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MONODROMY OF HYPERGEOMETRIC FUNCTIONS
AND NON-LATTICE INTEGRAL MONODROMY

by P. DELIGNE and G. D. MOSTOW (¥)

1. Introduction

The hypergeometric series

(1) F(a,b;¢;2) = % (@)@ n) =

n=0 (c,n) nl’ |#] <1

n—1

where (a,7) = II (a + i), defined for ¢ not an integer < o, was first introduced by
i=0

1=

Euler in 1778 as a solution of the hypergeometric differential equation
(2) (1 —x)y" +(c—(a+b+1)x) y —aby=o.

F(a, b; c; x) represents the unique solution of (2) which is holomorphic at ¥ = o and
takes the value 1 at x = o. If neither 4 nor ¢ — b 1is an integer < o, Euler knew
the integral representation

T'(b) T(c — b)

(3) )

1

F(a, b;c;x) = f 27H(1 — 2)° 7 (1 — zx)7 % da.
0

Replacing z by «~', (3) also has the form

3) r w4 — 1)* =t — %)% du,
1

If we integrate instead from g to 4 with g and £ in {o, 1, 00, £} we get other solutions
of (2), a fact discovered independently by Hermite [9], Pochhammer [17], and Schafli [19].
Even when the integral diverges, it yields solutions of (2) when taken as its Hadamard
¢ finite part *’, provided that the integrand does not have a pole of integral order at g or 4.

The hypergeometric equation (2) is the unique second order linear differential
equation with regular singularities, singular only at o, 1, co with exponents (o0, 1 — ¢),
(o,¢ — a — b), (a, b) respectively. ‘ Exponents («, «’) at a singularity p ** means that
suitable linearly independent linear combinations of the branches of a solution have the

(*) Supported in part by NSF Grant MCS-8203604.



6 P. DELIGNE AND G. D. MOSTOW

form (x — p)*fi(x), (x — p)¥ f(x) with f; holomorphic around p; if « — '’ €Z an
additional logarithmic term is allowed. In 1857, Riemann proved that the solutions
of (2) are the only multivalued functions with exactly two linearly independent branches,
branching only at o, 1, co with exponents as above (cf. [18]). Riemann’s proof assumed
that none of the exponent differences at a singularity was an integer and proceeded
by first computing global monodromy. The above characterization of the hypergeo-
metric equation is the basis of Fuchs’ proof of Riemann’s theorem (cf. [8]).

In his seminal paper [20], which seeks to determine the values a, b, ¢ for which
the hypergeometric function is an algebraic function of x, Schwarz considered the
map x> wy(x)/w,(x) where w, and w, form a base of W, the two dimensional linear
space of all solutions of (2). Let Q denote the universal covering space of
Q:=PYC) —{o,1,0}. The map

(4) w: x> wy(x) [y (%)

is a multivalued map from Q to the projective space P(W*) of lines in the dual space W*
of W, i.e. w may be construed as a single-valued map

4) #: Q —P(W).

The fundamental group =,(Q) acts on P(W*) (* monodromy action ) and the map @
is m;(M)-equivariant. Let I' denote the image of =,(Q) via the monodromy action.
For Schwarz’s original problem, the question reduces to * when is I' finite? > Schwarz
also solved the problem: when can (4) be inverted to provide a univalued map from
an open domain to Q? When this happens I' has a fundamental domain for its action
on either (i) P(W*), (ii) P(W*) minus a point, or (iii) a disc in P(W*), and is conse-
quently discrete in PGL,(C).

It is case (iii) of this latter question which Picard generalized in [16 4] to a two
variable analogue of the hypergeometric function. In the more general d variable
case, this function is best defined by its integral representation

d+1

(3") Fxy, -0y %544) =f u Py — 1)™" I (u — %)% du.
1 2

Let p,, be the order of the pole of the integrand at co. When the sum is extended over
all the p’s, one has 2y, = 2. In this introduction, we assume that none of the y; is
an integer. '

The function G obtained from F by holding fixed all variables but one was inves-
tigated by Pochhammer [17]. He formed the (d + 1)-order linear differential equation
satisfied by G and characterized its solutions as the multivalued functions with exactly
d + 1 linearly independent branches and ramification of a prescribed type. At each
finite ramification point, d branches of G are holomorphic, and at co the same holds
true after multiplying G by a suitable power of the variable.

6



MONODROMY OF HYPERGEOMETRIC FUNCTIONS 7

The function F defined by (3”) has a power series expansion

a+1

(2 — pe — 1) P l;[ (o> 1) (1 — o> ) 041 i

T1— ) T — ) (2= po—t,2m) 2 nl

(1)

For d = 2, this series has been investigated by Appell [1 4] who showed that
it satisfies a system of linear partial differential equations expressing each second deri-
vative of F in terms of its first derivatives. In [16 a] Picard characterized the solutions
of this system as the multivalued functions of two variables x, y with exactly three linearly
independent branches and with ramification of a prescribed type along the seven lines x
or y=o0,1,0, x =27 The function F is the only solution holomorphic at (o, o).

For d arbitrary, the series (1’) has been investigated by Lauricella [12], and
Terada [22] obtained results parallel to those of Picard [16 a].

The existence of differential or partial differential equations of Fuchsian type as
above is to be expected if one considers (3") as a period integral. The equations are
satisfied not only by F but also by any integral of the same integrand taken from g to &
where g and & are in {0, 0,1, %, ..., % ,,}. There are d 4 1 linearly independent
such integrals, and, following Schwarz, it is natural to take them as the projective
coordinates of a point in projective the d-space P% This yields a map

(4) : QP
where Q is the universal covering of the space Q C (PY)¢ defined as
Q={(x)|x+o0,1,00 and x; + x; for i +j}.

The action of m,;(Q) on P? is called the monodromy action. The map (4') is m,(Q)
equivariant. Let I' denote the image of =, (Q) in PGL(d + 1, C). In[16 4] and [16 5]
Picard gives a criterion for the multivalued map w: Q —P? (d = 2) defined by (4)
to invert as a univalued map from a ball in P to a partial compactification of Q. When
this happens, I' is discrete in a PU(1, d) subgroup of PGL(d + 1, C).

As pointed out in [14 a] the proof of discreteness of I' that Picard sketches in [16 4]
leads to an obstacle and is inadequate. Our first objective in this paper is to give a
correct proof for d = 2 and also for general d. In order to carry this out in modern
concepts, we need only deal with rational p; and multivalued integrands on P! which
are single valued on a finite ramified covering of P1. However, in order to provide
a framework for dealing with arbitrary parameters w, we have introduced local systems
on P'—{w,0,1,%,...,%.,.,}. This necessitates an abovo development of holo-
morphic cohomology in order to validate the corresponding Hodge decomposition.
In the end, this viewpoint does have the advantage of directness.

The two main theorems of this paper are Theorems (11.4) and (12.11). The
first says in effect: If o< y,<1 for all ¢ (0<i<d+1 or =) and
(1 —w;— @)~ ! is an integer for all ¢+ j such that p;+ ;< 1, then the mono-
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8 P. DELIGNE AND G. D. MOSTOW

dromy group of the hypergeometric function (3”) is a lattice in the projective unitary
group PU(1,d), i.e. is discrete and of finite covolume.

Theorem (12.11) combined with (12.9) says in effect: For each non-arithmetic
lattice arising in Theorem (11.4), there is an algebraic family defined over Q of algebraic
curves X whose monodromy group is a subgroup of Aut H(X,, Z) which is not of finite
covolume in its Zariski-closure.

The example 15 of § (14.3) corresponds for instance to the family of curves,
depending on the parameters x, y, with equation

o = u’(u — 1)° (u — %)° (u — y)*

(a cyclic covering of order 12 of P?).

The integrality condition that (1 — yu; — w;)~' be an integer ensures that the
key map of this paper is etale in codimension one. A model situation in which inte-
grality is used in such a way is the following. Let D be the unit disc, D*:= D — {0},
and « =r[s a rational number > o, written as a reduced fraction. Let D*~ be the
finite covering of D* on which the multivalued function z+> 2z* is defined. We complete
it to the ramified covering D~ = D*~ U {0} of D. The multivalued function z'*
on D* “is” a uniformizing parameter for D~ at o. The map zb 2* from D~ to C
is etale at o (i.e. etale in codimension 1) if and only if «~! is an integer. Indeed
z* = (2¥*)". For a description of how this enters the proof, we refer to the comments
after (3.11).

The lists in Section 14 provide examples of non-arithmetic lattices in PU(1, d)
for d = 2,3—both cocompact and non-cocompact for d =2. For d> 5, Theo-
rem (11.4) yields no lattice at all, by (14.2).

The case d =1 is treated in (12.5.5) and (12.6.3). The lattices arising from
Theorem (11.4) in this case are the triangle groups [p, ¢, 7] generated by rotations
through double the angles with centers the vertex of a geodesic triangle in the Poincaré
disc, with angles =/p, =/q, =/r when p, g, r are positive integers (or oo) satisfying

;— + z + ;< 1. These lattices are described in Fricke-Klein [6] and are infinite in
9

number.

However, the number of arithmetic lattices arising is finite. An explicit list can
be deduced from results of Takeuchi on arithmetic triangle groups [21].

In the final Section 15, we make some comments about the list of 102 solutions
of R. Levavasseur in [13] to Picard’s integrality conditions for discreteness in the case
d=2.

In the paper ¢ Generalized Picard lattices arising from half-integral conditions ”,
printed after this one, the second named author is able to relax the integrality condition
on (1 — p;— )~ ' and obtains lattices for d <9 [14 5].
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2. Cohomology of a rank one local system on a punctured projective line

(2.1) Let us start with the following data:
P : a complex projective line;
N : an integer > o;
S : a set of N points of P;

o = (x),es : a family of complex numbers indexed by S, satisfying the condition
Mo, = 1.

We will be mainly interested in the case when N > 3 and none of the «, is I.

If a base point o e P — S is given, the functor ¢ fibre at 0> is an equivalence
of the category of complex local systems (= flat vector bundles) on P — S with that
of complex vector spaces provided with an action of =,;(P — S,0). In particular,
rank one local systems correspond to homomorphisms H,;(P — S) = 7;(P — S, 0)® — C.
The group H, is generated by small positive loops y, around each seS, with the
relation Xy, = o as the only relation. Up to isomorphism, there is hence a unique
one dimensional complex local system L on P — S such that the monodromy of L
around each s €S is multiplication by «,, or, as we will say, of monodromy «. By
definition, if ¢, is in the fibre of L at a point x near s €S, and if we let x turn counter
clockwise once around s, and push ¢, horizontally along the path of x, then when coming
back, ¢, becomes «,.f,. In other words, in term of a local coordinate z centered at s,
and of a multivalued section ¢(z) of L defined in a neighborhood of s, one has

e(exp(2miu). z) = a,.e(exp(2miu) . z) -

=1 u=0

The complex local system L has automorphisms: Aut(L) = C*, with » e C*
corresponding to multiplication by the scalar ». Because of them, even though the
isomorphism class of L is uniquely determined by the «,, L is not determined up to
unique isomorphism.

Let us fix one L. In (2.2)-(2.10), we will review some of the descriptions of
the cohomology of P — S with coefficients in L.

(2.2) Combinatorial description. — Let us fix a triangulation & of P —S. One
can then identify H*(P — S, L) with the cohomology of the complex of L-valued
cochains of &: cochains ¢ for which the value of ¢ on an oriented simplex ¢ is a horizontal
section of L on ¢ (thus ¢(s) € H(s, L)). To make sense of the formula (dc) (6) = ¢(bo),
one uses that a horizontal section of L on a face of ¢ extends uniquely as a horizontal
section on 6. This complex is the dual of the complex of chains of & with coefficients
in the dual local system LY: chains G which are finite sums Z¢,.c with ¢, e H(s, LV)
and o an oriented simplex of &. The sign rule (de, C) = (¢, bC) is however unusual
for duality of complexes. We write H,(P — S, LV) for the corresponding homology.

10



MONODROMY OF HYPERGEOMETRIC FUNCTIONS 13

The cohomology with compact support Hj(P — S, L) is the cohomology of the
complex of compactly supported L-valued cochains of &. The dual complex is the
complex of locally finite chains with coefficient in LV: chains C which are possibly
infinite “ sums” Z¢;.0. We write HY(P — S, LV) for the corresponding homology.

Let X be obtained from P by deleting a small open disc around each seS.
“ Small ” means “ small enough .  What matters here is that the closure of the discs
be disjoint. A homotopy argument shows that (X° denoting X — 9X)

H'(P —S,L) > H(X, L) > H*(X¢, L)
and that H*(X mod oX, L) = H}(X°, L) 5 Hi(P — S, L).

To compute cohomology, one can hence use a triangulation of X, instead of one of
P —S. As X is compact, the triangulation is finite, and this combinatorial description
makes clear that the Euler-Poincaré characteristic
x(P— S, L) := Z(— 1)'dim H(P — S, L)
(resp. x,(P — S, L) := =(— 1)*dim Hi(P — S, L))
is independent of L. Each H' (resp. Hi) is indeed expressed as the i-th cohomology
group of a finite dimensional chain complex K, and dim K® is independent of L. In

the case of cohomology with compact support, the additivity of y, (deduced from the
long exact sequence ... —Hi(P — S, C) - H!P, C) - H!S, C) - ...) gives

(2.2.1) %(P — 8, L) = %,(P — S, €) = 1,(P) — 1,(S) =2 — N.

For an algebraic variety Y, one always has y,(Y) = x(Y). In the case at hand
(Y =P — 8S); this can be deduced from Poincaré duality. One gets
(2.2.2) x(P—S,L) =2 —N.

(2.3) De Rham (C®) description. — H*(P — S, L) is the cohomology of the de
Rham complex of L-valued C* differential forms on P — S, and H (P — S, L) that
of the subcomplex of compactly supported forms. If the triangulation & of (2.2) is
smooth, integration: o ¢ (6) = fcm is defined. It is a map of complexes from

the de Rham complex to the cochain complex (both with or without support condition),
inducing an isomorphism on cohomology.

The Poincaré duality pairing obtained by integrationon P — S:a, B> fp—s aAB
induces a perfect pairing

H(P —S,L)y®H:2~P — S,LV) 3 C,
the composite of cup product with value in H2(P — S, C), and of the trace, or
integration, map : H3(P — S, C) > C.
If at least one of the «, is not 1, there can be no global horizontal section:

H(P — S,L) =0, and a fortiori none with compact support: H)P — S,L) = o

11



12 P. DELIGNE AND G. D. MOSTOW

(for this, S + @ suffices). The same applies to the dual LY of L, with monodromy a™%,
and Poincaré duality gives vanishing for H? and H?. The Euler-Poincaré characteristic
being known ((2.2.1) and (2.2.2)), we get

Proposition (2.3.1). — If o, + 1 for at least one seS, then H'(P —S,L) and
H{(P — S, L) vanish for i + 1, and
dim H(P — S,L) = dim H!(P — S,L) = N — 2.

Currents (2.4). — Instead of using the C* de Rham complex, consisting of forms
written in local coordinates as X fidy A ... A dx,.e, with ¢ an horizontal section
i

of L and f; a G*-function, one can as well use the complex of currents, where f is
allowed to be a generalized function (distribution). This complex can be used to
express Poincaré duality as a cap-product isomorphism between homology and cohomo-
logy: for C a LV-valued chain, there is a unique current (C) such that Jc © = f (C) A o,
one has d(C) = (— 1)%°pC, and the map Ci> (C) provides isomorphisms
H,(P —S,L) 3 H2 P — S,L) and HYP —S,L) > H*~{(P — S, L).

It is often more convenient to use currents than the chains of a fixed triangulation.
If B is a rectifiable proper map from an open, semi-open or closed interval I to P — S,
and for ¢ e H(I, * LV), we let (e.B) be the LV-valued current for which

[EB)ro=]<ep o>

If B:[0,1] > P mapsoand1toS,and]o, 1[ to P — S, thenfor e e H(Jo, 1[, g* LVY),
e.f is a cycle and as such defines an homology class in HY(P — S, LV). We will
use such cycles to construct convenient bases of HY(P — S, LV).

(2.5) Assume the following is given:

a) a partition of S into two subsets S; and S,;

b) trees T; and T, (a tree is a contractible CW complex of dimension < 1), and an
embedding f:T,II T, — P, mapping the set of vertices of T, (resp. T,) onto S,
(resp. S,);

¢) for each (open) edge a of T, or T,, an orientation of a, and #(a) € Ha, p* LV).

For each edge a, ¢(a).B|a is then a locally finite cycle on P — S, with coeffi-

cient in L.

Proposition (2.5.1x). — If 11 «, & 1, the elements £(a).B | a, for a an edge of T,
SES,

or T,, form a basis of HI(P — S, LV).

Proof. — Let T, be the disjoint union of the (open) edges of T,. We have

(P—S) —p(T;IT,) =P — B(T,II'T,), hence a long exact sequence

.. > HUTIT,, g LY) 5 HIP — 8, L)
—H{(P — (T, LI Tp), LY) - ...

12
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The group HY(T;II1T;, p*LY) has as basis the £(a).a. It remains to be proved
that HY(P — (T, I T,),L) = o.

The space P — B(T,) — B(T,) is the complement of two disjoint trees in S%
It is essentially an annulus. The monodromy of ¢ turning around T, is the product
ofthe , (s€S,). In P— S, aloop around T; can indeed be homotoped to a product
of loops around each seS, :

The group HY(P — (T, UT,),LY) is dual to Hi(P — (T, UT,), L), which
is the Poincaré dual of H?~*(P — B(T, u T,), LY). One can homotope P — B(T, U T,)
to S', and the group becomes H2~%(S', LV), for LV a non trivial local system on S*. It
remains to use the

Lemma (2.5.2). — If L is a non trivial rank one local system on S', then H*(S', L) = o.
The H° is o by non triviality, and ¥(S!, L) = %(S') = o.

Remark. — As T,IIT, has N — 2 edges, (2.5.2) reproves that
dimH(P —S,L) = N — 2

when the «, are not all 1.

(2.6) Sheaf cohomology. — We will always identify a local system L with its sheaf
of locally constant sections. Let j denote the inclusion of P — S in P. Then,
H;(P — S, L) is the cohomology of P with coefficients in j L, the extension of L by o.
It is the hypercohomology on P of any complex of sheaves K with #°(K) =j L and
#*K) = o for i + 0. On the other hand, if L* is any resolution of L, whose components
are acyclic forj, (R?j, L¥ = o for ¢> o), then H*(P — S, L) is the hypercohomology
on P of j, L*. To prove it, one reduces to the case where L* (and hence j, L*) is soft,
one has I'P — S, L") =I'(P,j,L*), and

H®-S,L):=HT®-S,L)=HT®, L) = H(P,j, L.

Proposition (2.6.x). — If all o, are different from 1, then
Hi(P —S,L) 5> H*(P — S, L).

Proof. — Let L* be a soft resolution of L, for instance the L-valued CG® de Rham
complex of sheaves. It suffices to check that j, L* is a resolution of j; L, and this results
from the local fact that for D any small disc around s €S, one has

HTD-—-s5L)=HMOD-—s51L) =o.
To check this vanishing, one can replace D — s by a homotopic S* and apply (2.5.2).

31



14 P. DELIGNE AND G. D. MOSTOW

From the point of view of homology, this implies that a locally finite 1-cycle with
coefficient in LV is homologous to a compactly supported one. Here is a drawing of

how it can be done
e

This is reminiscent of the arguments used in Whittaker and Watson (12.22) (Hankel’s
expression of I'(z) as a contour integral) or (12.43) [24].

(2.7) The de Rham (holomorphic) description. — The holomorphic L-valued
de Rham complex Q*(L): O(L) - Q!(L) is a resolution of Lon P — S. One can hence
interpret H*(P — S, L) as the hypercohomology on P — S of Q*(L). As S * O,
P — S is Stein, hence HY(P — S, Q?(L)) = o for ¢> o, and this gives
(2.7.1) H®P —-S,L) =HTP-S, QL)).

Similarly, R?j, Q?(L) = o0 for ¢> o hence

H'®P —S,L) = H*(P, 4, Q*(L))

(hypercohomology of P, with coefficients in the complex j, Q*(L); see (2.6)).
After the preliminaries (2.8), (2.9), we will show how to replace j, Q*(L) by
smaller complexes of sheaves.

(2.8) We will often describe a section of @(L) on a connected open set U as the
product of a multivalued function with a multivalued section of L. This has the
following meaning: U should be provided with a base point o, and a multivalued section
of a sheaf # (0, or L, ...) is a section of the pull back of & on the universal cove-
rings (U, 0) of (U, 0). Products are taken on U. A multivalued section, which is the
pull-back of a section on U, is then identified with that section. The role of the base
point can be played by a contractible subset of F of U. A section of L at o extends
uniquely to a multivalued section and will be denoted by the same symbol. A multi-
valued section of @ is determined by its germ at o, and will be denoted by the same
symbol. As multivalued sections of 0, we will mainly use products Ilgti. When g
is not real and negative, the principal determination of g* is exp(2win log g), with
|Imlog g| < wi. As a rule, g will denote the multivalued function whose germ at
the base contractible set F is the principal determination when g; is not real and negative
on F. When the determination used is irrelevant, we will not take the trouble of
specifying which one we mean.

(2.9) Fix seS and let z be a local coordinate, which we take to be an iso-
morphism, carrying s to o, of a small neighborhood D of s with a disc in C centered
at o. If peG is such that «, = exp(2nip), the monodromy of z~* around s is the
inverse of that of a horizontal section of L. Any section « of O(L) (resp. Q'(L)) on D*
can hence be written u = z7*.e.f (resp. u = z"*.¢.f.dz) with ¢ a non zero multi-

14



MONODROMY OF HYPERGEOMETRIC FUNCTIONS 15

valued section of L and f a holomorphic function on D*. We define « to be meromorphic
at s if f is, and we define its valuation by

v,(u) = c(f) -

These definitions are independent of the choices of local coordinate and of .

(2.30) The de Rham (meromorphic at S) description. — Let us write j* Q*(L) for
the subcomplex of Q*(L) of meromorphic forms. A local computation around each
s €S shows that the inclusion of ;7 Q*(L) in j, Q*(L) induces an isomorphism on the
cohomology sheaves. This implies that

(z.10.1) H'(P,j"Q'(L)) > H'(P, j, Q'(L)) = H*(P — S, L).

It follows from (2.11) below that j7* QP(L) is an inductive limit of line bundles
whose degrees tends to co. From this one concludes first that H!(P,; 7 Q?(L)) = o
for ¢> o, and then that H*(P, ;7" Q*(L)) is simply H* I'(P, j7* Q*(L)), the cohomology
of the complex of L-valued forms holomorphic on P — S and meromorphic at each
ses:

(2.10.2) H*(P — S, L) = H* I'(P, j~ Q*(L)).

(z.1x) Let (w,),cs be a family of complex numbers, such that exp(2mip,) = «,.
We define the line bundle O(Zy, s) (L) as the subsheaf of j* (L) whose local holo-
morphic sections are the local sections # of j" @(L) such that for s €S, the integer
v,(u) + @, is > o (in short: o,(u) > — p,). With the local coordinate notation (2.9),
z~%.¢ determines an invertible section of O0(Zp,s) (L) near seS. The degree of a
meromorphic section « of a line bundle £ at a point x is the order of the zero (or minus
the order of the pole) of 4 at x; for z a local coordinate centered at x, it is the supremum
of the integers n such that 2"« is a holomorphic section of % at x. The degree of £
is the sum of the degrees at all points of any non zero meromorphic section of &. If
u is a meromorphic section of @(Zy, s) (L) and x €S, one has

deg,(u) = v,(u) + p,-

If one defines pu, =o0 for x e P — S, the same holds at any x €P.
Proposition (2.xx.1). — The line bundle O(Zp., s) (L) is of degree Zp.,.

Proof. — We may assume P = P! and o ¢S. Let e be a multivalued horizontal
section of L. The product

u=II (z—s)"%.e
sES

is an invertible section of O(Zp,.s) (L) on the affine line. At oo, u is meromorphic,
of valuation Zp,. The degree of O(Zp, s) (L), equal to the sum at all x €P of the
degree of any non zero meromorphic section, is hence Zp,.

15



16 P. DELIGNE AND G. D. MOSTOW

We define Q'(Zg,.s) (L) := O(Zy,.s) (L) ® Q.. It results from (2.11) that
(2.1x.1) deg Q'(Zy,.s) (L) = — 2 + Zy,.

In particular, if Zy; = 2, the line bundle Q!(Zy,.s) (L) is of degree o, hence
isomorphic to 0, the trivial line bundle.

Corollary (2.12). — If Zp, = 2, there is up to a constant factor one and only one non
zero form « € I'(P, j™ QY(L)) whose valuation at s €S is > — p,. One has v(0) = — p,
and o tis invertible on P — S.

