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A SHORT PROOF OP SHE VARIATIONAL PRINCIPLE 

FOR A ACTION ON A COMPACT SPACE 

by 

Michai Misiurewicz 

0. Introduction* Ruelle in [l2] introduced the notion 

of pressure for an action of the group X o n a compact 

metric space. It is a generalization of the notion 

of topological entropy. The variational principle (proved 

in [12] under some strong conditions) is a generalisation 

of the Dinaburg'3 theorem (J5»8,7J) on a connection "between 

the topological and measure entropies. A general proof 

of the variational principle was given by Walters in (13] 

(see also Denker [3}) for an action of 2£ + and by 

El8anousi in L6 j for an actic n of 2 ^ 

The first part of the proof given below (an inequality 

hp(T)+pf«P(T,f) ) is a natural generalization of theproof 

from fio] . The second part ( sup (h^(T)+^f) £P(T,f) ) 

is quite new (although the idea is close to the Ruelle'a one)* 

1. Notations. 
N^enotesj 

2£ + >&&<£he set of all non-negative integers. Let us 

fix a positive integer B 

Cr * 21^ is a commutative semigroup with respect to 

addition. Por n e G we denote by n^ the i-th coordinate 



of all t n £ a ) . 

is tiie oet of all neighbourhoods of the diagonal 

in X x X > directed 'by the inclusion. It is a uniform 

structure (uniformity) fotf X (see [9j )• 

2» Definitions of pre sr;-ire and entro-y« 

We day in. the natural way extend Euelle's definition 

of pressure .of 2£ " -. action ( [l2j ). 

Let n«G , 0 ^ " , f £C(X) . We define succesively: 

A (n) s |ffl eG : m^^ for i ss 1,.. «,N } , 

^(n) = CardA(n) a a^ 4...*^ , 

n k€/\(a) 
f « 21 f 

n k*A(n) 
Of course &aeW f t GG(£) 

A finite subset e of X is called: 
r 

(n,^-separated, if forany x,y 6 e , x^y ; we have (x»y)^0,, , 

(n»<£)-spanning, if for any x€X there exists y€e such 

that (x ty)£6 n • 

We denote p(f»e) = log exp f(x) - We define further 
W p « * supsp(f »e) : e is (n, c )~separated ) 

tit 0 i. n 

(2) Pr(I,f) = lia sup ^ r ? r ^(Tr£) 
r 

Of course, P^(T,f)>? g(T ff) for o1 e £ . therefore 

it is possible to define the pressure 

(3) ?(T,f) * Una IV(i\f) » sup ?r(T,f) 
In the sequel we shall use the measure entropy function 



of a ( i - l * * . . ? K ) . For r^mSG let 

am ~ UniE, f ... tn̂ r̂ .r) • The relation > ( n >m iff 

c i ̂  f 0 2* i - ) directs G * 

X is a ncn-eapty compact Eausdorff space. 

C(X) is the apace of all continuous real functions 

on X with the norm jjfll « sua lf(x)l 
— ^ Y ' 

ftX(X) is the space of all positive Borel regular 

normed measures on X .It can be identified with the 

esse space of all positive linear functionals on C(X) 

having norm 1 (therefore vte shall write jHf instead of 

J f d/H for f €C(X) ). We consider the v;eak-x topology 
X .' 
on Td('£) (then TTt(X) is compact). 

T ( a n ) is. an action of G on X , i.e. 

a hoaomorphism of G into the semigroup of all continuous 

transformations of X into itself (i.e. T n:X—^X , 

T K n : C(X}—>C(X) (for n€G ) is the operator 

induced by S5" (i.e. S*2ni' = f o £ n ) . 

.jSfsn . —^^x) ( f o r n € G ) is a restriction 

of the operator induced by (i.e. rlF*a j*' & ̂ oT* n ) 

to T/l (X) . It is easy to check that indeed !T3f3?J1( W(X)) c 

<= ̂ C(X) and that ' I*3"1 is continuous. 

Of course 2 s and T*55 are actions of G on 

C(X) and 'Sn(X) , respectively. 

TR(X,T) is a space of all 2;-invariant measures 

(i.e. these elements of 1TU(X) wh<^ are fiv̂ri «Mr+o 



H^(») (for the definition and properties see e.g. [llj) • 

Por ^ s W VX,T) the entropy ly(T) iray be defined 

in the same way as in [2j for the action of . For a Borel 

finite partition A of the apace X we define 

A n = V (l^rh for nfG , 
keA(n) 

h.(I,A) s lira ̂ r»r H v(A n) (it is easy to show that the limit 

exists, cf. / 2 2 ) . Finally, 

h^(T) * supj h (T,A) : A . - Borel finite partition j-

5* .The variational principle* 

We shall prove the following variational principles 

P(!L\£) sup (h(T)TMf) . The proof consists of two 

parts. 

