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NON-COMMUTATIVE DIFFERENTIAL GEOMETRY
by ALain CONNES

Introduction

This is the introduction to a series of papers in which we shall extend the calculus
of differential forms and the de Rham homology of currents beyond their customary
framework of manifolds, in order to deal with spaces of a more elaborate nature, such as,

a) the space of leaves of a foliation,
b) the dual space of a finitely generated non-abelian discrete group (or Lie group),
¢) the orbit space of the action of a discrete group (or Lie group) on a manifold.

What such spaces have in common is to be, in general, badly behaved as point
sets, so that the usual tools of measure theory, topology and differential geometry lose
their pertinence. These spaces are much better understood by means of a canonically
associated algebra which is the group convolution algebra in case 5). When the
space V is an ordinary manifold, the associated algebra is commutative. It is an algebra
of complex-valued functions on V, endowed with the pointwise operations of sum and
product.

A smooth manifold V can be considered from different points of view such as

a) Measure theory (i.e. V appears as a measure space with a fixed measure class),
B) Topology (i.e. V appears as a locally compact space),
y) Differential geometry (i.e. V appears as a smooth manifold).

Each of these structures on V is fully specified by the corresponding algebra of
functions, namely:

«) The commutative von Neumann algebra L*(V) of classes of essentially bounded
measurable functions on V,

B) The C*-algebra Cy(V) of continuous functions on V which vanish at infinity,
y) The algebra C?(V) of smooth functions with compact support.
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42 ALAIN CGONNES

It has long been known to operator algebraists that measure theory and topology
extend far beyond their usual framework to

A) The theory of weights and von Neumann algebras,
B) G*-algebras, K-theory and index theory.

Let us briefly discuss these two fields,

A) The theory of weights and von Neumann algebras

To an ordinary measure space (X, p) correspond the von Neumann
algebra L*(X, u) and the weight ¢:

of) = [ fdu VFel™(X u)".

Any pair (M, ¢) of a commutative von Neumann algebra M and weight ¢ is obtained
in this way from a measure space (X, ). Thus the place of ordinary measure theory
in the theory of weights on von Neumann algebras is similar to that of commutative
algebras among arbitrary ones. This is why A) is often called non-commutative measure
theory.

Non-commutative measure theory has many features which are trivial in the
commutative case. For instance to each weight ¢ on a von Neumann algebra M
corresponds canonically a one-parameter group of € Aut M of automorphisms of M,
its modular automorphism group. When M is commutative, one has of(x) =x, VieR,
V x € M, and for any weight ¢ on M. We refer to [17] for a survey of non-commutative
measure theory.

B) C*-algebras, K-theory and index theory

Gel’fand’s theorem implies that the category of commutative C*-algebras and
x-homomorphisms is dual to the category of locally compact spaces and proper conti-
nuous maps.

Non-commutative Cr-algebras have first been used as a tool to construct von
Neumann algebras and weights, exactly as in ordinary measure theory, where the Riesz
representation theorem [60], Theorem 2.14, enables to construct a measure from a
positive linear form on continuous functions. In this use of C*-algebras the main tool
is positivity. The fine topological features of the ‘space” under consideration do
not show up. These fine features came into play thanks to Atiyah’s topological
K-theory [2]. First the proof of the periodicity theorem of R. Bott shows that its natural
set up is non-commutative Banach algebras (cf. [71]). Two functors K,, K; (with
values in the category of abelian groups) are defined and any short exact sequence of
Banach algebras gives rise to an hexagonal exact sequence of K-groups. For A = C(X),
the commutative C'-algebra associated to a locally compact space X, K;(A) is (in a
natural manner) isomorphic to K/(X), the K-theory with compact supports of X.
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NON-COMMUTATIVE DIFFERENTIAL GEOMETRY 43

Since (cf. [65]) for a commutative Banach algebra B, K;(B) depends only on the Gel’fand
spectrum of B, it is really the C*-algebra case which is most relevant.

Secondly, Brown, Douglas and Fillmore have classified (cf. [11]) short exact
sequences of C*-algebras of the form

o->HA -A—->CX)—>o

where % is the G*-algebra of compact operators in Hilbert space, and X is a compact
space. They have shown how to construct a group from such extensions. When
X is a finite dimensional compact metric space, this group is naturally isomorphic
to K,(X), the Steenrod K-homology of X, cf. [24] [38].

Since the original classification problem of extensions did arise as an internal
question in operator and C'-algebra theory, the work of Brown, Douglas and Fillmore
made it clear that K-theory is an indispensable tool even for studying C*-algebras per se.
This fact was further emphasized by the role of K-theory in the classification of C*-algebras
which are inductive limits of finite dimensional ones (cf. [10] [26] [27]) and in the work
of Cuntz and Krieger on C*-algebras associated to topological Markov chains ([22]).

Finally the work of the Russian school, of Mi¥¢enko and Kasparov in particular,
([50] [42] [43] [44]), on the Novikov conjecture, has shown that the K-theory of non-
commutative G*-algebras plays a crucial role in the solution of classical problems in
the theory of non-simply-connected manifolds. For such a space X, a basic homotopy
invariant is the I'-equivariant signature o of its universal covering X, where T' = 7, (X)
is the fundamental group of X. This invariant ¢ lies in the K-group, K, (C*(T')), of
the group G* algebra C*(T").

The K-theory of C*-algebras, the extension theory of Brown, Douglas and Fillmore
and the Ell theory of Atiyah ([3]) are all special cases of Kasparov’s bivariant
functor KK (A, B). Given two Z/2 graded C*-algebras A and B, KK (A, B) is an abelian
group whose elements are homotopy classes of Kasparov A-B bimodules (cf. [42] [43]).
For the convenience of the reader we have gathered in appendix 2 of part I the defi-
nitions of [42] which are relevant for our discussion.

After this quick overview of measure theory and topology in the non-commutative
framework, let us be more specific about the algebras associated to the * spaces”
occurring in a), b), ¢) above.

a) Let V be a smooth manifold, F a smooth foliation of V. The measure theory
of the leaf space “ V/F” is described by the von Neumann algebra W*(V, F) of the
foliation (cf. [14] [15] [16]). The topology of the leaf space is described by the
Cr-algebra C*(V, F) of the foliation (cf. [14] [15] [66]).

b) Let I be a discrete group. The measure theory of the (reduced) dual space r
is described by the von Neumann algebra A(I") of operators in the Hilbert space ¢%(T")
which are invariant under right translations. This von Neumann algebra is the weak
closure of the group ring CI' acting in ¢3(I") by left translations. The topology of the
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4 ALAIN CONNES

(reduced) dual space I' is described by the C'-algebra C3(T), the norm closure of CI
in the algebra of bounded operators in ¢3(T).
b’) For a Lie group G the discussion is the same, with C(G) instead of CI.
¢) Let T’ be a discrete group acting on a manifold W. The measure theory of
the “ orbit space” W/I' is described by the von Neumann algebra crossed product
L®(W) xiT" (cf. [51]). Its topology is described by the Cr-algebra crossed product
Co(V) X T (cf. [51]).

The situation is summarized in the following table:

Space \Y% V/F r G w/T
Measure theory L®(V) WV, F) AMID) AMG) L*(W)x T
Topology Co(V) CG(V, F) Gy(T) Ci(G) Co(W) T

It is a general principle (cf. [5] [18] [7]) that for families of elliptic operators (D,),cy
parametrized by a “space” Y such as those occurring above, the index of the family
is an element of K (A), the K-group of the C*-algebra associated to Y. For instance
the I'-equivariant signature of the universal covering X of a compact oriented manifold
is the I'-equivariant index of the elliptic signature operator on X. We are in case b)
and ¢ € K((C;(T")). The obvious problem then is to compute K, (A) for the C*-algebras
of the above spaces, and then the index of families of elliptic operators.

After the breakthrough of Pimsner and Voiculescu ([54]) in the computation
of K-groups of crossed products, and under the influence of the Kasparov bivariant
theory, the general program of computation of the K-groups of the above spaces (i.e. of
the associated C’-algebras) has undergone rapid progress in the last years ([16] [66]
[52] [53] [68] [69]).

So far, each new result confirms the validity of the general conjecture formulated
in [7]. In order to state it briefly, we shall deal only with case ¢) above (*). By a fami-
liar construction of algebraic topology a space such as W/T, the orbit space of a discrete
group action, can be modeled as a simplicial complex, up fo homotopy. One lets I' act
freely and properly on a contractible space EI' and forms the homotopy quotient W Xy ET'
which is a meaningful space even when the quotient topological space W/I' is patho-
logical. In case ) (I" acting on W = {pt}) this yields the classifying space BI'. In
case a), see [16] for the analogous construction. In [7] (using [16] and [18]) a map p is
defined from the twisted K-homology K, .(W X EI') to the K group of the C*-algebra
CW) x T

w: K, (W xp ET) > K,(Co(W) x T).

The conjecture is that this map p is always an isomorphism.
At this point it would be tempting to advocate that the space W X EI' gives
a sufficiently good description of the topology of W/I' and that we can dispense with

(*) And we assume that I" is discrete and forsion free, cf. [7] for the general case.
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NON-COMMUTATIVE DIFFERENTIAL GEOMETRY 45

Cr-algebras. However, it is already clear in the simplest examples that the C*-algebra
A = Gy(W) XTI is a finer description of the * topological space” of orbits. For
instance, with W = §! and T’ = Z, the actions given by two irrational rotations Ry,
Ry, yield isomorphic C'-algebras if and only if 6, = + 6, ([54] [55]), and Morita
equivalent C*-algebras if and only if 0, and 6, belong to the same orbit of the action
of PSL(2, Z) on P;(R) [58]. On the contrary, the homotopy quotient is independent
of 0 (and is homotopic to the 2-torus).

Moreover, as we already mentioned, an important role of a * space” such as
Y = W/T' is to parametrize a family of elliptic operators, (D,),cy. Such a family
has both a topological index Ind,(D), which belongs to the twisted K-homology group
K, (W xp ET'), and an analytic index Ind,(D) = u(Ind,(D)), which belongs to
K,(Gy(W) x1 ') (cf. [7] [20]). Butitis a priori only through Ind,(D) that the analytic
properties of the family (D,),cy are reflected. For instance, if each D, is the Dirac
operator on a Spin Riemannian manifold M, of strictly positive scalar curvature, one
has Ind,(D) = o (cf. [59] [20]), but the equality Ind,(D) = o follows only if one
knows that the map p is injective (cf. [7] [59] [20]). The problem of injectivity of u
is an important reason for developing the analogue of de Rham homology for the above
‘“spaces ”. Any closed de Rham current G on a manifold V yields a map ¢, from
K*(V) to C

po(e) = (C,che) VeeK*(V)

where ch:K*(V) - H*(V,R) is the usual Chern character.

Now, any ¢ closed de Rham current” G on the orbit space W/I" should yield
a map ¢ from K,(Gy(W) X1 T') to C. The rational injectivity of p would then follow
from the existence, for each ® e H'(W X ET"), of a “ closed current” C(w) making
the following diagram commutative,

K, (W Xp ET) —"— K,((Gy(W) x I)

oh, Po(w)

v
H,(W x  ET[,R) —> > C

Here we assume that W is I'-equivariantly oriented so that the dual Chern character
ch,: K, . —H, is well defined (see [20]). Also, we view « e H*(W X ET, C) as
a linear map from H,(W xp EI,R) to C.

This leads us to the subject of this series of papers which is

1. The construction of de Rham homology for the above spaces;
2. Its applications to K-theory and index theory.

The construction of the theory of currents, closed currents, and of the maps ¢,

’ requires two quite different steps.