For P=P! o ¢S, and ¢ a multivalued horizontal section of L, one has (up
to a factor) @ = Il (z —s)"™™.e.dz. If weS, onehas w = Il (z—s)"%.e.dz
se8 s€S—ow

Proposition (2.13). — Assume that Zp, = 2, N > 3, and that none of the a, is 1

(i.e. that nome of the p, is an integer). Then the cohomology class of the form o of (2.12) is
not zero.

Proof. — One has Xy, (w0) =X —p,= —22>1— N. The proposition hence
results from the

Proposition (2.14). — Assume that none of the o, is 1. If a non zero form « s such that
2y, (w) > 1 — N, its cohomology class ts not zero.

Proof. — By (2.10.2), it suffices to verify that the equation ® = du has no
solution u e I'(P, j* O(L)).
For any local section u of j;* (L) near s, one has

vs(du) Z vs(u) — I,

with equality if v,(x) is not o, or if v,(du) is not a positive (meaning > o) integer. The
integer case being excluded, a solution # would be a section of O(— Z(y,(w) + 1) 5) (L),
a line bundle of degree — Z(y,(w) + 1) < — 1, a contradiction.

(2.15) Here is how (2.13), (2.14) has to be modified for integral p’s. As the
result will not be needed, except for some historical comments in § 15, we will be sketchy.

(2.15.1) When some «, are 1, (2.6.1) is not true, one has to distinguish between H;
and HY, and even to introduce some intermediate groups: for S’ CS, the family ®(S’)
of subsets of P — S closed in P — S’ is a family of supports, and Hgg)(P — S, L)
is defined. For j' the inclusion of P —S into P —§', it is H*(P — §’,5/ L). For
TCS, define T(1):={seT|a, =1}. The proof of (2.6.1) shows that

Hyg (P — S, L) = Hygy(P — S, L).

These groups are also the hypercohomology groups, on P, of the subcomplex
of jm Q*(L) consisting of the « in j®(L) and of the » in j® Q'(L) such that 7,(w) > 0

16
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and o,(u) > o for se (S —8')(r). If the p, are such that «, = exp(2niy,), and
that §°(1) is the set of s for which y, is integral > o, the groups Hgg)(P — S, L) are
also the hypercohomology groups of the sub-complex O(Z(p, — 1) s) (L) — Q(Z, s) (L)
of j» Q*(L).

(2.15.2) If © e(P,j”Q'L)), and if all s with «, =1 and o,(0) < o0 are
in §’, then @ defines a cohomology class in Hgg)(P — S, L). If in addition S’ contains
none of the s for which simultaneously ¢, =1 and 7,(0)> o0, and if further
Zv,(w) > 1 — N (which amounts to o having at most N — g zeros, counted with
multiplicities, on P — S), the proof of (2.14) still shows that the class of o in
Hgg)(P — S, L) is not zero. This applies to the form o of (2.12), with §' =S,
provided N> g and p,> o whenever p, eZ.

Remark (2.16). — Let us assume that none of the «, is 1. If « is an holomorphic
section of Q'(L) on P — S, by (2.6.1), the class [w] of @ in H!(P — S, L) is the
image of a unique class, again denoted [w], in H!(P — S, L). For any locally finite
cycle or current C with coefficient in LY, ([C], [w]> is defined: H4(P — S, LV) is
indeed paired with H!(P — S, L). We want to prove that

<ICL, [0]) = [, o

This is not completely obvious, especially since the integral may be divergent. The
problem is rather to understand which value the cohomological formalism attaches to
the integral.

1st answer: One replaces G by a finite homologous cycle C’, as pictured in (2.6),

and ([C], [0]> = fc, o.

2nd answer: If D, is a small open disk around s eS, one has H*(D — 5,L) = o
(cf. (2.6)). On D}:=D — 5, wishence of the form du,, for a unique section u, of O(L)
onD;. Let ¢, be acompactly supported C* function on D,, equal to 1 in a neighborhood
of s. The C® 1-form o — X d(¢, #,) is cohomologous to « and is compactly supported.
One has hence

<[C], [0]> = [0 — = d(e, u,).

It is sometimes more convenient to take for ¢ the (discontinuous) characteristic function
of D,. The current o — Z d(¢,%,) is again compactly supported and cohomologous
to w.

These formulae can also be used to define the integral of  on a locally finite chain
or current, which is a cycle only near each s€S. Given for instance a path B: [o, 1] — P,

17



18 P. DELIGNE AND G. D. MOSTOW

with B([o,1[) in P—S and B(1) =seS, and given ¢eH([o, 1[,#'LY), the

formula for the  finite part” L s d(e,u,) can be rewritten

1—e
Pffwm = jo (e, B 0> — <e(at1 —€), B u,(at 1 — ).
For a meromorphic o, this agrees with Hadamard’s  finite part > of a divergent integral.

Example (2.17). — We take P=P1, S ={o0, 1,0} and we assume that none
of the p, is an integer, and that Zu, = 2. For A, =1 — p,, this means X\, = 1.
We normalize L by fixing a section ¢ of it on Jo, 1[, and we let ¢' be the dual base of LY
on Jo,1[. Take o = z"7!(1 — 2)»~1.edz; the “ principal ” determination of z*~*
and of (1 — 2! on Jo,1[ is used (cf. (2.8)). By (2.5.1), the homology
HY(P — S, LV) is one-dimensional, generated by the current e¢'.Jo, 1[. The content
of (2.13) here is that

(2.17.1) Pff: 21 — )M~ 1dz + o.

The generalization (2.15) of (2.13) can be used to extend this to the case when
% and 1, if integers, are > o, and A, = 1 — Ay — 1, if an integer, is < o.

Of course, (2.17.1) is easy to deduce from the formula for the B-function in terms
of I'-functions.

(2.x¥8) We now assume that each «, is of absolute value 1, and not equal to 1.
There is then a horizontal positive Hermitian structure ( , ) on L. Let us choose one.
One can view ( , ) as a perfect pairing between L and the complex conjugate local
system L. As such, it induces a perfect pairing

$o: Hi(P — S, L) xo HY(P — S,L) > H}P — S, C) = C

((2.3), (2.6.1)). The vector space H!(P — S,L) is the complex conjugate of
HY(P — S,L), and ¢,(u, ) defines a non degenerate skew-Hermitian form ¢ on
HY{(P — S, L). Anticommutativity of the cup product shows that

Go(u, 2)™ = — Yyo(v, u), ie.
(2.18.1) Y(u, 0)~ = — (v, u).

.. —1I — 1 — ..
Writing (u, 2) := — (4, v) = —— (%, v), we have a Hermitian form
2mi 2mi

(2.18.2) (4, 2)~ = (v, u).

A section  of ;™ Q'(L) is said to be of the first kind if v,(w) > — 1 for each s e€S.
Those are the forms for which the integral fr—sw A » 1is convergent. The integrand
is defined as follows: if, locally, w; =¢.B; (! = 1,2, B; a 1-form, ¢ a section of L),

then ;A wg is the (1, 1)-form (e, ¢;) By A Bs.

18



MONODROMY OF HYPERGEOMETRIC FUNCTIONS 19

We define H“°(P — S,L) as the vector space of forms of the first kind in
r'(p, j»Q'(L)), and H"'(P — S,L) as the complex conjugate of H°(P — S, L).
It can be viewed as the space of antiholomorphic L-valued forms, whose complex
conjugate is of the first kind. Such forms also define cohomology classes.

Proposition (2.19). — If o, and «, are each either in H“Y(P — S,L) or in
H"Y(P — S, L), one has, for the corresponding cohomology classes [w,] and [w,)],

(o, [0e]) = [,_ 1A Gs.

Let us assume, for definiteness, that w, is in H“°(P — S, L). Choose D,, (,),¢ 5>
as in (2.12), and let ¢, be the characteristic function of D,. It follows from (2.12)
that the class of o, in HYP — S, L) is also the class of the compactly supported
current o, — = d(¢p, u,). Hence (2.3)

W(Lodd, [oa]) = dollodds [@al) = [,_, (01 —  d(p,1,)) A @y

= 0 A Gy + E [ u, @y
P—UD, ! : ap, ° 2

When we let the D, shrink, the first term converges to fP—Sml A wy. We want

to show that all others tend to o. When the radius r of D, tends to zero, the size of u, w,
on 4D, is O(*s®)*tul@d) One has v,(s,) =v,(0;) + 1. The forms «, and w,
being of the first kind, the size is O(r®), with B> — 1. On the other hand, the length
of D, is O(r); the boundary term is hence O(r**!) and tends to zero.

Proposition (2.20). — Under the assumption (2.18) that |a,| =1, a,+1 for s€8,
the natural map

HY P — S, L) ® H*}(P — S, L) - H!(P — S, L) = H{P — S, L)

is an isomorphism. The Hermitian form ( , ) is positive definite on H -, negative definite on H*?,
and the decomposition is orthogonal.

If o is in HP —S,L) (resp. H*'(P — S, L)), the integrand -_—;;I OA®

is > o (resp. < 0), and vanishes only for ® = o0. If ®, and », are one in H"® and
1 _ . e

the other in H*', the integrand — ; A @, vanishes. This implies that H"“°® H*'
2mi

injectsinto H(P — S, L). Itremains only to prove the surjectivity of H"*® H*! — H'
We will check surjectivity by counting dimensions. Let p, be the number
between o and 1 such that «, = exp(2miy,). From the definition, it follows that

HY(P — S, L) = I'(P, Q!'(Zy,.s) (L)). By (2.8), deg Q'(Zy,.s)(L) = — 2 + Zy,.
It is an integer > — 2 and hence
(2.20.1) dim H"°(P — S, L) = deg Q'(Zy,.s) (L) + 1 = — 1 + Zp,.

19



20 P. DELIGNE AND G. D. MOSTOW

Let us apply this to L. One has to replace «, by «, = «;! and g, by 1 — p,.
One gets

(2.20.2) dimH**(P — S,L) = — 1 + Z(1 — p,).

The sum of the dimensions is — 2 + X1 = N — 2, as required (2.3.1).

Corollary (2.21). — Notation being as above (o, = exp(2mip,) with o< p,< 1),
the signature of the Hermitian form ( , ) on HYP — S, L) & (Zp, — 1, (1 — p,) — 1).

Remark (2.22). — (2.20) is a special case of Hodge theory for the cohomology
of a curve with values in a polarized variation of Hodge structures: a local system,
provided with an horizontal positive Hermitian structure, can be viewed as a polarized
variation of type (o0, 0). The artificial counting argument above enabled us to shortcut
the general theory, for which the reader may consult S. Zucker [25].

(2.23) In our applications, the @, will be roots of unity. When this is the case,
(2.20) can also be deduced from the Hodge theory of suitable coverings of P. Let X
be an irreducible abelian covering of P, with covering group G, ramified only at S.
If, for definiteness, we take P = P! and oo €S, this means that the function field G(X)
of X is a subextension of the extension C(P)((z — $)¥is_(;) of C(z) = C(PY),
for suitable d.

Let = denote the projection of X onto P. The Galois group G = Aut(X/P)
acts (by transport of structure) on =, G (by abuse of notation, we also denote by C the
constant sheaf with fiber C), and at a point z ¢S, the representation of G on
(w, G), = H(n~*(2), C) is a regular representation of G. For each character y of G,
let L, be the subsheaf of =, G on which G acts by 3. One has

r,C=ODL,
X

and, outside of S, L, is a rank one local system.

Let g,€G be the natural generator of the inertial (= decomposition) group
at s: if x(¢) (0 <t<1) is a path in X, such that =x(¢) in P stays near s in P — S,
and turn once around s, then x(1) = g, x(0). Let d, be the order of g,. If ¢ is a local
coordinate centered at s, near s, X is a sum of copies of the Riemann surface of /%,

If x(g) =1, L, is a local system at s. If x(g,) =+ 1, the fibre of L, at s is zero,
and the monodromy of L, around s is the d,-th root of unity x(g,).

If we take X to be the largest covering such that G is killed by d, G is the abelian
group generated by the g,, with the only relations

g=1 and g, =1: G = (Z/d)5/(Z/d).

If P=P" and o €S, X corresponds to the extension C(P')((z—5)/&s_(x;) of G(P").
This shows that any system of roots of unity («,), with ITa, = 1, is of the form (x(g,)),cs

for suitable X and y.
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Let H'(X, C), be the subspace of H*(X, C) on which G acts (by transport of
structure) as y. The isomorphism

H(X; C) = H*(P, =, C)
is compatible with the action of G, hence induces isomorphisms
(2.23.1) H'(X, C), = H'(P, L,).

On P — S, the sheaf O(L,) is the direct factor (r, 0), of &, @ consisting of the holo-
morphic functions on X such that f(g~'x) = x(¢g) f(x). Similarly, Q'(L,) = (=, Q),.
Let j’ be the inclusion of X — n7!(S) in X. On P, one has again

(2.23.2) JALy) = (=, j"0), and
(2‘23'3) j:n QI(L)() = (TC*‘]':'” Ql)x'

Let us assume y(g,) £ 1 for se€8S, so that H*(P,L,) = H;(P — S, L). Diffe-
rential forms of the first kind on P — S correspond then, by (2.23.3), to the differential
forms of the first kind on X, on which G acts by y:

HY(P — S, L)) = I'(X, Q), = H¥(X),,

and (2.20) is the trace on H!(P — §, L,) = HY(X, C), of the Hodge decomposition
of HY(X, C).

3. Reformulation of Picard’s theorem

(3-x) We now let the punctures s move, while the monodromy remains the same.
The starting data will be:
P : a complex projective line;
N : an integer, > 3;
S : a set with N elements, for instance [1, N]CN;
o = (&,),es: a family of complex numbers indexed by S, satisfying Il«, = 1, and
such that none of the «, is 1.
We will be mainly interested in the case |o,| = 1.

For any space X mapping to P8, we will write Py for the pull back on X of the
universal punctured line

Pp ={(p,m) eP x P°|p ¢m(S)}.

and = for the projection Py — X. Suppose a group H acts freely on X, with quotient Y,
and that a lifting of the action to Py is given. We will then write Py for Py/H and =
for the projection Py —Y. The H-equivariant fiber space Py over X is then the pull
back of Py over Y.

Let M CPS be the space of injective maps m:S — P. Then,
Py ={(p,m) eP x M |[p ¢m(S)}

21



22 P. DELIGNE AND G. D. MOSTOW

is a topologically locally trivial fiber space above M. On each fiber P, = P — m(S),
there is a rank one local system with monodromy «, i.e. with monodromy o, around m(s),
for s e€S. However, this local system not being unique up to unique isomorphism,
one cannot conclude that on Py there is a unique rank one local system L such that

(3.1.1) For m in M, the local system L, induced by L on P,, has monodromy «.
If L satisfies (3.1.1), all local systems satisfying (3.1.1) are of the form L® =n* T,
for T a rank one local system M. We will see in (3.12), (3.13) that there is an L satis-
fying (3.1.1). If N were 2, the analogous existence assertion would be false for «, # + 1.

(3.2) Suppose L satisfies (3.1.1). The projection = being topologically locally
trivial, the H'(P,,L,) (= Hi(P,,L,) by (2.6.1)) organize themselves into a local
system R!'7, L (= R'm L) on M.

We will be interested mainly in the corresponding flat projective space bundle
B(«)y :=PR'xw, L, the fiber space with fiber at meM the projective space
PH'(P,, L,) := (H'(®,, L,) —{0})/C*, and with flat structure, that deduced
from R'w, L. For any vector space V and non-zero element 2 € V, we will denote
by PV the projective space of one-dimensional subspaces of V and by Py the image
of » in PV.

If L' =L®=*T is another local system satisfying (3.1.1),

R'n, L' = (R'n,L)®T,

and PR! =, L’ is canonically isomorphic to PR! =, L, i.e. the flat projective bundle B(a)y
depends only on «. Another explanation of the same fact: the automorphisms of a
local system L, on P, with monodromy « act trivially on PH'(P,,L,). Hence,
although L, is unique up to only a non unique isomorphism, PH'(P,, L,) is defined
up to unique isomorphism.

(3-3) Locally on M, the existence of L satisfying (3.1.1) poses no problem: if
U is a contractible neighborhood of m € M, a local system L,, on P,, with monodromy «
extends uniquely to a local system Ly on ©n~*(U) and this extension has, fiber by fiber,
monodromy «. The flat projective space bundle PR' «, Ly on U is independent (up
to unique isomorphism) of the choice of Ly; hence for variable U, they glue into a flat
projective space bundle on the whole of M. This enables us to define B(a), without
having to assume the existence of a global L.

For o e M, the flat structure of B(«)y defines an action of =;(M, 0) by projective
transformations on the fibre B(a),. A choice of L enables one to lift this projective
representation of w;(M, o) on PH!(P,, L)) to a linear representation on H(P,, L,).

(3.4) Fix a system of complex numbers (p,),cs such that o, = exp(2niy,),
and that Xy, = 2. For each m € M, there is then up to a factor a unique non-zero
section o of Q'(L,) on P,, meromorphic on P, and such that 7z,(0) > — pn, (s€S)
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(2.12). Its cohomology class is not trivial (2.13). This construction hence defines
a section w,(m) of the projection B(«)y - M.

The flat structure of the projective space bundle B(a) induces a structure of holo-
morphic projective space bundle. With respect to it, we have:

Lemma (3.5). — The section w, is holomorphic.

Proof. — The question is local on M. Fix x €M, and choose on the fibre Py
a system of cycles C; with coefficient in LY giving rise to a basis of H,(P,,, LY). They
have support in some compact K and, for U a contractible neighborhood of m, small
enough so that K x UCPy, L|K x U is isomorphic to the pull back of L | K by
a unique isomorphism which is the identity above m. This enables us, for m' e U,

to consider C; as a cycle with coefficients in LV on P, ; and each linear form fc- on
t]

the H'(P,,,L,,) (m’ € U) is a horizontal linear form on R'w, L. This provides a
horizontal system of projective coordinates on PR! =, L.

Fix a coordinate z: P — P!, such that, for m’ in a possibly smaller neighborhood U
of m, z7'(w) € P,,, and let us trivialize L along z~!(c0) by a section e. We can take
(cf. (2.12))

o = II(z — 2(m'(s))) " ¥s.dz.e,
and the projective coordinates of w,(m’) are the
fc_ (z — z(m'(s)))"%.dz.e.

This is clearly holomorphic in m'.

Remark (3.6). — A more general method to get horizontal linear forms on R! =, L
is to start with a C®-trivialization of (Py, L) giving ¢, :P,>P,, L, ¢i L.,
and with LV-valued cycle or current C on P,, and to take L . For instance, if

C is a path from m(s) to m(¢), together with a section ¢ of LY on it, one deforms it with m’
so that G(m’) remains a path from m'(s) to m'(¢).

(3.7) The group G of automorphisms of P is isomorphic to PGL(2). Its action
on P induces an action on M C P, on the space Py, and on the flat projective
bundle B(«)y on M. The section w, is preserved. The action on M is free. Let
Q = M/G. The fiber bundle Py, the flat bundle B(«)y and w, being equivariant,
they descend to a fiber bundle Py, a flat projective space bundle B(«)q and a section w),
of B(a)qg >Q.

For P = P!, and for g, b, ¢ distinct in S, let M, C M be the space of m such that
m(a) = o, m(b) =1, m(c) = co. One has PGL(2) x M;> M. The quotient map
hence induces an isomorphism M, Q, and via this isomorphism, B(x)q and ),
can be identified with the restriction of B(a)y and w, to M,.
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(3.8) Fix a base point 0 € Q. The section w, can then be viewed as a multi-
valued map from Q to B(x),. More precisely, let Q be the covering of Q corresponding
to the kernel of the monodromy action p of =;(Q , 0) on B(«),, i.e. let ch the quotient
by Ker(p) of the universal covering of (Q,0). The pull back of B(x)q on Q is
Q x B(«),, and w, becomes a m;(Q , 0)-equivariant map @, from Q to B(w),.

Proposition (3.9). — ,:Q —B(«), is étale.

Progf. — We may take P = P! and replace Q by My, asin (3.7). The problem
is local. Take m e M,, let ¢ be a trivialization of L—near m—on R* near 0. We
may take

o= I (z—m(s)) ¥.dz.e

m(s) + o

(cf. (2.8)). Choose cycles C; as in (3.5.4). Differentiating in m, one has

dy, 6 :fcidl‘ow’

g, dm(s)

with dy o = —
Mo s*a,bec 2 — m(s)

The spaces Q and B(«), have the same dimension N — 3. The map w, is hence
étale at m if and only if d(@,) is injective, i.e. if and only if for no tangent vector v # o

at m is the family (9, | «) proportional to the family of integrals o), ie. if
y v C A p p g Cq 3

and only if for no » the cohomology class of 9, » is proportional to that of w. This

means that the cohomology class of any non-trivial linear combination

b, »

= )Y e
n=det s¥abc 2 — m(s)

should be non-trivial. If b, # o, 7 is of valuation exactly »,(w) — 1 at s, and hence

n+o0. If b, = o0, the valuation is > »,. This shows that % & o and that

Z o,(n) > B g(0) —(N—3)=—2—(N—3) =1-N,
sES sES
so that the non vanishing of the class of % results from (2.14).

(3.10) We will now assume that |,/ =1 and that the numbers p, defined
by o, = exp(emip,), o< u< 1, satisfy Zp, = 2.

Locally on M, L admits a horizontal positive definite Hermitian form ( , ), unique
up to a positive real factor (2.18, 3.3). It induces on R! =, L a horizontal Hermitian

form (,) = —21:—; ¢ (2.18), of signature (1, N — 3) (2.21). The vectors on which

( , ) is positive define a horizontal family of complex balls B*(a)y C B(«)y, and the
section w), is in B*(a)y (2.20) (for the meaning of the term ¢ complex ball ”, see § 5).
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The family B*(«)y is equivariant, hence descends to B¥(«)q C B(x)q. The étale
map of (3.9) is a map

(3.10.1) Q - B*(a),,

equivariant with respect to the action of w;(Q , 0) on B*(«),. This action is a morphism

(3.10.2) 7,(Q, 0) - PU (Hl(Po, L), — ¢).

272

Notation being as above, our main result is the

Theorem (3.11). — Assume that
(INT) The numbers p, defined by o, = exp(2m; @), o< u,< 1, salisfy Zp, =2 and,
Jor all s+t in S such that p, + w, <1, (1 —p, — @)~ ' is an integer.

Then, the image T of (3.10.2) s a lattice in the projective unitary group

PU (Hl(Pos Lo)> "P) = PU(I) N — 3)

— 1
omi

The theorem will be proved in section 11, where it is restated as theorem (11.4).
The strategy of the proof is presented in the next paragraphs.

In § 4, we define a partial compactification Q ., of Q. We also define a compac-
tification Q ., with Q. 2Q,2Q and Q,, — Q, finite. In § 8, we recall
a construction of R. H. Fox to define the completion Qst (resp. Qm) of Q over Q .,
(resp. Q). When the condition (INT) is satisfied, one can show that each point y
of Q ., admits open neighborhoods U such that the inverse image of U in Q is a disjoint
sum of finite coverings of U N Q. The completion Qst is then a normal analytic
space; it is the normal ramified covering of Q ,, extending Q.

The results of § 6 allow us, in § 8, to extend #, to a map from Q ,, to B*(a),. We
will again write %, for the extended map. In § 9, we show that the condition INT
is tantamount to requiring this extended map to be étale in codimension one. Since
the projection Qst - Q,, is locally (on Qst) finite to one, and Qn is a normal
analytic space, it follows from § 6 that the extended map ), : Q. — Bt (x), is locally
finite to one. By the purity of the branch locus theorem, if @, is étale in codimension
one, it is then étale everywhere. Actually, we give two proofs of this fact in § 10, the
second proof not requiring the theorem on purity of branch locus. Additional work,
relying on the compactness of Q,,, shows that @, : Q'_st — B*(«), is a topological
covering map. The ball being simply connected, it is an isomorphism. In other
words, the inverse of the multivalued map w, is a single valued map w;':B*(x), > Q ;.

The homeomorphism #, transforms the fibers of the projection Qst - Q .
into the orbits of I'. Those orbits are hence discrete, and I' is a discrete subgroup of
the Lie group PU(1,N — 3) of isometries of B*(«),. When Q, = Q ., the
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quotient B*(a)/T' ~ Q . is compact, and I' is cocompact. In the general case, a
local analysis near the cusps p € Q ., — Q ,, shows that it has finite covolume.

For N = 3, the group PU(1, o) is trivial and the statement (3.11) uninteresting.
For N> 4, it is not at once clear that (1 — p, — p;)”' must be an integer for all
¢ #+j under condition INT (cf. (14.2.1)). It is easy to see however that condition INT
implies that all p, are rational. We show this, even though it is not used in our proof.

Lemma (3.32). -—— Assume that card S > 4. If positive real numbers (v,),cg sum up
to 2 and if for each of the pairs of elements s+t of S for which v, 4+ v,< 1, v, + v, is
rational, then all v, are rational.

