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A SHORT PRCOF OF THE VARIATIONAL PRINCIPLE

FOR A Z;F ACTION ON A COMPACT SPACE

by

Micha* Misiurewicz

Q. Introduction. Ruelle in [12] introduced the notion

of pressure for an action of the group z,N on a compact

metric space. It is a generalization of the notion
of topological entropy. The variational prinqiple {(proved
in [}2) under some strong conditions) is a generalization
of the Dipaburg’s theorem QE,B,ﬂ) on & connection between
the topological and measure entropies. A general proof
of the variational principle was given by waltere in [i3]
l(see'algo Denker [3]) for an action of Z, and by
Elsanousi in [6] for an acticn of 2%? .

The firsf part of the pronf given below (an inequality
h/“(T)ﬁ-/« £$P(T,£) ) is a natural generalization of the proof
from flO] + The second part ( s/&p (h/‘(T)-i-/‘d) 2P(T,f) )

is quite new (although the idea is close to the Ruelle’s one).
l. Notations.
deztﬁ
Z, the set of 21l non-negative integers. Let us
fix a positive integer X .

G = Z*N is & commutative semigroup with respect to

addition. For neG we denote by n; the 1i-th coordinate



or all e 3 n el ),

Wiz woe set of all crizavcurncods of the aiisonel
in AxX , divecteld Uy the inmclusion. It iz & uniform
structure (uniformity) =or X (see [3] ).

2. Delinitions o nreooire aad

Ve may in the natural way exioeac
‘ N s T
of pressure .of Z ' - aciion {[12])

et ne¢G , ce¥ , rec(x
Y o : . oy 4 = 1
/\(n,-{méG.mi<ni Tor i=1

5 - N (n“wkr‘” ,
8 xeA(an)

0f course gn e , £ €C0(X)

A finite subset ¢ of X
(n,é)—séparated, if forawy x,yee
(n,$ )-spanning, if for any X€X ta

that (x,y)e€c, .

) « We deline succesively:

veenN ),

is called:

, | /
X£Y , we have (x,y)&

C“"\

-,

-~

ere exists y€e suen

We denote p(f,e) = EET exy f(x) . We define further
X€e
(1) Pn’J(T,f) = sSup ip(fa,e) : ¢ is (n,0)-seperated’
h]
’ ks wq,..f’..‘ ™ {m @
(2) PJ(T l) 1;‘m~5u&p ;t‘["}" .a.n’o‘-ﬂ.uyA.)

0f course, PS(T,f)Z?(’I‘,f) for
it is possible to define the pressure

(3) 2(2,2) = im P.(7,7) =
e.f”/’ v

In the sequel we shall use the

4
¢ € £ ., Trnerefore



°of =& { 1= 1,000, o Por r,m€4&  let
na = <nlm1"“’ﬂﬁmﬁ) . Tae relatica 2 (npm if?
Ak L]

ni 2’ L’li fOI‘ i = 19 .. O*Z{ ) direct{:} C:‘ .

X is a3 ncrn-empty compact Euuwsdorff space.

£(x) is the space of all cosntinuous real fuactions

. { .;.‘ - v '}
on X with tke pora {lfi] = sup [£{x)} .
wed
(X ig the space of all positive Borel regular

normed measures cn X o Lt can be identified with the

fanctionals on C(X)

[eo]
£
41

eznz space of all positive lin

haviang norm 1 (thereforec we shall write /qf instead of

z

_gﬁf dF for f£€C{X) ). Ve conzider the weak~" topology
on TA(X) (then WTUX) is compact).

T {( aor>T? ) ig an actionof G on X , i.e.
& homomorphism of G into the semigroup of all continuous

transformations of X into itself (i.e. 8% —>X s

pRYR L pBopB Y,

k.3 ~r % - ’ e
X . o(X) — 0 (X) {for 1w€& ) is the operator
‘induced by %  {i.e. 0 = £o2? ),

pERL s PL(X) — WKL) (for n€G ) is a restriction

)’\4’ = ﬂo‘lﬁfn )

to WU(X) . It is easy to check that indeed TR {M(X)) <

of the operator iaduced by TP (i,e. A

. , CWE . o
CWM(X) and that  T°F2 43 continuous.

O0f course e and

are actions of G on
C(X) and W(X) , respectively.

~ m : . .. n - I : i -
M (X,T) is a space o? 2ll T-invariant mcasures

(L.e. these elements of (X} wheat are Pived waifats

-



H/“(n) (for the definitioen end propertiles see e.g. [11/).