[13

for the above  spaces’
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46 ALAIN CONNES

The first is purely algebraic:

One starts with an algebra &/ over G, which plays the role of CG*(V), and one
develops the analogue of de Rham homology, the pairing with the algebraic
K-groups K,(%/), K, (&), and algebraic tools to perform the computations. This
step yields a contravariant functor Hj from non commutative algebras to graded modules
over the polynomial ring C(s) with a generator ¢ of degree 2. In the definition of
this functor the finite cyclic groups play a crucial role, and this is why H3 is called ¢yelic
cohomology. Note that it is a contravariant functor for algebras and hence a covariant
one for “spaces . It is the subject of part II under the title,

De Rham homology and non-commutative algebra

The second step involves analysis:

The non-commutative algebra 7 is now a dense subalgebra of a C*-algebra A
and the problem is, given a closed current C on &/ as above satisfying a suitable conti-
nuity condition relative to A, to extend ¢ : K (&) - C to a map from K (A) to C.
In the simplest situation, which will be the only one treated in parts I and II, the
algebra &/ C A is stable under holomorphic functional calculus (cf. Appendix 3 of
part I) and the above problem is trivial to handle since the inclusion &/ C A induces
an isomorphism Kg(&/) ~ K (A). However, even to treat the fundamental class
of W/T', where I' is a discrete group acting by orientation preserving diffeomorphisms
on W, a more elaborate method is required and will be discussed in part V (cf. [20]).
In the context of actions of discrete groups we shall construct G(w) and gy, for any
cohomology class @ € H*(W X ET', C) in the subring R generated by the following

classes:

a) Chern classes of I'-equivariant (non unitary) bundles on W,

b) T-invariant differential forms on W,

¢) Gel’fand Fuchs classes.

As applications of our construction we get (in the above context):

@) If x €K, (W X ET') and {ch,x, ®> * o for some & in the above ring R then u(x) + o.
In fact we shall further improve this result by varying W; it will then apply also

to the case W = {pt}, i.e. to the usual Novikov conjecture. All this will be discussed
in part V, but see [20] for a preview.

B) For any w € R and any family (D,),cy of elliptic operators parametrized by Y = W]T,
one has the index theorem:

9c(Ind,(D)) = <ch, Ind,(D), o).

When Y is an ordinary manifold, this is the cohomological form of the Atiyah-Singer
index theorem for families ([5]).
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NON-COMMUTATIVE DIFFERENTIAL GEOMETRY 47

It is important to note that, in all cases, the right hand side is computable by a
standard recipe of algebraic topology from the symbol of D. The left hand side carries
the analytic information such as vanishing, homotopy invariance...

All these results will be extended to the case of foliations (i.e. when Y is the leaf
space of a foliation) in part VI.

As a third application of our analogue of de Rham homology for the above
‘ spaces > we shall obtain index formulae for transversally elliptic operators, that is,
elliptic operators on those “spaces” Y. In part IV we shall work out the pseudo-
differential calculus for crossed products of a G*-algebra by a Lie group (cf. [19]), thus
yielding many non-trivial examples of elliptic operators on spaces of the above type.
Let A be the C* algebra associated to Y, any such elliptic operator on Y yields a finitely
summable Fredholm module over the dense subalgebra & of smooth elements of A.
In part I we show how to construct canonically from such a Fredholm module a closed
current on the dense subalgebra &/. The title of part I, the Chern character in K-homology
is motivated by the specialization of the above construction to the case when Y is an
ordinary manifold. Then the K homology K,(V) is entirely described by elliptic
operators on V ([g] [18]) and the association of a closed current provides us with a map,

K.(V) - H(V, C)

which is exactly the dual Chern character ch,.

The explicit computation of this map ch, will be treated in part III as an intro-
duction to the asymptotic methods of computations of cyclic cocycles which will be
used again in part IV. As a corollary we shall, in part IV, give completely explicit
formulae for indices of finite difference, differential operators on the real line.

If D is an elliptic operator on a *“ space ”” Y and C is the closed current G = ch, D
(constructed in part I), the map ¢;: K,(A) - C makes sense and one has

oc(E) = (E, [D]) = IndexDy V E eK,(A)

where the right hand side means the index of D with coefficients in E, or equivalently
the value of the pairing between K-homology and K-cohomology. The integrality of
this value, Index Dy € Z, is a basic result which will be already used in a very efficient
way in part I, to control K,(A).

The aim of part I is to show that the construction of the Chern character ch,
in K homology dictates the basic definitions and operations—such as the suspension
map S—in cyclic cohomology. It is motivated by the previous work of Helton and
Howe [30], Carey and Pincus [12] and Douglas and Voiculescu [25].

There is another, equally important, natural route to cyclic cohomology. It was
taken by Loday and Quillen ([46]) and by Tsigan ([67]). Since the latter’s work is
independent from ours, cyclic cohomology was discovered from two quite different
points of view.
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There is also a strong relation with the work of I. Segal [61] [62] on quantized

differential forms, which will be discussed in part IV and with the work of M. Karoubi
on secondary characreristic classes [39], which is discussed in part II, Theorem 33.

Our results and in particular the spectral sequence of part II were announced

in the conference on operator algebras held in Oberwolfach in September 1981 ([21]).

This general introduction, required by the referee, is essentially identical to the

survey lecture given in Bonn for the 25th anniversary of the Arbeitstagung.

VI
VIIL.
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This set of papers will contain,

. The Chern character in K-homology.
II.
II1.
Iv.

De Rham homology and non commutative algebra.

Smooth manifolds, Alexander-Spanier cohomology and index theory.
Pseudodifferential calculus for C* dynamical systems, index theorem for crossed
products and the pseudo torus.

Discrete groups and actions on smooth manifolds.

Foliations and transversally elliptic operators.

Lie groups.

Parts I and II follow immediately the present introduction.



I. — THE CHERN CHARACTER IN K-HOMOLOGY

The basic theme of this first part is to ° quantize *’ the usual calculus of differential
forms. Letting &/ be an algebra over C we introduce the following operator theoretic
definitions for a) the differential df of any fe o/, b) the graded algebra Q = @® Q?

of differential forms, ¢) the integration ——>Jm e G of forms © eQ",

df =ilF,f] =i(ff—fF) Vfed,
Q= (34 ... dfY fie ),
fm = Trace(ew) V w Q"

The data required for these definitions to have a meaning is an n-summable Fredholm
module (H, F) over .

Definition 1. — Let </ be a (not necessarily commutative) Z|2 graded algebra over C,
An n-summable Fredholm module over o is a pair (H, F), where,

1)) H=Ht®H~ is a Z|2 graded Hilbert space with grading operator e,
e = (— 1) E for all e H*,
2) H is a Z|2 graded left o/-module, i.e. one has a graded homomorphism = of o in the
algebra £ (H) of bounded operators in H,
3) FeZMH), F2 =1, Fe = — ¢F and for any a € o one has
Fa — (— 1)%°qF € #"(H)

where L"(H) is the Schatten ideal (c¢f. Appendix 1).

When & is the algebra C*(V) of smooth functions on a manifold V the basic
examples of Fredholm module over & come from elliptic operators on V (cf. [3]).
These modules are p-summable for any p > dim V. We shall explain in section 6,
theorem 5 how the usual calculus of differential forms, suitably modified by the use
of the Pontrjagin classes, appears as the classical limit of the above quantized calculus
based on the Dirac operator on V.

The above idea is directly in the line of the earlier works of Helton and Howe [30],
Carey and Pincus [12], and Douglas and Voiculescu [25]. The notion of n-summable
Fredholm module is a refinement of the notion of Fredholm module. The latter is
due to Atiyah [3] in the even case and to Brown, Douglas and Fillmore [11] and Kas-
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50 ALAIN CONNES

parov [42] in the odd case. The point of our construction is that n-summable Fredholm
modules exist in many situations where the basic algebra &/ is no longer commutative,
cf. sections 8 and 9. Moreover, even when & is commutative it improves on the
previous works by determining all the lower dimensional homology classes of an extension
and not only the top dimensional ““ fundamental trace form . This point is explained
in section 7.

Let then & be a not necessarily commutative algebra over G and (H, F) an
n-summable Fredholm module over &/. We assume for simplicity that & is trivially
Z/2 graded. For any a €./, one has da = i[F, a] € #"(H). For each ¢qeN, let
Q? be the linear span in #"(H) of the operators

(@ +A.1)da* da® ... da%, a’e L, \eC.
Since Z"n x Pt C gt (cf, Appendix 1) one checks that the composition of

operators, Q% x Q% — Qu*% endows Q = jE:BO Qi with a structure of a graded
algebra. The differential d, dw = i[F, »] is such that

=0, dw, o) = (do;) o, + (— 1) 0, do, V o, n,ecl
Thus (Q, d) is a graded differential algebra, with d2 = 0. Moreover the linear func-
tional f: Q" - G, defined by

fw = Trace(ew) Vo eQ"

has the same properties as the integration of the trace of ordinary matrix valued diffe-
rential forms on an oriented manifold, namely,

fdw =0 VweQ f‘”z w, = (— 1)d°“"’1d°g“’2fw1 0y

for any «;€Q% j=1,2,¢,+ ¢ =n.

Thus our construction associates to any n-summable Fredholm module (H, F)
over &/ an n-dimensional cycle over &/ in the following sense.

Definition 2. — a) A cycle of dimension n is a triple (Q, d, f ) where Q = GBOQ" is

J:

a graded algebra over C, d is a graded derivation of degree 1 such that d* = o, and f: Q" — G
s a closed graded trace on Q.

b) Let o/ be an algebra over C. Then a cycle over o/ is given by a cycle (Q, d, f ) and
a homomorphism p: o — QO.

As we shall see in part IT (cf. theorem 32) a cycle of dimension n over & is essentially
determined by its character, the (n + 1)-linear function =,

(', ..., d") =f9(a°) d(p(a")) d(p(a)) ... d(p(a")) V' e
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NON-COMMUTATIVE DIFFERENTIAL GEOMETRY 51

Moreover (cf. part II, proposition 1), an n + 1 linear function © on & is the character
of a cycle of dimension n over & if and only if it satisfies the following two simple
conditions,

a) (@, d, ...,a%a) = (—1)"1(d, ...,a") Ve,

n
B) %(— )iz, ...,ala Y L e + (— )" i@t e dY ..., d") = o.

There is a trivial manner to construct functionals t satisfying conditions «) and B).
Indeed let C}(of) be the space of (p + 1)-linear functionals on & such that,

old, ...,d%d) = (—1)Pp(d, ...,a?) Vaied.
Then the equality,
bo(d, ...,a"*Y) = %(— )i, ...,dd" ..., a""Y)
+ (— 1)Ptle(a?*1dd, ..., a?)
defines a linear map b from Cf(&/) to C2*!(&Z) (cf. part II, corollary 4). Obviously

conditions «) and ) mean that t € C} and bt = 0. As b = o, any be, ¢ € C}~1(),
satisfies «) and B). The relevant group is then the cyclic cohomology group

() = {7 e CG}(), bt = o}/{bp, 9 e CL7(A)}.

The above construction yields a map

ch*: {n summable Fredholm modules over &/} - H}(&).

Since & is trivially Z/2 graded, the character © € C}(&/) of any # summable Fredholm
module over & turns out to be equal to o for n odd. Let us now restrict to even n’s.
The inclusion £P(H)C #!(H) for p < ¢ (cf. Appendix 1) shows that an » summable
Fredholm module (H, F) is also n + 2% summable for any £ =1,2,... We shall
prove (cf. section 4) that the (n + 2k)-dimensional character «,_ , of (H, F) is deter-
mined uniquely as an element of H+%(f) by the n-dimensional character <, of (H, F). More
precisely, there exists a linear map S:Hj(&/) > H3*%(&) such that

T, .o = S¥ 1, in HYP¥(of).

The operation S:Hj}(o/) — H3t%(of) is easy to describe at the level of cycles. Let
¥ be the 2-dimensional cycle over the algebra B = C with character o, o(1, I, 1) = 2ir.
Then given a cycle over &/ with character 7, St is the character of the tensor product
of the original cycle by Z. The reason for the normalization constant 2im appears
clearly from the computation of an example (cf. section 2). It corresponds to the

following normalization for f“)’ we', n=2m,
fo) = m!(2iw)™ Trace(ew).
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52 ALAIN CONNES

Let now Hj\(&) = @OH’{(.M). The operation S turns H3(&/) into a module
over the polynomial ring G(s), S being the multiplication by o. Let,
H'(o#) = Lim(H}(«/), S) = Hj(s#) @, C

where G(s) acts on G by P(s) 2= P(1) z for 2 e€C. The above results yield a map
ch*: {finitely summable Fredholm modules over &/} — H*(%).