We may and shall assume that S is the set of integer from 1 to N, N> 4, and
that v;< ... < vg.

Case 1. — v; + vy 2 1. For any distinct 7,j <N one can find £ < N distinct
from ¢ and j. One has v, + vgy> v, + vy > 1, hence

V1+Vj<2_‘(vk+vN)<I

is rational. If three numbers q, b, ¢, are such that a + b, b + ¢ and ¢ + a are rational,
they are rational. Applying this to the v; (< N), we find that they are rational.
So is vy, because Xv; = 2.

Case 2. — v, + vy< 1. In this case, for any 741, v, +v<v,+vw<1 is
rational. Summing, one concludes that (N —2)v, +2Zv,=N —2)v; +2 is
rational: v, is rational, and so are the v; (z % 1).

(3-13) Next, we explain how local systems L with the prescribed monodromy o
in the fiber direction can be constructed globally above M on Py. Fix three distinct
elements a,b,c€S. For each m in M, there is then a unique isomorphism P — P*
mapping m(a), m(b), m(c) respectively to o, 1, co. Let z:Py — P' be the resulting
map. When no ambiguity results, we will write z(x) for z(x, m). Let A:M —R*
be a large enough continuous function. What is needed is that [A(m), o[ be disjoint
from z(m(S)). For any U C M, let I;; denote the locus of (x,m) e n~*(U) such that
2(x,m) € [A(m),o[. If UCM is contractible, then IjCPy is too. For UCM
contractible, if L is a local system on =~ *(U) with the prescribed monodromy « (cf. (3.3)),
then L; admits an horizontal section ey #+ o0 on Iy. The pair (Ly,ey) is unique
up to unique isomorphism, hence there is no problem in glueing. One gets a global
local system L on Py, provided with an horizontal section ¢ on Iy.

Let My ={meM |m(a) =o0,m(b) = 1,m(c) =} as in (3.7). The product
decomposition PGL(2) X My > M induces an isomorphism PGL(2) X Py = Py; and
if one takes A(m) constant on the PGL(2) orbits, so that Iy is the pullback of Iy, the
system (Ly, ¢) is the pull back of its restriction to Py,.
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(3-14) We give two other descriptions of the same L. Fix numbers p, such
that «, = exp(2mip,). Let L, be the subsheaf of @ (cf. § 2) consisting of those functions
which are constant multiples of II (2 — z(m(s)))*. This function is multivalued

LR X

but the ratio of two determinations is a constant, so that the definition of L, makes
sense. If p’ is another choice of u, with «, = exp(2nip;), the multiplication by the
univalued function II (z — z(m(s)))* ™" is an isomorphism of L, with L.

s¥e

The principal determination of the multivalued function (z — 2z(m(s)))* on Iy
is defined as exp(y, log(z — z(m(s)))) with |arglog(z — 2(m(s)))| < =i for z real and
large enough. This provides a section of L, on Iy. One easily checks that L, has
the monodromy « on each fibre.

An identical but more algebraic description of L, is: the local system of horizontal
sections of @, provided with the connection V, for which

4 _ 5 w(dz— dz(m(s)))

SN = f sre  z2— z(m(s))

(3-15) We close section 3 with some remarks about liftings of the projective
representation

0: m(Q,0) ~PU (Hl(Po, L), — 4»)

to a linear representation.

Asin (g.%) and (3.13), fix three elements a, b, ¢ in S and denote by M, the subset
of M with m(a) = o0, m(b) =1 and m(c) = oco. Let M(c) denote the subset of m e M
with m(c) = oo, and let B denote the stabilizer of oo in PGL(2). One has M; > Q and

B x M,> M(c), PGL(2) x My> M.
As is well known,

m,(PGL(2)) = my(PU(2)) = my(SU(2)/ 1) = Zf2

and m(B) = (G X C) = 1Z,
so that

(3.15.1) ™M) & m(Q) X Zf2,
(3-15.2) 7, (M(c)) ~ 7, (Q) X Z.

Both those isomorphisms depend on the choices of a, b, c.
For X any of Q, M(c) or M, each choice of a local system L on Py with fiberwise
monodromy « leads to a lifting

0 : ﬂl(X, 0) g GL(HI(PM Lo))
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. . — 1

of 0. If L carries a unitary structure, 6’ has values in U (Hl(Po, L), — ¢). For
27

instance, the L of (3.12) carries a unique unitary structure for which e is of length one,

and its restriction to My, > Q provides a lifting 6’ : n,(Q ,0) > U (Hl(Pa, L), %ﬂ—; ¢) .

The local system L itself provides a lifting 6" : =n,(M, 0) - U (Hl(Po, L), :—:) which
T

is trivial on the second factor of the decomposition (3.15.1).
Let L(¢c) denote the local system on Py, which is given by the subsheaf of @
consisting of those functions which are constant multiples of

IT (z — m(s))*.

s*ec

Here, 2z is a fixed coordinate on P composed with P X M(¢) — P and not asin (3.12) and

(3.13). The local system L(¢) provides a lifting 0’ : =;(M(¢)) - U (Hl(Po, L), :—ml 4»)
of 6.

Inasmuch as M(c) is the space of distinct (N — 1)-uples of points in the plane
(N =card S), m;(M(c)) is by definition the colored braid group on (N — 1) strands.
For any s,teS —¢, let y, in =n;(M(c)) be a path in which ¢ comes near s, makes a
positive turn around s and comes back to its original position. The colored braid group
is generated by such elements. The lifting 6’ provided by L(c) has the virtue that
each 0'(y, ;) is a pseudo-reflection (i.e. 0'(y, ) — 1 is of rank one)—cf. (9.1), (12.3).

4. The compactified quotient space Q .,

(4.0) As in section 3, we fix a complex projective line P, an integer N> 3 and
a finite set S with N elements. We further fix a family p = (y,),cs of real numbers
with o< p,< 1 and

Zp‘s = 2.

The complex numbers o, := exp(2niy,) satisfy |o,| =1, o, + 1 and Ia, =1.

As in section 3, M C P® is the space of injective maps y: M — P. We denote
by PGL(2) the group of automorphisms of P.

These conventions will hold throughout this section as well as in sections 6 to 12.
In this section, from (4.2) on, P will be the standard projective line P:=P! = C U{o0}
and M the space of S-uples of distinct points of the Riemann sphere. This is no loss
of generality.

(4-x) The group PGL(2) operates diagonally on PS. We shall define a compacti-
fication of the quotient space Q := PGL(2)\M. The definition is taken from D. Mum-
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ford’s theory of quotient varieties of reductive groups (cf. (4.6)). The account here
is self-contained.

A point y e P® is called p-stable (resp. semi-stable) if and only if for all z eP,
(4.x.1) Z <1 (resp. <1).

yls)=2
The set of all p-stable points (resp. p-semi-stable points) is denoted
Mst (I‘CSp. Msst)

and we set M., = M, — M,,.
For each partition {S;, S;} of S with X p, =1 (i =1,2), the points y in P®

sES;
for which »(S,) N y(S,) = ¢ and y constant on S; or S, are in M,

in M, are obtained in this way, each from a unique partition.
On M, we define a relation #Z via

All points

usp *

» =y (Z) if and only if either
a) 3,9 €M, and y e PGL(2)y or
b) y,0' € M, and the partitions of S corresponding to y and ' coincide.
It is clear that £ is an equivalence relation. Set

Q.sst = M“t/g, Qst = Mst/‘%: Q.eusp = Meusp/g
each with its quotient topology. The clements of Q ,,,, are uniquely determined by
their partitions. Thus Q ,,, is a finite set.

Zy— 23 % — 2

Example (4.2). — The cross-ratio ¢(2q, 25, 23, 24) = of four

23— 2y 23— 2

points in P := P! is defined and is a continuous map into P! as long as no three of z,,
Zy, 23, 24 are equal. When two of the z; are equal, the cross-ratio takes one of the
values o, 1, oo, the value depending only on the partition of {1, 2, 3, 4} consisting of
the subset {7,;} with 2z =z and its complement. Suppose S ={1,2,3,4} and

s =§ for all seS. One can show that the cross-ratio map M,,, — P! descends

88t

to Q ., and yields a homeomorphism onto the projective line.

(4-3) Let M’ be the space of y € P® such that »(S) has at least three distinct
points, and let Q' = PGL(2)\M’ be the corresponding quotient orbit space. Fix
a, b, ¢ in S, let U be the set of all y e M’ taking distinct values on a, b, ¢, and let U,
be the subset of all y e M for which y(a) = o, (b) = 1, y(¢) = 0. Then Uisin M,
stable under the action of PGL(2), and PGL(2) x U, > U. Hence

U, 3 PGL(2)\U - Q..

As one varies a, b, ¢, the images of U, in Q' cover Q’. Consequently Q' is a manifold.
However, this manifold is not Hausdorff if card S> g. For cardS =4 (cf. (4.2))
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one gets the projective line with o, 1 and o doubled. One infers from (4.1.1) that
M,, C M’. The quotient Q ,, being open in Q' is a manifold. The following Lemma
implies that it is Hausdorff.

Lemma (4.3). — Q 4 ts Hausdorff.

Proof. — Let F denote the set of injective maps of {1, 2, 3,4} into S. For any
feF, let M, denote the set of all y e M,,, such that card(yf) *(z) <2 for all
zeP and additionally, if y e M, cardf~'(S;) =2 for i=1,2 where {S;,S,}
is the partition of S corresponding to y. The additional condition guarantees that
M, N M,,,, as well as M; n M, is #-saturated.

For any f in F, define ¢ : M; — P via the cross-ratio:

() = c(f(1),2f(2), 2f(3), 2f(4)) ;

the function ¢ is constant on #-equivalence classes of the #-saturated set M;. Inasmuch
as ¢; is continuous on M, it descends to a continuous function on M;/#. To prove
the lemma, it suffices to prove:

(4-3.1) For any y * y’ mod #, thereis an feF such that y and )’ are in M|,
and 4(7) + ¢(¥)-

One is free to replace y and ' by y, and y; with y = y,(%), »' = »(ZX).

To each y in M, we attach a partition of S as follows: for y e M,,,, attach
the partition defined in (4.1); for y € M,,, attach the partition T ={C,, ..., C,}
such that y(s) = »(t) if and only if s and ¢ lie in the same coset of T. If y = »,(%),
the same partition is attached to » and y;. In the proof of (4.3.1), we may and shall
assume that if y or »’ is in M,,,,, then it is constant on the cosets of its partition.

We first treat the case that y and )’ are in M,,,,. Let {S,,S,} and {S{, S;} be
their corresponding partitions of S. Since y # ) mod %, S;NS; is not empty for
t,7 €{1, 2}; otherwise, if say S, N S; = o, we would have S,CS;, S, +S; and

% p,=0
sES;— 8,

contradicting o< p, for each seS. Choose f so that card f~'(S;nS;) =1 for
each choice of 7,7 €{1,2}. Then for suitable choice of f we have

2(1),20(2),2(3), 2f(4) = a, 4, b, b,

Y (1), 0 f(2),5 f(3), ) f(4) =, ¥, d, b,
with a b, a’ + b'. Hence

69 =1, ¢(y)=o.

Suppose next that y e M, and »" eM,. Let T ={C} be the partition
of S corresponding to y" by (4.2). Each coset in the partition of S corresponding to y
must meet at least two distinct cosets of T. We can thus choose an feF so that
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(1), 2/(2), 2/(3), 2f(4) = a, 4,5, b,

}"f(l),)"f(2),y'f(3),_y'f(4) =ad,b',¢d,
with a + b, a’ #b', and ¢ +d. It follows at once that y and )" are in M;, ¢(y) =1,
c,( )+ 1.

It remains only to consider the case where y and »" are in M,,; let T and T’ be
the corresponding partitions of S. If T =T’, then for any feF, yeM, if and
only if )" € M;. Replacing »’ by an element in its PGL(2)-orbit, we can assume that
there are three distinct cosets G;, C;, C3 of T with y(s) =)'(s) for s e C; U Cy U C,.
If ¢(y) =¢(y) for all f with y e M;, then clearly y =3. One is thus reduced
to the case where T & T’. Then thereisa C; €T and CjeT’ such that C, n Cj
is not empty and G, + C;.

Either G, — G] or C; — G, is not empty—say C; — C,; + . Choose C,eT
so that G N C, + 2. Choose G, e T" with C; + C;. Next choose C,eT so that
G, NG, 2. Then C{uUC, *S; otherwise, since ' and y are in M,,,

2< X op,+ X <141
8EC;

sE€C;
Choose f:{1,2,3,4} >S with
f() eCinG, fl2)eCinG, f(3)eCnG, fl4) ¢ClUG.
Any such f is injective, and
(1), 2/(2),2/(3), 0f(4) = a,b,¢,d,  with a+b, c+d

' f(1), 5 f(2), 5 f(3),0' fl4) = a, &, b, ¢ with @' + ', @' .
Hence ¢(y') =1, ¢,(») # 1. This completes the proof.

Lemma (4.4.1). — Fix a Riemannian metric on P. Let & be the set of all subsets T
of S with X p,> 1. For y e PS, define
s€T

d(y) = jof diam »(T)

and a(y) = sup d(gy).

g EPGL(2)
Then there is a> o such that a(y) > a for all y € M.

Proof. — The validity of the lemma is independent of the chosen metric. We
will use the Fubini metric (for which P is isometric to the sphere of radius 1) and prove
the lemma with a = wt/4.

If yeM corresponds to the partition {S,, S,} of S, with y constant on §,,
let us take g to fix »(S,) and the antipodal point # of P and to carry the complement
of the e-neighborhood of »(S,) into the e-neighborhood of u. Taking ¢ — o0, one gets

d(y) = .

ousp
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For any ¢, there is a compact K C PGL(2) such that for g ¢ K, g maps the
complement of the e-neighborhood of some point # into the e-neighborhood of some
point ». If y e M,;, and if ¢ is small enough, then, for all u, {s €S| dist( y(s), ) > ¢}
is in &. This implies d(g) -0 for g - o in PGL(2). The sup defining a(y) is
hence attained. Fix y e M,, with a(») = d(y). We have to prove d(y) > a = n/4.

Suppose to the contrary that d(y) < a. Fix T, €& with diamy(T,) <a and
teT,. Forany T,, T, in &, T;nT,+0. If S is the union of all T € & with
diam y(T) < a, »(S’) is hence contained in a half-sphere of radius r< 2z = n/2 with
center y(¢). In particular, y(S’) is contained in an open halfsphere. Identify P with
the Riemann sphere ¢ U oo, with the unit disc the halfsphere, in such a way that (S’)
lies in D ={z]||2| <4}, 6<1. Take for g the multiplication by 1 4+ ¢, > o.
For ¢ small enough (relative to ), distances in D are increased by g. For any T € &
with diam y(T) < a, one hence has diam gy(T)> diam y(T). For T €& with
diam y(T) > a, diam y(T) can decrease, but not much for ¢ small, so that d(gy) > d( ).
This contradicts the choice of y.

Lemma (4.4.2). — Q. is compact.

Fix a>o0 as in (4.4.1), and define M’ CP® to be the set of » such that
diam y(T) > a for each TCS with X p,> 1. The subset M’ of P® is closed,

sET
hence compact. Itis contained in M, and, by (4.4.1), it maps onto Q ,,,. Compact-
ness follows.

(4.5) By contrast with Q, which is a manifold, the points of Q. may be
singular.

Let ¢ denote the natural projection of M, onto Q... Let {S;,S;} be the
partition corresponding to a point y, € M,,,. We shall describe a neighborhood
of ¢(,) in Q.. We can assume that y,(s) =o for all seS; and y,(s) = o for
all seS;. Fix elements ¢ €S, and b €S], and define V as the set of all y e M,
such that y(a¢) = o0, y(b) = o0 and

sup | y(s)| < inf | y(s)].

sES, 8ES;

Then, (V) is an open neighborhood of {(»,) in Q ., and is the quotient of V by the
equivalence relation on V induced by #Z. The punctured neighborhood ¢(V) — ¢(,)
is the quotient of V — ¢~1{¢(,) by the stabilizer in PGL(2) of the points o and co:

(V) —4() = (V—=471()/C
Set S, =S, —{a}, S;=095] —{b}, m = card(S,), m' = card(S;) and consider
the composite map
B: V>ChxChH=C"xC" —C™
I (V))ses (D6 Dses) P (26) 2B s, tes-
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The map B descends to an embedding of (V) inro G™, whose image is the inter-
section of the cone over the Veronese embedding of P™~!'x P™~! in P™ ! with
the polydisc of radius 1 (|#,,| < 1).

If m=1 or m' =1, the Veronese embedding is an isomorphism with P™" —1,
As a consequence

(4.5.x) If card(S;) = 2 or card(S]) = 2, the cusp point with partition {S,, S;}
is non singular.

One can define an algebraic structure on Q ., by using as a chart at a point
PGL(2) » of Q,, the orbit space

PGL(2)\{)" e M, |»'()) #'(j) if5(@) +2(4)}

and at a cusp point with partition {S,, S;} the Zariski-open subset of the Veronese cone
of P"~1x P™-1 in C™ given by

g =y(s)y@#) + 1, for all se8S,, tef;.

Example 1. — S ={1,2,3,4,5}, ps:—% for all seS.

Here there are no cusp points: Q.. = Q. = PGL(2)\M,,. Each pair s, ¢
in S defines the diagonal line L, ,: y(s) = »(f) in M,; and under the projection to Q ,,,
one gets 10 lines. The map of M,, to (P!)? given by

(D15 D25 V85 Va5 05) P (20, 0, 1, ¢( 91, V25 I35 Ya) ™% €( D15 V2> Y35 95) %)

(where ¢ denotes cross-ratio) descends to a map p of Q ,, which is biregular except at
Loz = p7 (0, 0), Loy = p7 (1, 1), Ly, = p7 (o0, ). Here, Q ,,is a blowup of P! x P,
Each of the curves p~ (0, 0), p7%(1, 1), p~ (00, ) are exceptional, that is, each has self-
intersection — 1. Inasmuch as the set of lines {L;,%+j,1,j€S} are permuted
transitively by permutation of coordinates in M,,, their images in Q ,, are also permuted
transitively and thus each of the 10 lines is exceptional. The 10 lines of Q ,, consist
of p~%(0, 0), p~ (1, 1), p~ (o0, ®), and the p-lifts of the seven lines on P! x P

[0} o
Xx=41, J=41, X =)
o oo

where x = 6'(_}'1,_)’2,_)’3,_}’4)_1, J = "(.yla)’za)’aa)h)—l-

Example 2, — S={1,2,3,4,5}, ‘L:(l 1 1 1 E)

Here there are four points in Q ,,,, corresponding to the partitions {S;, S} where
S;={i,5}, 1<i<4. Q, is a non-singular manifold by (4.5.3). This Q .
can be obtained from the Q ,, of Example 1 by blowing down the four lines Ly
(1 <i<4). Itcan be obtained from P'x P' by blowing up the point (o0, ®) and
then blowing down the lines x = oo and y = co. The resulting space is P,.
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(4.6) We conclude this section by relating our Q ., to Mumford’s when all
the p, are rational.

Let O(n) be the line bundle on P of degree n, and let Q) be the canonical line
bundle on P; i.e. Qp = O(— 2). For any line bundle % we write Z for the dual
line bundle and #®" = (£)®" for n< o.

Let D be the common denominator for {p,, s €S}. On P® define the line bundle

%, =B 02 Dy = @ priape).

It admits a PGL(2)-action coming from the action on the tangent bundle f)}, = 0(2).
The stable and semi-stable points of P® defined in (4.1) are the same as those defined
in Mumford’s ‘ Geometric Invariant Theory ” for the action of PGL(2) on the linear
space of holomorphic sections of %,; Q .. is the underlying topological space of
Mumford’s “ quotient variety ” for PGL(2)\P® [15].

5. The complex ball

(5.1) Let V be a complex vector space, and ( , ) be a Hermitian form on V, of
signature (1,dim V —1). The complex ball B* in P(V) : = {1-dimensional subspaces of V}
corresponding to (- , ) is the set oflines in V which arespanned by a vector v with (v, ») > o.
The form ( , ) is determined, up to a positive real factor, by B*. The closure B* of B*
in P(V) is the set of lines spanned by a non zero vector » such that (v, ) > o.

(5.2) The hyperbolic angle 6 e R between lines ¢,,¢, € BT, spanned by vectors v, ,,
is defined by

(5.2.1) | (04, 2,) | = cosh(8) (2;, 2,)"? (v, 7).

It remains unchanged when ( , ) is replaced by a positive multiple.

The angle 6(¢,,¢,) is a Riemannian distance on B*. It is invariant by the action
of the unitary group U(V) on B* and renders B* a Hermitian symmetric space.

By continuity we extend the function 6(f;, —) to a function 6(¢,, —) from B* to
Rt U {0}:0(4,¢) = o0 for ¢ edB*.

(5.3) Fix £ €2B*. For » non zero in ¢, we define a * distance from ¢ » function
on B* by
(5.3.1) 4,(6) = (2, 9)|/(3, )" for ¢, € B*, any ,+ 0 in 4,3
(5-3.2) d(l) =o0, dl')=o00 for ¢ edB*, ¢ /.
The function d, is continuous and > 0 on B* —{¢/}. One has d,,(¢;) = |A| d,(4),
and the family of functions d, (v e/ — {0}) is stable by the stabilizer of ¢ in U(V).

(5-4) On B*, we will use the coarsest topology for which the functions d, and 6(¢,, )
are continuous. A fundamental system of neighborhoods of £ € B* (resp. of ¢ € 9B*—on

34



MONODROMY OF HYPERGEOMETRIC FUNCTIONS 35

which we choose v # 0) consistsofthe V, (¢ > o) defined by V, = {(f, e B*|0(¢4,¢,) < €}
(resp. V,={¢,|{;=1¢ or £, eB" and d,(4,) <ce}).

This topology is finer than the one induced by the topology of P(V). It induces the
usual topology on B*, and the discrete one on dB*. It is respected by U(V).

Proposition (5.5). — Fix £ € @B and let A be a discrete subgroup of the projective unitary
group PU(V) stabilizing ¢ and respecting a ¢ distance to £ > function d,. If ¢ has a neighborhood V
(in the topology 5.4) such that V|A is compact, the volume of (V N BT)|A is finite.

The subgroup of PU(V) respecting ¢ and d, is the isomorphic image of the stabilizer H
of zin U(V). Itisan extension of the unitary group U(s1/v) by the unipotent subgroup N
of H consisting of the n e U(V) respecting the filtration VD s D Co Do and acting
trivially on the successive quotients. The extension is split: H and N act transitively on
each horocycle d,(f;) = C and the stabilizer of ¢, is a lifting of U(v}/v).

Fix an isotropic vector v’ such that (v,0') =1, and let v; =v + 20. The
line ¢, spanned by #, is in B* on the horocycle d, = 1. Let V' be spanned by v and ¢/,
and let V" be the orthogonal complement (% »'/s). Any heH fixing ¢, fixes each
point of V’; hence the stabilizer of ¢, in His U(V”)CU(V). Let ACUV')CU(V)
be the group of unitary transformations a(A) : v 2" to, o’ >’ (AeR') and fixing
each point of V"”. It normalizes H: one has d,oa(d) = d,p, = Ad,. Let
AR = {a(3) | A< R}. The map gr>gf;, maps isomorphically AF H/U(V") = ARN
onto {f, e B*|d,(4) <R}. The horocycles are closed in B* (for the topology 5.4).
The compactness assumption implies that for R small enough, {f,]|d,(¢;) = R}/A is
compact. One has

A\a(R) H/U(V") 3 {t, | d,(¢;) = R}/A
and A is hence cocompact in H. It remains to evaluate the volume of
A\A*H/U (V") 3{t, e B| d,(¢,) <R}/A

for a volume element on A® H/U(V"’) which is AH-invariant, hence a multiple of the
image of da.dh on AR H. It is

f da.dh = f a dh,
A\ARH A<k A Jaumn

f dh = dh = d(a()~! ha(n))
A\a() H a(A)"! Aa(A)\H A\H
= |det(Inta()~%, Lie H)| | dh.

A\H

and

This leads us to evaluatef det(Int a(2)~%, Lie H). One checks that the character
A<R
det(Int a(A)~%, Lie H) of A e R** tends to zero for A -0, and the integral is hence

finite.
The computation above is of course exactly the one used to prove that Siegel

domains have finite volume ([2 4], Lemma 1.9).
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6. Stable points

(6.x) Notation and assumptions (4.0) are in force in this section as well as the
assumption N > 4. Our aim is to investigate the asymptotic behaviour of the section w,
of B(a);, for » e M converging to a stable point m e M,,.