Part I, h^(T)^Mf £P(T,f) for JH 6 . 

Proof; Let /4 6 W X f a ? ) • Let us fix ^ > 0 and 

a Borel finite partition A . Take m.&G such that 

(4) log 2 4 1 • 7l(m) 

Let A consist of the sets &^ f.. # fa • ?or any 

of them there exists a compact set ° i c a j L such that 

partition B = {b Q,b 1,... tb gj we have 

(5) H (A a|BH ^(b0)-ios 
3 

We take £ «= (X xX) \ [J (b, U , ) ^ / and next o € 
i,3=I 1 J 

such that < U o c £ (i. Q. if (x,y), (y ,z) e , then 

(x,z)€£ ) and jf(x) - :",'y)U| if (x,y)€cf . 



Let us fix n€G . There exists a maximal (nm,«s)-

separated (i.e. "being also (nm,<'-0-spanning) set e<=-X . 

Denote by C .<« V (T^)*"^ . Further, denote 
keA(n) 

ot(b) - sup f.m(x) for b^C ? i s 2 exp 06(b) . 
x«b * m / b^C 

We have J f f l m dp ^ 06(b) -y*t(b) , therefore 

HjC)-*- /nf m ^ 2 /4(b) ( 06(b) - l o g M(b)) « 

The function ^ is concave, therefore 

(6> y « Y w t' ? ( » l a f l ' 5 A ) -
e is a (nmf<£)-spanning set, hence for every b€C 

there exists a point s(b)te such that 

od(b) « sup/f fx) : x6b f (aefa(b))€ cf m j • But if 
v. n*ii nm j 

(xfz(b))ed^ 9 then for k£/Unm) (OTac^zCb)) 6d , 

thus, in view of the definition of d f 

|(T*kf)(x) ~(T~ V,U(b})| £ | . Hence 

(7) f

n m ( * ( b ) ) ^ * ( b ) ~J>* ^(-na) 

From the defix itions of d and £ we obtain for 

y. €e , k 6 A(n) Card. (a€B : 3 (2 k mx,T k my)6 d ] ̂  2 » 
xea 

thus for y6e Card {b €C : 3 (x,y) eS „ I ̂  2 A ^ , 
c x£b n m J 

because £ c H ( T ^ x f t " 1
 0

r . Hence 

(8) Card {bee : z(b) = y] 2 

Hence, from. (7) and (8) we get: 



2 * ^ * 2 l exp f^(y)>/2l exp odCb)*exp (.?• Mnm)) . thus 
y€e u a b6C ' 5 

(9) ^(n)*lo£ 2+p(f .„,e)^los..4- M n m ) 

But M f r t f f s)(ni)»Mf , so from this, from (l),(4).(6) 

and (9) we obtain (notice that Mnm) * ^(n)° JUm) ) J 

In view of (5) T for ke A(n) we have 

H^((!Tkm)"*1Amj(Tlcm)""1B)^ | , therefore 

H M(A n m|C) « H ( V (2?km)-1Affil V (Tkmrh)4 f • ?i(n) . 

Hence H ^ ( A n a ) * H ^ C ) + K ^ A ^ J C ) * H (C) + ̂  • 3(n) , 

thus we obtain from (10): -J-(££J H ^ A n m ) + ^ s< 

^ ŷ Cnm') Pnm ><T (- T» f^ 3 5 * Taking lim sup with respect 

to n we get h (T,A) + yiif ̂ P < r(T ff) + 3 | ^-P(T , f ) + 3 - | 

But and A were arbitrary , hence hjT) + M f^P(T.f), 

Part II. sup (h (I") + m f) ̂  P(T,f) . 