For r«& X, T the entropy hf&T) may be dalfined

in the same way as in ?Zj for the action of Zih . Por a Borel
-~

finite partition A of the space X we define

/
= \/ (Tk}flﬁ for ne€G
k€A(n)

v A) = L. w43 (it is e ~ ) L 14
hrji,A) iﬁ? STET IfAh ) (it is easy to show that the limit

exists, cf. f2 ). Finally,

h (1) = sup~{hf£T,A) : & - Borel fisite partition} .

f"\

3. The variaticnal prircinle.

We shall prove the following variational principle:

P(T,2) = sup (h (T)+f1f) . The proof consists of two
ﬁenu}{ , 0 A
parts.
Pent I. hﬁjT)+juf\eP(T £) for /qesQY1(X,T} .

Proof. Let f«é’h%{X,T) « Let us fix ¥ 50 mad
J -

a Borel finite partition 4 . Take @w &G  such that
(4) log 2<% Am)

Iet A™ consist of the sets Zyseeerdy . Tor any

of them there exists a compact set o.czai such that

py
\ = Let 5. = 2 J
/«(a b. ) YT . Let e A\nézé bi . Por the
. 9
partition B = {bo,bl,...,bsj we have
(5) ah(zr"}‘a)g flpy )iz 8§ Y
{
3 e s
e take € = (XxX)N U/ (e xved and next o
i,3=1 v
143
(ol ’ ¢
such that deecg (ie.ee 1f {x,y),{y,2)€C , then

P
(x,2)€ &€ ) znd Ef(x) - ::y)?éjg if  (x,y)€ca .



Let us fix pel . There exisis a maximal (nm,u)-—

) c . .
separated (i.e. being also (nm,d)-speanaing) set e<X .
/
Denote by C .= \ (r
k E/*\fn,

kmy-ig . Purther, denote

P e
ot {b) = sup fnfn(}:) for bBEC 75’: <. exp x{b) .
| ’b : |

x€ bel
We have fom d/\« oL(b) e &c(b) y» therefore
() ¢ 2. (o (B) (b))
H (C)+ mf Mib) (oelb) - log mlB)) =
[ :'M aw = beC/} /

-2 @.&gﬁ_(_b_ W(e;p rE’”} ), where n(x) = - log x

The functian VZ is concave, therefore -
N gyp oL b) N(b) - o
(6) gc)+/‘fm 73 = 7 LY = 106/6

e is a (nm,g)mspanning, aet, hence for every bEC

there exists a point z(b)ee =uch that

= {(b) = sup {fn‘n(x) : xeb , (x,z(b))e€ é’nm} e But if
¢ ol ok g

(x,z(b))édnm , then for kxéAlnm) (1%x, T z(b) )€

y r
thus, in view of the delinition of oJ ,

[(P*%2) (x) (2, (2(b))] € T . Hence
(7) £am(2(0)) % ot(0) -+ Alna)

Fa

From the defiritions of ¢ and € we obtain for

; C
v€e , k€A(a) Cerd {2 €B : - (@kmx,mkmy)eo} <
X€a
[ Pt bt A{n)
~thus for ye€te C.ird 'ib €C : = (x,y)€ nm}
‘ xéh
because g e m (R gmy=1 . Hence

B8 weAln;
-(8) Card {veC : 2(b) = y} <

Hence, from. (7) ari (8) we zet:



R(n;. 2. e 39 fr,ﬁ__,{:%’)?}.éw expat{d)rexp (~% - A{nm)) , thus

yéc e el
(9) Am)-log 2+0(Z, ,e) ¥ logs - 5+ Alnm)
I /'
But /"‘fnm = 2{am)* m? , so from this, from (1),(4),(6)
| /

and (9) we obtain (notice that Arm) = Aln)+s Alm) ) :

(10) H(C)tpt s

i
Alam) 7p

In view of (5), for k& A{n) we have

YD )nm,S(T’f) 23

Hf"( (Tkm)_lﬂml(Tkm)"l}i) ¢¥ , therefore

2oicy an (V () LBV () lp) ¢ T %)

Hence H (A")SE (C)+H {*m‘f )¢ H
. 1 nm
fhus we obtain from »(10). ’ -«-2 GET I:/\‘A Y+ /;1 £ 4

)+ Z+2Ala)

1 ‘. H g Ty ¥ -
S ——m o an,J(T,f)? 35 « Taking lim sup with respect

to o weget h(TA)FME<P(D,E)+3F<P(L,L) 43y .

r‘
But § and A were arbitrary , heace h (T)‘i‘/qu{f?(’r,f).
r »
Part II. sup (n (%) /\4f) > P(T,2) .
/..é’m(.&

Procf. ILet us fix c} e ¥ . For every neEG | we
choose suck an (n,df)-separate'ﬂ set e, that
(11) p(f ,e )y Py, g(*,f) -1

Let us define & measure 6’n s+ concentrated on .'en ’

by a formala G‘Q({y}) =texp (2.(y) - p{f ,e,)) for ye€e .