Fix m e M;. To make a local study of w, near m, it will be convenient to iden-
tify P with P, in such a way that o ¢ m(S). Let U be an open neighborhood of m
in M,,, such that o ¢y(S) for » € U. On the inverse image Py of U in Py (3.1),
there is a rank one local system, trivialized at co by a section ¢ over {o0} X U, and with
monodromy « on P for e U n M. A model of it is: the local system of constant
multiples of sgs (2 — y(s))¥; the u, summing up to an integer, there is no ramification

at 0. A trivialisation for large positive real z is provided by the principal determination

of Hs (z —p(s5))%; it extends by continuity to a trivialisation ¢ at co. We normalize
s€

the Hermitian form ( , ) on L so that (e, ¢) = 1.
For a general yeU, the monodromy of L, on P, around pey(S) is
IT o, = exp(ami ()E w,). The stability of y ensures that o< X p <1, so that
us)=p

yls)=p yls)=p
this local monodromy is never trivial.

Fiber by fiber, we take as section o of Q'(Zy,.s) (L)
w, = sleIs (z —p(s)) ™.e.dz.

On U n M, it depends holomorphically on y. The assumption of stability of y amounts
to saying that this form is of the first kind.

(6.2) The sheaf R'm, Ly, for = the projection Py — U, is no longer a local
system if m ¢ M. Its fiber at m is H:(P,, L,) (> H'(P,,L,) by (2.6.1)). For each
k e H(P,, L,), there is hence a unique germ A" of a section of R!= Ly inducing £
on P,. The vector space H:(P,, L,) being finite dimensional, this provides us on U
suitably small, with a map

(6.2.1) (constant sheaf H(P,, L,)) - R'm Ly.

This map is compatible with the non degenerate Hermitian form ( , ), and hence
injective. Compatibility can be checked on the description given below. In parti-
cular, each ke H!(P,,L,) defines a horizontal section A" of R'm Ly on U nM.
We describe A%, for k the class of a L,-valued compactly supported C* form 7, whose
support is contained in a connected compact K containing oo, and for U connected and
small enough for K to be disjoint from »(S) for y e U. On K x UCPy, L is uniquely
isomorphic to prj(L,), by an isomorphism which is the identity above m. It hence make
sense, in each fibre P, to take the same form %; it defines hy.
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(6.3) If we apply this to w,, we get an horizontal section cl(w,)? of R!x Ly
on UnM. As (w,,,) >0 (2.20), the same positivity holds for cl(ew,)’, and,
projecting from R &, Ly to B(a)y, we get a section Pcl(w,,)? of B(«)j. We will compare
it with the holomorphic section w,, using fiber by fiber the metric (5.2).

Proposition (6.4). — 6(w,, Pcl(w,)?) tends to o for y € M tending to m.

Progf. — This will result at once from the two statements
(6.4.1) (my, o) = (0, o,) for y —-m;
(6.4.2) (@, cl(wm)b) - (o, »,) for y —>m.

If it made sense, we would like to say that «,— «, in the L%-norm, for y—m,
but «, and w,, do not live in the same space, having different ramification. Let Ky be
the complement in P! of discs of radius R around each point of m(S). One assumes R
small enough for these discs to be disjoint; on a connected neighborhood U of y, small
enough for y(S) to stay disjoint from K, one can compare w,|Kg and «,| Ky : on
Kg XU, L~ priL,. There,onehasa C”-convergence of w,to »,. To prove (6.4.1),
it hence suffices to obtain a bound £(R), uniform in y, close to m, for the L2-norm of the
restriction of w, to a disk Dy of radius R around p em(s), for any s eS8, this bound
being such that ¢(R) >o for R —o.

We may assume R and U small enough so that y(s) ¢ D,z if m(s) & p. This

ensures
IT |z — y(s)|~* < constant. (1)_[ [z —2(s)[7%,
m(s)=1p

and the required estimate follows from the following lemma.

Lemma (6.5). — Let D be a disc of radius R, (a;);c 1 be a family of points of D and (1), <1
a family of real numbers, such that o< p, < 1 and Zp,< 1. Then, writing z = x + 1y,
one has

omRAL— 2w

H R e Th < —2Zy; =
fD |z —al™drdy < |z|<RIzl dx & 2(1 — Zy,)
Proof. — We may and shall assume D centered at o. If the real numbers p; are

such that 1> ;— >y, and X - 1, Holder’s inequality gives

1 1

1/p;
fDH |z — a;| " ®idedy <II U;) |z — a;| %% dx @] .
One has
R2—2uip;
Q—QP-il’i;
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38 P. DELIGNE AND G. D. MOSTOW

that the integral of |z — 4;|"24%idxdy is bigger when taken on the disc Dg(g;) of

radius R and center g; than when taken on Dg(0) results from the fact that |z — g;|~ %%

is bigger on Dg(a;) — Dg(o) than on Dg(o) — Dg(4;): one has |z — g <R on

Dg(a) — Do), and |z— &> R on Dg(o) — Dy(a).
Using that Z1/p, = 1, we have

R2-2u4m

f Imz— a,.]‘z“"dxa_’yf_l—l[fm. —_—
D 2 — 2 p;

1/p;
] = on. R¥MI-EZw) C-!
with C = 2.II(1 — y;p,)"/%. Taking the p; such that the p;p, are all equal,
ie. p; = p;'3y;, one gets the result.

(6.6) Proof of (6.4.2). — For each p e m(S), let D, be a disc of radius R around p,
u, the solution on D; =D, —p of , = du and ¢, the characteristic function of D,.
The current with compact support o, — dZ¢,u, can be used to compute cl(o,)P.
One gets

I —
(‘.0”, Cl((,\)m)b) = —Q;i Kn().) A (.Om—— %Q_ﬂ:z: aDp((l)u, up>-

For y >m, and R — o in such a way that the disc of radius 2R around p contains
all y(s) for m(s) = p, the first integral converges to (w,, ®,), while the others each

are OR®), B=1 — ()2 - This concludes the proof.
m(s)=p

(6.7) In the neighborhood of a stable point y € Q,, the projection of M,
to Q. has a section. Taking a pull-back by such a section, we get the following:

Corollary (6.8). — For y € Q ., there exists a neighborhood V of y in Q , and a horizontal

section b, of B(a) on Q NV such that 6(b,(»"), w, (")) =0 for y' >y (¥ €Q).
For y € Q, the corollary just tells once more that the section w is continuous at y.

(6.9) A partition T of S is stable if for each CeT, pu(T),: = ZC p, is < 1.
s€
Define «(T); = exp(emiu(T)y) = I;:[C a,. For T stable, let M;C M,, be the space

of maps y from S to P, such that y(s) = p(¢) if and only if s and ¢ are in the same coset
of T. It is the inverse image in M,, of a subspace Q. of Q.. The My (resp. Q)
for T stable form a partition of M,, (resp. Q ,,) and each My (resp. Q) can be identified
with the analogue M(T) of M (resp. Q(T) of Q) for T, i.(T), and its closure with the
analogue M,,(T) (resp. Q,(T)) of M, (resp. Q).

Fix m, U, L as in (6.1), with meM;. On M; N U, the Hi(Py, L) form a
local system. By (6.2.1), this local system, which is trivial as U is small enough, extends
as a trivial sublocal system of R'm Ly. The o, (y € My;nU) define a non-zero
holomorphic section of this local system on Mg N U. The corresponding ray can be
identified with the section w,q, of B(«(T)) on M(T).
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On Q,,, this gives us in a neighborhood V of y € Qu:

a) A horizontal sub-ball-bundle of B(«), which extends as a constant horizontal
bundle on V. Its restriction to Q. can be identified with B(«(T)) on Q (T).

b) Via this identification, the horizontal section 4, of (6.8) is the horizontal section
through w, ().

Proposition (6.x0). — If wu satisfies condition INT of (3.11): o< p, <1, Zp,=2
and for all s+t in S such that p, + p, <1, (1 —p,— )~ ' is an integer, then any
subset CGC S for which Zc ;< 1 has at most three elements, and for any such subset with at least

s€

two elements, (1 — Zo w,) "t is an integer.
=

The condition INT implies that u, 4+ w, is always > 1/2 for s t. Averaging
over the pairs in GCS, we get that for card (C) > 2, the mean of the p, (s € Q)

is > 1/4. From Zc u, < 1 there results card (C) < 4.
sE )
The case card (C) =2 is trivial by INT. Suppose G ={a,b,c}. The

) 1 I I
relations 11—y, —y=—, I —yp,—y,=—, I —px, —p,=— sum up to
Moy Rpe ‘ac

I I I I I I I
I — Py — M — Ppe=—-{——+—+——1J, hence — 4+ — 4+ —>1.
2 \ng Rye Neq Ry Rye Ry

We now use the elementary fact that a triple of integers whose reciprocals have
their sum strictly greater than 1 must be one of

(2,2,7) (2,3,3) (2 3,4) (2 3,5)-
The excesses of the sums over 1 are respectively
1/n, 1/6, 1/12, 1/30.

It follows at once that (1 — p, — @, — @)~ " is an integer.

Corollary (6.xx). — If wu satisfies INT and T is a stable partition of S (cf. (6.9)), the
Sfamily p(T) defined by
w(To=Z u, (CeT)

again satisfies IN'T.

7. Semi-stable points

(7.x) The notation and assumptions (4.0) are in force in this section; we assume

also N> 4. Let (S(1),S(2)) be a partition of S, such that Zg(.)p.s = 1. We want
8 € S(s

to investigate the asymptotic behavior on Q of «,, for y converging to a pointin Q ,,,,
of type (S(1), (2))-
39
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Fix aeS(1) and b eS(2), identify P with P =P, and let W be the space
of y e P® such that y(a) = o0, y(b) = 0, and

sup {|»(s)| | s €S(x)} <inf{|»(s)| | s €S(2)}

(as in section 4 where we wrote V instead of W). We put A(y) =sup{|y(s)||seS(1)},
B(») — inf{|5(s)| |s€S(2)}, C(3) = A()/B(5). The quoticnt map =:W Q.
sends a point y with G(y) = o to the semistable point J of type (S(1), S(2)) and iden-
tifies (W — n~%(J))/G,, with a punctured neighborhood of J. One has convergence
of =(») to J if and only if C(y) converges to o.

On Py, there is, up to a unique isomorphism, a unique rank one local system L,
trivialized on the annulus A(y) < |z| < B(y) by a section ¢, and which for y e M,
has fiberwise monodromy « (hence trivial monodromy around the annulus, as

Il «, =1). A model of it is the local system of constant multiples of

s 8()
I (z— ()~ II (I—L) "

s€8(1) s€8(2) (s)
We normalize the Hermitian form ( , ) on L by (e, ¢) = 1.

For any y e W, fix R such that A(y) < R< B(y), and let o; be the L-valued
homology class represented by the cycle |z| = R in P,, positively oriented and pro-
vided with ¢, the trivializing section of L. It can also be viewed as a class in H}(P,, L,).
For y =j, defined by j(S(1)) = 0, j(S(2)) = oo, itis a generator of this H:. The w;
provide a horizontal section of R!w, L. Since (wj;, ®;) = 0, the line (w;) spanned
by w; is in the boundary of the ball B*(«), and the functions d,, of (5.3) provide a hori-

zontal family of “ distance to Pw; >’ functions. We will use them to compare Pw; with
the holomorphic section w, of B(a)*.

Proposition (7.2). — For y variable in W, if C( ) tends to o, the d,, (w,) tend to o.

Proof. — Fiber by fiber w, is the line spanned by the cohomology class of

o,= Il (z— @)% Il (I — i—)_u‘.dz-e-

sE8(1) sE8(2) (s)

The form w,, as a function of y, is invariant by the action of G,, on (W, L). It hence
suffices to treat the case where A(y) - o0, B(») - c. In that case, the numerator of

dy,(,) = | (05, @)/ (@, &)

clearly tends to 1: it is the absolute value of

L I (2 — p(s))*. H)(I—L) P €O

27t J|,)=1 s€8() sE8(2
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We have to prove that (o, ®,) - . Indeed,

._2".‘
W, ) > — 72— yp(s)|~ 2. I |1 Jdzadz
(@, ”)_2nf2A(u)<lzl<%B su)l ol 8(2) ‘ \

()

B0 4y
~ [ 2%~ 2o €Ol
2A(y) r

On Q, the proposition (7.2) has the following corollary:

Corollary (7.3). — For each semi-stable point y of Q. there is on a neighborhood V
of y a horizontal family of functions d on the balls B(a), (¥ €V N Q)—each a “ distance to
a point of 0B(«),  function—such that d(w,(y')) —o for y' — y.

8. Extending ), by continuity

Let X, Y be complex algebraic varieties which are separated as algebraic varieties,
i.e. which are Hausdorff in their complex topology.

(8.x) One knows that any quasi-finite map f: X — Y—i.e. a map whose fibers

are finite—admits a factorization X &> X > Y, with j an open embedding, and f a

finite map (= quasi-finite and proper). If X and Y are connected and normal, of the
same dimension, there is an unique such factorization for which X is normal. One calls
this X the normalization of Y in X.

For more general spaces, and for some maps with totally disconnected but possibly
infinite fibers, a simple topological generalization of this construction has been given
by R. H. Fox [7].

The spaces X and Y are taken to be Hausdorff and locally connected. A conti-
nuous map f:X —Y is called a spread if, for any x in X, one obtains a fundamental
system of neighborhoods of x by taking, for each neighborhood V of f(x), the connected
component of f~!(V) containing x. A spread f is called complete if, for any y €Y,

S7Hp) 3 proj lim mo(f~H(V)),

the projective limit being taken on the neighborhoods V of j.

Fox proves that each spread f:X — Y can be embedded in a complete spread
f:X - Y with the following universal property: any commutative diagram of solid
arrows

X ceeraenees » X'

\,X/
(8.1.1) r / r
1
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with f" a complete spread, can be completed as shown. For any y €Y, one has
£ 7H0) = proj lim mo(fH(V)),

the projective limit being taken on the neighborhoods V of y. It is clear from the uni-
versal property that X is unique up to unique isomorphism, and functorial. We will
call it the completion of X over Y. It contains X as a dense subspace, and the topology
of X is induced by that of X. The space X is locally connected.

(8.2) We define a space X to be connected if it is non-empty and has no proper open
and closed ‘subset.

A map f:X —Y is called a covering map if each y € Y has a neighborhood V for
which there exists a discrete set D (possibly empty), and a commutative diagram

e~ {(V) <> VxD

@ p25%

If Y is connected and X non-empty, such a map is onto.

Amap f: X - Y iscalled a local homeomorphism at x € X if x has a neighborhood U
which maps homeomorphically onto a neighborhood of f(x). The map f is called a
local homeomorphism if this holds at all points x € X.

Assume that X is a connected covering space of a connected locally simply connected
open subset U of Y. The composed map X -~ U< Y is then a spread. Assume
further that each y in Y has a fundamental system ¥”, of open neighborhoods such that

(8.2.1) for Vin ¥, VN U is connected;
(8.2.2) for V'CV” in ¥, m(V' nU)3n(V'nTU).

Y

As fis a local homeomorphism, X is open in X. As X is a covering of U, one has
further X = F~1(U).

Fix a base point 0 e U. One knows that the functor (g: U - U) & g7 (o)
is an equivalence of the category of coverings of U with that of discrete sets on which
7,(U, 0) acts. In particular, the connected components of U correspond to the orbits
of (U, 0) on g7*(0). For W open in U, connected and containing o, the same applies
to W and the restriction functor (g: U — U) - (g7}(W) - W) from coverings of U to
coverings of W corresponds to the functor: restriction of the action of m,(U, o) to w;(W, o).
In particular, if U corresponds to m;(U, 0)/K, mo(g~t W) is 7, (W, 0)\7,(U, 0)/K.

This applies to X. Ifalifting 9'of 0 is chosen in X, the map =,(U, 0) > f~%(0):606.7
identifies f~!(0) with a suitable homogeneous space =;(U, 0)/K of =;(U, o).

Fix €Y, and a neighborhood V €¥7,. Let us assume at first that o e V.
The decomposition group D, is then defined as the image of =,(V N U, 0) in 7 (U, o) and
one has

(S H(V 0 1)) = DAm(U, 0)/K.
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For V'CV in¥, (8.2.1) and (8.2.2) imply that (fTHV N U)) S m(f~HV n 1))
hence

(8.2.3) S71(0) = DAm(U, 0)/K.

For o emn(U,0)/K, 0.9 is a lifting of 0 in the connected component f~*(V), of
S7(V) corresponding to the double coset D, oK. Ifwe use it asa base point, the fibre at
o of the covering f~}(V), of V N U is identified with D, cK/K = D /D, n cKo™'. To
the component f ~!(V), there corresponds a point ¥ in f~*(y). The f~*(V),nf~1(V’),
for V'’ a neighborhood of y, are the trace on X of a fundamental system of neighborhood
of 7 in X.

For 0 not necessarily in V, one chooses o' in V € U and a path p from o to ¢’ in U.
This path lifts as a path from 7 to some lifting 9’ et o’. It defines an isomorphism
of =;(U, 0) with =,(U, o) via which the above constructions, which make sense for o/,
can be pushed back into ,(U, 0). For instance, the decomposition group D, C (U, o)
is defined as the image of the decomposition group D, C =,(U, o’). It depends on the
path p. One still has (8.2.3).

(8.2.4) A covering map f:X — U is normal if the =,(U, 0) homogeneous space
S (o) is isomorphic to a homogeneous spaces m;(U, 0)/K, with K a normal subgroup.
If f:X - U is a normal covering map, the group =,(U, 0) acts on X by deck-trans-
formations, and this action extends to X by functoriality. We leave to the reader to
check that, under the conditions (8.2.1), (8.2.2), one has .
1) m(U, N\X3Y; |
2) for each y €Y, the stabilizer in 7, (U, 0) of a point ¥in £~( ») is the conjugate of the

decomposition group D, determined by a path in U corresponding to 7. -

Remark. — Let K denote the kernel of the action of 7, (U, 0) on X. Then m,(U, 0)/K

acts properly discontinuously on X but not necessarily on X.

(8.3) Let w be a continuous function from X to a topological space B. We
assume B regular, i.e. that any neighborhood of any point contains a closed neighborhood.
The function w then extends as a continuous function on X if and only if, for any x € X,
w(x) has a limit for x — ¥ in X (convergence of w on the filter of traces on X of neighbor-
hoods of ¥ in X).

In the situation (8.2) (with ¢ € V for simplicity), one can treat w as a multivalued
functionon U. Ifxin f~*(y) corresponds to the connected component f ~(V), of f~1(V),
the restriction of w to f~!(V), is a multivalued function w, on V N U. That w(x) has
a limit for ¥ — ¥ means that there is 4 in B, and for each neighborhood W of 4 a neigh-
borhood V' of y, such that all determinations of w,(u), for # e V' N U, are in W.

Example (8.4). — If we take for Y the unit disk D C G, for U the punctured unit
disk D* and for X the universal covering of D*, the completion of X over D is deduced
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from X by adding one point above 0:X = X U {0}. For A real > o, the function 2*
has a limit for z — o0 in X, but it has no limit for non real A with %> o. Similarly,
z.log z has no limit.

(8.5) With the assumptions (8.2.1) and (8.2.2) on (Y, U), let # be the flat
fiber space on U defined by an action 6 of =,(U, 0) on a regular topological space B,
and let (X, 0) be the smallest covering of (U, 0) on which # becomes trivial: one has
SFHo) = my(U, 0)/Ker(6). A continuous section w of & defines by pull-back to X an
equivariant continuous map from X to B (and conversely). We write w for this map.
When does it extend to X? Unravelling (8.3), we find that @ has a limit for x -3
above y if and only if there is a horizontal section b of & over the trace on U of a neigh-
borhood V e ¥, of y, toward which w converges for ' -y (» € U), in the following
sense. For y; € VAU and W, a neighborhood of 4( y,) in the fibre &4, of # at y,,
there is a neighborhood V' of y such that for any y, € V' n U, and for W, a neighborhood
of b( y,) in the fiber of # at y,, obtained by horizontal transport of W, along any path
in VNU from y, to y,, one has w( y,) € W,. This holds if 5 has a system of horizontal
neighborhoods W which are fiber arbitrarily small, such that w( y,) isin W for y, close
enough to . Of course, b defines the limit of w.

In the rest of section 8, the notation and assumptions (4.0) as well as the assumption N > 4
are in force.

(8.6) As in (3.8), fix a base point 0 € Q, and let p: (Q, 0) - (Q,0) be the
smallest covering of (Q, 0) on which the flat projective space bundle B(a)q becomes
trivial. For QCYCQ,, and Y open in Q,,, the composed map Q -Y is a
spread. We will write Y for the completion of Q over Y. The assumptions (8.2.1)
and (8.2.2) are satisfied by (Y, Q).

It follows from (8.2.4) that

(8.6.1) 7 (Q,, 0) acts on Qm,
(8.6.2) m(Q, O\ Qs = Q-

Proposition (8.7). — The map W, of (3.8) extends as a continuous map from Qm to

the closed ball B(a)), provided with the topology (5.4). The inverse image of B(a)) consists of
the stable points.

Proof. — We are in the situation envisioned in (8.5), if we take for # the flat

fiber space with fiber B(«);, completing B(«);;. That the extendability criterion of (8.6)
applies is (6.8) for y stable and (7.3) for y semi-stable. Further, the limit occuring in
criterion (8.5) lies in 9B(«); if and only if y is in Q .

The extended map Qm - B@ S is also denoted @,. It is m;(Q, 0)-equivariant.
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(8.8) For T a stable partition of S (cf. (6.9)), the system of the Q .., for T’ finer
than T, is topologically constant along Q ;, and the inverse image QT of Q. in Q,t
is hence a covering of Q .(~ Q(T)). By (6.9), on each connected component Q‘T
of Q 1, the flat ball bundle B(«(T))* trivializes, and can be identified with a flat sub-ball
bundle of the constant bundle B(«),, in such a way that

(8.8.!) %u(T)=~u.IQcT‘

From (3.9), we hence get:

Proposition (8.9). — For any component Q°y of Q w, | Q°y is an étale map from Q%
to a sub-ball of B(a)}.

9. Codimension 1 etaleness

In this section, the notation and assumptions (4.0) as well as the assumption
N > 4 are continued.

Let T be a stable partition of S (cf. (6.9)), with card T = cardS — 1; one
coset of T has two elements and all others only one. Our aim in this section is to describe
the flat bundle B(x)q over Q (cf. (3.7)) and the holomorphic section w, in the neighbor-
hood of a point in Q,CQ,, (cf (6.9)).

(9.x) The subspace Qq of Q,,, defined in (6.9), is a locally closed purely one
codimensional complex submanifold of the complex manifold Q, and QU Q. is
open in Q. The monodromy around Q . is the following conjugacy class in w;(Q ).

Let ¢:D - QU Q. be an embedding of the unit disc with ¢(D) transversal
to Qrand ¢ *(Q,) ={0}; ¢ induces an embedding of D*:=D — {0} in Q. The
fundamental group =,(D*) is canonically isomorphic to Z, generated by the loop
[0, 1] = D*: ¢t z,.exp(2nit). The decomposition group at ¢(o) is the image of =, (D*)
in 7t;(Q)) and the monodromy around Q) ; is defined as the image of the positive generator
of ;(D*). Both are well defined up to conjugacy and independent of ¢. Let us fix a
base point 0 in Q.. The fundamental group =,(Q, 0) acts on B(«),. We will compute
the action of the monodromy around Q..

Let {s;, 55} be the two element coset of T and choose additional elements s,, s, € S.
We assume that P is the standard projective line P, and we choose in it two distinct
points &,¢# o. Let M, be the space of injective maps »:S —P with y(s;) = o,
y(s3) = b, y(sy) =c¢. Let Myp be the space of maps S —P with y(s) =p(¢) if and
only if s and ¢ are in the same coset of T, and y(s;) =5(s,) = 0, ¥(s3) = b, y(s4) = ¢.
The quotient map M, — Q,, induces isomorphisms M, 3 Q, My ;= Q. and
M,UMp 3 QuQr. We will work on My U Mgy,, rather than on QU Q..
The monodromy around Q , is represented by the following loop in M,: it starts from a
point y, with, for some 7, y,(s,) in the disc D, of radius r around o and the yo(s;) (¢ # 1, 2)
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outside of this disc; it is given by the map from [o, 1] to My, ¢y, with y(s;) constant
for 14 2, and y(sy) = po(s;) . exp(amit).

Above this loop, one can construct on Py a local system L with fiberwise mono-
dromy « as follows: we fix a base point d on P, outside of »,(S) and of D,, and take for L
the local system trivialized on the constant section d and with the required monodromy.
The action of monodromy on B(«),, = PH'(P,,L) is deduced from the action of
monodromy on H'(P, , L).

Proposition (9.2). — In a suitable basis of H'(P, , L), the above action of the monodromy
around Q o is given by a diagonal matrix diag(e,; oy, I, ..., I).