We shall show (section 5) that two finitely summable Fredholm modules over &/ which
are homotopic (among such modules) yield the same element of H*(%).

When & = C%(V), where V is a smooth compact manifold, one has
H: (&) = H,(V, C) where H;, means that the (n 4 1)-linear functionals ¢ € C}(%/)
are assumed to be continuous, and H,(V, C) is the ordinary homology of V with complex
coefficients. We can now explain what our construction has to do with the Chern
character in K-homology. The latter is (cf. [9]) a natural map,

ch,: K, (V) - H,(V, C)

where the left side is the K-homology of V ([9]). By [24] the left side is isomorphic
to the Kasparov group KK(C(V), C) of homotopy classes of *Fredholm modules over
the Cr-algebra C(V) (}). The link between our construction and the ordinary dual
Chern character ch, is contained in the commutativity of the following diagram:

homotopy classes of finitely summable| o -
{ (C=(V))

-_—> H:ont
*Fredholm modules over C*(V) J(

KK(G(V), C) H,(V, C)

For an arbitrary algebra & over C, let Ky(/) be the algebraic K-theory of &/
(cf. [40]). One has (cf. part II, proposition 14) a natural pairing ¢ , ) between K(2)
and the even part of H*(%/). Moreover the following simple index formula holds for
any finitely summable Fredholm module (H, F) over «:

([e], ch*(H, F)> = Index F V¢ e Proj M, (/).

Here ¢ is an arbitrary idempotent in the algebra of % X 2 matrices over &, [e] is the
corresponding element of Ky(&/), and F, is the Fredholm operator from e(H ® CF)
to e(H™ ® C*) given by ¢(F® 1) e. Thisformula is a direct generalisation of [20], [34].
It follows that any element = of H*(/) which is the Chern character of a finitely sum-
mable Fredholm module has the following integrality property,

(Ky(t), 5 C Z.

(*) A Fredholm module over a *algebra & is a *Fredholm module if and only if {a€,n) = (&, a*7n) for
ac A, E,meH.
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To illustrate the power of this result we shall use it to reprove a remarkable result
of M. Pimsner and D. Voiculescu: the reduced C*-algebra of the free group on 2 gene-
rators does not contain any non trivial idempotent. Letting v be the canonical trace
on C;(I"), and e e Proj(C;(T")), one knows that =(¢) €[o,1]. Using a suitable
Fredholm module (cf. [56], [23], [37]) with character © we shall get <(¢) eZ and
hence t(¢) e{o, 1}, i.e. ¢=o0 or e=1.

Part I is organized as follows:

CONTENTS
1. The character of a 1-summable Fredholm module ........... ... oo i, 53
2. Higher characters for a p-summable Fredholm module .............cooiiiiiiiiiiiiiiiiin.. 56
3. Computation of the index map from any of the characters Ty, ..........ccoiiiiiiiiiiiiian, 60
4. The operation S and the relation between higher characters ..................cooiiiiiine.. 61
5. Homotopy invariance of ch*(H, F). ... iuiiniiiiiiiiiiiiiiiiiiiiiiiettitiiiiittiitnenanaannns 63
6. Fredholm modules and unbounded Operators .............coiiiiiiiiiiiiiiinniiiaiiininananns 66
7. The odd dimensional CaSE . ... ... .uuueuunnnuuunnneeenetenenesnseeennenneseesnssennnoenns 69
8. Transversally elliptic operators for foliations ...........c.oiiriiiiiiiiieiiiiiiiiiiiiiiiinnnnnns 77
9. Fredholm modules over the convolution algebra of a Lie group .................ooiiiiiiia.., 8o

APPENDICES
1. Schatten Classes.........oiuutueeeeneaeuneannaeeuenesssesoinssssaseseseenensesaeeananaenonn 86
2. Fredholm modules .. ... ooiiiiiiiiiettitiieetteeteieeeeiteeeeraesesssnsssssssnsssnnnnnns 88
3. Stability under holomorphic functional calculus ..........cooiiiiiiiiiiiiiiiiiiiiiiiiininnenn. 92

1. The character of a 1-summable Fredholm module

Let &/ be an algebra over C, with the trivial Z/2 grading. Let (H,F) be a
1-summable Fredholm module over .

Lemma 1. — a) The equality <(a) = g Trace(eF[F, a]), V a € o, defines a trace on .

b) The index map, K(&) — Z, is given by the trace =:
Index F} = (v ® Trace) (¢) V e € Proj M ().
Proof. — a) Since & is trivially Z[2 graded, one has ez =ac for all ae.</.

As ¢F = — Fe one has ¢F[F, a] = ¢F?2a — ¢FaF = ¢F2a + FacF = ea + FacF since
F2 = 1. Thus,

eF[F, a] = [F, a] F.
Then v(ab) = é Trace(eF[F, ab]) = —;— Trace(eF[F, a] b + <Fal[F, b])

— é Trace([F, ] <Fb + [F, 6] ¢Fa),

which is symmetric in ¢ and 4. Thus t(ab) = «(ba) for a, b € .

269



54 ALAIN CONNES

b) Replacing &/ by M («/), and (H,F) by (H®C,F®1) we may assume

that ¢ =1. Let F = [; 8] so that PQ =15, QP = 145. With H; = eH*,

H, = eH™ we let P’ (resp. Q') be the operator from H, to H, (resp. H, to H;) which
is the restriction of ¢P (resp. ¢Q) to H; (resp. H,). Since [F,¢] € £1(H) one has
PP Q — i1y, e LY (H,), QP — 15 € £ (H,). Thus (proposition 6 of Appendix 1)
one has
Index P’ = Trace(1y, — Q' P') — Trace(1g, — P' Q)
= Tracey.(¢e — eQePe) — Tracey-(¢e — ePeQe)
= Trace(e(e — eFeFe)).

But Trace(e(¢e — eFeFe)) = Trace(e(¢e — FeFe) ¢) = Trace(eF(Fe — ¢F) ¢)
= é Trace(cFe[F, ¢] + F[F, ¢] ¢) = é Trace(cF[F, ¢]) = (e). O

Definition 2. — Let (H, F) be a 1-summable Fredholm module over of. Then its character
is the trace v on S given by lemma 1 a).

Corollary 3. — Let © be the character of a 1-summable Fredholm module over of. Then
(Ky(), > CZ.

Now let A be a Cr-algebra with unit and 7 a trace on A such that
1) = is positive, i.e. ©(x*x) = o for x €A,
2) v is faithful, i.e. x £ 0 = v(x*x) > 0 (cf. [55]).

Corollary 4. — Let A be a C*-algebra with unit and < a faithful positive trace on A such
that ~(1) = 1. Let (H, F) be a Fredholm module over A (cf. Appendix 2) such that
a) o ={aecA,I[F,a] € LYH)} s dense in A,
b) /o is the character of (H, F).

Then A contains no non trivial idempotent.

Proof. — By proposition 3, Appendix 3, the subalgebra &7 of A is stable under
holomorphic functional calculus. Hence (Appendix 3) the injection & — A yields
an isomorphism, K, (&) - Kj(A). Thus the image of K (A) by =t is equal to the
image of K (&) by the restriction of © to &7 so that, by corollary 3, it is contained in Z.
If ¢ is a selfadjoint idempotent one has t(¢) € [0, 1] NZ = {o, 1} and hence, since
is faithful, one has ¢ = 0 or ¢ = 1. It follows that A contains no non trivial idem-
potent f, f2=f. O

Before we give an application of this corollary, let us point out that its proof is
exactly in the spirit of differential topology. The result is purely topological; it is a state-
ment on a Cr-algebra, which, for A commutative, means that the spectrum of A is

connected. But to prove it one uses an auxiliary ¢ smooth structure  given here by the
subalgebra & ={a €A, [F, a] € L(H)}.
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As an application we shall give a new proof of the beautiful result of M. Pimsner
and D. Voiculescu that the reduced C*-algebra of the free group on two generators
does not contain any non trivial idempotent [56]. This solved a long standing conjecture
of R. V. Kadison. We shall use a specific Fredholm module (H, F) over the reduced
Cr-algebra of the free group which already appears in [56] and in the work of J. Cuntz [23],
and whose geometric meaning in terms of trees was clarified by P. Julg and A. Valette

in [37].

Definition 5. — Let T' be a discrete group. Then the reduced C'-algebra A = Cy(T")
of T' is the norm closure of the group ring CI' in the algebra L (¢2(T")) of operators in the left
regular representation of T' (cf. [51]).

Now let I" be an arbitrary free group, and T a tree on which I' acts freely and
transitively. By definition T is a 1-dimensional simplicial complex which is connected
and simply connected. For j = o, 1 let T be the set of j-simplices in T. Let p e T°
and ¢:TO\{p} - T be the bijection which associates to any ¢ € T° ¢ % p, the only
1-simplex containing ¢ and belonging to the interval [p, g]. One readily checks that
the bijection ¢ is almost equivariant in the following sense: for all g € " one has ¢(gg) = go(q)
except for finitely many ¢’s (cf. [23], [37]). Next, let H* =#(T%, H- =A(T") @C.
The action of ' on T and T? yields a C;(I')-module structure on #(TY), j=o,1,
and hence on H* if we put

a((,2) = (a&,0) VEef(TY), AeC, aecCyD).
Let P be the unitary operator P:Ht —H~ given by
Pe, = (0,1), Pe,=¢,, Vg+p
(where for any set X, (c,),cx is the natural basis of #2(X)). The almost equivariance

of ¢ shows that

P-t
Lemma 6. — The pair (H, F), where H — H*®H-, F — [°P

o ] s a Fredholm
module over A and of = {a, [F, a] € LY (H)} is a dense subalgebra of A.

Proof. — For any g e ' the operator gP — Pg is of finite rank, hence the group
ring CT is contained in & = {a e C}(T), [F, a] € Z'(H)}. As CI is dense in C}(T)
the conclusion follows. O

Let us compute the character of (H, F).

Let ae s/, then a — P~ '4P e Z'(H*) and

é Trace(cF[F, a]) = Trace(a — P~ 1 4P).

Let v be the unique positive trace on A such that t(Za,g) = a;, where 1eT is the
unit, for any element a = Za,g of CI'. Then for any aeA = Cy(I"), a —(a) 1
belongs to the norm closure of the linear span of the elements geI', g+ 1.
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Since the action of T on TV is free, it follows that the diagonal entries in the matrix
of a — x(a) 1 in ¢*(TY) are all equal to 0. This shows that for any a € .o/ one has,

Trace(a — P~ aP) = <(a) Trace(1 — P~ 1P) = <(a).

Thus the character of (H, F) is the restriction of = to &/ and since = is faithful and positive
(cf. [51]), corollary 4 shows that

Corollary 7. — (Cf. [56]). Let T' be the free group on 2 generators. Then the reduced
C*-algebra C;(T') contains no non trivial idempotent.

2. Higher characters for a p-summable Fredholm module

Let &7 be a trivially Z/2 graded algebra over C. Let (H, F) be a p-summable
Fredholm module over &/. As explained in the introduction we shall associate to (H, F)
an n-dimensional cycle over &/, where n is an arbitrary even integer such that n = p.
In fact we shall improve this construction so that we only have to assume that n = p — 1,
ie. that (H, F) is (n + 1)-summable.

Let « be obtained from o by adjoining a unit which acts by the identity operator
in H. For any T e X(H) let dT =i[F, T] where the commutator is a graded
commutator. For each j €N we let Q be the linear span in #(H) of the operators
of the form

ada' ... ddl, d e of.
Lemma 1. — a) d*T =0 VT e ZH).
b) d(T; Ty) = (dTy) Ty + (— 1)*" T, dT, V Ty, T, € Z(H).
c) dQiC Qitd, N
d) QF x Q¥C Qi**; in particular each QF is a two-sided sf-module.
e) QFC FntUk(H),
Progof. — a) If T is homogeneous, then
F(FT — (— 1)* TF) — (— 1)"*Y(FT — (— )" TF) F
=F2T — TF2 = o.
b) The map T — [F, T] is a graded derivation of #(H).
¢) Follows from a), b). N
d) It is enough to show that for a° ..., a), a € one has

(@ da' ... dd') a € Q.

