GERARD G. EMCH

Algebraic K-Flows

Publications des séminaires de mathématiques et informatique de Rennes, 1975, fasci-

cule S4
« International Conference on Dynamical Systems in Mathematical Physics », , p. 1-2

<http://www.numdam.org/item?id=PSMIR_1975__ S4 A5 0>

© Département de mathématiques et informatique, université de Rennes,
1975, tous droits réservés.

L’acces aux archives de la série « Publications mathématiques et informa-
tiques de Rennes » implique 1’accord avec les conditions générales d’utili-
sation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=PSMIR_1975___S4_A5_0
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

ALGEBRAIC K-.FLOWS

Gerard G.Emch
Zentrum fiir interdisziplinire Forschung

der Universitdt Bielefeld

The algebraic approach tce the study of Statistical Mechanics
suggests an expansion of classical ergedic theory tc a noncommutative
ergodic theory, We indicate here how one can proceed in this spirit

to generalise the classical concept of a Kolmogorov-Sinai flow.

Firstly we recall that a classical K-flow is constituted by: a
probability space (1,2 s 4 ), a measurable group {T(t'} l tER} of mea-
sure preserving transformations of (& ,&, x), and a partition Ec X
such that: (i)¥e@ T(t)[] ¥tz 0; (133N, o T(t)E] =0 (iii)\ftm T(t)g]=T.

Secondly we construct from these elements: a separable Hilbert
space 6 = 12 (Ryu), a maximal abelian von Neumann algebra V(4 :L""m,z.)
acting on 75, a cyclic and separating vector @iw):t Ywe for YT in 5 ®
a faithful normal state on W & :f e e ¢difo={d D)= jf(w)d/.;(w),

a continuous group of automorphisms of T K {(t)}:fe¥0 wol(t)[f]= feT(t},
and a von Neumann subalgebrs.f of 77 oA = {;féiﬂefjk with the properties:

(1)l e o(eifed] Viso ;(mjﬂtm (A ] = 1 (i) Vien X (DA% .

Thirdly we notice that & standard representation theorem allows to
get back to the original definition from (¥ ,d & ,¢¢) where: ¥ is an
abelian von Neumann algebra acting on a separable Hilbert space 6 Yy is
a faithful normal state onM, o¢: R ~+ Aut(¥ ,4% ), and »f in a complete-

ly selfrefining, generating von Neumann subalgebra of 70 . .

Fourthly the generalisation to the noncommutative domain now con-

sists exactly in taking the above as an alternative definition of a
claszgical K«flow, and in dropping from this definition the condition
that Y% be abelian. For reasons which would be too long to make explicit
here we alsc impose that .4 be stable under the modular automorphism
group {O‘;,(t)ﬂtiﬁ} canonically associated to d» , and that every maximal
abelian subalgebra X of the centralizer cb""f 7 be already maximal
abelian in 78 . (Notice that both of the last two conditions are redund
ant when ¥ is abelian since C}"”da(‘t) = id ¥ t¢R in this case.)

We now can emphasize [ 1] that algebraic proofs can be given to

several theorems which are well-known in the classical case, and which



thus do generalize to the new situa instance the

systen qicy,aﬂ,vf} is ergoedic {(i.e. NEP® and A{t ) Nls N ¥ teR =b
=AY with AeC }; it is mixing {i.e Nt {1 30 M I e NDCds M > as

t+tan for all N,ME&% }; it has Lebespus spectrum {i.%wafit} is apatial
and the generator i of the corresponding uﬂitarv gEroun on ﬁphas the

3 v 5y = Sp, (i 51 {H} with 55 "1 ple and Sp HY =
property Sp(i} )pd{»}h,ﬁyacéi with 5p { ={0%a e A ,paﬁii}
R has countable multipiicity), Furthermore a noncommutative entropy

can be defined [ﬁgﬁwhich is strictly positive feor all such systems.

o

we next remark that the generalisation iz genuine in the sense
that, in sddition to the classical cass where ¥ iz abelian, there exist

{1,3,4]) K~flows where ¥ is of tvpe 11, , 1RT (0<4< 1) , or IXL .

Finally a link has hbeen established {3} betwesn certain guantum
transport phenemena, governed by an evolution equation of the diffusion

tvpe, and the generalised XK«flows presented here.
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