We have Z & ({J}) = 1 , therefore Gném(X) .
yee,

- 2. ek
Let = s pRE G
f‘n ARy ealn) &

For some sequence (ni);fl cofinal with G we have



" . :'_ - i g i
{(12) lim m J?ﬁi'é(l,f) ?;(l,f)

imwee
. e
¥e choose some cluster point of the seguence (-f*ni)i:-l
and denote it by )‘H « Cf ecourse, i is also a cluster
point of the net (!""a)m:-(?r « For geC{X) and keG
fixed, the function $: m(X) —rR y given by the

formila §v = vg - y(T¥5g)

s is continuous , therefore §f"
is a cluster point of the net (éiﬁ*n)neﬁr « We have

|8pa] ¢ =tE7 22 () - Ala-x)) .« | (for n3k ),

because Card { A{n) N {(x+A{n))) = Card ((k-r ANy Aa)) =
= A(n) ~ A(n~-k) « But 1im —%—%ﬁl = 1 , thus @r\ =

I

Hence  pg = (¥¥K

M )¢ +But g and k were arbitrary,
therefore € e(x, ) .

There exists a Borel finite partition A of' X
such that axa<d for aed . Then; for a €Al

axac gn s therefore Card (e na)<1i . Hence

Be (4o, = 20 6, ({yD (5,0 - loao,({v]) = pitge,)

yée,

Let us fix m,n€€¢ , n%2m . For given }¢A(m)

3 L= Je
let s(;;) = (E( i},.n,“("'}}‘;?f"ﬁ)) . We have :
.L ¢

AR o \/ prmEd sy~ (o)1 ‘
rG/\(s'(j))( ATy \/ )J"*A , where

2 = ANo)N(J+Ame(§))) . But CardT = A(n) - Alms(§))

¢A(n) - Aln-2m) , thus  plz_,e ) = Hs.(i)-%a‘nfng

N

n:re ((T?m'{'jrl&m) + 6, £, + (2 (n)- A(a-2m))logCard A.
reA(s(3)) “n



Summing the inequalitles obtained for JeA{m) we get
(notice that for k€ Aln) there exists a unigue b (m)
eand a unique Tr€A(s(3j)) such that k =ra+) ) :

)=1aB) 4 D (@) 6.2, Y
(13) k:z}:(n) He (7M@) 6,2, 5

(m)e(p(fre ) = (Aln) = A(n~2m))elog Card A)

We have also

(14) & 2, = &, (Z T*kf) = ( 2. T’**ks ) e }\(n)-}wnr

oA xeha) keAln)

FProm the definition of entropy it follows that

(15) H ¥y ia®) o H
s'n Tse-ﬁk &

(A™)
.

From the definition of entropy and from the concavity of

the function -x log % it follows that
(16) H. (A% wde 2. HE_ . (4%
- Ma PG Kein) e
' The formulas (11) and (13) - (16) give us

AN tay By 0N ¥ ot Yty B, (B - ey

({3 (n) - A(n~2m)) log Card 4 +1 )

The partition 4 can be chosen in such a way that
the boﬁndaries of elements of A  have measﬁre M zero.‘
(’see [1] y Chapt. IV , §5 , exerc. 1% d ; see &lsgo ELO]).
Then Aq has the same proyerty,-}?ut for é. gset a with

the boundary of measure M zero, the function ) —1R

given by y—pyv(a) , is comtinuous in the point M



v ' m
Lence the function () —» |, given by vy P"“?Hy(A )

is also continusus at the point 54 , therefore in view

of (3.2), {(17) &and the definition of r\ , We have

~MT~* H (%A>7‘f4f P £(x,A, .

s

Yaking the limit with respect to = and using

the inequslity b.fﬁil,d; .‘ LT) 0, we obtain hr('i‘) 4—rf,>,}96(m,f}

But §  was arbitrary, hence 3up (h (T) +}~1f) SP(T,f).
po U, 0

4o Remark .

It nr,(z‘)-rf(f = P(T,£) , then e is called
an equilibrium state for (T, f) {measure with maximal eatrovy
in the case¢ of f =0 ). The zbove construction shows that
if PJ(T,f} = P{T,f) “for scne degr , then there exists
an equilibrium state for (T4f) .« In the case ¢f N =1,
£=0 , this can bé reformulated as follows:

if there exiasts an open cover A such that
h(T,4) = h(T) , then there exists a measure with maximal

entropy. ,
This is a particular case of the theorem of Denker(t@]),

but obtained without essuming X finite dimensional.
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