This follows from the equality (da’) @ = d(a’ a) — a’ da, by induction.
¢) Since (H, F) is n + 1 summable one has da e #"+*'(H) for all a e/ and

¢) follows from the inclusion #? X £1C %" for ; = ; + ; (cf. Appendix 1). O
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n

Lemma 1 shows that the direct sum Q = '@0 Q' of the vector spaces Qf is naturally
i-

endowed with a structure of graded differential algebra, with d2 = o.
Lemma 2. — For any T € (H) such that [F, T] e L*(H) let
Tr,(T) = % Trace(cF([F, T])).

a) If T is homogencous with odd degree, then Tr,(T) = o.

b) If Te %' (H) then Tr,(T) = Trace(cT).

c) One has [F, Q"1C L' (H) and the restriction of Tr, to Q" defines a closed graded
trace on the differential algebra Q.

Proof. — a) Since F[F, T] is homogeneous with odd degree one has
eF[F, T] = — F[F, T] ¢

and Trace(¢F[F, T]) = Trace(F[F, T] ) = — Trace(cF[F, T])
thus Trace(eF[F, T]) = o.

b) éTrace(eF[F, T]) = -;—Trace (T — FTF) for all T with 4T = o (mod 2).
If Te#(H) then Trace(eFTF) = — Trace(FeTF) = — Trace(eT), so that

éTrace(sF[F, T]) = Trace(cT).

¢) One has [F,Q"CQ"*'C £'(H) by lemma 1. Since d?>= o0 one has
Try(dw) = 0 V © € Q"' It remains to show that for w; € Q" w, € Q™ n, + ny, = n

one has "
Trs((’)l ‘*’2) = (_“ I) T Trs("‘)Z (*)1):

or equivalently, that
Trace(eF d(w, 0,)) = (— 1)™ Trace(eF d(w, o;)).
Since eF commutes with de; and dw,, one has
Trace(eF d(w; w,)) = Trace(eF(dw,) w,) + (— 1)™ Trace(esFow, dw,)
= Trace(eFw, dw,) + (— 1)™ Trace((cF do,) o,)
= (— 1)"™ Trace(eF d(w, ;). O
We can now associate an n-dimensional cycle over o/ to any 7z + 1 summable

Fredholm module (H, F).

Definition 3. — Let n = 2m be an even integer, and (H, F) an (n + 1)-summable Fredholm
module over /. Then the associated cycle over s is given by the graded differential algebra (Q, d),
the integral

[o = (2im)"m! Tr,(0) Voeor
and the homomorphism = : o — Q0 C L(H) of definition 1.
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The normalization constant (2¢w)"m! is introduced to conform with the usual
integration of differential forms on a smooth manifold. To be more precise let us treat
the following simple example. Welet I' C G be a lattice, and V = CG/I. Then Visa
smooth manifold and the @ operator yields a natural Fredholm module over C*(V). We
consider 2 as a bounded operator from the Sobolev space H = {§ € L}(V), 3¢ e L}(V)}
to H™ = L*V). The algebra G*(V) acts in H* by multiplication operators, and the

o (0 +¢t
operator F is given by | _ , where ¢€GC, ic ¢ ['" the orthogonal of
Jd+ ¢ o

the lattice ' (to ensure that 9 4 ¢ is invertible). We let (), et be the natural
orthonormal basis of L*V) = H~, ¢ (z) = |C/T*| " expi(g, z) for zeCIT, and
(¢,7) be the corresponding basis of H, e = (4 ¢) '¢;. Thus ¢ (2) = (ig + ) 7' 5, (2)
for zeC/T', and we may as well assume that the ¢ form an orthonormal basis
of H*. For each geTI‘, let U, e C°(V) be given by U,(z) = expig, z), then
U4y =0U,U, for gy,ge€ 't and the algebra C®(V) is naturally isomor-
phic to the convolution algebra #(I'*) of sequences of rapid decay on I,
C*(V) ={Z¢,U,,a e #(T'")}. One has U, =¢;, and

U, ef = Uy(ik + o) tep = (i + &)~ e,y = i(*g;cf——f;_? e
for any g,k eI, We are now ready to prove
Lemma 4. — With the above notations, (H, F) is a g-summable C*(V)-module and
To(fHE LTRSS = o [ 4P ndr V7L f e Com),
where V is oriented by its complex structure.

Progof. — For geT' one has

(FU,— U,F) ¢ =F (M) et -

g +k gtk

tkh + ¢
_(let+R) +e ) _ i -
ik + ¢ 9Tk e 7TE
and similarly (FU, — U, F) & = ik_ng ey Since P(I'Y)CATY), it follows that
154

(H, F) is p-summable for any p > 2.
To prove the equality of the lemma we may assume that ff=1U
2> 81> 82 € T+, From the above computation we get

[F, U, I [F, U,I[F, U] &

e go _gl g2 .
G+ g+ k—ie) \gg+k—ic) \k—ig) otntatk

5 with
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and [F, U, I [F, U, 1[F, U, ] &
— — 4o &1 — & et
G+ g +hk—ic) \gg+k—ig) \k—ig) oratatl
Thus Tr, (U, i[F, U,]i[F, U,]) = — é Trace(eF[F, U, J[F, U, ][F, U,]) is equal

to o if g, + g + g, + 0 and otherwise to:

Z 8o S1 82
rert \g + 8o +k—ic) \go + kb —ic) \B—ic)”

This sum can be computed as an Eisenstein series ([70]). More precisely let #, v be
generators of I'* with Im(z/u) > o and El(z) the function

E,(2) = lim Z (Lim Z (2 +k)~') where k = pu + vo.

N-+>w v=—N M->wo p=—M
Then the above expression coincides with
G1(Bq(— te) — Ey(g; — ie)) — ga(Es(ge — 1) — Eq(gy + g2 — i)
= 2i7(ny my — ny my),

where g, = mu + m;v (cf. [70], p. 17).

Let (a, B) be the basis of C over R dual to (4,2). Then T = on(Za + Zp),
U, (%x +yB) = " ¢™ for all x,yeR, g=nu+mvelt For g+ g +g+o0
one has fv U, dU, dU, = o and otherwise

2r (2, . . .
[(UadU, U, = [ 7 ((ins) (ima) — (ing) (imy)) dx dy
= (2tm)2 X (nymg — nymy). DO
A similar computation yields the factor (2ix)™m! for n = am.

Proposition 6. — Let n = 2m, (H, F) be an (n + 1)-summable Fredholm module over </,
and ~ be the character of the cycle associated to (H, F),

T ..., a") = (2in)" m! Tr,(a® da" ... da").
Then a) <(a', ...,a" a") =1(d, ...,a") for aie L,

b) %(— iz, ...,dd* ..., a") + (— )" @, ..., a") = 0.

Proof. — Follows from proposition 1 of part II. O
With the notation of part II, corollary 4, one has v € G}(«/) by a) and bt =0
by b), i.e. ©eZ}(H).

Remark 6. — All the results of this section extend to the general case, when}s/ is
not trivially Z/2 graded. The following important points should be stressed,

«) Since @' € &/ can have non zero degree mod 2, it is not true in general that
J.“’ =0 for weQ", n odd.
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B) Since the symbol d has degree 1, the n-dimensional character =, of an (n + 1)-
summable Fredholm module (H, F) over & is now given by the equality,

‘l.',,(ao, e, an) — 6‘"(— I)8a1+8a3+...+3a2k+1+... Tr,(a° da ... da")

n 2
+ we take

Here ¢, is a normalization constant such that ¢, , = 2ix ¢

b = (2im)"ml, ¢y, = (20%)" (m _ 1) L (3-) (1)

2 2 2

nd

v) In general, the conditions a), b) of proposition 5 become

2a9( b 2ad)
1 T

a') t(d, ...,a"% d) = (— 1)"(— 1) (@ d,...,a") Ve,
hig . . .
b') ‘20(—— )iz, ...,dd" ..., "
iz
n .
+1 ) 9a’
+ (— 1)"*(— I)aan i (@t dd, ..., a") = o.

The general rule (cf. [49]) is that, when two objects of Z/2 degrees « and B are
permuted, the sign (— 1)*® is introduced.

3. Computation of the index map from any of the characters =,

Let & be an algebra over C, with trivial Z/2 grading. Let n = 2m be an even
integer, (H, F) an (n + 1)-summable Fredholm module over &, and =, the n- dimensiona
character of (H, F).

Let (v,) be the class of 7, in H}(&) = Z}()[6Cy~ (). By part II, propo-
sition 14, the following defines a bilinear pairing ¢ , > between K (&) and H}(«):

e, @) = (2im) "(m!) " (o # Tr) (e, ..., e)
for any idempotent ¢ e M, (&) and any ¢ €Z}(f). Here ¢ # Tr e Z}(M,(&))
is defined by

(p # Tr) (@®m’, ...,a"®m") = ¢(d’, ..., a") Trace(m® ... m")
for any a' € o/, m! e M,(C). .

When the algebra & is not unital, one first extends ¢ € Z}(&/) to ¢ e Z} ),
where o7 is obtained from ./ by adjoining a unit,

P@+N1,...,a"+N1) =¢(d, ...,a") Vdes, ¥NeC.

Then one applies the above formula, for ¢ e Mk(&;’)
Theorem 1. — (Compare with [25] and [34]). Let n = 2m and (H, F) an (n + 1)-

summable Fredholm module over sf. Then the index map K() —Z 1is given by the pairing
of Ko() with the class in Hy(f) of the n-dimensional character <, of (H, F):

Index F;f = ([e], (v,)> for e € Proj M ().
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Proof. — As in the proof of lemma 1.1 b) we may assume that 4 = 1, that &/ is
unital and that its unit acts in H as the identity. Let F = [(I)’ 8] , so that PQ = 14,
QP = 1. Let H;, =¢H*, Hy;=¢H", and P’ (resp. Q') be the operator from H,
to H, (resp. H, to H,) which is the restriction of ¢P (resp. ¢Q ) to H, (resp. H,). Thus
Ig, — Q' P (resp. 15, — P’ Q) is the restriction to H; (resp. H,) of ¢ — ¢FeFe.

As ¢ — ¢FeFe = — ¢[F,¢]%e, and [F,¢] € #"*'(H), we get (Appendix 1, propo-
sition 6) Index P’ = Trace e(¢e — eFeFe)™*1,

One has <e, 1,> = (Sl Trace(eF[F, e]**!). As [F, ¢] = ¢[F, e] + [F, €] e,
one has 2
Trace(eF([F, e])* ) = Trace(cFe[F, ¢][F, €]*™) + Trace(cF[F, ¢] e[ F, e]*™).
Now eF = — Fe, F[F,¢]***! = — [F, ¢]™*'F, so that

Trace(cFe[F, e]*+!) = — Trace(Fee[F, ¢]" 1)
= — Trace(ee[F, e]™+! F) = Trace(eeF[F, ]™*1).
As ¢[F, e]2 = [F, e]2e¢ we get
Trace(eF[F, e]***!) = 2 Trace(e¢F[F, ¢] ¢[F, e]*™)

= 2(— 1)™ Trace e(e — eFeFe)™+', O

4. The operation S and the relation between higher characters

In part II, theorem g, we show that the operation of tensor product of cycles yields
a homomorphism (@, ¢) > ¢ # ¢ of Zi() X ZN(B) to Zy™ (A ® B), for any
algebras o/, # over C. Taking # = C and o €Z3i(C), oAy, Ay, Ae) = 2iTAg AL Ay
yields the map S, S¢ = ¢ # o from Z}() to Z3}"3(/ ® C) = Z}*3(/). By part 11,
corollary 10, one has SB}(&/)C Bi*%(2/). Now let n = 2m be even, (H, F) be an
(n + 1)-summable Fredholm module over &. As Z"*!(H)C #"*3(H), the Fredholm
module (H, F) is (n 4+ g)-summable, and hence has characters r,, 7, , of dimensions n
and n 4 2.

Theorem 1. — One has =, , = St, in H} ().