Proof. — Set S; ={sy,5,} and S, =S —S,. Let T,, T, be trees as in (2.5)
with the vertices of T; in S; (i =1,2) and let B: T, uT, - P be an embedding
with B|S =y,. We may and shall assume that 8 | T, is the straight line segment from
Jo(51) = 0 to yy(s,) and that B(T,) is outside of the disc D,. For each (open) edge a
of T, or T,, we choose one of its orientations, and a non zero section ¢(a) of 8* L above
it. Asin (2.4), (2.5), each edge then defines a closed L-valued current /(z) B(a), and
the cohomology classes of those currents form a basis of H'(P,, L). It is the basis we
will use.

To transport our basis elements around the loop (o <¢< 1) horizontally, it
suffices to deform B with B,|S =y, dragging along the #(a). We will keep B8,| T,
fixed and take for B,| T, the family of straight line segments from y(s;) =o0 to
Di(S2) = Po(s2) .exp(2mit). Outside of D,CP, the fibers P, and L remain constant,
and the /(a).B,| @ for a an edge of T, are, as currents, independent of ¢ It follows
that the monodromy is trivial on the £(a).B | a for @ an edge of T,. Let a be the unique
edge of T,. When B,(a) (0 < #< 1) has made a complete turn around o, ¢(a) is mul-
tiplied by «; «,. Indeed, if p,(x): [0, 1] — P is a path from the base point d on P
to a point 4, on B8,(a), and if this path deforms with ¢ so as to always avoid B,(S), one
can take £(a) to be obtained at 4, by transporting along p, the trivialising section ¢ of L
at d. As the following picture shows, p; can be chosen to differ from p, by a loop around
o(s1) and yy(s,). Around this loop, L has monodromy «; «,, and the claim follows.

YO 137) yo (32} d
t= o: ) T r eesee

Ye(s,)
t small:
yD fS, )
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Remark (9.3). — In the computation (9.2), we have made use of the assumption
@1 + pe < 1 only in the weaker form «; a, + 1. In the case p, + p, > 1, the mono-
dromy when s, turns around s; would be given by the same formula, but the basis e in
which it holds would have (e, ¢;) > o instead of (e;,¢,) < 0: it would be a pseudo-
reflection with respect to a hyperplane not meeting the ball B(«),’ .

More precisely, one checks that if the section ¢(a) of L, for a the only edge of T,
is chosen of length one: (¢(a),¢(a)) = 1, then

— 11 (a1+1+a2+1)

(e])el) = .

2wt 2 \oy — I og — I

We will not need this formula.

Remark (9.4). — For later computations, it will be more convenient to work with
the basis of the dual space H¥(P — y,(S), LY) to HYP — »,(S), L) given by a choice of
non zero sections ¢'(a) of 8* LY above the edges of T, or T,. The same arguments as
in (9.2), show that on such a basis of the dual space, monodromy around Q  acts by

diag((ay o)~ 1, ..., 1),

(9.5) Fix » e Qq. We will describe the section w, of B(a)q near y. A neigh-
borhood of yin Q U Q ; and local coordinates are chosen as follows. First, one replaces
QuUQ, by My UMy, asin (9.1). It is convenient to choose b and ¢, in the defi-
nition of M, so that o ¢ »(S) and that the discs of radius 1 around the points in »(S)
are disjoint. We do so. The chosen neighborhood U is then identified with the space
of meM,uUMy such that |m(s) —p(s)| < 1. The chosen coordinates are the
m(s) —y(s) (s 51,83,8). If S :=8 —{s,Ss,, 53,5}, this system of coordinates
identifies U with D x D%, and U n M, with D* x D¥,

We choose L as in (g.1), using a base point d on P at distance > 1 from y(S)—for
instance d a large positive real number. In U n M,, we choose a base point my—for

instance with mgy(s,) = é and my(s) = y(s) for s+ s5,. We view w, as a multivalued
map from U N M, to B(x),, = PHYP — my(S), L), and on HY(P — my(S), L) we
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use the coordinates provided by a basis (9.4) of the dual space. The multivalued map w,
then lifts to the multivalued map with values in C¥~2 having as coordinates (up to
multiplicative constants)

f(’)""ﬂ) Mz — m(sy)) " *1'[ (z — m(s))"¥.dz

as first coordinate and as the other coordinates the integrals

fﬂ(z — m(s)) " dz

taken along a path remaining outside the disc |z|< 1 from one m(s) to another
(s # 54, 52). When m(s,) turns once around m(s,), the first coordinate gets multiplied by
(2 ag) ™' = exp(2mi(1 — w, — yp)) while the others regain their value (9.4). This
allows us to write the first coordinate as (m(sy) — m(sy))* "1~ %2.I(m), with I(m) an
ordinary function on U N My,. When m tends to m, € My, I(m) tends to the limit
11 — s ! My )T H2

le’sﬁ( m(s)) Jo Z7M(z — 1) dz,
which is non zero (2.17.1), hence I(m) extends as a holomorphic function on U, invertible
on U N My,. The other coordinates extend as holomorphic functions on U, having
as restriction to U N My, integrals

J.z_”l“‘ﬂ. I (z—m(s))%.dz.

8% 81, 83

By (3.9) applied to ., these functions on U N My, are the projective coordinates of an
etale map from U N My, to the projective [(N — 1) — 3]-space (cf. (8.9)).

(9.6) In suitable local coordinates, the multivalued map w, from U n M,
to B(a),, has the form

(z0> z) - (z(l)—_m_u.2 I(Zoa z))’ J(ZOs z);

here, (z,, z) are local coordinates on U coming from the product decomposition above,
U~DxD" UnM,;~D"xD"; the local coordinates on the image of U in B(«),, are
selected on an open set V with V.~ D x D" and {o} x D" lying in a hyperplane; and
finally, I:D x D" C and J:D x D" D" are holomorphic maps, with I(o, z) + o
and J(o, z) : D" — D" etale.

At a point of {0} x D" C D x D" the holomorphic functions z,.I(z,, z)/1~*1—*
and J(zp,z); (1 <i<n) form a system of coordinates. In those coordinates, the
multivalued map w, is

(Zoy 215 - vy ) = (7™M 2000, 7).
Suppose 1 — p; — u, is rational, set 1 —p, —p, =7k, in reduced terms.
If D is another copy of the disc, with coordinate u, mapping to D by u>u,
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the pull back to D x D" of the multivalued map above is the holomorphic map
(4, 245 .y 2,) > (&, 21, ..., 2). This map is etale in a neighborhood of

{o}xD"c D xD"

if and only if ¢/ = 1, i.e. if and only if (1 — pu; — @,)~! is an integer.

(9.7) Let Y be a complex analytic manifold, & a family of disjoint closed complex
analytic submanifolds purely of complex codimension 1, Z =II{H;He&}, and
k:& —N a positive integer valued function.

A continuous map ¢ : R — Y is called a branched cover with branch locus Z of order x
if and only if:

1. ¢ induces a covering map from ¢~} (Y —Z) to Y — Z.

2. For any H € &, if we put 2:=«(H), any y e H admits a neighborhood V
in Y such that the restriction of ¢ to any connected component of ¢~*(V) is topologically
equivalent to the map

D* > D": (21, ..., 2,) b (2, 295 .. ., 2,).

n.

A branched cover ¢ :R — Y has a unique complex analytic manifold structure such
that ¢ is holomorphic.

(9.7.x) Let ¢:R —Y be a branched cover with branch locus Z. It follows
from the definitions that ¢ is the completion of ¢~ (Y — Z) - Y over Y. Moreover,
given any commutative diagram

Q — ¢ (Y —-2)

| A

Y—-Z

with p and ¢ spreads, then there is a diagram
Y — R
Pl A

Y

with p and ¢ the completions of the spreads above, which is also commutative by the
universal property of completions (8.1.1).

(9.8) Let Q be an open set in a locally connected space Y. Let p: Q - Q be
a spread and denote by p also the completion ¥ —Y of p. Then for any open set U
in Y, the restriction of p to a connected component p~*(U)® of p~*(U) is the completion
of the spread o~ (U’ N (UNQ)—-TUnNnQ.
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(9.-9) We now assume that the p, are rational (cf. (2.12)). Let &; denote the
family of stable partitions T of S such that card T = card S — 1. For Tin &;, and {5, ¢}
the coset of T with two elements, let 2, be the denominator of 1 — p, — p,. Set

Q-qu Il q,
Q, = completion of Q over Q,,
k(Qy) = &y for each T e €.

Proposition (9.x0). — The map Q, — Q is a branched cover with branch locus U Q
of order x. ‘

By (9.8), the problem is local around each yeQg. The claim then
results from (9.2) and the fact that the order in the projective unitary group of
diag(«, oy, I, ..., I) is the denominator of 1 — p, — ;.

Proposition (9.xx). — The map ,:Q, —B*(«), is holomorphic.

For ), is holomorphic on Q and is continuous on Ql by Proposition (8.7). Since
Q. — Q has C-codimension 1, the assertion follows from the theorem on removable
singularities.

Proposition (9.x2). — Assume that
INT o<, <1, Zp,=2 and forall s,teS distinct and with p, + p, < 1,
(1 —p, — )~ ! is an integer.
Then, W, : Q, > Bt («), is etale.
This follows from the local description (9.6).

10. Proof of discreteness

In this section, the notation and assumptions (4.0) as well as the assumption
N> 4 are continued.

(ro.x) We will give two proofs that when condition INT is satisfied, the image I’
of m;(Q,0) in PU(1, N — 2) is discrete.

The first is shorter, but relies on a detailed local analysis of analytic varieties and
holds only when Q. = Q... The second is longer but more elementary—and
eventually more powerful.

(x0.2) First proof. We follow the strategy explained in (2.13). The key point in
proving that the projection §,, > Q,, is locally (on Q,,) finite-to-one is the following
lemma.

80



MONODROMY OF HYPERGEOMETRIC FUNCTIONS 51

Lemma (x0.3). — Let Dy, D, and Dy be three distinct lines in C2 passing through o, and

ny, My, Ng integers > 1 such that ,:— + ni + ni> 1. Fix a base point b € C2 — (D; UD, U D,),
1 2 3

and consider the coverings of (G* — (D, U Dy U Ds), b), with ramification index along D

dividing n; (i =1, 2,3): the monodromy permutation of the sheets, when turning around D;,

15 of order dividing n;. Then the universal such covering is a finite covering.

Proof. — There exists a spherical triangle A with angles ni, nE and ;:E Let W be
1 2 3

the Coxeter group generated by the reflections along its edges. The wA (w e W)
form a tessellation of the sphere, and hence

| W| = area(S2)/area(A) = 4 (;:— + z + L. 1)—1.
1

ny ng

Let W* be the subgroup of index two in W consisting of the orientation preserving
elements. If we identify the sphere with the Riemann sphere metrized by its Fubini
metric, Wt becomes a finite subgroup of PU(2), of order

(I I I )‘1
=2—+—4+——1 .
1

n ny  ng

The quotient P'/W™ is of genus o and hence is a projective line. Fix an isomor-
phism P{/W* ~ P! and let f: P' -P!/W™* ~ P! be the quotient map. The pull-back
by f of the line bundle @(— 1) on P! is of degree the negative of d = deg(f) = |W™|.
Fix an isomorphism O(— 1)®%3 f*@(— 1). The group W7 acts naturally on
(PLf*O(— 1)) ~ (P, O(— 1)®%. Let H be the group of all automorphisms (&, ¢)
of (P!, 0(— 1)) with (h, e®%) e W*. It is a central extension of W* by p,, the group of
roots of unity of order dividing d.  As a space, the line bundle ¢(— 1), minus the o section,
is C®—{o0}, the bundle map being the natural projection C?®—{o} > P. The
action of H on C? —{o} is induced by a linear action on C% the contragredient of its
action on H°(PY, 0(1)). The quotient map of the space (P!, O(— 1)) to its p, orbits
may be identified with a d-th power map of (P!, 0(— 1)) to (P!, O(— 1)®%), and the
quotient map g:C? — o to its H orbits is the composite of the d-th power map to the
total space of f* @(— 1) minus its zero section, followed by the quotient map to W+
orbits. Thus the quotient maps by H and W give rise to a commutative diagram

C* <> G —{o} — P!

g g f

¥
C <« C—{o} — P
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The stability groups in W+ of the vertices py, p,, p3, of the original spherical triangle
are cyclic of order n,, n,, nz, and the points in the orbits of p,, p,, p5 are the only points
with a non trivial stabilizer (this results from the fact that the stabilizer in W of any
point of A is generated by the reflections along the edges passing through the point
([41V (3-3) prop. 1), or simply from the fact that A is a fundamental domain for W ([20])).
Let d; = f(p;) and D;C C? be the corresponding line. One easily checks that g ramifies
only along D;, D,, D; and that at each point above a point of D; — {0}, the ramification
index is exactly n;. If X is a covering of C? — (D, U D, U D;) as in (10.3), its pull-
back by g can hence be extended to unbranched covering of C* — {0}. As C* —{o}
is simply connected, each connected component of this covering of C? — {0} is trivial.
This implies that the universal covering of type (10.3) is

g Y(C*— (D, vD, UD,)) - C— (D, UD, UD;,).

It is finite.

Remark (10.4). — (i) The proof showed that the universal covering (10.3) is of
—-172
order [2 (i + z + L. I) ] . It is a Galois covering, with group a central exten-
o Ny 73
sion of W* by a cyclic group of order |W™|.
. I I I
(1) If py 4+ py=1 — e + 3 =1 - and pg +p, =1 — one has

3 1 2

11 I I Th dition I I
I — ul_uz_%:;(n—l-{—n—z—{—n—a— 1). € condition n_1+r—z;+n_._,>l amounts
to g, + 2 + p3< 1, and when it holds (1 — p, — gy — pg)~ ' = |W™| is an integer,
as observed in (6. 10).

(iii) The fundamental group of C?®— (D, UD, UD,) is generated by three
elements vy, Y3, Ys (Y; conjugate to a small positive loop around D;) with relations those
expressing that y; v, vs (conjugate to a small loop around o, on a general line D through o)
is central. To get H, one imposes the additional relations v/ =

(iv) In the commutative diagram

g (C— (D, uD, UDy)) “—— C

¥
G —(D,uD,UD,) — C

C?, at the upper right corner, is the completion of g~ *(C?® — (D, U D, U Dy))
over C2—at points of C?* — {0} by (9.7.1) and at o by direct verification. Such a
fact is generally true for a finite morphism g of normal analytic spaces. The completion
of g7}(C* — (D, uD, UD,)) over C* thus acquires a structure of a normal analytic
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space—indeed of a non-singular analytic manifold; this structure is in fact the unique one
for which the projection to C? is analytic.

Remark (10.5). — Let J=J'uJ’uJ” be a finite index set. For jeJ’,
I

. . n 1 1 N .
::ltteréle(:)—;— r;z'(J)‘,lvzsili)ﬁrs;tlsfy ) + ) 4 e >1; for jeJ”, let n(j) be any
X(j)=C@—-D,—D,—D,CC* forjeJ,
C —{o} cC?® forje]”,
C for j eJ'".

The product X of the X(j) is the complement of a divisor in Y := (C¥)¥ x GV,
The covering X of X, with ramification index along pr; }(D;) dividing (), (jeJ),
with ramification index along prj'({o}) dividing #(j) (je€J"), and universal with
respect to those properties, is the product of the corresponding coverings of each X(j).
Hence X is a finite covering of X. The completion ¥ of X over Y is similarly a product.
By (10.4) (iv), Y hasa unique structure of a normal (in fact non-singular) analytic space
for which the map to Y is analytic. If }'Zl is a covering space of X and a quotient of X,
then X, = X/G with G a finite group, and the completion ¥, of X, over Y is ¥/G. It
inherits the structure of a normal analytic space from Y.

Similar remarks apply with X replaced by the trace on X of a ball around o in
(€))7 x ¢/,

Lemma (10.6). — If condition (INT) is satisfied, Q ,, admits a structure of normal analytic
space, such that each y, € Q ., has an open neighborhood U whose inverse image in Q ; is a dis-
Joint sum of finite ramified coverings of U.

It suffices to show that each y, € Q ,, has an open neighborhood U whose inverse
image in Q,t is a disjoint sum of finite (topological) coverings of U N Q which, in
suitable local coordinates at y,, are of the type considered in (10.5). This we proceed
to show, using the control over ramification in codimension 1 provided by § 9.

Fix y, € Q ., and let T be the corresponding stable partition of S. Fix a, b, ¢ in
distinct cosets. One can identify a neighborhood of y, in Q ,, with a subspace mn P8
whose elements take prescribed values on a, b, c. We arrange these values so that
o ¢,(S). Near y,, we then have the following system of local coordinates, depending
on the choice of a representative d(C) in each coset C:

a) the y(d(C)) — »,(d(C)), for C not the coset of a, b or ¢;
b) for each coset C, the y(e) — »(d(C)) with ee C — {d(C)}.

In terms of these coordinates, the condition for y near y, to be in Q is: a) for C a
coset with three elements, ((¢) —»(d(C))),ec—acy € C* is not on any of the lines
2, =0, 2, =0, 2z; =12y b) for C a coset with two elements, y(¢) —y(d(C)) * o

53



54 P. DELIGNE AND G. D. MOSTOW

(e € G, e+ d(C)). We recall that G has at most three elements (6.10.1), and that if C
has three elements x, , z, the sum of the reciprocal of the integers (1 — p, — )7}
(= — )™ (1—u,—u)™" is > 1 (6.10).

For U a suitable open neighborhood of y in Q ,,, we can hence apply (10.5) to
the covering of U N Q induced by Q We find that this covering breaks up into a
disjoint sum of finite covering of the type required.

Lemma (x0.7). — If condition INT is satisfied, the map W, : Q.. > Bt(a), is etale.

The map #, is holomorphic on Q by (3.5) and continuous on Qst by (8.7). Itis
hence holomorphic on Q ,,. By (6.9), it has an injective differential on the strata of a
suitable analytic stratification. The fibers of %, hence have no component of dimen-
sion > o0 and @), is locally finite-to-one.

We know from § g that %, is etale outside of a closed analytic subset of ’Q“ of
complex codimension > 2. By the purity of the branch locus theorem (the fact that the
branch locus is always purely of codimension one), it follows that %, is etale everywhere.

(10.8) Let us now assume, in addition to INT, that Q , = Q ,., i.e. that for
no S(1)CS is X p,=1. Choose a metric on Q ,. We provide Q,t with the
sE€ 8(1)

metric for which d(x, y) is the infimum of the lengths of paths from x to y, the length being
measured by its projection into Q ,,. What we need is a metric invariant by the action
of 7,(Q , 0); any such metric will do. The space Q ,, is locally compact, and the pro-
jectionto Q ,,isopen. Since Q ,, is assumed to be compact, there is a compact K C Q ,,
mapping onto Q ,,. Since @, is etale, there are numbers 7, R> o such that for % e K,
the restriction of @, to the ball B, (k) of radius r around % in Qst is an embedding, and

(r0.8.1) W, (B,(k)) > Bg(®,(k)).

The m,(Q,, o) translates of K cover Q .. The map W, being equivariant, and the
action on the ball B*(«), being via isometries, (10.8.1) holds for any %k e Qn. The
map @, is hence a covering map. The ball being simply connected

®,:Q B (a),

is an isomorphism. This concludes the proof of (g.11) in the cocompact case
(Q o = Q ), following the strategy outlined there.

(r0.9) Our second proof will bypass lemma (10.6). The purity of the branch
locus theorem can be deduced from the fact that, if Y is a complex submanifold of a
complex manifold X of complex codimension > 2, and B a small ball around y €Y,
then B — Y is simply connected. It is the latter fact which we will use directly to
prove (10.7%).

The reader who merely wants to get the idea of how we complete the proof when
Q.+ Q. can skip to Proposition (10.18.1).
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(x0.10) Our second proofof (10.1.1) comes after proving that @, is etale on Q.5
that in turn is proved in stages.

Set N = cardS. For i between o and N — g, set

Q;=M1Q,

where T runs through all stable partitions of cardinality > card S — ¢. Then Q , = Q,,
Qnv.5=Q,. Set Qy ,=0Q,, Let Q, denote the completion of Q - Q
over Q; (i=1,...,N—2). We shall prove inductively that %, is etale on Q;.

Proposition (10.17) below will be used repeatedly to show at each stage that as one
adds on a submanifold, the extended map @, remains etale. We lead up to it via some
general topological remarks, especially Proposition (10.15.1) and Corollary (10.15.4).

Proposition (10.11). — Let ¢:X —Y be a continuous map with Y locally connected
and X Hausdorff. Assume that each y € Y admits a neighborhood V such that each x € (V)
has an open neighborhood U with ¢(U) D'V such that ¢ induces a homeomorphism from U to ¢(U).
Then ¢ is a covering map.

We first prove the

Lemma (x0.1x.1). — Let ¢ : X —>Y be a continuous map with Y connected and X
Hausdorff. Let X, and X, be open in X and such that ¢ induces homeomorphisms from X, to Y,
i=1,2. Then X, =X, or X;NnX,=0.

Let s5;: Y - X be the inverse of ¢ | X;. The set of y €Y with s() = s55()
is closed. It is also open, being the image of X; N X, by ¢:X; 3 Y. It is hence the
whole of Y or empty; ie. X, =X, or X, nX, =0.

Proof of (10.11). — For VCY, let gy be the map induced by ¢ from ¢~ (V)
to V. We have to show that each y € Y has a neighborhood V such that

(971(V), 9v) = (V X D, pry)
with D discrete. Take V asin (10.11), open and connected. Replacing the U of (10.11)
by U n ¢7}(V), we find that each x € 9~!V is contained in an open set U such that ¢

induces a homeomorphism from U to V. By (10.11.1) applied to ¢~ *(V) -V, they
form a partition of ¢~!(V) and the claim follows.

Proposition (x0.312). — Let ¢ : (X, 0) - (Y, p) be a continuous map of metric spaces,
with Y — {p} locally connected. We write d for the metric on both X and Y. Assume that
there exists a neighborhood U of o suck that for each neighborhood V of o, one has

a) there exists &> o such that for all x e U — V, the open ball B,(x) maps homeo-
morphically onto an open set of Y;
b) for all > o there is > o such that for eack x e U — V, ¢B,(x) D B, ¢(x).

Then, there exist open neighborhoods X' of 0 and Y' of p such that ¢ : X' — ¢ *(p) =Y — p
is a covering map.
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Roughly speaking, a) ) mean that on U — {0}, ¢ is a local homeomorphism
with some uniformity. The uniformity is allowed to get worse for x —o. It is not
assumed that o is isolated in ¢~ *(p). Under additional assumptions, this will be a conse-
quence; see (10.13).

Proof. — Choose U as in (10.12). Select a neighborhood V of ¢ and (1) > o
such that B,,(V):={xeX|30eVd(x,v) <e(1)} is contained in U. If B, (0)C U,
one can take (1) =¢ and V = B,(0). By a) b) there is € and % such that

(*) for all x e U —V, ¢ induces a homeomorphism of B,(x) with an open set of Y
containing B, (¢(x)).

Set Y’ = B,(p) and take X'’ to be the set of all x with ¢(x) € Y’ such that either
(i) xeV; or
(ii) there is x, e U —V with d(x, x,) <e, and ¢(x) €Y',

In case (ii), x e€B(x) Ne ' (Y)CX' and ¢ induces a homeomorphism of
B,(x,) N ¢ }(Y’) with Y’. This results from (*).

Fix e Y — p and let W be a neighborhood of y in Y’ —{p}, disjoint from a
neighborhood of p. Then ¢~' W is disjoint from a neighborhood of 0 and by a) &)
for ¢(2) small enough there is n(2) such that

(¥) for all x e U with ¢(x) €W, ¢ induces a homeomorphism from B,,(x) to an
open subset of Y containing B, (¢(x)).

We may and shall assume that ¢(2) <e(1) and that B,,(y)CW. Propo-
sition (10.12) now follows from (10.11) applied to X' — ¢7'(p) =Y —{p} and
from the

Lemma (10.12.1). — Each x in X' 0o '(B,,(»)) has an open neighborhood B’
in X' which maps homeomorphically onto an open subset of Y containing B, ( »).

As x €X', one of the conditions (i) (ii) holds. In the first case (¥ € V), one
has Byy(¥) CU, and we claim that Bgy(x) Ne™'(Y)CX'. For if x' eBy(x)
and o(x') €Y', then either x’ € X, by virtue of (i) or #’ e U —V and x' €X'’ by
virtue of (i) with x; = x’. In the first case, B’ = B,,(¥) N ¢7*(Y’) and one uses (¥).
In the second case, take B’ = B,(x,) N ¢~ *(Y’) and use (*).

