONDITION AND TOMITA~TAKESAKI THEORY

G. GALLAVOTTI

(Istituto Matematico, Universita di Roma, Italia)

The folldwing structure arises in the theory of quantum
statistical mechanics : a pair (@,p) 1is given consisting in an
involutive algebra @ which is the inductive union of an increasing
family of C*-algebras with unity and o is a state on (& i.e. a |
positive normalized functional on it.

Among the states p there are some which play‘a special
role and which in thelphysical applications are called "equilibrium
states", |

To introduce the mathematical definition of the equilibrium
states remark that the structure of the algebra & allows to cons-
truct a cyclic »~representation " : @ » B(h) via thé GNS construc~
tion: We shall denote ¢ the cyclic vector and np(A) the image of
Ae®@ in B(h) .

Then the following class of states was suggested naturally

for mathematical study by mathematical physics.

Definition. A state p 1is an equilibrium state for some

hamiltonian or, briefly,iis KMS if
(i) a quadratiébférm is defined on wp(A)g x "p(A)g by
bl (Be,m (Blg) = o (BAX) |

(i.e. p(A‘A) = 0 é=—==p p (A A¥) = O)



and defines a positive symmetric operator D such
that

, , = B¥)r ,Dy (A%
w(np(A)g wp(B)g) (Dﬂp( Vg ﬁp( )g)

(i1) the closure of D is essentially s.a. on-mp(CL)E

(i.e. the form y is closable).

I shall not enter intc the reasons why the above two ma-
thematical conditions are related to the characterisation of the
equilibrium states in guantum gtatistical mechanics.

I shall rather describe some properties of the KMS states
on an algebra (2 of the above type. A most remarkable theorem is

the following.

Theorem.
iﬁ p A4 a KMS state and R 44 the Von Neumann algebra
Qanendted by wp(Cl’ then D > 0 and
pt g o4t . 0y . ¢
hence the map R » at(R) = Dii R v"t , RER s an auto-

mohphibm'og R.

This theorem allows to associate to each KMS gtate a gioup
of automorphisms of ® which is called the "time~evolu£ion group"”
associated to the stationaiy state [ and its generatq; H= log D
has, in the physical interpretation, something tc do withvthé.hamil-
tonian of the system.

The interest of the above definition lies, among cther
things, in the fact that, because of thé-above-theérem, to every
KMS (equilibrium) state is automaticaliy aééociated what 1s, by the
mathematical physicists,'considered a partially satisfactory time

evolution for the observables which makes the state stationary.



From a mathematical point of view the above theorem is a
simple corollary of the Tomita-Takesaki theorem.

Thgorem.

Let ® be a Von Neumann afgebra on a Hifbert space h

assume that thenre exists a vector £ eh which &8 cyclic

and separating for ® . Then the quadratic form ¢ defd-

ned on Rex Ry by

y(AE,BE) = [B*,A%E)
is closable and the associated operator D Ls such that

D> 0 and

Viceversa, the_Tomita—Takesaki theorem is a consequence
of theorem 1 .

The physical situation can be perhaps better understood
by considering classical systems on which the mathematicians have
often more intuition.

In classical statistical mechahics one is naturally given
a r-algebra (@ of bounded smootb,fﬁhctions on a topological space
K ; the state p is now a Lebesgue measure on K such that (& is
dense in L, (p) .

A naive interpretation of the KMS condition can be easily
given in this case. It is easily seen, however,:that in this case
the conditiéns i), ii) are automatically satisfied and the operator
D is jus£ the identify.

In other words this naive formﬁlation of the RMS condition
in classical mechanics is totally trivial and deprived of any interest

what so ever.



As I sald the above definition of KMS state is natural
~from a physical point of.view‘in the study of quantum'statistical
mechanics and, therefore, it is clear that to find the proper formu=-
lation for the classical KMS condition one needs to go back to the

physical interpretation of the theory.

A simple way of finding out the "classical KMS condition"
is to remember that in quantum mechanics there appears an arbitrary
constant h and almost all interesting properties of the guantum

systems have a non trivial sense in the limit as 1 + O .

1f one goes back to the physical interpretation of the
quantum statistical mechanics one realizes that the constént ‘K is
hidden in several places : in fact, for instance, we had calied the
parémeter t appearing in the theorem 1 the "time" : it is related
to the "physical" time T by the relation t =L solthex value

h

of the observable np(A). at time T is
T T
i =

p 2y @ap P

and we see that to obtain the classical time behaviour of the obser-

vable A the limit' # » O has to be taken at fixed T which is

completely unclear what it could mean.

However the physicists have developed a rather powerfui
technique to take these kind of limits "by inspection", I -do not
enter into the above heuristic considerations; The first is that
putting h all over the aépropriate places and letting 1 + 0 it
turns out heuristically that the algebra @ of the observables haé

some further structure : namely on @ is defined a "Poisson brapket"



opgraticn which is defined, abstractly, as a map of (gx @ into smooth
functions on X such that |

a) {£,9) = -{g,£} = (f,q}

b) {f,gh} = {£f,g}th + {f,h}g
and the KMS condition which is the natural limit as % +» O of the
abové quantum KMS condition is the following :

1) the quadratic form on @x@’

yi£,9) = o ((E,9})

defines an emisymmetric operator &£ ou Lz(p) with

domain @ such that

y(£,9) = j(?li—f")g do

ii) the closure of the operator ¥ is essentially anti-

selfadjoint on (@ .

The interest of the above definition, besides its formal

analogy with the quantumKMS condition, lies in the following theorem

Theorem 3.
1§ o 44 a KMS gtate 3 a flow S, on [K,p) such that
V5 ewaﬁ)

§1(x] = 415, x)

This theorem is a consequence and probably, eguivalent in

some sense to the following more abstract result.

Theorem 4.
Let £ be an operatonr on Lz(p) which 48 essentially
antiselfadjoint on an algebra QL (o) and which it a

denivation on (a . Thene exists a fLow S on Ky



such that
(e &% gy 1x) = 418, x) .

This last theorem seems of interest in itself and it seems
to have not yet been explicitely remarked in the literature. Its
proof is strikingly similar to the proof of the theorem 2 of
Tomita~-Takesaki. Heuristically it can be obtained by introducing the
arbitrary constant N and by wisely letting it tend to zero in all

the crucial steps of the proof of the theorem of Tomita-Takesaki.

It seems possible that many interesting concepts and theo-
rems of the theory of the Von Neumann algebras may be carried to
function algebras with Poisson bracket structure. The role of the theo~
rem of Tomita-Takesaki should now be playved by the above two theorens

and the correspondence principle should be a powerful heuristic tool.