Proof. — By construction, t, is the character of the cycle (Q, d, f ) associated
to (H, F) by definition 3. Thus (part II, corollary 10) Sr, is given by

n+1

St,(a% ..., a"t?) =ain X |(a®da' ... daFY) @I aFt(dai P2 ... da"t?)
0
n+1 o .
= (2tm)"*'m! X Tr((a®da" ... da""Y) ai i *1(da’*? ... da"*?)).
0
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By definition, <, , is given by

T, 0@ ..., a3 = (2im)™ T (m + 1)! Tr,(a® da' ... da"*?).
We just have to find ¢, € C;**(&/) such that bp, = St, — 7,.,. We shall construct
¢ € Ci+'(of) such that

n+1
bop(a’y ...,a""%) == X Tr,((a"da' ... dai~Y) al &' T1(da’*2 ... da"+?))
0

— (” —i_ 2) Tr,(ada' ... da"*?).

N

n+1
We take ¢ = 20 (— 1) ¢, where
<Pj(a0, ooy a”-l-l) — Tracc(sFaj daj-i-l . daj—l).

One has aidai*™' ... dd 1 eQ"*1C #P*(H) so that the trace makes sense;
moreover by construction one has ¢ e G} ! (2/).
To end the proof we shall show that

- I)j"l

boi(d ...,a"*"?) = ( Tr,(a° da* ... da"*?)

+ -2- (— 1) Tr,((a° da* ... da¥~ ) & a#*'(da?*? ... da™*?)).
i

Using the equality d(ab) = (da) b + adb, with a, b € &/, we get
boi(a’, ..., a"*?) = Trace(cF(ai*t'dai*? ... da"*?) o°(da' ... da%))
+ (— 1)7* Trace(eFai **(dai*? ... da® ... da’ ') )
+ Trace(cFai(da’ ™t ... da"*?) a®(da' . .. dai™?)).
Let = (da'*?... da"*?) a®(da' ... d’~') e Q". Using the equality
Trace(ea dB) = Tr,(« dB) = Tr,(i[F,«] B) VaeLH), eax = — ae,
we get
(— 1)i7 ' Trace(sFa' *'(dai*? ... da® ... da’~') df)
= Tr,(i[F, o Fa' *1] B).
Thus,
boi(a ..., a" %) = Trace(da’ eFa’ ™' B) + Tr,(i[F, o’ Fai 1] B)
+ Trace(cFal da’ ™! B) = Tr,((Fd(a’ o’ ™) + i[F, a’ Fai t1]) B).
One has Fd(a’a**') + i[F, ¢’ Fa'*'] = — i(da’ da’** — 247a’*') and the above
equality follows easily. O
This theorem leads one to introduce the group H(&/) which is the inductive
limit of the groups H}"(&/) with the maps,
Hy(of) > Hy™+4(at).
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With the notation of part II, corollary 10, one has,
H" (o) = HY () Oy C
where CG(s) acts on C by P(¢) - P(1) (cf. part II, definition 16).

Definition 2. — Let (H, F) be a finitely summable Fredholm module over of. We let
ch*(H, F) be the element of H* () given by any of the characters ~,,,, m large enough.

By part II, corollary 17, one has a canonical pairing { , > between H*'(&/) and
K,(#7) and theorem g.1 implies the following corollary.

Corollary 3. — Let (H, F) be a finitely summable Fredholm module over of. Then the
index map Ko() - Z s given by
Index F; = (ch,(e), ch*(H, F)> V e e Proj M,(/).

For such a formula to be interesting one needs to solve two problems:
1) compute H*(7);
2) compute ch*(H, F).

In part IT we shall develop general tools to handle problem 1.

5. Homotopy invariance of ch'(H, F)

Let & be an algebra over C. In this section we shall show that the character
ch*(H, F) e H"(&/) of a finitely summable Fredholm module only depends upon the
homotopy class of (H, F). Let H, be a Hilbert space and H the Z/2 graded Hilbert

space with H* —=H,, H- = H,. Let Fe.2(H), F = [0 ;]
I

Lemma 1. — Let p = 2m be an even integer. For each t € [o, 1] let m, be a graded
homomorphism of o in L (H) such that 1) t — [F, m(a)] is a continuous map from [o, 1]
to LP(H) forany a € o, 2) t - m,(a) & is a C' map from [0, 1] to H for any a € &, § € H.
Let (H,, F) be the corresponding p-summable Fredholm modules over s/.  Then the class in HE +*(sf)
of the (p + 2)-dimensional character of (H,, F) is independent of t € [o, 1].

Proof. — Replacing & by o/ we can assume that & is unital and that m(1) =1,
Vte[o, 1]. By the Banach Steinhaus theorem, the derivative §,(a) of the map
t - m(a) is a strongly continuous map from [o, 1] to Z(H). Moreover,

3,(ab) = m,(a) 8,(b) + 8;(a) w,(b) for a,be A, te]lo,1].

For teo, 1] let ¢, be the (p + 2)-linear functional on &/ given by
p+1

o a, ..., a? ) = k§=]1 (— 1)¥~* Trace(en,(a®) [F, m,(a)] . ..

[F, m(a"~1)] 8,(a") [F, m(a**1)] ... [F, m(a”*1)]).
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Using the equality 3,(ab) = =,(a) 8,(0) + 3,(a) m,(d), V a,b € o/, one checks that o,
is a Hochschild cocycle, i.e. bp, = 0o, where
p+1
bo,(a% ...,a""?) = X (—1)%¢(d, ..., a%"" ..., aPt?)
g=0

+ (—1)?*2 (a2 a% a', ...,a?"Y), Vaies.

Let ¢ be the (p + 2)-linear functional on &/ given by

1
o(d, ...,a"*h) = f o, a® ..., a""Y) dt.

(]

(Since ||m,(a)|| and ||3,(a)|| are bounded, the integral makes sense.)

One has b¢p =0 and ¢(a% ...,a?*!) = o0 if @/ = 1 for some j + 0. One has

1 P
o(1,d%d', ..., a") =J; dt kg) (— 1)* Trace(e[F, m,(a”)] ...

[F, m(a*~1)] 8,(a") [F, m(a" )] . ... [F, m(a”)]).

Let
7 (d, ..., a") = Trace(er,(a°) [F, m,(a")] ... [F, m,(a?)]).
One has
% (T4 (@ .oy @) —1(d ..., a"))
= Trace (o2 (my,.(a") — m(@) [F, 7 (@) - [F, w5, ()]

1

o+ Trace (em (@) [F, £ (701 (a) — m(@)) | . R m(@)]) + -

s
+ Trace (m,(a") [F, m,(aY)] ... [F % (my , (@) — n,(a”))] )
When s — o one has, using 1) and 2),
Trace (sn,w) [F, 7(a)] - .. [F, m(a*~Y)] [F L (mrala) — n,(ak))] ... F, TcHs(a”)])
— (— 1)* Trace (E[F, (@] ...
[F, ("] 5 (0 1(a%) — (@) [, m(a )] .. [F, (e

— (— 1)* Trace(e[F, m(a")] . ... [F, m(a"™")] 8,(a") [F, m, ,(a**1)] ... [F, m, (a")]).

1

Thus (1,4 ..., d") = f T dt = 7,(d° ..., a") — 1y(a’ ..., a") and the result fol-
0

lows from Part II, lemma 34, since b¢ =0 and By = 1, — 75. O
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Theorem 2. — Let o be an algebra over G, H a Z|2 graded Hilbert space. Let (H,, F,)
be a family of Fredholm modules over of with the same underlying Z|2 graded Hilbert space H.

lo Q,

Let off be the corresponding homomorphisms of o in L (H=*) and F,= p
‘ 0

that for some p< co and any a € A,
1) t> i (a) — Qpi (a) Py is a continuous map from [o, 1] to LP(H),
2) trpf(a) and t Q o7 (a) P, are piecewise strongly Gl

Then ch*(H,, F,) e H"() is independent of t € [o, 1].

] . Assume

I o 0 1
Progf. — Let T, = [ ], then T,F,T;! =[ ] and
o Q, I

)
of (a) 0 ]
Y Qe (a) Py

Then the result follows from lemma 1 and the invariance of the trace under similarity. 0

Tipia) T = [

Corollary 3. — Let (H, F,) be a family of p-summable Fredholm modules over o with
the same underlying sf-module H and such that t— F, is norm continuous. Then ch*(H, F))
15 independent of t € [o, 1].

Proof. — Since the set of invertible operators in #(H*, H™) is open, one can
replace the homotopy F, by one such that ¢+ P, is piecewise linear and hence piecewise
norm differentiable. O

Let now A be a C*-algebra and &/ C A a dense *subalgebra which is stable under
holomorphic functional calculus (cf. Appendix 3). By theorem 2, the value of ch*(H, F)
only depends upon the homotopy class of (H, F). We thus get the following commu-
tative diagram,

X, H"(«)

Homotopy classes of finitely summable
*Fredholm modules over &/ j

KK(A, C) — Hom(K,y(A), Z) C Hom(K,(A), C)
where

a) the left vertical arrow is given by proposition 4 of Appendix 3,

b) the right vertical arrow is given by the pairing of K (&) with H* (&) of part II,
corollary 17 together with the isomorphism Ky(&/) ~ K (A) (Appendix 3, pro-
position 2),

¢) the lower horizontal arrow is given by the pairing between KK(A, C) and
KK(GC, A) = Ky(A).
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6. Fredholm modules and unbounded operators

Let & be an algebra over G. In this section we shall show how to construct
p-summable Fredholm modules over & from unbounded operators D between 2/-modules.
We shall then apply the construction to the Dirac operator on a manifold. We let H
be a Z[2 graded Hilbert space which is an &/-module and D a densely defined closed
operator in H such that

1) eD = — De,
2) D is invertible with D~! e £ (H),

3) for any aeo/ the closure of ¢ — D 'aD belongs to #?(H) (where
p €[1,of is fixed).

o D
Proposition 1. — a) Write D = [D 2]. Let Hy be the Z|2 graded of/-module
l 0
given by Hi = H*, H; = The Hilbert space H* with at =D;*aD,§, for £ e DomD,
o 1
aces. Let F,= [ ] Then (H,, F,) is a p-summable Fredholm module over of.
1 o
b) The following equality defines an element ~ € Z3(f), n=2m, n2>p— 1
t(a’ ..., a") = (2m)™m! Trace(D™![D,a"] ... D™![D,a"]), Vd e
c) Let (H,, Fy) be constructed as in a) from H™ and Dy. Then « = v, — v, where
t; 15 the character of (H;, F;).

Proof. — a) For a e s/, let n(a) be the operator in H* defined as the closure
of Di'aD,. Since a— D 'aDe%? we see that w(a) —a is bounded and
belongs to Z?(H*). Since D;D;'=1 one has =n(ab) = n(a) n(b) for a, b e .
Thus the module H; is well defined and one has [F,, a] € £?(H,), Va e «.

b) Follows from ¢).
a—DrtaD, o

o a—Dy'aD,

¢) One has D7![D, a] = [ ] so that, for any 4’ € &,

(..., a") = Traceg.((agp — D;*q,D,) ... (¢, — Dy a,D,))
- TraceH_((ao - D2_1 a4 D2) s (an - ])2—1 a, D2))'
Now the character =, of (H,, F,) is given by
7,(d, ..., a" = (2mi)™ m! é Trace ( [(‘) B ‘I’] F,[F,, '] F,[F,, a'] ... F,[F,, a"])
= (2ni)™ m! Traceg.((a® — D;*a®Dy) ... (&" — Dyt a" D).
Similarly one has
7(d ..., a") = (2ni)™m! Traceg-((¢y— D3 4y D,) ... (¢, — Dy'a,D,)) O
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Let us now assume that 7 is a *algebra and H a *module (i.e. <{a'§, 7> = (§, an),
VEneH, aes). For any ¢ € C}(), let ¢* be defined by

'@ ...,d" =9(a,...,aq) Va e
One checks that ¢* € G} and that (bg)* = (— 1)" bo".