The assumptions of (10.12) remain valid if we replace X and Y by open neighbor-
hoods of 0 and p. The X’ and Y’ of (10.12) can hence be chosen arbitrarily small.
From this, we will deduce the

Corollary (x0.12.2). — The point o has a fundamental system of open neighborhoods X'
such that for Y’ a suitable open neighborhood of p, X' — @~1(p) is open andclosedin ¢~ (Y’ —{p})
and is a covering of 'Y’ —{p}.
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First take X;, Y, as in (10.12), and W a neighborhood of ¢ such that W~ C X{.
If X', Y are as in (10.12), with X'CW, Y'CY; and if X[ :=X No 'Y’ then
both X{— ¢7'(p) and X' — ¢ !(p)(CX;— @~ '(p)) are coverings of Y' —{p};
hence X' — ¢7!(p) isopen and closedin Xj — ¢7(p). As (X' — o7 (p))"C W~ C X},
X' — ¢7(p) is also open and closed in ¢~ (Y’ — {p}).

Corollary (10.12.3). — If 0 is not isolated in X, and if p has a fundamental system of
neighborhoods V such that NV — p is connected (in particular, non empty), then @ is open at o.

If o is not isolated, X’ cannot be contained in ¢~*(p); for applying (10.12) a) to x
in X’ near o would contradict o(X') C{p}. Itfollowsthat (X' — ¢7(p)) =Y — {p}
and hence that ¢(X’) = Y’. Openness follows.

Proposition (10.13). — In addition to the hypothesis of (10.12), assume that Y — {p}
is locally simply connected and that

¢) p has a fundamental system of open neighborhoods ¥, such that each V — {p} (Vin ¥")
is connected and that for V CV', both in ¥, = (V —{p}) 3= (V' —{p}).

d) o has a fundamental system of open neighborhoods N with N — {0} connected (non-
empyy).

Then, one can find X' and Y' as in (10.12) such that ¢’ : X' —Y' has the following
additional properties: Y' isin ¥, o'~ (p) = {0}, X' — {0} is connected, and X' is the completion
of X' —{o} above Y'.

Proof. of (10.13). — Shrinking X and Y, we may and do assume that Y is in ¥,
that ¢ : X — ¢7*(p) - Y — {p} is a covering map, and that ¢ is a local homeomorphism
ateach point x + 0. Let N be an open neighborhood of o suchthat N — {0} isconnected.

Lemma (10.13.1). — N — 97 (p) is connected.

Let ACN — ¢ *(p) be open and closed. Each xe9™'(p) — {0} has a
neighborhood WCN with W —{x}5 ¢(W) — {p} connected. For such a W,
W — {x} =W — ¢~ !(p) lies either in A or in its complement. It follows that the closure
of Ain N — {0} is again open and closed and, by hypothesis, is empty or the whole of
N — {o}. If it is empty (resp. the whole of N —{o}), A is empty (resp. the whole
of N — ¢7(p)).

Since Y — {p} is locally connected, so is the covering space X — ¢~ (p). Each
connected component of X — ¢~(p) is open and closed in X — ¢~ '(p) and is a
covering of Y — {p}. Let N; be the component of N containing N — ¢~%(p).

Lemma (10.13.2). — N; N o (p) = {o}.

Any x+ o in ¢~ !(p) has an open neighborhood W’ such that ¢ induces a homeo-
morphism of W’ with an open neighborhood of p in Y. Take V in ¥~ with V C ¢(W’)
and define W:= W' n¢ (V). One has ¢: WS> V.
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The assumption w;(V —{p}) > =, (Y —{p}) implies that for any covering map
$:Z Y —{p}, one has my($~(V —{p})) > no(Z). In particular, as N, is con-
nected, sois N; N ¢~ !(V). Both N; n¢~}(V) and W — {x} are connected coverings
of V —{p}, contained in the covering ¢~ '(V —{p}). They are not equal: x is the
only point of ¢7'(p) in W, while o0 eN;. They are hence disjoint and =x ¢ N;.
Lemma (10.13.2) is proved.

We take Y' =Y and X’'=Nj;. It follows from (10.13.2) that X’ is open and
closed in X and that ¢~ !(p) ={0}. By construction, X' — ¢~ '(p) = X' — {0} is
connected. For each V in 77, = (V —{p}) > (Y —{p}) implies as above that
¢~ (V —{p}) is connected. It then follows from (10.12.2) that the ¢~ (V)N X’
(Ve?) form a fundamental system of neighborhoods of o in X’. Consequently X'
is the completion of X’ — {0} over Y'.

Corollary (10.13.3). — If, in addition to the assumptions of (10.12) and (10.13), the
V —{p} for V in ¥ are simply connected, then ¢ is a local homeomorphism at o.

Indeed, with the notation of (10.13), Y —{p} is simply connected; hence
¢: X" —{0} >Y" —{p} is a homeomorphism as well as ¢': X' > Y".

(r0.14) We shall require a simpler variant of (10.12) in our extension of the
map @, to cusp points. In that situation, we shall be dealing with a continuous map
9:(X,0) >(Y,p). Metrics are givenonlyon X — {0} and Y — {p}, and we assume

a) The ¢~ !(V), for V a neighborhood of p in Y, form a fundamental system of
neighborhoods of o. In particular, ¢~%(p) is {o}.

b) There is a neighborhood U of ¢ such that for any neighborhood VCU, the
conditions a), b) of (10.12) are satisfied.

Fix a neighborhood V; of p such that ¢=*(V,)CU. For any neighborhood V,
of p and xeV; — V,,  the map o¢,:97(V, —V,) >V, —V, induces a homeo-
morphism of B,(x) with an open set containing B,(¢,()) for suitable ¢ and n. The
map g, is hence a covering map.  As thisholdsfor any V,, ¢: ¢~ (V, —{p}) >V, —{p}
is also a covering map.

If in addition

¢) p has a fundamental system of neighborhoods V such that V — {p} is connected
and simply connected,

d) o has a fundamental system of neighborhoods N such that N — {0} is connected,

then an easy argument shows that ¢ is a local homeomorphism at o.

(r0.15) Actually, we require (10.13.3) for the more general case where o and p
are replaced by strata. The analogue of (10.12) is:

Proposition (10.15.1). — Let ¢ : (X, X;,0) = (Y, Yy, p) be a continuous map of metric
spaces, with Y — Y, locally connected. Assume that there exists a neighborhood U of o such that
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JSor each neighborhood V of X,, the conditions a) b) of (10.12) hold. Assume further that X,
is locally compact and that the map ¢, : X, - Y, induced by ¢ is a local homeomorphism at o.
Then there are open neighborkoods X' of 0 and X' of p such that ¢ : X' — o™ }(Y,) =Y — Y,
is a covering map.

Proof. — Fix U as above, open and small enough so that for some open set R
disjoint from U, K:= X, — R is compact and so that ¢ is injective on K. Note that
if we take R =X — U", then K=X,nU".

The subset ¢(K — U) of Y,CY is compact and does not contain p. Let W be
an open neighborhood of ¢(K — U) whose closure does not contain p. Then, 7' W
is an open neighborhood of K — U, and ¢ !(W~) does not contain o.

Select a neighborhood V of X,, and ¢(1) > o such that

By(VNU) — ¢7}(W7))CU;

this can be done as follows. Since K — ¢7' W is compact and in U, we choose (1) > o
so that By (K — ¢ 'W)CU. One takes V=B, (K—¢ W)U *WUR.
Then (VN U) — o 'WCB,,(K— ¢ *W) and B,((VNU) — 9 Y(W7))CU by

choice of (1)
U
R

o'W

X

By a), b), there are € and v such that

(*) for all x e U — V, ¢ induces a homeomorphism of B,(x) with an open set of Y
containing By, (¢(x)).

We may and do choose 7 small enough so that B, () is disjoint from W~. Set
Y’ = B,(p) and take X' to be the set of all x with ¢(x) €Y' (hence x¢ o '(W™))
such that either x e U NV, or thereis x, e U — V with d(x, x;) <e and ¢(x,) €Y.

Any yeY —Y,; has a neighborhood W, disjoint from a neighborhood of Y,;
hence, as in (10.12), for ¢(2) small enough there is n(2) such that

(¥*) for all x e U with o(x) e W,, ¢ induces a homeomorphism from B,y (x) to an
open set of Y containing B, (¢(x)).

One can assume that ¢(2) < (1) and B () CW, and one completes the proof
just as in (10.12), using that ¢(x) € Y’ implies x ¢ 7' W™.

(r0.15.2) Asin (10.12.2), X’ can be taken as small as we please. If 0 is not an
interior point of X,, and if p has a fundamental system of neighborhoods V with V — Y,
connected, ¢ is open at 0. The proof is as in (10.12.3).
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Proposition (10.15.3). — Assume that Y — Y, is locally simply connected and that
¢) p has an open neighborhood Vo with Vo — Y, connected, and each p' €Y, close
enough to p has a fundamental system of neighborhoods VC V, with V — Y, connected and

o (V —Y,) = (Vo — Yy).

d) Each o € X, close enough to o has a fundamental system of neighborhoods N with
N — X, connected.

Then one can find X' and Y' as in (10.15.1) such that ¢’ : X' —Y' has the following
additional properties: ¢) holds with Vo =Y' for all p' €Y, N V,y, X' — X, is connected,
Xi:= X, N X' is the inverse image of Y;:=Y, NY', ¢ induces a homeomorphism from X
to Y;, and X' is the completion of X' — X] above Y'.

Progf. — Shrinking X and Y, we may and do assume that ¢) holds for V=Y
and for all p' €Y, NnV,, that ¢,:X,; - Y, is a homeomorphism, that d) holds for
all o' eX,, that ¢:X — ¢ *(Y,) =Y, is a covering map, and that ¢ is a local
homeomorphism at each point x ¢ X;. Let N be an open neighborhood of o with N - - X
connected. Asin (10.13.1), one checks that N — ¢~ 'Y, is connected. Let N, be the
connected component of X—¢~ 'Y, containing N—o¢~'Y,. Itisa covering of Y—Y,.

If we shrink Y again without changing the =, (Y — Y,), and replace X, N, N,
by their traces on the pull-back of the new Y, we get N — X; C N, with N; connected
and NDOX,.

Asin (10.13.2), one sees that Ny N~ 'Y, = X,. Onetakes Y=Y, X' = Ny
and ¢':X’—Y’' induced by ¢. The set X' is open and closed in the (shrunken) X
and ¢ ~Y(Y;) = X;. All the listed properties of ¢’ are clear from the construc-
tion except for X’ being the completion of X' — X; over Y'. For peYj,
P = ¢'(0'), and V an open neighborhood of p' with m,(V —Y;) S (Y —Y)),
one has my(p' "}(V —Y})) 3 n(X' — X{), ie. ¢ "%V —7Y;) is connected. The
@’ ~}(V) for such V form a fundamental system of neighborhoods of o’ and the assertion
about completion follows.

In particular,

Corollary (10.15.4). — In addition to the hypothesis of (10.15.1) assume that Y — Y,
is locally simply connected and that

¢') Each p' €Y, close to p has a fundamental system of neighborhood V with V — Y,
connected and simply connected.

d) Each o' € X, close to o has a fundamental system of neighborhood V with V — X,
connected.

Then o is a local homeomorphism at o.

(r0.16) We will apply (10.15.4) iteratively to some stratified spaces. In the
next proposition, ¢ stratified space ”’ means a Haussdorf topological space U, provided
with a partition S into locally closed subsets, the strata, where
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a) each stratum is a manifold; b) the closure of any stratum S is the union of
strata; (U, 8) is conical in the following sense and locally constant along each stratum:
each point x of any stratum S has a neighborhood V isomorphic (with the induced
partition) to the product of V NS with the cone over (X, §(X)), where X is a topo-
logical space X, provided with a partition S8(X). For simplicity, we assume in addition
the existence of a metric d for which d(x, y) is the greatest lower bound of lengths of
paths from x to ». The case we will need is U = Q,, S = the partition of Q
by the Q. for T varying over the stable partitions.

Proposition (10.16.x1). — Consider a diagram

ﬁocﬁﬁl‘—‘—)ﬁ_q’_)Y

Lk

U, &~ U, < U
where

a) U is locally compact stratified space; U, is a connected open and dense stratum, and U, — U,
15 @ union of strata; each point has a fundamental system of neighborhoods whose traces on U,
are connected.

b) Uyisa covering space of U,, and ﬁl (resp. INJ) is the completion of U, over U, (resp. U).

¢) The covering U,y of U, is Galois, with group T.

d) Y is a manifold, provided with a metric and an action of T' by isometries. The map ¢ s
equivariant.

e) ¢ | U, is a local homeomorphism.

f) For any stratum S, S:= e~ (S) is a covering space of S because U, is a stratum. We
assume that for S CU — Uy, each point of S has a neighborhood W in S such that ¢ | W
s a tame embedding, with (W) a subvariety of codimension > 3 in Y.

Then, ¢ is a local homeomorphism and the (local) decomposition groups of U/U are
finite, i.e. p is locally finite to one.

Progof. — Let d be a I-invariant metric on U; for instance take d(x, y) = the
greatest lower bound of the lengths, computed in U, of paths in U from x to y.

Let S be an open stratum of U — U,;. We first prove that ¢ is a local homeo-
morphism at any point o € p~*(S). For this, replacing U by a suitable open neigh-
borhood V of p(0), U by the connected component of p~!(V) containing o and I' by
the stabilizer of o, we may and shall assume that U — U, €8, that p induces an iso-
morphism S —S and that ¢ embeds S in Y. Replacing Y by a I-stable open
neighborhood of ¢(0), and U by its inverse image, one may further assume that
Y,:= cp(g) is a tame closed submanifold of Y. Its codimension is > 3. We will
apply (10.15.4) with X = U, X, = S and o, Y, Y,, ¢ as above. Local connectedness
and simple connectedness of Y — Y; results from Y being a manifold. Condition ¢’)
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of (10.15.4) results from Y; being a tame submanifold of codimension > 3. Condition d)
of (10.15.4) results from assumptiona). Bye) ¢ | (X — X,) is a local homeomorphism,
and it remains to check the uniformity conditions of (10.12). As neighborhood of o,
we choose the pull back p~!(K) of a compact nelghborhood Kof p(0) eU. By definition
of the topology of 0, any neighborhood of X; = =S3S contains e~ V), for V an
open neighborhood of S. The required uniformities will follow from the compactness
of K — V. The function from X — X; to R":x> the greatest lower bound of
the ¢ such that ¢ is an embedding on B,(x), is > o, lower semi-continuous, and I'-invariant;
hence it is of the form rp with r continuous. On K — V, r stays away from o, and
this gives (10.12 a)). If € is such that for any » e p7*(K — V), ¢ | B,.(x) is an embed-
ding, the function from p~'(K — V) to R":x > the greatest lower bound of the 7
such that ¢(B,(x)) O B,(¢(x)) is > o, lower semi-continuous and I'-invariant, hence of
the form rp and staying away from o. This gives (10.125)).

We now prove that ¢: U - Y is alocal homeomorphism. We have just shown
that ¢ is a local homeomorphism on p~!(Uj), for U} the union of U, and of the open
strata of U — U,. The assumptions of the Proposition hence hold with U, (resp. U,)
replaced by Uj (resp. p~ ! Uj), and one concludes it proof by induction on dim(U — U,).

It remains to show that for any x e U, the stabilizer ACT of x is finite. Fix
a neighborhood V of x such that ¢ | V is an open embedding, fix a A-stable compact
neighborhood K of ¢(x) in ¢(V), and define V; =V n¢ 'K. It is a A-invariant
compact neighborhood of x. For y e V; N INJO, I'y is closed and discrete. Therefore Ay,
which is in T'p» N V,, is discrete and compact, and hence finite. Thus A is finite.

We will use (10.16.1) to give an alternate proof of lemma (10.7), by passing the
purity of the branch locus theorem (which was derived in the special case Q,, = Q ).

Lemma (x0.37). — If condition (INT) is satisfied, the map %u:fist — Bt (), is
a local homeomorphism.

Proof. — We apply (10.16.1) with U = Q , stratified by the Q, for T varying
over the stable partitions, U, = Q , U, = the union of Q and of the (complex) codi-
mension one strata, INJO = Q; hence U= Qst and ¢ =®,. Conditions a) to d)
are clear, ¢) is (9.12) and f) follows from (6.9) and (3.9).

(r0.18). — As shown in (8.%), the map @, extends to a continuous map from Qm
to B*:= B*(«),, where Bt has the topology (5.4). Fix Je Qs and o€ Q..
above J. Define p:= ,(0).

Let V be an open connected nelghborhood of J, and V be the connected component
containing o of its inverse image in Qm. For V small enough, one has: o is the only
point of v above J; the stabilizer ACT' ofo actson V’, and V = V/A; if ¢ is a distance
to p function (5.3) on BT, ¢%, descends to a continuous function f on V, vanishing only
at J. As V is locally compact, it follows, for V small enough, that the open sets
{v]|f(v) <e} form a fundamental system of neighborhood of J. As a consequence,
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the ; !(A), for A a neighborhood of p, form a fundamental system of neighborhood of o.
We now apply (10.14) to prove

Lemma (10.18.x). — If condition (INT) is satisfied, the map %u:c\im —B* s
a local homeomorphism.

Proof. — It remains to prove it at a point o as above. We apply (10.14) to
W, : (V, o) — (BY, p). Condition a) has been proved. Condition ¢) and d) are clear.
The map is a local homeomorphism outside of 0. The required uniformity (10.14 5))
follows as before from the local compactness of V and A-equivariance.

Theorem (10.18.2). — Assume condition (INT). Then the map w,: Q. — Bt

restricts to a homeomorphism of Qn onto BT and maps Qm homeomorphically onto an open
subset of BT in the (5.4) topology.

Proof. — By Proposition (10.18.1), @, is an etale map of Q.. into B*. Let ¢
denote the restriction of %, to Q“. It suffices to prove that ¢ is an covering map of Qst
onto B*.

For any x € st set

f(x) = sup{r| ¢ maps a neighborhood of x homeomorphically onto B,(¢(x))}.
Then as in the proof of Lemma (10.16.1), f is continuous, f(x)> o for x€Q ,, and
S(yx) =f(x) for all y emn (Q,o0); that is, f descends to a positive-valued continuous
function on Q .

Since @, is etale at each point of Qm and Q ,,, consists only of finitely many
points, one can deduce from the (5.4) topology of B* the existence of an open neighbor-
hood W of Q,,, and an ;> o such that f(x) >=n; for all xep™'(W). By § 4,
Q . is compact. From the compactness of Q ,, — W one deduces that f has a non-
zero lower bound on Q,t — ¢ Y(W). Consequently, f has a non-zero lower bound 7
on Qst‘ From this it follows that B,,((p(Qst)) = qa((ist), and therefore, ‘P(Qat) = B*.
By (10.11), ¢ is a covering map. Inasmuch as B* is simply connected, ¢ is a homeo-
morphism.

From the fact that each point y € Q,,,, has a base of neighborhoods {V} with
V — Y connected, and the fact that @, is a homeomorphism on Q ;. it follows that @,
is injective on Qm and hence a homeomorphism onto its image, in the topology of (5.4).

(ro.19) Let S be a finite set with at least 3 elements, N = card S, @ = (,),¢s
with o< p,<1 and Zp,=2. Set o, =exp2onq/—Iy, for each seS, P the
projective line over G, G = Aut P, M the subset of injective elements in P5, Q = M/G,
0€Q, and 0:7,;(Q,0) > Aut B*(a), = PU(1,N — 2) the homomorphism of =;(Q, 0)
into the isometry group of the ball B*(«),, defined in (3.10.2). Set I' = 0(m,(Q,, 0)),
Bt = B*(a),.
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Theorem (10.39). — If . satisfies condition (INT), then T is a discrete subgroup of Aut B*
and discontinuous on BT,

Proof. — By Theorem (10.17.1), the action of I on B* is equivalent to the action
of Ton Q. The latter action is discontinuous on Q since I' is the covering group of
the covering map Q — Q. It follows at once that T is discontinuous on a dense open
subset of B*. Since I' acts on B via isometries, it follows that I is discrete in Aut BT,
the isometry group of B*. Since Aut B* operates transitively on Bt with a compact
isotropy group, I' operates discontinously on B*.

Corollary (10.19.1). — For any y € Qm the stabilizer T, of y in T is a finite group.

Proof. — Set p =®,(y). Then L ,~T,=T n (AutB*),. Since I is discrete
in Aut B*, and (Aut B*), is compact, T, is finite.

Corollary (x0.19.2). — Q is the normal covering of Q universal with respect to the pro-
perty [R]: for each stable partition T of S with card T = card S — 1, if ky is defined as
in (9.9), the ramification index along Q  divides k.

Proof. — Let Q* denote the universal covering with the property above. Then
the map Q' — Q extends to a covering map of Q,. By Theorem (10.18.2), Q, is
homeomorphic to the complement in the ball B* of a closed subset of complex codi-
mension 2 and is simply connected. Consequently, Q* = Q.

Corollary (10.19.3). — Above a suitably small neighborhood U of a point x € Q .,
each connected component of Qn e~ YU is the universal covering of Q N'U with respect to
the ramification property [R].

The proof is the same as the preceding one, with the ball replaced by the trace
of a neighborhood of a point in B* (in the topology of (5.4)).

Corollary (10.19.4). — The stabilizer in T of a point x in the ball is generated by
C-reflections.

Proof. — Choose U asin Corollary (10.19.8). Then U n Q , issimply connected.
Hence =,(Q N U) is generated by loops around the ramification locus. These gene-
rators yield G-reflections by (g9.2), generating I', if x € B*.

11. Finite measure

In this section, the notation and assumptions (4.0) as well as the assumption
N > 4 are continued. We assume moreover that the p’ s are rational.
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(xx.x) Let JeQ,, — Q,, be a semi-stable point of type (S(1),S(2)) where

ezsu)p" =1. Let aeS(1) and beS(2). Let W be the neighborhood of J in Q ,,

lying below the set of all y € P® such that y(a) = o, »(b) = 0 and such that
sup{|»(s)|; s € S(1)} < inf{| »(s)|; s € S(2)}.

Let 0:Q, > Q,; andlet pep '(J). By (8.2.4), n,(Q,0) operates on Q ,,,, and
7(Q.,0), = D, = image of m(W N Q) in m(Q, 0);

here, m,(Q,0), denotes the stabilizer of p and D; the decomposition group of J.
By (4.5), W —{J} is a simply connected manifold if card S > 5; hence =,;(W n Q)
is generated by circuits around the codimension 1 subspaces Q . for all stable par-
titions T finer than {S(1), S(2)} with card T =cardS — 1 if N > 5. By (g9.2) the
monodromy of such generators are complex reflections which have finite order if p, is
rational for all seS. Thus

(xx.x.x) If cardS > 5, the quotient m,(Q,, 0),/Ker 8 is generated by elements
of finite order; here 0 denotes the monodromy action (3.10.2).

(xx.2) Assume that condition (INT) is satisfied. Set V = HY(P,, L)), let PU(V)
denote the projective unitary group on V with respect to the hermitian form of (3.10.2).
Let B* = B(a)}, i.e. the set of all v € V with (1,2) > 0 modulo C*. Let #,:Q ,,, - B*
be the map of Proposition (8.7). Set

t=,(p), T =08(m(Q,0)).

By Theorem (10.8.1), %, is a homeomorphism onto an open subset of B*. Consequently
B8(m(Q, 0),) = L

the stabilizer of £ in I'. By (r1.1.1) and (10.19.3), we get

88t

(rx.2.1) T, is generated by C-reflections of finite order if dim B*> 1 and by
a unipotent element if dimB* =1 (cf. (12.3.2)).

(xx.3) Let v €4, let PU(V), (resp. PU(V),) denote the stabilizer in PU(V) of ¢
(resp. d, (5.3)), and let N denote the unipotent radical of PU(V),. As pointed out in
the proof of Proposition (5.5),

PU(V),/N = TU(V")

which is compact, and PU(V),/N =R x U(V”). Hence PU(V),/N contains all

compact subgroups of PU(V),/N. Therefore, as is well-known, PU(V), contains all

compact subgroups of PU(V), (because PU(V), contains a maximal reductive subgroup

and all maximal reductive subgroups of PU(V), are conjugate by an element of N).
From (11.2.1), one infers

(xx.3.1) r, C PU(V),.
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Remark. — A more direct proof of (11.3.1) results from (7.3)—more precisely from
the fact that on W, we have a korizontal family of functions d. It follows at once that I‘
preserves a ‘“ distance to ¢’ function (5.3).

Theorem (xx.4). — Let S be a finite set, 0 < p,< 1, a, = exp 2m4/—Iy,, Zp, = 2
(all s€8S). Let 6:m(Q,0) —PU(V) be the monodromy action defined in (3.10.2).

Assume ’
(INT) For all s+t in S such that p, 4+ p, <1, (1 — p, — @)~ is an integer.
Then T, the image of 0, is a lattice in PU(V).

