E.ZENHDER
Hamiltonian Systems Close to Integrable Systems

Publications des séminaires de mathématiques et informatique de Rennes, 1975, fasci-
cule S4
«International Conference on Dynamical Systems in Mathematical Physics », , p. 1-12

<http://www.numdam.org/item?id=PSMIR_1975___S4 A27 0>

© Département de mathématiques et informatique, université de Rennes,
1975, tous droits réservés.

L’acces aux archives de la série « Publications mathématiques et informa-
tiques de Rennes » implique 1’accord avec les conditions générales d’utili-
sation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=PSMIR_1975___S4_A27_0
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

HAMITTONIAN SYSTENS CLOSE T0 INTEGRKABLE SYSTEMS  E. ZENHDER

The stability problem of Hamiltonian systems, such as the
celestial N-body system, has been atbacked azain and again over
the last hundred years. Its analytical difficulties have to

do with the presence of so~called small divisors. The surprising
and famous break-through came within the last two decades
through the work of Kolmogorov, Arnold and Moser, known under
the apocryph KAM - theory. (All the references can be found in

& recent survey on this subject r‘T .) The ragE goal of this
lecture is to report on some of this well-known progress and

cn some more recent results.

In order to outline the main -ideas underlying the Kill - theory
I stert from a very special situation, a so-called integrable
system., It is given by an exact Hamiltonian vectorfield

1;0 =»{ﬁ§hg, S (o, k) ay . on the gymplectic manifold
M = Tk T, J o R an open cube, whare we

assume the Hamiltonfunction h, to depend only on y = h, = h,(y).
The Hamiltonian equations are then basically linear and the flow

is explicitly given for all times @ (x,y) = (x « ¢ c} boly), 3)
So, geometrically, the manifold M i% foliated into an

n-paraneter family of tori 7. = T Ayl , ¥y e J,

which are invariant uwnder the flow ¢ and the restriction of

the flow onto each single torus is a Kronecker flow q% /'7? :

X -+ %+ tiu , el 4pe frequencies @) = %, b, (%) . We assume
that these frequencies vary from torus to torus, requiring that

Dei ( B;Lo(:j)) < O y e J

A

as it turns out, this postulated nonlinearity has a stabilizing
effect under a perturbation. Integrable systems are, of course,
very rare; as examples I just mention the two-body problem

and the geodesic flow on ellipsoids with distinct axis. There
are, however, many Hamiltonian systems, such as the restricted



S=body problem, or mors gencral, Lho NH=wody provisn of celestial
mechanics, which are in a cerb=in sense clozse to ouch an
integranle situation. loreover,

system in a very small
orbit 12 close to an
therefore, teen bothered by the following
to the invarient foliation under a

put it differently - what dees the flow ofYianmiltonian vector—

)

Sl
& DS - « - . ! v = -
field 1@x look like for gll times, if b iz a Hamiltonfunction,

periodic in x = (1, . %, ) and close to b, 7T Recalling
the transformation thecry of Hamiltonain vectorfieldﬂ, one could
try ~ following a first naive impulse - to find & symplectic

'I

mapping ¢ on M which would trensform our perturbsd syster into
an integrable system:

Woeg(S gy = k()

Kemember that a mapping ¢ is celled symplectic, if
('U‘ ) I . for all functions [

A L2 hflcr ) .
Jn general no such G setisfring (2) exiets. 43 o natter of
fact, the orbit structure of such a systen is very complicated .
Ag it turns oub, the difficulty lies in ths fact
the regonances and the Hamiltonian character, sclutions of
completely different behavicur over an infini 2
coexist side by side clustering on each other. In orde
separate conceptually and analytically solutions of different

of w given system.
flere a pair ( N, v), N & compact manifold and v a vectorfield
on 1t, is called & subsystem of (fﬂ, V) 1f there 1s an embedding
.F SN = Ny < M cerrying 1+ onto Y restricted
to  £(N)

tyre, we inftroduce the concept of a uu?ﬁvstem

i
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In order to fornulate this RilM-result more precisely and to
outline the basic idesa of ths oroof we pick one '1ngle Kronecker—
tem of the intenrable syetam, say ’ T ’xv{y) e QLAQ C;))
whose freguencies satisfy (5}3 we Moy assume y = © . Hence,
ag unperturbed Hamiltonfunction L, in the neighbourhood of this
invariant torus we consider the following function which we let
now also depend on x !

e (x,5) =  Co ot <tyy> w5 < Qg 5> + 0. ayt),

Generalizing (1), we require that Det ( [C\", .7) * O} where [ ]

stands for the meanvalue of the symmetric matrixvalued function Q,
on 7’”‘, Let us denote for cur fixed W  the set of functions
which are in such a2 normalform (&) by N, ; Wwe therefore write
foc the particular ko, h, € N, (co, &) . The KAM-
stetement then can be revhrased by saying that this set fVCQ

is in the set of 2ll Hamiltonfunections on M structurally stable
under & subgroup of symplectic diffeomorrhisms of
say, if Lo is any function clese to h, & N, Ce., @, ) , ‘then

there is a symplectic diffecvmorvhisn @, such that

h'o 4 25 ﬁVLG C"C]; X )