Corollary 2. — If D is selfadjoint, then
T = ((2m)~"(m!) ™" 7y) + ((2m) T"(m!) " 7)"
Proof. — One has D, = Dj, thus

Traceg-((a, — Dy 4, Dy) ... (a, Ya,D,))
= Tra.ceH_((a0 D' g, D) ... (a, — D;"'a,Dy)
= (Traceg-((a, — D, a; DY) ... (ap — Dy ag D7 1))~
= (Traceg.((D; ' 4, D; — 4;) ... (¢ — Dr' g5 D))~
= — ((en))"™m!) "' 1)* (ay, ..., a,). O
We shall define the character of a pair (H, D) satisfying 1) 2) 3) as

t(a®, ...,a") = (21rz)'”m' Trace(eD D, a"] ... D7D, a"]).

When D =TF with F2=1 we get the same formula as in section 2. Since
T = é (ty — 73) where 7; is the character of a Fredholm module determined by (H, D),

the results of section 4 still hold for the character =, i.e. t,,, = S¥1, in H}*#*(«)

forany 2 =1,2 ... We let ch*(H, D) be the element of H* (/) determined by any
of the 7,.

Corollary 3. — Let of be a * algebra, H a Z[2 graded Hilbert space which is a x module
over o, and D a (possibly unbounded) selfadjoint operator in H such that, «) €D = — De,
B) the domain of D is invariant by any a € o and [D, a] is bounded, v) D' e L*. Then
D satisfies conditions 1) 2) 3) above and for any selfadjoint idempotent e € M, (), the operator
D, = ¢(D®1) e is selfadjoint in ¢(H ® C*). Its kernel is finite dimensional and invariant
under <, with

Signature ¢/Ker D, = {[¢], ch*(H, D) >.

Proof. — Since D' e #?, one has D![D,d] € £? for all a e, so that D
satisfies 1) 2) 3). For the rest of the proof we may assume that 2 = 1. By B), D, is
densely defined in eH. It is selfadjoint by [57], since D — (¢eDe 4 (1 — ¢) D(1 — ¢))
is a bounded operator. Let f be the closure of D~!e D, then f is a bounded operator
with f—ee %P and f2 =f. Let us show that the kernel of fe in ¢H is the same as
the kernel of D,. Clearly £ € Ker D, implies £ € Ker fe. Conversely, let £ € Ker fe.
Let us show that ¢ e DomeDe. Let £, e Dom D, §,1>¢E. Let n, =f£, =D 'eDE,.
One has fe£ =o, hence %, —>o0. Thus £, —%,eDomD, £, —n,~»e and
eD(E, —m,) =e¢DE, —eDE, =o. Thisshowsthat ¢£ e Dome¢D and that e De = o.
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Now, as f—e e L* fe defines a Fredholm operator from ¢H to fH, and its kernel
is finite dimensional. The operator ¢ commutes with fe and one has,

Signature (¢/Ker D,) = dim Ker( fe),z+ — dim Ker( f¢),y-.

Let us show that the codimension of the range of fe in fH™" is equal to dim Ker( fe) 4-.
In fact both are equal to the codimension of the range of e De D"*H~ in ¢H~. Thus,

Signature (¢/Ker D,) = Index fe: eH" — fH™.

With the notation of proposition 1 the right side of the above equality is the index
of (F{), so that, by theorem 3.1, it is equal to

1\"1
21—.;: ”—a'rl(e, ...,8).

The conclusion follows from corollary 5 combined with the equality ¢ =¢'. O

In corollary g the condition “ D is invertible ” is still unnatural, we shall now show
how to replace it by
Y') (1 + D%~ !e gl

Let H be a Z/2 graded Hilbert space which is a module over the algebra /. Let D
be a (possibly unbounded) selfadjoint operator in H verifying «) and B) of Corollary 3.
To make D invertible we shall form its cup product (cf. [6]) with the following simple
Fredholm module (Hg, F;) over the algebra C. We let Hg be the Z/2 graded Hilbert

A
space Hf = C, we let C act on the left in Hg by A — [0 2] e £(Hg), and we let
0 1
Proposition 4. — a) Let H=H& H be the graded tensor product of H by Hy viewed as
an o4 ® C = of left module. For any m + 0, m R, the operator D,, = D® 1 + m1 & F
is an invertible selfadjoint operator in B which satisfies «) B) v) if D satisfies «) B) v').
b) Corollary 3 still holds under this weaker hypothesis.

c) ch*(H,D,,) = [r,] e H*(&) 1is independent of m (where <, is the character
of (H, Dy)).

Proof. — a) One has D2 = (D?* 4+ m?) ® 1, so that D,, is invertible. Moreover
|ID;!| = (D? + m?)""2& 1 € #*. Since conditions «) B) are obviously satisfied by D,,
we get a).

b) Let ec=[; °

0] e £H). For any ¢ =¢® = ¢ € one has

(e®e) D, (e®eg) = eDe® e,
thus Signature (¢/Ker ¢ De)
= Signature (e ® eg/Ker(e ® ¢5) D, (¢ ® ¢5)) = ([¢], ch*(H, D,,)>
by corollary 3.
¢) Follows from Corollary 2 and Lemma 5.1. O
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The above construction of the operator D,, from the operator D associates to
the Dirac operator in R3 the Dirac Hamiltonian with mass m.

Let now V be a compact even dimensional Spin manifold. Let g be a Riemannian
metric on V, S the bundle of complex spinors and D the Dirac operator in L2(V, S) = H.
By construction H is a Z/2 graded Hilbert space, with H* = L*(V, S*) and is a module
over & = C®(V). One has:

a) ¢D = — Deg;

B) the domain of D is invariant under any fe & and [D,f] is bounded;

Y) (1 + D*)~'e #*® for any p>dim V.

Thus proposition 4 applies and combined with proposition 1 b) it yields for each
meR, m+ o0 an element 7, of Z¥™Y(C*(V)), the character of (H, D,,).

Theorem 5. — a) With the above notation, <,,(f°, ..., f™) is convergent, when m —> oo,
Sfor any f° ..., f" e C>(V).
b) The limit <(f°, ..., f") is given by
WSS =[S A+ (S B) (S S
+ (84 @) (f% oo s f") + o A+ S By (f - S

where S is the canonical operation Z} —Zit® (¢f. Part II), o; is the differential

Sorm Aj(pl, -« s ;) describing the component of degree 45 of the A genus of V in terms of the
curvature matrix of the metric g, and is considered as an element of Z; (o) by the formula

S(SOSL ) = [ A A A

Here the manifold V is oriented by its Spin structure.

This theorem will be proven in part III using the technique introduced by
E. Getzler in [28].

7. The odd dimensional case

For nuclear C*-algebras A, there are two equivalent descriptions of the
K-homology K'(A). The first, due to Brown, Douglas and Fillmore ([11]) classifies
extensions of A by the algebra ¢ of compact operators, i.e. exact sequences, of G*-algebras
and homomorphisms

o> & —>A —>o.

The second, due to Kasparov classifies Fredholm modules over the Z/2 graded C*-algebra
A®C; where C, is the following Z|2 graded Clifford algebra over C,

C ={r1,AeC}, 1 the unit of C,
Cr ={M,2eC), o=r1.
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In the work of Helton and Howe on operators with trace class commutators and in
the further work [23] [12] [20], differential geometric invariants on V are assigned to
an exact sequence of the form,
0> %?H) - & - C°(V) -o.
In this section we shall clarify the link of these invariants with our Chern character.
We show that, given a trivially Z/2 graded algebra &« over G,
1) ap-summable Fredholm module (H, F) over & ® C; yields an exact sequence,

0> PP 58 > o —o;

2) the cohomology class [7] e H" *(«&/), meN, m> p/2 of the character of
the above Fredholm module only depends upon the associated exact sequence, and
can be defined directly (without (H, F));

3) when o = C*(V), the fundamental trace form ¢ of Helton and Howe ([31])
is obtained from the character © by complete antisymmetrisation: ¢ = Ze(s) v°. Hence,

using the results of part IT (lemma 45 a) and theorem 46) we see that ¢ is the image
of = under the canonical map

I: H"~H(C=(V)) ~H"1(C(V), G2(V)").
Since the kernel of I is the direct sum of the de Rham homology groups
H2m—3(v3 C) ®H2m—5(va C) ®... 69:|:-Il(\,a C),

we see that some information is lost in the process when the latter group is not trivial.
This fits with the results of [31] and [25] where the fundamental trace form is used
either in low dimensions or for spheres. Our formalism thus gives an explicit formula
for the lower homology classes of Helton and Howe ([g1]). Let us begin with 1). We
let H, be the Z/2 graded Hilbert space H;f = G, Hf = C. We let C; act in H, by,

A p
A+ (J.O(H[ ]C—:.Sf’(Hl).
oA

Lemma 1. — Let </ be a trivially Z|2 graded algebra, (K, P) a pair, where K is a Hilbert
space in which o/ acts (by bounded operators), while P e L (K) satisfies the conditions

a) [P,b] e ZP(K), Vbeso, b) PP=1.
o P
Then let H=K®H, be the obvious o ® G, module, and put F = i[ p ] Then
—P o
(H, F) is a p-summable Fredholm module over the Z|2 graded algebra o/ ® C,.

Proof. — By construction H is a Z/2 graded & ® C; module. The operator F

satisfies eF = — Fe, F2=1. Finally for any x=4®1 +b®aec A ®C, the
graded commutator [F, x] is given by
— [P, 8] —[P,a
i[F, x] = LP, o] [P, a] e *H). O
[P,a] [P, 5]
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Lemma 2. — Let <, be the n-dimensional character of (H,F) for n2> p — 1. Then,

a) if n is even one has <, = 0;

b) if nis odd, one has <, = x, @y, where v is the graded trace on C;, y(\ + pa) = @
V A+ pa e Gy, and where

n—1

2

(% ..., a") = (— 1)

c) one has =, € Z}().

¢, Trace(P[P, a"] [P, a'] ... [P,a"]), Vd'e ;

Proof. — One has by definition (cf. remark 1.6)
T, (2% . &™) = (— 1)%, Tr,(« dx' ... dx"), dx? = i[F, x7],
for % ...,s" e/ ®C,, # homogeneous, ¢ =X deg(x**+!). Replacing & by &

we may assume that .7 is unital and that its unit acts as the identity in K. We shorten
the notation and replace 1®« by «in & ®C;. It acts in H by the matrix

o= [‘: :)] One has #« —ax for xc#®C, and (cF)a — a(cF); this shows
that when n is even, any o« € Q" satisfies

a0 = .
As ex = — ag, this shows that for n even, n> p — 1, one has

Tr,(w) =0 VoeQ"

Let n be odd. By remark 1.6, 7,(x% ...,x") = o for x'e o/ ®C,, % homogeneous,
% 9x* = o (mod 2).

Since Fau = — «F, one has dx =0, and hence, for a' e, ¢ e{o,1},
Ze; = 1 (mod 2),

T, (@ o, ..., a" o) = 1,(xd’, a!, ..., a").

Now for a e/, onc has da — i[F, a] = [P, a] ® [_‘[’ (‘J] thus, with

o =ad’dd" ... da",

é F(Few — wFe) = %iFas d ... da*

n—1

=§(— 1) £ (P[P, d"] ... [P, a"])®[; ‘1’]
This shows that
T (@, ..., a" o) = 1.(a% ..., a") y(a® ot ... o).
Finally, the character 7, satisfies conditions a’) b’) of remark 1.6 y). It follows that
T, eZy). O
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To any pair (K, P) verifying the conditions a) b) of lemma 1, we have thus associated,
for any odd n>p — 1, the (n + 1)-linear functional =, € Z}(&/). We shall now
show that the class of 1, in H}(%/) only depends on the extension of &/ by £P?2 associated
to (K, P) as follows,
.. 14+ P

Proposition 3. — Let o, K, P be as above and put E, =
of Ey, p(b) = EybEye L(E) for any b e .
a) One has p(ab) — p(a) p(b) € LP2(E) for all a,b e oA.
b) Let & = p(H) + LP*E)C L(E), and ' be the quotient of < by the ideal

e Z(K), E = Range

A" ={aeL,p(a) e LP*(E)}; then one has a natural exact sequence,
0> ¥PE) > & - A —o.