Proof. — By Theorem (10.19), I is discrete in PU(V), and by Theorem (10.18.2)
F\%u(stt) = Q.sst’

where ?ou(dm) is an open subset of B* with respect to the topology of (5.4). Hence
\@, (Q.,,) is the union of a compact quotient of a subset of B* and a finite set of
nelghborhoods W; (in the topology of (5.4)) of points ¢; € 9B*, where ¢; ew,(p™']),
p: Q_ st > Qaes and J varies over Q 0. By § 4, Q. is compact. Any compact
subset of B* has finite measure. By (11.3.1) and Proposition (5.5), the image in I'\B*
of W; —¢; has finite measure. It follows that I'\B* has finite measure. Thus I is

a lattice in PU(V).
Lemma (xx.5). The subgroup T', is Zariski-dense in PU(V).

The proof will be by induction on card S. By (3.10.2), we can lift T', C PU(V)
to a group I'y CU(V) which is generated by pseudo-reflections (cf. (9.2), (12.3.2));
recall the definition: y is a pseudo-reflection if and only if y — 1 has rank 1. Hence
I';, is irreducible on the linear span L of the one dimensional subspaces of V corre-
sponding to its pseudo-reflections.

It is easy to verify that L = V. Thus I'; stabilizes no proper vector subspace of V.

We start the induction at N = 4. Here I', operates on the complex 1-ball as a
triangle group, rotating through twice the angle at each vertex of a geodesic triangle.

Since o<y, <1 and X p, =2, the sum of the angles of the geodesic triangle is
sES

less than = and the orbit of each point in B* under T, is infinite. Let T, T, denote
the Zariski closure of I';, T, in U(V) and PU(V) respectively. The group I, can
have no connected normal solvable subgroup non-trivial modulo the center of U(V),
otherwise, some I', orbits in B* would be finite. Consulting the short well known
list of closed complex analytic subgroups in PU(1, 1) (& PGL(2, R), one sees that
T, = PU(V) if cardS = 4. Suppose now card S> 4.

By (6.21) and two induction hypothesis, T, D PU(V) where T is a stable par-
tition of S with card T =cardS — 1 and V; is the corresponding subspace of V.
Since T, is irreducible on V, we infer T, = PU(V).
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12. Arithmeticity and Integral Monodromy

(x2.1) Assume that for each s €S, p, is a rational number and let d denote the
least common denominator of {u,|seS}. Set F = Q(\d/Y), 0 the ring of integers
in F, and V =H(P,,L,) where P,=P —0(S) as in (3.1). Then the vector
space V can be defined over the ring @. To see this, let L(F) (resp. L(0)) denote a
local subsystem of L on P, (suitably chosen using a base point on P,) with fiber the sub-
field F (resp. subring @) of C. The pairing of L with its complex conjugate induces an
O-valued pairing on L{@). Then one can define cohomology combinatorially as in (2.2)
with coefficients in L(@); one can also define the skew-hermitian cup product

90 : H'(P,, L(0),) ® H;~*(P,, L(0),) > Hi(P,, 0) » 0

combinatorially; set
V(0) = H(P,, L(0),), V(F) =H(P,, L(F),).

Define
(1z.1.1) Yol 0) = jio(u, 3),
where j = b — b for some b €0 — @ N R. This {, is a hermitian form on V defined
over 0 and may be identified with the form defined in (2.18), up to a real scalar factor.

We lift the map 6: 7, (Q,0) - PU(V) of (3.10.2) via a local system L on M(c)
to 0 : 7 (M(c),0) - U(V) by (3.14). The image of 6’ is in U(V) (0). Set
(12.1.2) N,=Im6, T,=Im¢0

where o = {exp 2nip,|s€S}. Then
(12.1.3) I, stabilizes V(0).

(x2.2) We collect here some remarks and definitions pertaining to arithmeticity of
lattices.

Let I" be a Zariski-dense subgroup of G(%), for G an adjoint connected semi-simple
algebraic group G over %, a field of characteristic 0. Set E = Q[Tr Ad I'], the field
spanned over Q by {TrAdy|yeT}.

Proposition (12.2.1)
(1) The group G has a faithful matrix representation p suck that o(I') C GL,(E) (and

hence G has E as a field of definition).
(i1) E remains unchanged when T' is replaced by a commensurable subgroup of G.

Proof. — Let T denote the function g Tr Adg on G, and let W denote the C-linear
span of the left G-translates of T (we define (x.f) () = f(yx) for any function f: G - C,
x and y in G). Inasmuch as T is a sum of matrix coefficients, W is finite dimensional.
Since I' is Zariski dense in G, there is a finite set of elements x,, ..., x, in T such that
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B={x.T,...,x.T} is a base of W. Let p,:G — Aut W be the representation
given by x> x.f for xe€G, feW. It is well known that the representation p, is
faithful ([10], Theorem (2.1), p. 123). Let p(x) denote the matrix of p(*) with respect
to the base . Then p(x) has all its entries in the field E for all xeT,

To prove (ii) it clearly suffices to consider the case that I'y is a subgroup of I' of

finite index. Replacing I'y by nr xI'x~!, we can suppose moreover that I'y is normal
z€

in . Then Iy is also Zariski-dense in G. Set E; = Q[Tr Ad I'y] and select the base
B={x.T,...,%.T} with eI, ((=1,...,n). Let ¢:E—-C be a mono-
morphism which is the identity on E;. To prove (ii), it suffices to prove that ¢ leaves
each element of E fixed. For any yeI' and x eTl,, we have yxp~'eT,. Hence,
by (12.2.1),

p() ™t =% Y) = () %e(¥) (1),

that is () p(x) p(2)™" = °0(1) p(x) *e(»)~". Hence for all yeTl,, ¢(»)7" o(»)
centralizes p(I'g) and therefore p(G) since Iy is Zariski-dense in G. The center of p(G)

is 1 and consequently °p(y) = p(y) for all y € G. Therefore o fixes each element of E.

(x2.2.2) Take p as in (12.2.1). The Zariski closure of p(I') in GL,(E) is an
algebraic group over E. Because taking Zariski closure commutes with field extensions
it is a form of G over E. This provides the group G with an E-structure, called the
natural E-structure of G. If p’ is another faithful matrix representation of G with
¢'(T") C GL,,(E), it leads to the same E-structure. To check this, one compares p to p’
via p@p’.

If F is a subfield of £ and Gy an F-structure on G for which I'C Gg(F), the field
of traces E is contained in F and, by the above construction applied to Gy over F, the
given F-structure on G is deduced from the natural E-structure.

(12.2.3) Let A be a semi-simple algebraic linear group defined over the field Q
of rational numbers, let V be a finite dimensional vector space defined over Q, and
p:A - GL(V) a faithful rational representation defined over Q. By a theorem of
Borel-Harish-Chandra [3], the subgroup I' = p~!}(GL(V,)) is a lattice in A(R) for any
lattice Vz in V; that is, T' is a discrete subgroup of A(R) and A(R)/T" has finite measure.

(12.2.4) Let G be an adjoint connected semi-simple real Lie group. It is the
topological connected component G(R)? of G(R), for G an adjoint connected semi-simple
algebraic group over R. By definition, a subgroup I' of G is arithmetic in G if and only
if there exists an algebraic group A over Q, a compact group K and an analytic iso-
morphism 0 of A(R)® onto G X K such that 6(A(Z) N A(R)?) has its projection into G
commensurable to I The group A is necessarily reductive. It can be assumed
connected adjoint semi-simple; namely, replace A by A%center (A?). The group A is
then a product of Q-simple groups A; (cf. [23], p. 46 (3.1.2)). If G is a simple non-
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compact Lie group, it follows from the definition that all A, but one, A,, are such that
A;(R) is compact. Replacing A by A, one can then assume that A is Q-simple, i.e. of
the form (cf. [23], p. 46 (3.1.2))

A = RCStI‘F/Q B
for B an absolutely simple group over a finite extension F of Q. One has FOR = IIF,
(product of the completions of F at the infinite places v) and A(R) = B(F®R) = IIB(F,).

The existence of 0 as in (12.2.4) amounts to saying that for all » but one, »,, B(F,) is
compact (hence if » # v, the place v is a real place) and that B(F,)® ~ G, the isomor-
phism carrying B(@) to a subgroup of G commensurable to I'.  If G is an absolutely
simple Lie group, the place v, is a real place, F is totally real, and B is an F-form of G,
F being identified with a subfield of R via v,.

(x2.2.5) Assume that G is absolutely simple non compact. In our application,
it is PU(1, N — 3). By the Borel density theorem, any arithmetic T' in G is Zariski
dense. If A = Restry/q B is as above, with FCR, B an F-form of G, and I a sub-
group commensurable to B(@), then by (12.2.1), (12.2.2) FDOE and the F-form B is
deduced from the natural E-structure of G defined by I'.  For all the real places » of F
above the identity embedding of E, the G(F,) are isomorphic, hence non compact.
There can hence be only one such v. Hence F = E. We conclude:

(12.2.6) Assume G is an adjoint connected absolutely simple non compact Lie
group. Then a subgroup I'C G is arithmetic if and only if

a) the field of traces E is totally real;

b) for each embedding o of E in R distinct from the identity embedding (°G) (R)
is a compact group (i.e. the real group G ®g; , R deduced from the natural E-structure
of G is compact). G being as in (12.2.4);

¢) T is commensurable with G(0g).

(x2.2.7) Let G be an adjoint connected absolutely simple non compact Lie group,
and let I" be a lattice in G. Assume a totally real number field FCR, and a form Gg
of G over F are given, such that a subgroup of finite index of I' is contained in G(0).
Then the field E = Q[Tr AdI'] is contained in F by (12.2.1).

Corollary (x2.2.8). — A lattice T'C G is arithmetic in G if and only if, for each embed-
ding o of F in R, not inducing the identity embedding of E in R, the real group Gp®p ;R is
compact (i.e. °G(R) is a compact group).

Proof. — Since ECF, a) of (12.2.6) is implied by the assumption that F is totally
real. By (12.2.2), the given F-structure of G is deduced from the natural E-structure
and I'c G(E). The condition in (12.2.8) amounts to 4) of (12.2.6). Assume it
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holds. Then, G(0) is an arithmetic lattice in G(R). A subgroup of finite index in T’
lies in G(E) N G(0z) and hence G(0) contains a subgroup I' of finite index in T.
Both I and G(0g), being lattices in G(R), have finite covolume; hence the index of I
in G(0g) is finite. Condition ¢) of (12.2.6) follows.

The criterion (12.2.8) will be applied to test the arithmeticity of ', in PU(V, ¢,).

(x2.3) We shall need more explicit information about monodromy than given
in (9.2) in order to compute Q[TrI,], where I', is as in (12.1.2). The result
needed is (12.5.1). Actually, by consulting the explicit lists in § 14, one can obtain the
required information in a case-by-case inspection except in three of the cases.

For the remainder of § 12, we assume o< p, <1 and p,eQ for all seS.

Let S=3S,uUS, with cardS, =1, let T,, T, be trees as in (2.5) with the
vertices of T;in S; (¢ = 1, 2), and let B: T, u T, > P be an embedding with B|S = o,
the base point of M.

- Without loss of generality, we can assume that T, is homeomorphic to the interval
0<x<1.

Fix an orientation on T, let s,, ..., sy, denote the vertices of T; taken in order,
and let g; denote the oriented edge from s;to s;,; (1 <i <N — 2). Let T denote the
cone over T; u T, with apex A and denote by B also an extension of § to an embedding
of T in P. Since T —{s;,...,5y} is simply connected, the pull-back g* L. may be
identified with the constant system C on it, and we can choose #(a;) € H%(q;, p* L) for
each 7 so that

(12.3.1) l@)Bla —1.B|5+ 1.5, 1SiSN—2

where §, is the arc from A to s; and &~ denotes homology. Let w; denote the element
in HY(P,, f.((D)) determined by ¢(4;).B | ;; then as in (2.5) {w,, ..., wy_,} is a basis.
Let v, ; denote the monodromy effected on HJ(P,, L) by moving o(s;) along a path
close to B(T,) disjoint from B(T) U D, except at its initial point, where D, is a small

disc centered at o(s;), then making one positive turn around @ D,, and then retracing the
path to o(s;).

Lemma (12.3.2). — Set w) = y,,w, and w, =y, 3w,k =1,...,N— 2,
Then

and w; = o3 Wy + ag(ag — 1) Wy,
wy = ayog(a; — 1) wy + (250, — az + 1) w,,
Wy = agag(1 — oy) Wy + ag(1 — ay) wy + wy, f N—3>1,

w,=w,, k>3
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Proof. — Let ¢ denote the unique element in the S,.  Introduce the local system L(¢)
of (3.15) on By,. Without loss of generality, we can assume that our base point
0 e M(c) i.e. o(c) = 0.

Set d = B(r). Without loss of generality we can choose the embedding « of T so
that siélg. |d — o(s)| > g diam o(S;) (here we are identifying P with P via a coordinate z

as in (3.15)).

The effect of horizontal transport of {w,, ..., wy_,} under variation of embeddings
of S in P is given by an isotopy of P (cf. (3.6)). In particular, y; ; arises from an iso-
topy {i;; 0 <t < 1} of P which twists o(s;) one positive turn around o(s;) along the
path described above; here =7; = identity and =;;|o(S) = identity. The isotopy =}
can be performed so that the only points which move lie in a disc containing o(S,;) of
diameter less than 2 diam o(S;). Since under the isotopy no point of o(S,). turns around d,
one sees by inspection of the definition of L(c) that the restriction of the dual local
system L(c) to the subset {(d X 7;0(81)); 0 <t <1} of Py, has a trivializing non-
zero section ¢, 1 <7, <N — 1. Consequently, for each 7,7 <N — 1, £(d) returns
to its initial value after horizontal transport ':viau*quj, 0<t<r1.

Set 5, =¢.8|%5 and oz, =), 1 <4 j,k<N—1. In view of (12.3.1),
w;, ~ — v, + v, ., when the section ¢ is taken to have the same value on d as the section
denoted ¢ in (12.3.1); we choose ¢ in this way. The argument above shows that the

initial segment of the L valued singular chain 7, is unchanged by the map Mij»
1<4,5,h<N-—1.

____________ -
o N >

¥ N ~ ’
; ofs;) \ w; ofs;) w, ‘\Aa(s_?} o(sy)
.

b)
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The effect of the isotopy 7 corresponding to vy, ;3 is pictured in diagrams a) and b).
Let “ ~ > denote ‘ homotopic in P,”’. Then

5 ~ Uy + g1 — og) Wy — oy &y &y Wy

Uy ~ Uy

, - - - - = - - -
Vg ~ Ug — &g Wy — Qg Ay Wy + Gy &g Xy Wy + &g Xy Xy Gy Wy

(2\/'3\0 °

v~ v, for k2> 4.
Consequently
wy~ — 0) + 0, X xgwy + xy(xg — 1) Wy,
Wy~ — 0+ 03~ — 0y + 05 + agag(xy — 1) w0y + (@) x5 — a3) W,
A g ag(@y — 1) wy + (1 — xg + @, ag) Wy,
Wy~ — V5 + v~ — 03 + Dy + ag xg(1 — ;) wy + (x5 — oy %5) Wy
N ay xg(1 — 0y) Wy + ag(1 — &) wy + ws.

The second part of (12.3.2) follows at once. The proof for vy, , is similar.

(x2.4) For N =4, calculations as above yield for matrices with respect to the

basis {w,, wy}
oy dy  og(T — oty) I 0
Yi,2 = s Yo, = - - _)
O I I - aa a2 74

- ( ag xy xg(x; — 1) )
Y1,8 =

ag(ag — 1) @33 — g+ 1
and we easily verify that
(12.4.1) Y1,2- Y2,5: Y13 = % %p X3.

This shows that our lift 6" : x;(M(c), 0) - U(V) of 0:=,(Q,0) - PU(V) cannot be
factored through =, (M,0) -~ U(V) if p,= 1/2, since the center of =, (M) is
7, (PGL(2)) = Z,.
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Lemma (12.5). — A4s in (12.1), set F = Q(y/1) and T, =Im®. Then

(12.5.1) Q[TrI' ] =F
(12.5.2) Q[TrAdT,]=FnR i cardS> 4.

Proof of (12.5.1x). — By (12.1.2), Q[TrI',JCF. By (9.2) Q[TrI.] con-
tains a, ay, for each distinct pair s,s" €S. It follows that Q(Tr I';) > Q(4/1) where n
is the least common denominator of {u, + wu, |s,s" €S,s =s"}. For any g distinct
elements s,, 55, 53 of S, we have

Rs, — s, = (p'a, + p'a.) - ((“Ls, + y'a,)'

Hence for any distinct s, s’ in S, Q[Tr I';] contains «, aF?.
We choose a basis {wy, ..., wy_,} in HXP,, L) asin (12.3). Then v, ;.7,, has
as matrix with respect to this basis the upper 2 X 2 diagonal of

%3 og gy — 1) oy g1 — ay) apa; op(1 —ay) O
og(ag — I) agay —ag+ I ag(I — &) 0 I 0
0 o I 0 0 I

The diagonal terms of the product are

&3&2&1, « e T (&1 - I)(&:;_ I) —-l—as&] —&3 + I, I, ooy
therefore, for any s,;,s,,53 €S; we get

Tryisne=a %05 + 03 + N — 4 =a(ay23 + 1) mod Q.
Hence «, e Q[TrI'y], provided that a, a3+ — 1 for some s,,53 €S; — {57}. This
proviso fails only if p, = 1/4 for all s in S;; in this case, replace S, by a partition T,
with card T, = card S; (cf. (6.2.1)), and in the corresponding subgroup of I';, the
proviso holds. It follows that «, e Q[TrI',] for all seS. This proves (12.5.1).

Proof of (12.5.2). — Set E = Q[Tr AdI';] and & = C[IntT;]: the C-linear
span of the automorphisms Inty:m —ymy~! with y eI, where m e Homy(V, V)
and V is as in (12.1). Let o e€Gal(F/E). Inasmuch as TrIntg=1 4 TrAdg
for any g e GL(V), it follows by definition of E that for any vy eI,

(12.5.3) Tr(Int %) = °Tr(Inty) = Tr(Int¥y).
It follows from this that
(x2.5.4) Inty — °Inty extends to a C-linear map ¢ of &7.
For Zc,y =0 with ¢, €C, yeIntT, implies that for any {d,} with d, €C,
Tr(Ze, °y) (2d, °y) = Tr Z¢, d,, °(yy')
= Tre,dy(vY')
= (TrZ¢, v) (2 d,y) = o.
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The group Int I', is Zariski-dense in Int GL(V). Consequently &/ coincides with
the C-linear span of Int GL(V); thus &/ is an associative algebra acting irreducibly on the
subspace & of trace o elements in Homy(V, V) and stabilizing the line C.1. Since a
field automorphism preserves Zariski-density, the C-linear span of °Int I'; is also &/.
Therefore -

Tr((Ze,°y).m) = o0 for all m e .

Since Tr is non-degenerate on & it follows that Zc, °y = o. This implies (12.5.4).

Clearly ¢ preserves products and is an algebra isomorphism. Since
o ~ Homy(S, &), & is a simple associative algebra. The map ¢ is an algebra iso-
morphism and therefore ¢ maps Int GL(V) isomorphically onto the Zariski closure
of Int °I';, which is also Int GL(V) That is, ¢ stabilizes Int GL(V). Consequently,
there is an S GL(V) such that for all g e GL(V) either

(i) ¢(Intg) = IntS~'gS, or
(ii) p(Intg) = Int S~'¥g~1S.
For any geGL(V), Intg~ g®'s™!, where ~ denotes equivalence of repre-

sentations, and for any g € U(V, {), the unitary group of some hermitian form ¢ in V,

el g

Consequently, for any y € I';, and ¢ € Gal(F/E),

e Inty = y®F,
Y®°(y) =°(y®Y) = ¢(Inty) » _
. Inty =y®y.
It follows »‘at once that

o AMy)y in Case (i)

TP Iay) 7 in Case (i)

for all y eI, where A(y) e C. Composing ¢ with complex conjugation, one can
assume that we are in Case (i). Then there is an element S € GL(V) such that for
all yely,

°y =S"1y.A(y) S.

From °(y;v2) = “Y1-%Ya = S7 vy v2a My Mye) S, we infer that A:T;, -C is a
multiplicative homomorphism. For any y such that y — 1 has rank 1, % has
the same property and therefore A(y) =1 if dim V> 2. Since T, is generated by
pseudo-reflections ((10.19.4), (11.2.1)), AMI,) =1 and ®Try=Try for all yeT,,
ie. 6 =1. This proves (12.5.2).

We close this section with a description of the field E = Q[Tr Ad T';] in the case
N =4, with « satisfying o< yu,< 1 for all seS, Zp, =2, and condition (INT).
In this case, setk; = (1 —y; — )"}, 1<i+j7j<3 Assume k;> o (cf. § 14.3).
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Proposition (12.5.5).

™ w w w 1 w
E= cos? —, cos? —, cos® —, cos -— cos — cos — |.
‘ 2 [ kg kg 2% ko kyy kg

Proof. — We have TI',CPU(1,1). Thus AdT, = AdT,CSO(2,1,R). Let
A = A(Rys, ka3, k3;) denote the group generated by reflections in the sides of the geodesic
triangle in the real hyperbolic 2-space RA? whose vertices are fixed by the monodromy
transformations v;,, Yas, Ys1 (cf. (12.3) and (12.4.1)), and let A, denote the subgroup of
orientation preserving elements in A, Then Ad I',CA,, card(A/A,) =2, and Ad T,
is of finite index in A.

Let Cu, ») denote the Killing form on the Lie algebra # of PGL,(C), and let
¢; be an element in % with (¢, ¢> = 1 such that (in the projective model of RA?)
el contains a side of the above geodesic triangle (i = 1, 2, 3), and <¢;, ) = — cos kE

ij
if i4j. Let ¢ denote the element of the dual space of Z such that ¢}(v) = (v, ¢
for all e #Z (i =1,2,3). Then the three generating reflections of A have the form
s;=1—2¢®¢ (1=1,2,3) and ‘

r r k
s =Tl (1 —2.®e)= X (—a) II ®¢
Siy Sig - Si, ,-=.1(I 2e,}_®e,j) 2 2) u e'ia®e‘i¢’
jl<jz...<j[;
r k
. - % ] . 2
Trs; . 5@,—k§0( 2) al;llc‘ia'fm’ Je+1 =N

n . -
where Coo = _COS};’ 1<i%;<g,

I, =]

From this it is clear that Q [Tr A] is the field E’ on the right side of (12.5.5). Suppose
now o:E’ — C is a monomorphism fixing each element of E. By the argument used in
(12.2.1) (ii) for any y e A and x e AdT,, y ' % is in the centralizer of SO(2, 1, R).
Hence y~'% =41 and % = 4 y. Itfollowsthat °det y = + dety. But y € O(2, 1)
has determinant 4 1 and this value is fixed by . Therefore % =y and °Try = Try
i.e. o fixes each element of E. Consequently, E = E'.

(12.6) Assume card S > 4. Let {g,]|s €S} bea family of numbers o< p,< 1
satisfying condition (INT). By Lemma (3.12), p, is a rational number for each s. By

Theorem (11.4), the group T, is a discrete subgroup of finite covolume in PU(V, ¢,)
where V =H(P,,L). Set E=Q[TrAdT,], F=Q(4/1) asin (12.1).

Proposition (12.6.1). — T, is arithmetic in PU(V) if and only if for each o € Gal F
whose restriction on E is not the identity, °{, is a definite Hermitian form on °V. '

Proof. — Let G = PU(V, ¢,). Inasmuch as the complexification of G is the simple
group PGL(V), (12.6.1) is essentially a restatement of the arithmeticity criterion (12.2.3).
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Proposition (12.6.2). — Assume card S > 4. Then T is arithmetic in PU(V) if and
only if for each o € Gal F with o + identity or complex conjugation, °Y, is a definite Hermitian
form on °V,

Proof. — This follows at once from (12.6.1) and (12.5.2).

Proposition (12.6.3). — Assume card S = 4 and . satisfies condition (INT). Set

I 6 ¢
3 =det({e, ¢>) =det] e, Iy
€31 Ca3 I

T
PR
kij

<o for some c € GalE with 6+ 1 on E.

where ¢;; = — cos 1<14,7<3. Then I, is non-arithmetic in PU(V) if and only if

Proof. — We have 8 = 1 — 3 — ¢33 — by — 205 Cp3634, and thus 3§ ekE.
Moreover, °3> o implies that the matrix °(e,, ¢;) is positive definite since all its prin-
cipal minors are positive. From this (12.6.3) follows.

Criterion (12.6.3) applies to the index 2 orientation preserving subgroup of a
group generated by reflections in the sides of a geodesic triangle in the real hyperbolic
2-space, a so-called “ triangle group ”, cf. § 14.3. One can deduce from (12.6.3) that
at most a finite number of triangle groups are arithmetic. A complete list of these
groups was given by K. Takeuchi in [21].