for a(c, &) close to (¢,, &I, ), So,in contrast to (2), not the
whole system iz structurally stable but only the Kronecker-
system we gsingled out with fixed freguencies, cnosen in advance.
The second and higher order terms in 3 (6; degend also on x.
Geometrically (7) says in pariirular that (7T, ,cu) iz & sub-
system of ‘UL ’ O refers to 2 = o . Indeed, using the
fact that ¢ is symplesctic we have for the flows for 21l £ & R
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From the invarisnt torus 7 ' (fy ﬁ,ﬂﬁ'ﬁzfplon,which ve have

a Kroneckerflow with «~ freguencies ¢uv , there issue two in-
variant manifolds xV%P*S and zW_P¥I congisting of solubtions which
anproachn the invariant torus 7" at en gxpenential rate as

t 7"= M, 2 M., in addition, an orbit on these
whiskers which are lagrangian submsnifolds,not only tends to the
invariant torus 7°° but approximates a rst‘Clllr orbit on the
invariant torus. If now 4 is real analytic ( which is, frem

the mathematical point of view,the interesting case, reguiring
techniques that go beyond the ones used previously), and close to le,
then there is a Sym@lebtl” diffecmorphism ¢ ¢ ﬁ7eh" such

that c @ € /V (e, Q,.22) . Hence the whole
geometrlc,symplectlc and snalytic structure of the subsystem
survives under a perturbation. The fact that the invariant whiskers
are analytic is related to the fact that on the invariant torus

the flow is linear. This statement is one of the main ingredients
one needs to ovrove the fslilowing, now merely generic' statement
which sheds some light on what is going on in between the invarisnt
tori of dimension n in M%7

Generically a linear, stable equilibrium point (uz 2) is a cluster
point of whiskered tori 7 for all dimesnions /= ~ < rv,
lioreover, each such torus 7" lies in the closure of the set of
unstable periodic orbits - 7 7 <« CrPer~ ( v [s]

Analogously, one has for the exact symplectic diffecmorphisms

on # %™ : Generically a linear stable fixed point (»>2) is

a cluster point of invariant whiskered tori 77, s = -~ o« ",

and each such hyperbolic torus '7’~_1ies in the closure of the set

of unstable periodic points of the mapping [$ 7 . The proof is based
on the study of higch order resonance tori 7 on which one has
{(u-~) independent resonance conditions (4). These statements

can be considered as a first little step towards proving the
conjecture that generically a linear stable equilibrium point, which,
as one knows,is stable in nmeasure, is actually topologically unstable.
Here, of course, one excludes again the trivial case of definite
Hamiltonian functions where one has topological stability.

A prove would follow an idea by arnold, according %o which one

would construct a transition chain of such whiskered tori, intersectins



transversally and would so establish an escaping solution on the
energy surface, sneaking cut between all the invariant n-~dimen-
sional tori. Buch & process would be very slow, as a recent
estimate by lekhoroshev | 3 7] indicaves. Roughly speaking, he
proves that if

hWixy) = baly)y + € h(xy)

is real snalytic on M= 7 x 7, and if 4, is in a precise sense
generic, (the Taylorcoefficients of &, do- not satisfy'cértain
valgebraic equations), then there are constants C > ¢, O<ca b«< /‘
denending on f, such that for all initial condltlons x(¢), (o),
one has the following abrong estimate for the solutions

Ly(¢) - yeou I = €, ¢ « [O,e»«,o(Cs_‘“ ]

The generic conditions on h, exclude of course resonanc
which the solution runs awaye.

ta
3
in}
H .
o]
[47]
o]
3

CONCLUSION:

From our discussion now ererges the following concept of stability
for systems close to integrable systems. Before the KAM - theory |
the conventional view was that in the phase space there are open
regions in which the solutions remain stable and bounded, while
outside of such regions the solutions behave unboundedly or escape.
The KAM - theory replaced this rather crude picture with the
following intricate modell: In the thase space one finds complicated
cantor sets which can be compared ito a sponge. The solid part of
this sponge, of positive measure, consists of XKronecker subsystems
on which the solutions are bounded for all times, while the
solutions lying in the tiny holes of the sponge behave in an
unpredictable and unstable way. Here, in this zone one would

exnect to find whiskered btori and Anosov subsystems which for

would give rise to & very slow diffusion through the sponge.
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ouch a strange modell enmerges of course,only, 1f one studies the
motion for all times and not merely for a reasonable but finite
time interval.

)

35111 oven remaing the problem of what hapoens if the perturbation
gets large. Here numerical calculations indicate that the KAM - re-
sults hold for perturbations which are seversl megnitudes larger.
This phenomenon is not understood. It may be that the KiM - theory,
& nighly sophisticated existence theory, iz, in an way, too fine
and too precise to give an insight into this question. One expects
here that under larger perturbtations the solid part of the sponge
will shrink, while the region of instability blows up, showing up
regions of positive measure on which the system behaves like a
Bernoulli system. Also not yet clear is the precise and crucial role
of the smoothness requirements ae needs to establish the stable
phenomena in this picture. £lso the dependence of this modell on the
number of degrees of freedom has not yet been investigated
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