Proof. — a) Since P? =1, one has E2=FE,. Hence
E, abEy — Eq aE, bE, = — E([E,, a] [E,, 0] € £?*(K).
b) By a), & is a subalgebra of #(E). One has Z**(E)C & and p yields an
isomorphism p’ of &’ with /72 0O
Let J = #P2C &. Then for any integer m > p/2 we have J"C #!, so that
the trace defines a linear functional v on J™ such that

v(ab) = t(ba) for ae]Jk beJ, k+q>m.

Moreover p: & — & is multiplicative modulo J. We shall show in this generality
how to get an element o, ; of Z3~!(2/) and relate it to 7, in the above situation.

Proposition 4. — Let X be an algebra, J CX a two-sided ideal, m € N, and ~ a linear
JSunctional on J™ such that
t(ab) = t(ba) foraeJt, bel], k+gqg=m.
Let o:f -3 be a lincar map whick is multiplicative modulo J.
a) Let @ be the 2m-linear functional on <Z given by
@(ao: SRS azm—l) = T(9E - Cam_3) — T(E1E5 - - Eam_y);
where g; =p(d dt) — p(d) p(@Y), j=o0,1,...,2m — 1.
Then o e Z2™ ().

b) Let o' : o — X satisfy the same conditions as p, with p(a) — p’(a) €] for a e A;
then, with obvious notation, one has o — ¢ € B2 (7).

c) Let (K, P) satisfy conditions a) b) of lemma 1 and =, be given by lemma 2, for
n=2m—1, m>p Lt Z=2&, J=L"E), and p be as in proposition 3. Then
the corresponding o € Z3" (&) satisfies

o =— (27" 1.

n

288



NON-COMMUTATIVE DIFFERENTIAL GEOMETRY 73

Proof. — a) One has, by construction,
o(d, ..., a8 L ad) = — o ...,a" "), Vdeo.
With the notations of a), let ¢t = t(ggey ... g5,,_5). One has
p(a’a*1 a1 *%) —o(aia?*") (a1 %) — (p(afai** ai*?) — o(af) p(a’ *1 & *?))
= p(') p(a’*! a’*?) — p(d’ @’ *Y) p(a?*?) = p(d)) ;44 — ¢;0(a’ ).
Using this equality, we get
bot(a® ...,a" ") —ot(a"ttadl, ..., a")
=1(p(a’) &ye5 ... &, — 5 ... £,y p(a"tY)).
Similarly, with ¢~ = ¢* — ¢, we have
bo~(a’ ...,a" ") — o (ad', % ..., a" "}

= —1(p(@)) qagy ... gupy — &g ... g p(d)).

Thus bop(a’ ...,a" ) =9t (a"*1d’ ..., a") —1(ey ... 5,y p(a* )
—o(@d, ..., a"") +(p(a) g ... gry) = T(Agy ... 5 y)
where A = p(an+1a0 al) — p(a”+1a0) p(al) — p(an+1) € — (p(an+1a0a1)

—p(a"*") p(a’ a")) + &, 14 0(a") =o.
Therefore ¢ € Z}().
b) Let L =p" — p; then L is a linear map from & to J. With p, =p + ¢L

.- . . d
it is enough to show that the cocycle ¢, associated to p,, satisfies 0= by, for a

continuous family ¢, € C2~ (o). Clearly it is enough to do it for ¢ = 0. Letting
d
"= - , we have
? (dt cp,)t=0
9'(a ...,a") = 1(A —B),
where A=c¢ge..., tepese. .. 1+ ... +ec...5_4,
B=c¢g...c, te55...6,+ ... +e8...¢,
and e; = L(a’ a’ *') — p(a’) L(a’*') — L(d’) p(a’ ).
Let ¢(a°, ...,a"" ") = 1(L(a®) ;& ... ¢,_5) and let
Y@ .., an T =, AT L a0 Y.
Using the same equality as in a) we obtain
bdg(a ..., a") = t((p(a®) ey &5 ... L(a®**Y) ... ¢, ,)
— (s -+ - emy—a p(@®*) L(@* ) ... g,y
4 (g0 - sp_g L(a®a®*t) ... ¢,_,)
— o+ emoa L(@®) p(@®*Y) ... c,_,)
+ (g0 - -+ €s—a L(a™) ey pq - - - €4z p(a"))
— (p(a"a® @') — p(a"a") p(a")) & - .. ey p L(a™) ey - - - €4_s))-
289
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The last two terms cancel the first two in
b1 (a’, ..., a") = 7((p(a" a" a')
—p(a") p(a’a))) & ... ey L(a¥) ... &,_,)
—(p(a) ey ... L(@®) ... ) — (e --- Ep_g Sy --- )
— (gy ... L(@®™ Y ... e,y p(a)).
Thus we get, for £ =1,2,...,m — 1,
b(me—y + o) (a% .., ") = ((p(e°) &1 - .. ey L(@®*Y) ... ¢,_))
—(p(a”) & - e s L(a®*7Y) .. gyg) + (0 - - - Sk - - - Sad)
— (&1 g Ey_y - &)
As bdo(a ..., a" = t((p(a®) L(a") & ... g,—4) — (p(a®) &, ... L(a")
+ (08 - r) — (6100 - 8ama &),

one obtains
1

2 bq"] = ?’.
=0

14+ P

¢) Let p(a) = EyaE; € Z(E), where E, = One has

p(a’a') — p(a°) p(a') = — Eo[Ey, a’] [Ey, a'] = — i E,[P, a’][P, a'].

Therefore, since E, commutes with [P, a°] [P, a'],
m—1 n
L (o(a™ & *1) — ¢(a®) o(a* ™) = (— )™, IL [P, o]

Thus we obtain

0 a2m—1) —

o(a, ..., Trace(ey ey ... &yy_o) — Trace(e e ... Epp_y)

= (— 4™ Trace(By(I1 [B, ] — II [B, &'*1))).

Similarly, if we let E;=1 —E;, E’ = Range of E;, p'(a) = EgaE; e Z(E’) for
a € o/, we have, with obvious notation,
¥(@ ..., ) = (— &)™ Trace(E)( IL [P, ] — IL [P, a'*1)).
i=0 i=
One has P =2E, — 1 = E; — E;, thus
¢ —¢ = (—4)""(— )" ()" T
Since E, + E; = 1, one has
(¢ +¢) (@, ..., a") = (—4)7" Trace( Il [P, ] — II [P,4*']) =o.
j=0 i=0

Thus ¢ = —2 ™ 117, O
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The construction of the character of an extension of & by #?* can be summarized
as follows:

Theorem 6. — a) Let E be a Hilbert space, o a linear map of o in L (E) whick is multi-
plicative modulo LP*; then the following functional <,, n=2m — 1, m> pl2 belongs
to Z3(A):

0

7,(a% ..., a") = — 2"*?

¢, Trace((epep .. 5,_1) — (5185 ... &),
where €; = p(a’ & ') — p(d!) p(a’ ™).
b) The class of ~, in HY) depends only on the quotient homomorphism
o -~ Z(E)|LPR(E).
c) The class of ~, in HY(F) is unaffected by a homotopy o, such that
1) |[pi(ad) — pi(a) py(b)||p is bounded on [o, 1] for any a,b e oA;
2) for aet, £E€k, the map t —pa) & is CL
d) The index map K,() —Z 1is given by
Index §(u) = <[4],7,> V ueGL(&).

e) One has S[r,] = [r,..] n H} ).

Proof. — a) and b) follow from proposition 4.

¢) Follows from the proof of proposition 4 5).

d) Follows from the equality

Index 3(u) = Trace(1 — § (™) (u))™ — Trace(r1 — p(u) F(u~ )™

(cf. Appendix 1) and the definition of the pairing between K,(%/) and H}(&/) (Part II,
proposition 15).

¢) Follows from the following algebraic lemma, whose proof is left as an exercise
to the reader.

Lemma 6. — With the notation of proposition 4 one has

I I
(:ﬂ; S) (Pem—1) = 4 (m + ;) Pom +1
We shall thus define the Chern character of the given extension as the element of
H*(sf) = lim(H}"~!(s/), S) given by any of the characters 7,, n odd.

Let us now clarify the relation between 7, and the fundamental trace form of
Helton and Howe ([31]). We assume now that & is commutative. The fundamental

trace form is defined, under the hypothesis of theorem 5, by the equality,
T(d, ..., a") = Trace(Ze(o) p(a®) ... p(a®™))

where ¢ runs through the group €, ., of all permutations of {o, 1, ...,2} and ¢(o)
denotes its signature.
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Proposition 7. — Let o/ be a commutative algebra, o and E be as in theorem 5,
p: & - Z(E)|LPRE).

a) For p =1 the fundamental trace form T(a® a') is equal to 8Lm 7,(a° at).

b) For p > 1, one has
(=)@ 1)

n+3
2 ¢,

T, ...,a" Ze(o) T,(a% a®Y), ..., a°™).

Proof. — a) One has, by definition,
(4% a') = (Trace(p(a® a*) — p(a) p(a?))
— Trace(p(a' a®) — p(a') p(a?))).
As a'a® = a®a' one gets the result.
b) For any n + 1 linear functional ¢ on &, let 6y be given by
0y’ ..., a") = i X g(n) $(@, ..., a"").

n+1

Since 7, satisfies 7,(a', ..., a" a%) = — 1,(d°, ..., a"), one has
0626 e(o) 7,(a% a®V, ..., a°®™)
n
I I
= T e(nm) 1@, ..., a"") = Or,.

n+1

n+ Irec,,,

Let us write 1, = 1,7 — 1, , where, with the notation of theorem 5 a),

TH(d, ...,a") = — 2" "2, Trace(epey ... €,_4)-
One has 1, (4% ...,a") = tf(d',...,a%), and hence

0t, = Ot — Ot = 2061
As in the proof of a) one has

p(a2k a2k+l) i p(a2k) P(a2k+1) . (p(a2k+1 a2k) . p(a2k+l) P(a%))

= [o(a®*"), p(a™)].

Let oy, be the transposition between 2k and 2k + 1; then

(T (1 — o)) 5 = (— 1) (— 2"*26)
x Trace([p(a’), p(a")] ... [o(a"™"), p(a")]).
Since 0(1 — ay) = 20, we get
0t = 27" 0y,
where P ...,a" = (— 1)" (—2"*2¢,)
X Trace([p(a"), p(a")] - .. [p(a"™"), p(a")])-

The result now follows easily. O
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8. Transversally elliptic operators for foliations

Let (V, F) be a compact manifold with a smooth foliation F, given as an integrable
subbundle F of TV. We shall show that any differential or pseudodifferential ope-
rator D on V, which is transversally elliptic with respect to F yields a finitely summable
Fredholm module over the convolution algebra & = C?(Graph(V, F)) ([15], [16]).
We deal here with the obvious notion of transversally elliptic operator; a more general
notion will be handled in Part VI.

Let E* be complex vector bundles on V which are equivariant for the action of
Graph(V, F) on V. This means that for any y € Graph(V, F), s(y) =%, r(y) =),
one is given a linear map § — y& of Ef to EF with the obvious smoothness and compa-
tibility conditions.

Definition 1. — Let D be a pseudodifferential operator of order n from E* to E=. Then D
is transversally elliptic with respect to ¥ if and only if its principal symbol is a) invariant under
holonomy, and b) invertible for £ L F, & + o.

More explicitly, a) means that for any ¥y € Graph(V,F), y:xHy, one has
o((dy)'E) = yo(E) y~!, V E eF,), where dy is the differential of the holonomy, a linear
map from T,/F, to T /F,. Let E = E*®E~, and let us show that each of the usual
Sobolev spaces W*(V, E) of sections of E is a module over & = C?(Graph(V, F)).
Let G = Graph(V, F).

Lemma 2. — For any s € R, the equality

(k*f) (%) = [ R(Y) ), keC2(G), fe W(V, E), y =s(y),
defines a representation of CP(G) in W*(V, E).