Proposition (12.7). — For any b € Q let {b) denote the fractional partof bi.e. 0 < (b)><1
and b — by eZ. Let p={u,|seS} satisfy condition (INT) of (3.11) and let d denote
the least common denominator of w. Then Ty is an arithmetic lattice in PU(V) if and only of

(12.7.1) Sor each integer A relatively prime to d with 1 < A<d — 1,
X (Ap,> =1 or card S — 1.

Proof. — Let A be an integer relatively prime to d and let ¢ be a primitive root
of unity of F = Q(4/1). Then o,:c—>¢* is an automorphism of F which is non-
trivial on F N R if and only if A £ 4+ 1 (modd). The automorphism o, sends the
local system with monodromy « to the local system {exponi(Ay,>|seS} By
Corollary (2.21), the hermitian form °*J, has signature

(§<A(~L3> — 1, ? (I - <Au's>) - I)'
The proposition now follows from (12.6.2) and (12.5.2).
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(12.8) Let I" be a subgroup of GL(n, Z) and let G denote the Zariski closure
of I' in GL(n). Then G is an algebraic group defined over Q with the property

(x2.8.1) Any Q-character y of the connected component G° of 1 in G is trivial.

(For %(I' n G°) is Zariski-dense in the connected subgroup y(G¢(C) of C*, and it is
finite because it has bounded denominators; hence x(G°) = (1).)

By a well-known theorem of Borel-Harish Chandra, G(R)/G(R) N GL(r, Z) has
finite Haar volume [3]. Consequently I' is an arithmetic subgroup in G(R) if and only

if ' is commensurable with G(R) n GL(n, Z) or, equivalently, I' is of finite covolume
in G(R). -

(x2.9) We consider now an algebraic family X defined over Q of curves of the
type described in (2.23). We describe an example.

n, . .
Let p, o, M be as above, let p, = j with d the least common denominator for

{u,|s€S}. Fix a,b,ceS. Then for each m eM, there is a unique isomorphism
P — P! mapping m(a), m(b), m(c) respectively to o, 1, 0. Let u:P X M X P! be the
resulting map. Define

(12.9.1) X ={(v,u,m) ePXxPxM|v7 %= sl;[c(u — m(s))"™}.

Let =,, 7y denote the projections of X onto the second and third factors respec-
tively. Set X,, = n; !(m) and denote by m,, the restriction of =, to X,, for any m € M.

More generally, let =: X — M be a fiber bundle over M (i.e., a topological
product over small open sets of M) satisfying

(12.9.2) For each m e M, =~ '(m) is an irreducible abelian cover of P, with
covering group G, ramified only at m(S) of orders dividing d.

Set X,, = n~!(m) for any m e M. Then {HYX,,,Z) |m € M} is a local system on M
corresponding to a homomorphism § : =;(M, 0) - Aut HY(X,, Z).

Set T' = &(my (M, 0)); we call I" the H'-monodromy group of the fibration. Moreover
the Galois group ¢ acts fiber by fiber on X and commutes with horizontal transport
of HY(X,,, Z). Consequently, ¥ commutes elementwise with I'. We thus obtain a
direct sum decomposition

(12.9.3) HY(X,, €) = DHY(X,, €),
where y ranges over 97, the set of characters of 4. The group ¢ is a quotient of

(Z/d)%/(Z|d). In the case of (12.9.1), ¥ = Z/d.

Let g,€ % be the natural generator of the inertia (= decomposition) group
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at s (cf. (2.23)). Then there is a unique ¥ € g with x(g) = «, for each seS and
by (2.23.1)
HY(X,, C), = H(P,, L,) for each m e M.

The vector space H'(P,, L,) is defined over the field Q(4/1) and even over its ring
of integers by (12.1.3).

(12.9.4) Set F = Q(/1), V=HY(P,, L), W=V®,F = B °V wheree,

cEGalF
is a primitive idempotentin C® F, °V=¢, W, and (1 ®r1)e¢, = ¢, for all 5,7 GalF.
The space W is defined over Q and we have '

W(Q) ~ GEQ(?MHI(PO, L, (F)).

(12.9.5) Set W(Z) = EE?MFHI(PO, L, (0)) where O denotes the ring of integers
of F. The monodromy group I' of the fibration stabilizes H!(P,, L, (®)) for each cha-
racter x € 4 and in particular stabilizes W(Z).

Lemma (12.10). — Let m: X — M be an algebraic fiber bundle satisfying (12.9.2)
and with non-trivial ramification for each s €S. Let T' denote the H'-monodromy group of the
Sibering, let G be the Lariski-closure of T' in Aut HY(X,, C). If I is of finite covolume in G(R),
then in the euclidean topology T, , the projection of T on Aut V is dense in U(V, (), where y and V
are as in (12.9.4), Yo i asin (12.1.1), provided there is a o € Gal Q(%) with °Y, indefinite
and o+ & 1.

Proof. — Suppose that G(R)/I" has finite Haar volume. Then defining the integral
structure on HY(X,, C) as HYX,, Z), we infer that I' is commensurable with
G(Z) = G n Aut H(X,, Z) by (12.8). Inasmuch as W is a I'-stable subspace defined
over Q, it is also G-stable and the restriction of G(Z) to W is an arithmetic subgroup.
Consequently I'y, the restriction of I' to W, is arithmetic.

By (12.1.3), I, CU(V, ), and indeed the Zariski-closure of I', contains U(V)
and even SL(V)—this last fact can be verified by computing the Lie algebras of the
Zariski-closures of {y"; neZ} where y ranges over the pseudo-reflections of T',.

Set F = Q(\d/f). We can regard U(V,{,) as the group of R-rational
points of an algebraic group U defined over F N R; namely as the subgroup
{(x, %) | x € U(V, )} of Restrgg GL(V). The subgroup I, then becomes a subgroup
of Aut HY(P,, L, (0)) X Aut H(P,, Lo,(0)) and is thus commensurable with U(@ n R).
By hypothesis, the group U(°V, °y,) = °U(R) is not compact because the hermitian
form °{, is indefinite. It remains to explain why U(0 nR) is topologically dense
in UR) if 1+ oceGal(F nR/Q). This assertion is an immediate consequence of the
weak approximation theorem for algebraic groups over an algebraic number field,
which applies here since *U(R) is not compact (cf. [11], p. 192).
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Theorem (x2.xx). — Let X be the algebraic family (12.9.1) and let T be the H-mono-
dromy group of the fibering. Assume that p. satisfies condition (INT) of (3.11). If I is of finite
covolume in its Zariski-closure G(R) in Aut HY(X,, R), then T, is an arithmetic lattice in U(V, ;).

Proof. — By Theorem (10.9.1), I, is discrete in U(V, {¢,). It follows at once

from the Lemma (12.10) that for all ¢ € Gal(Q (4/1)/Q) with o % + 1, “U(V, §y) is
compact. It follows from (12.2) that I is arithmetic in U(V, {,).

(x2.1x2) The foregoing results show that T', is arithmetic in U(V, ¢;) if and only
if Ty is of finite covolume in its Zariski-closure in Aut W(R).

13. Elliptic and Euclidean Cases

The investigation of the map ), : Q.. > B(x), can be generalized to obtain a
class of elliptic and euclidean groups which generalize the stabilizers in I', of points
in B(a)y and on its boundary. We shall merely sketch the method.

(x3.x) Elliptic Case.

Let o (p'a)sES, satisfy

a) Uy > O,
)Y .
b) ’eslu.< 1

Augment S; by adjoining an additional element ¢ and set S =S, u{c}. Set
g =2 — zs ey & = (Ug)ses. Fix a local system L on P — S with monodromy «
€8,

(e = exp 2mip. By (2.21) (in which p, must be replaced by p, — 1) the intersection
form ( , ) is negative definite. Fix a €S,, take as moduli space M the set of injective
yeP® with y(a) =0, y(c) = 0 and set

M, ={y eP®|y(¢c) = o, y(a) = 0, »(8;) CP — 0},

On the family of punctured lines Py, we extend L trivially on each R* near o and
by monodromy « along each P,, y e M;,. Fix 0 e M. Let M denote the covering of M
corresponding to the monodromy of HY(P,, L), and let M,, denote completion of the
spread M > M over M,,. The section

) w, = sl;[c (z — () ¥ dz.e
gives a map

®,: M > H(P,, L).
This map is homogeneous of degree 1 — 82*36 u, relative to the action of the multiplicative
group G,, (%) on M,,. By (3.9) the projectivized map is etale on M. Hence %, is
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itself etale. Apply the reasoning of sections 8, g and 10 replacing the compactness of Q ,,,
by the compactness of M,,-(zero map of S,)/G,, together with the homogeneity. We
then get

Theorem (13.x.1). — 1) W, extends to a map M,, -~ H(P,, L).
2) If u, satisfies (INT): forall s+t in S;, (1 — yu, — w) "' €Z, then the extension
of W, is an isomorphism.

Corollary (13.1.2). — If p, satisfies (INT), then the monodromy group T, is a finite
subgroup of U(N — 2), N =cardS, and H'(P,,L)/T, = M,,.

Remark. — The fact that H(P,, L))/T, ® C¥~2? comes from the fact that T, is
generated by pseudo-reflections (cf. [4] (V.5.3) théoréme 3).

(x3.2) Euclidean Case.

Let p, = (ua)ses, satisfy

a) s > O,
Y op=1.
b) o e =

Augment S, as above, setting S =S, u{c}, p,=2— Es p, =1, and fix
a €8,. Define *E5

M, ={y € P?| y(c) = =, 3(a) = 0, ¥(S;) CP — 0, y(S,) * {0}}.

Set Q ,, = M,;/G,,; it is compact. We define L on Py, and define w, as above. The
local system L has no monodromy at oo. Accordingly, we set S’ ={c¢} and work
with Hygy(P,, L,), cohomology of P — o(S) with support in the family ¢(S') of subsets
of P —o(S) closed in P —{o0}). By (2.15.2), w, represents a non-zero cohomology
class in H}g,)(P,, L;). For all y e Py, one has Res,(w,) = 1, the unit element of
the local system L which is trivial near co. Inasmuch as

{cycle around oo, w,» =1

for all y e Py, the image of the map @,: M — H,(P,, L,) lies on an affine hyper-
plane H. This hyperplane H on which ), lives is parallel to the homogeneous one given
by <cycle around o, ) =o. This vector subspace of Hg,(P,, L,) can be iden-
tified with H(P — o(S,), L;) where L, is the local system on P — 0(S;) with mono-
dromy p, (or equivalently with H(P — o(S;), L;) by (2.6)). The intersection form
on HY(P — o(S,), L;) is negative definite by (2.21).

The map y - w, is homogeneous of degree o for the G,, action and therefore defines
a map ), : Q > H.

Theorem (13.2.1). — 1) %, extends to a map W, of Qst —H.
2) If u, satisfies (INT), then the extended W, is an isomorphism.
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Corollary (13.2.2). — If p, satisfies (INT), then the monodromy group T', contains a
subgroup of finite index T of translations of the affine space H, H|T is an abelian variety, and

Py_, = Q, ~ H/T', = (abelian variety)/(T'/T),
where N = card S.

14. Lists of . associated to discrete groups
(x4.x) Elliptic and Euclidean lists.

Set cardS, =N, assume p,>o0 for all seS, and Es s, < 1. For any
s+t in §,, set "€
ks,t = (1 — @, — P‘t)—l’
=(1— X u) L
D—(1— 3w
We assume (INT): each %,,€Z U . By a ‘“ miracle of small numbers > it will be

seen that D is an integer or oo (cf. (6.10) and (10.4) (i)).
Summing the N(N — 1)/2 equalities

I
(1) m+w=l—a
gives
_ NN —1) I
(2) (N—I)Zga__—Q-——Zk—“.
Hence
1 NN -—1) 1y (N—1)(N—2) N-—1
(3) Zk—“—T—(N—I)(I 6)_ . + 5
Since %, ,> 2, (3) implies
1—-—I—>§.
D™ 4

Hence N<4 and N=4 onlyif D= o0, k,,;, =2 for all 5,¢ and y, = 1 for all
seS,. If N=3, (3) yields 4

(4) ==

and solving the system (1) yields

(e KA = R )

1
D

(14.1.1) p.,=1(1 — 2k} + 2k ~ L
2 ’ klu
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(14.1.2) The number D satisfying (4), must be an even integer or co.

For if a sum of three integer reciprocals exceeds 1, the excess is an integer reciprocal
(cf. (6.10)).
We list all the possibilities:

Ry D n, = w, D
N=3
Elliptic 2,2,7 on n—1I,n—1I,I
2,3,3 12 5 3 3
2,34 24 I, 7, 5
2,3, 5 60 29, 19, 11
Euclidean 2,3,6 o u, = 1/ky,
2, 4,4 00
33,3 @©
N =4
Euclidean 2,2,2,2 o) u, = 1/4

(r4.2) Let N = card S and assume that N > 5. The foregoing results permit
one to infer limitations on the possible p = (yu,),cs satisfying

1) p,>> o for each seS,
2) Zou=2,
3) ky=(1—p,—w) 'eZ if y+ <1
Case A: for some s+ ¢ in S, u, + 1, > 1. By (14.1), applied to the complement
of {s,t}in S, we have N =15. Set S ={s14,b,¢c}. We define D by
1
be + =1+

Then p, + @ +p, =1 —-113 and by (14.1.1) g, tyy e < = — %- Choosing p, > u,

N

we find p, + ¢, <1 for ue{a, b, c}.

(x4.2.1) D is an even integer (by (14.1.2)).
Case B: for some s,t€8S, u, + w, = 1. Theremaining p’ s make up a euclidean p,

so that N=75 or 6. If N=35, S={s1¢4a,b,¢c} with puS% and p, + ¢, <1

A
)4‘

for uef{a b,c} if p,>w. If N=6, y.=(p.,, W5

N

I I
;s Z’
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Case C: neither A nor B hold. Here we see the N(N — 1)/2 equalities
e+ =1 —ki yields

st

(N — 1) Zp,> YR 1),
2

Hence N <8 and N = 8 implies %,, = 2 forall s,¢€8S ie. p,=  forall seS.
In particular 4

N~

(x4.2.2) If (u,),cq satisfies 1), 2), 3), then card S < 8.

We explain in section 15 how the list for N = 5 can be gleaned from the thesis of
Le Vavasseur. For N> 5, the lists are easily obtainable in Case C. Arrange p. in
descending under y; > pw,> ... > uy. Then (cf. (6.10.1)) (g + ), gy - - > Uy
must be on the list for N — 1 with (p; + p,) > 2p;.  Iteration of this criterion leads

to the compact quotients PU(1, N — 3)/T, for N > 5. As for the non-compact quo-

I I 1

tients with N > 5, by Case B these are (p.l, Yas —» l); only three solutions satisfy

4444
e I I I
condition (INT) ((J'l’ “2) = (;, ;): (%a Z), (%, _152—).

(x4.3) Thecase N = 4. Let (;); <; <4 be a 4-tuple of real numbers which satisfy
o<y, <1, By, =2. If the p’s are ;rrznged with  p; < py < py <y, one has
1+ ps S e+ e =2 — (ty + pg), hence py +py <10 A fortiori, py +py < 1L
If wo+ws<wp+upy, then p,4+p, <1 for i+; among {1,2,3} If not,
w +w <1 for i =2,3,4, hence p; 4+ w,>1 for j+ % among {2,3,4}. One
goes back and forth between those two cases by the transformation p; =1 —

followed by the relabelling ¢+ 5 — ¢. In the first case, if we put p; + pp =1 — :

I I p,
u1+ua=1——§, e+ g =1 ——, weget
I I I I
e ]
_10_1+1_3
“2““2 P q 1"
(14.3.1) 1( .1 1)
e = I+Z_§—;’
I I I I
=y (gt

these formulas provide a solution of (INT) for each triple of positive integers [p, ¢, 7}
satisfying é-{-—-;—l—;_{l, 1<p<g<r<ow. The p;=1—y,; are given by the

same formula, with 1/p, 1/¢ and 1/r replaced by their negatives (see (14.3.2)). All
solutions of (INT) are obtained in this way.
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If L is a rank one local system on P! minus four points with monodromy
o = exp(2wip), the dual local system has monodromy o ! = exp(2miy’), with
@, =1 — ;. The vector spaces HY(L) and H!(L) are in duality. As they are of
dimension 2, this duality provides a canonical isomorphism between PHY(L) and PHY(L):
to a line in H'(L), one associates its orthogonal in H'(L). On Q, this gives a canonical
isomorphism between the flat projective line bundles defined by p and p'. Via this
isomorphism, the holomorphic sections w, and w, are identified; for both w, and w,,
are of the first kind, and {w,, w,. >, given by the integral of the exterior product of two
holomorphic differentials is o; cf. (2.18) and the computations in (2.19). In view of
this identification, we will limit ourselves to the second case, with u’s given in descending

order by
T
“1““2 I [’ q ;)’
I r_r 1
“2“"2(1""_? q+f),
(14.3.2)
'=£(1__1_|_£_|_£)
] 2 ? 7 b
_1(1_1_1_1)
9'4_2 P q r ’
I 1 I
with 1<p<g<r<oew, ~4+-4-<1.
PRUsTS® ety

For such a system of p’s, Q ., can be identified with the space of y:{1, 2, 3,4} —> P!
with »(1) =0, y(2) =1, »(3) = 0, i.e. (using x:=_y(4) as coordinate) with P2,
The multivalued map w admits as projective coordinates the integrals (dropping the
primes from p)

[z — 1) ~#(z — x) "z,

In his cited paper [20], Schwarz proved that the multivalued map w induces a
bijection from the upper half plane Im(x) > o to a geodesic triangle in the hyperbolic
ball B(«)* with angles =/p, nt/q, m/r. It is of interest to deduce this classical result from
the theorems proved in this paper.

To begin with, w is étale (Prop. (3.9)) and has the local behaviour described
in § 9.6 near o, 1, and 0.

Next we show that w maps each of the segments 7, = ]— o, o[, 7, =] o, 1|,
and 7, = ]1, o[ to circular arcs in B(«)*. It suffices to prove this for ]— oo, of, since
the segments are permuted by o 1 o 0.

Take x near ]— oo, o[ and as homogeneous coordinates for w(x) the integrals f:

and f:o with the principal determination of the integral. In these coordinates,
w(x) = w(x)”. Independently of coordinates, we get w(x¥) = ow(x) for o an anti-

holomorphic involution of P! i.e. a Schwarz reflection. It follows that w(] — oo, o[)

84



MONODROMY OF HYPERGEOMETRIC FUNCTIONS 85

lies on the fixed point set of o, a circular arc. Consequently, w induces an injective
map of the real axis to the boundary of a triangle in P! with circular arcs which lie in B(«) *,
and the map w has a holomorphic extension to the upper half plane. From the fact that
the map w is étale and has image in B(«) ¥, it follows by a maximum modulus argument
that the w-image of the closed upper half plane is the closed triangle A lying in B(«)*
with the given circular arc boundary. That w is a bijection follows from
Theorem (10.18.2) (whose proof simplifies vastly for N = 4).

We show finally that the circular arcs are geodesic lines in B(«)*. Regarded as
a single valued map of Qm, w is a m;(Q, o)-equivariant map. Set ¢; = w(r;), using
the determination of w described above, and let o; denote the reflection in ¢; (i = 1, 2, 3).
Then o; 5; is a holomorphic self-map of P! with o;6; w an analytic continuation of w
regarded as a multivalued holomorphic function on Q. Indeed if i+ j, o;0; is the
monodromy in T', corresponding to one turn of x around d¢; N d;;. Consequently
{o;0;; 1 <i<j< 3} generates 'y, B(x)" = T,(AUo,A), and the group generated
by {o;; i=1,2,3}is I, U 6, T',. Itfollowsatoncethat o; B(«)* = B(x)*. Henceg,
is an isometry of B(a)*. Consequently ¢, is a geodesic line. Since our arguinents persist
under permutation of indices, all the sides of A are geodesics.

To sum up,

(14.3.3) The g-tuples py < py < py < p, satisfying o< ;<1 and ?ui =2
correspond pairwise to triangle groups [p,¢,7] with 1<p<¢g<r< oo, the pairs
being related by p;_ ;=1 —;, 1 =1,2,3,4. p and p’ coincide only if r = oo.

(14.3.4) For any N > 4, the monodromy representations of =;(Q,0) corres-
ponding to the pair (p, u’) are contragredient, but for N = 4 these two representations

~

are equivalent via the canonical isomorphism of PHY(L) to PH!(L).

(14.3.5) Complex conjugation maps L to L. and induces a semi-linear isomor-
phism k of H(L) to H(L) which maps H*'(L) to H-°(L). Identifying PH(L) to PH*(L)
via the canonical map, the map « induces the anti-holomorphic reflection of P! in the
boundary of the ball B(«)*. Itis only for N = 4 that the complement of the closed
ball in P¥~2 is again a ball.

(14.4) We list below all solutions for p. satisfying condition (INT) where o< p, <1
for all 5, Zp, =2, and card S> 4. Set

N =cardSs,
d = lowest common denominator of @ = (&,),cs,
n, = dy,,

NA = non-arithmetic (cf. (12.7.1) for criterion),
o means that PU(1, N — g)/T', is not compact.

No entry in the last (resp. next to the last) column indicates compact quotient
(resp. arithmetic lattice).
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15. LeVavasseur’s list

In his 1885 paper [16 8], Picard gave as sufficient condition for the monodromy
group T of the multivalued function

F(x,9) = [0 (0 — 1)~ (u — 2™ (u — ) d
(o< n<1 all g,
to be discrete the set of 10 integrality conditions

(15.1) N+ N — 1)"teZt U, (3— 2A)"teZt, o0<i+j;j<s3.

i¥i

In his 1887 note [16 ¢] Picard asserts without proof that the above 10 integers need not
be > o but may be negative as well and still T is discrete. R. Le Vavasseur, in his 1893
dissertation written under Picard’s direction found all solutions of

(L] N+N—1)'eZUw, (3—2N)'eZ o<i+j<s

j*t

3
Setting ;=1 —x7 (0<:<3) and p,=2 — 20‘1;1; we can rewrite these 10 condi-
tions as

"
L] 20;“5'—_2’
(mi+w—1)0'eZvo ifo<itj<y.

In [13], Le Vavasseur lists 102 solutions of [L]. If in addition one imposes the
inequalities 0 < p;< 1 for 0 <7 <4, the resulting 5-tuple solutions, ignoring order,
reduce to 27. These are the 27 listed in (14.3) under N = 5; that is to say, condi-
tion [L']:

L] o< <1 (0<i<y),
S =
el 2,
(I-——y.l-—gj)—leZUoo if 17,

is equivalent to condition (INT) of (3.11). The reason for this striking coincidence is
explained by (14.2), Case A. Thus the apparently stronger integrality conditions imposed
by Picard in [16 4] and [16 ¢] are equivalent to our condition (INT).

To complete the historical record we note that Le Vavasseur’s condition [L]

. . P . I I )
admits 10 solutions not satisfying L’, one of which, {0,0,0,1 — —, 1 + —), consists
g b I I n’ n bl
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of an infinite number. The image of the map @, is not a ball for these 10 solutions. We
illustrate briefly the case of two solutions

(i) Set S={o0,1,2,3,4}, p= (—— %, g, g, g, g) By (2.21) the signature of the
hermitian form is (2, 1) rather than the usual (1, 2), and f wAw> o asusual. Conse-
quently @, : Qst — PU(V) maps Qst to the complement of the ball B(a)S. The
subset Q o, of Q , corresponding to the two points %, and x, coming together maps to
the fixed point set of the monodromy vy, of x, around xy—which is unipotent since
Bo + pq is integral (cf. (12.3.2)). Hence Qm maps to a line tangent to the boundary
of the ball at the point fixed by yy,. It is easy to verify that the monodromy group T,
is a matrix group with coefficients in Z(4/1) and is therefore discrete in U(2, 1). How-
ever, lattice subgroups of PU(V) do not operate discontinuously on the complement of
the ball, so that the strategy of Section 10 cannot be implemented in this case.

(i) p= (— %, é, é, é, 1). Set S" ={4}. Here the intersection form is not
defined on all of H}g,(Py, L,) but rather on H’ = H}(P — {x,, %;, %5, %3}, L') and L’

) I 111 . .
has monodromy corresponding to (—, -y = —). By (2.21), the intersection form has

signature (1, 1). 2222

As in the euclidean case (13.2), the image of #,:Q -~V = H g (Py, Ly) lies
on a two-dimensional affine hyperplane H which is parallel to H’, H ~ P2 — ¢, where/ is
the line in the projective 2-space, which is defined by the vector subspace H of V. As in
the preceding case, %u(Qo,.) lies in the line of fixed points of the pseudo-reflection y,;
for 1 <7< 3. By contrast, %‘L(Qij) is the point on the line ¢ fixed by the pseudo-
reflection y; for 1 <74 ;j<g3. The monodromy group Iy is a matrix group with
cocfficients Gaussian integers and is therefore discrete.
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