Proof. Let us fix a € . Por every n € G .we 

choose such an (n,<3 ̂ -separated set eft that 

(11) p(f n,e n)>P n f£('D,f) - 1 

Let us define a measure 6*fl , concentrated on e Q f 

by a formula C Q({y}) =>exp (ffl(y) - ?^ f
n' e

n^) for y €e f l • 

V/e have 2 ©V ({yl) = 1 , therefore 6\6Tffl(x) . . 
y € e n 

/ ^ U ) k€A(n) n 

Por some sequence (n i)^_ 1 cofinal with G we have 



(12) lim ? n r(T,f) . P^(T,f) 

¥e choose aome cluster point of the sequence v 'i-i 

and denote it by f1 * ̂  c o u r s e » *-a also a cluster 

point of the net ( ^ n) n 6Q. • ̂ or g 6C(X) and keG 

fixed, the function $ : 7flrt(X) 5>1R , given by the 

formula s= yg - y(Ty^g) , is continuous , therefore 

is a cluster point of the net (§f<n)c<(j •' We have 

i i f ^ n M ~OT7 # 2 * ( - Mn-k)).. (|g|| (for n > k ) , 

because Card ( A(n) n (k + A(n))) « Card ((k+A(n))N A(n)) * 

» M n ) - /\ (n-k) . But liffli||gl » 1 , thus $ p = 0 . 

Hence f,g e (T*3*1*^ )g . But g and k were arbitrary, 

therefore ^ e W(x,T) 

There exists a Borel finite partition A of X 

such that a * a < <f for a eA . (Then for a *A n 

a * a c & , therefore Card (e„ a a) ̂  I . Hence n n 

' r / ' * ' . ' . " 2 5- a({y } ) ( f n(y> - l o g ( r n « j r } ) ) - p ( f B . . a ) . 
n yte^ 

Let us fix m,n € G , n >/2m . For given $ 6 A(m) 

let s(j) « (E(ilii};..„E(^^)) . We have r 
ffil ' "is 

A n « V ^ ( Trm +3 r,l Am y y ( T k } - l A f w h e r e 

r€A(s<j)) k « S 

g * A(n)\(j + A(ms(3))) .But Card £ = >(n) - ^Gns(j)) 

^ ^ (n) - >(n-2m) , thus p(f n,e n) = H g-^ffi4 

4 2 H ((T r m*3)-lA a)+ cr f + (?,(n}~ Mn-2m))logCard A. 
•r«ACa(J)) &n a n 



Summing the inequalities obtained for ;НЛ(т) w e S e* 

(notice that for кбД(п) there exists a unique j (m) 

and a unique r € Л (s (;})) such that к = rm + j ) : 

(13) S H ((T^)-1Am) + 2 (m) • 6"nfo > 

>y\(m)»(p(fa,en) - ( А Ы - Ъ (n-2m)).log Card A) 

We have also 

(14) <r f . r ( 2 , T*kf) * ( Z ч 2 ^ х 1 с ff)f« X(n). N n f 
n n n кёЛЫ к«Л(п) n ' n 

Prom the definition of entropy it follows that 

(as) н « * * r V ) . н u » > 

П 

Prom the definition of entropy and from the concavity of 

the function ~x log x it follows that 

(16) H (A*) >, 2 E k (A m) 
f*a м а ; кеЛ(п) ^ К з * я 

n 
The formulas (11) and (13) - (16) give us 

( 1 7 ) TTmj
 н
Г а

( А Ш ) +N f ̂ткг W T' f ) - -тот • 
•((/> (a) - а(п-2ю)) log Card A+l, ) 

The partition A can be chosen in such a way that 

the boundaries of elements of A have measure f\ zero, 

(see [l] , Chapt. IV , §5 , exerc. 13 d ; see also ¡10]). 

Then A n hae the same property. But for a set a with 

the boundary of measure |ч aero, the function TTt(X)—->1R , 

given by ун—*y(a) t is continuous in the point ^ 



Eence the function W X ) - ^ î H , given by y \—~>H y(A
m) 

is also continuous at the point M » therefore in view 

i 
A 

of (12), (17) and the definition of jM » we have 

Taking the limit with respect to m and using 

the inequality • h^(TfA) 4 h H(T) » we obtain h^(T) + j*f ̂ P r f(T# 

But ^ was arbitrary, hence sup (k^ï) + Hf ) <>?(T,f ). 

^«?R(X,T) ' ' Q 

4» Remark . 

If h^(T) + f<f « P(T,f) , then is called 

an equilibrium state for (T,f) (.measure with maximal entropy 

in the case of f « 0 )» The above construction shows that 

if Pj(2,f) = P(T.f) for some <feff , then there exists 

an equilibrium state for (T,f) . In the case of H » 1 , 

f « 0 t this can be reformulated as follows: 

If there exists an open cover A such that 

h(T,A) » h(T) , then there exists a measure with maximal 

entropy• 

This is a particular case of the theorem of Denker ([A]) * 

but obtained without assuming X finite dimensional. 
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