Before we prove it, we have to explain the notation. Elements of C?(G) are
not quite functions but sections of the line bundle s*(Q), where s: G — V is the source
map and Q the line bundle (trivial on V) of 1-densities in the leaf direction. This gives

a meaning to the integral fo k(y) f(y) for scalar functions f. For sections of E one

has to replace f(y) € E, by yf(») € E, and then the integral is performed in E,.
When dealing with Sobolev spaces which are not spaces of functions (i.e. s < o)
the statement means that & * extends by continuity to W°.

Proof. — The definition of the Sobolev spaces W*(V, E) is invariant under diffeo-
morphism. More precisely given open sets V,,V,CV and functions ¢; Gy (V)
with (support ;) C V;, any partial diffeomorphism ¥ :V, -V, covered by a bundle
map defines by the formula T = ¢, ¥*(p, ) a bounded operator in each of the W*.
Hence (as in [15]) to show that 2% is bounded in W*® one may assume that
k e C(Gy) C C2(G) where W is a small open set in V (i.e. the foliation F restricted
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to Wis trivial) and Gy, is the graph of the restriction of F to W. Then one can write % *
as an integral of operators of translation along the plaques of W and the statement
follows (say by taking the local Sobolev norms to be translation invariant). O

Note that unless F, = T, for all x, the operators & % are not smoothing; they are
only smoothing in the leaf direction.

Lemma 3. — Let D be a transversally elliptic pseudo-differential operator from Et to E~
(both bundles are holonomy equivariant and the transverse symbol of D is holonomy invariant).
Let Q be any (1) pseudo-differential operator on V from E~ to BT with order — q (with ¢ = order D)
and transverse symbol op'.

Let H* = WYV, E*), H- = W*~V,E") and F = [;’) 8] Then ( for any

seR) the pair (H, F) s a pre-Fredholm module over of = GZT(G). It is p-summable for
any p> Codim F = dim V — dim F.

Proof. — Let us first show that 2(F? — 1) and (F? — 1) % belong to £?(W°)
for any s, and p > n, = Codim F. (We take n = dim V, n, = dim F, n, = Codim F).
Both DQ — 1 and QD — 1 are pseudo-differential operators of order o on V with
vanishing transversal symbol, and we shall show that if S is such an operator, then %S
and Sk are in Z?(W?) for any k e C°(G). It is enough, as in the proof of lemma 2,
to prove it for 2 € G°(Gy), where W is a small open set in V. This shows that the
problem is local, and hence we may as well take for (V, F) the torus T" =T™ x T™
(T = R/Z) with the foliation whose leaves are the T™ x{x}, x € T". Let o be the
total symbol of S; then S is of the form

(SF) (%) = (2m)™" [**® o(x, &) flx — 5) x(s) ds d,

where s varies in R" (which acts by translations on T"), £ in R, = (R")*, and y € G?(R")
is identically 1 near o.
One has G=T" x T" x T™ and % € C?(G) acts on functions by

(Af) (#) = [R(x1, 91 %) f(91, %) dy where x = (%, %) € T

To show that Sk e #P(W®), it is enough to show that, given s, the #P-norm of
(1 + A Sk, (1 ++ A)~*% k,(x) = exp i2n{a, x>, does not grow faster than a poly-
nomial in « = (ay, By, B;) € Z™+™ ™, Also since any &, as an operator is the product
of a multiplication operator by a %,., «’ of the form (— B, B, 0), it is enough to estimate
I|(x + A)*”2 Sk, (1 + A)~*?]|,, and as &, commutes with A one is reduced to the
case s = o. Finally it is enough to estimate X || S, &, ||,, where S, has total symbol o,
independent of x: ’

0u(E) = [¢™%D o(x, &) dx, @ eZ".

(1) For instance take Q with symbol o(§) = (1 —x) ob( p(E)), where x € C¢(F) is equalto 1on VC Ft
and p:T*—F is a linear projection.
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Now both S, and %, are diagonal in the basis e,., (e, (x) = exp i2nda”, x),
a” € Z")., The operator S, multiplies ¢,. by (o, * ¥) (2m«”), where § is the Fourier
transform of x), and %, («' = (— B, 8, 0)) multiplies e,. by o if «f #+8 and by 1
if «f =B. Thus

(18x Bar [1,)? = 2| (00 * 7) (27(B, «3)) |-

This is finite for p> n,, since by hypothesis one has for ¢ (and hence o, * ¥) an inequality
lo(% &1, Ba)| < C(1 + [[& D) (x + [I&]] + (1IN

Since the same inequality holds for the partial derivatives with respect to x, one gets
that the G,’s (for the ¢’s) are of rapid decay in «, thus the conclusion follows.

Let us check that [F, %] € #?, p> n,, for any ke C*(G). If P:W* > W*—F
is a pseudo-differential operator of order % and its principal symbol vanishes on F*,
we have kP and Pk in #P(W*, W*~¥) for any p> n,. This shows that to prove that
if the principal symbol of P is holonomy invariant one has [P, k] € £?, one can assume
that 2 € C?(Gy), W a small open set. One is then back to the above case where
V = T™ x T™. Applying again the above result one can now assume that P is exactly
invariant under the action of the compact group T™.

Now the action of %k e CY(G) in W? is of the form

B = [ 2 ULS) db
where U, is the translation by ¢ € T™ and £, is the multiplication by a smooth function
of xeV (and teT™). Thus [P,#] =[P, k] U,dt = [P, U,dt where P, is
pseudodifferential with order — 1. Using Fourier expansion one checks that any
k € C2(G) is of the form %k =k, *x &y, thus [P,Z] =[P, %] k; + [P, 2] and both
terms are in #? by the above result. O

Remark 4. — In the special case when the foliation (V, F) comes from a locally
free action of a Lie group H (not necessarily compact), the graph of (V, F) is equal to
V x H. The convolution algebra G (H) becomes a subalgebra of G°(G) (by composing
feC2(H) with the proper projection V X H — H). Thus given a transversally elliptic
operator D for (V, F) one can restrict its n-dimensional character (z > dim V — dim F)
to CP(H). If both D and a parametrix Q are exactly H-invariant, then one can compute
this restriction 72 from the distribution character y of D. The easy computation gives

= 8S"y, (n=2m).
The central distribution y is defined as in [2] by the equality
x(f) = Trace(action of f in Ker D) — Trace(action of f in Ker Df)

(cf. [2], Remark, p. 17).

In the simplest examples with H non compact, the distribution character y of D
is not invariant under homotopy. However, by the above results, its class in H*(G(H))
is stable.
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9. Fredholm modules over the convolution algebra of a Lie group

Given a Lie group G, we let &/ = C?(G) be the convolution algebra of smooth
functions with compact support.

The Mis¢enko extension ([50]) gives a natural construction of Fredholm modules
over &/ = G?(G) parametrized by a representation = of the maximal compact sub-
group K of G.

In this section we shall show in the two examples G = R? and G = SL(2, R)
that the corresponding modules are p-summable and go a good way in the computation
of their Chern characters. For SL(2, R) we shall find a precise link with the surface
of triangles in hyperbolic geometry which is a standard 2-cocycle in the group cohomology
with coefficients in G. This link appears very natural if one has the example of G = R2
in mind. The method that we use goes over to semi-simple real Lie groups of real
rank one. For such groups, in the corresponding symmetric spaces G/K the angle
under which one sees a given compact set B C G/K from a distance d tends to o as ¢~
when d — co. Thus the p-summability follows as in lemma 1 below using Russo’s
theorem ([63], p. 57). For groups of higher rank the problem of constructing natural
p-summable Fredholm modules is open.

The case G = R?

Let G = R% We define a Fredholm module over the convolution algebra
o = C2(G) as follows: H* = L*R?, H~ = L*R? (with the action of o by left

—1

translation), and F = [ ] where the operator D:H* — H~ is the multipli-

o
cation by the complex valued function

o(2) = z[|]z] Vz2zeR¥=C, z+o.

The function ¢ is not defined at z = o but this is unimportant since only its class
in L*°(R? matters to define D.

Lemma 1. — The pair (H*, F) is a Fredholm module over of = CP(R®). Itis p-summable
Jor any p> 2.

Proof. — One has F? = 1 by construction. For fe C?(R? and £ e H*, one has
(ID,£18) () = ols) [ £(8) B(s — 8) dt — [£(&) 9ls — £) E(s — 1) dt
= ff(‘ — ") (@(s) — o(s")) &(s") ds.

Thus it is the integral operator with kernel £(s,s") = f(s — s") ((s) — ¢(s")). Since
f has compact support one has k(s,s’) = o if d(s,s’) > G for some C< oo, where
d is the Euclidean distance. Also for |s| large and d(s,s") < G, the term ¢(s) — ¢(s')
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b4
p—7
(1565, 5 |7d5)"™ds' < @ (and similarly for the kernel & =ZX(s’,5)). So Russo’s
theorem ([63], p. 57) gives the conclusion. O
We shall now compute the character =, of (H, F). By a straightforward compu-
tation, as in section 1, one gets

(%S5 f?) = 2in |

8 +8 +3s'=0

is of the order of 1/|s|. This shows that for any p> 2, with ¢ = one has

SO0 SHsY) S2(sP) e(s0 5%, 5%) ds ds?
where the function ¢(s9, s, s2), s'eR? is given by
c(s9, 51, s2) = fB(s°, s) B(st, s — s0) B(s? s — s — s1) ds

with B(s%s) =1 — @(s) "  ¢(s — ). To get this, one just has to write the trace
of an integral operator as the integral f k(s, s) ds. .

We shall compute ¢(s%, s, s?); we try to prove the next lemma in such a way that
the proof goes over to the case of hyperbolic geometry.

Lemma 2. — One has ¢(s% s, s?) = 2in(st A s2).

Proof. — Let us first simplify the integrand B(s% s) B(s%, s — s) B(s2, s — 5O — s1).
For that we consider the Euclidean triangle with vertices o, s°, s + s' (remember that
s+ st +s2=0). Then ¢(s)" ! (s —s°) = ¢ where a =<} (0, s, s°) is the angle (between
— n and ~) obtained by looking at the edge (o, s%) from s. Thus B(s%s) = 1 — &=
Similarly B(s',s —s% = 1 — ¢® where B =< (0,5 — 5% s') = <X (s 5, s° 4 s') and
B(s%s —s®"—s') =1 — €7 where y= <% (0,5 —s*—s!, — 5% — ) = <x (s° + 5%, 5; 0).
Since « + P 4+ y =0 we get
(1—6")(1—6®) (1 —6") = —e*—e® — ¢ e L¢P g
= — 2i(sin « + sin § + sin ¥y).
Define
S(A, B, C) = [ (sin < AsB + sin < BsC + sin < CsA) ds.

Then o(s%, b, ) = — 2iS(A, B, C),

where A =0, B=3s9% C =s%4 s' form the triangle A, B, C. The integrand is
o(]s|7®) for large s so that the integral is well defined.

To prove that S(A, B, C) is proportional to the FEuclidean area of the
triangle (A, B, C), the main point is to show that S is additive for triangles T,, T, such
that T, U T, is again a triangle. Let us prove this. Let o be the symmetry around
the straight line which contains three vertices, say B,, C; = B, and C, and let A, = A,
be the only vertex outside this line. Writing the integral defining S as a limit of integrals
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over c-invariant subsets eliminates the terms of the form sin <t B, sC,, sin <t B, sC,
and sin <t B; sC;. Moreover one has sin <t G; sA; = — sin <t A, sB,. The equality
S(Tyu Ty) = S(Ty) + S(T,) is now clear.

£

;‘\*———-——_-* [

>3
~

The next point is that S(A, B, C) > o if the triangle ABC is positively oriented
(i.e. if the orientation ABC fits with the natural orientation of R? = C). To see that,
consider the disk Dy with center A and radius R. Then Dy is invariant under the
symmetries around both sides AC and AB so that the integral expressing S reduces

to f sin <¢ BsC. Let ¢ be the symmetry around BC, then the complement of the line BC

in Dy has (for R large) two components D’ and D" such that ¢(D’)CD"”. As on
D"\ 6(D’) one has sin <t BsC > o, one gets the answer.
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Now we can define the functional S on all subsets C of R% which are finite unions
of closed triangles. The collection % of such subsets is a compact class in the sense
of probability theory and thus we see that S defines a translation invariant Radon
measure on R%  Thus S is proportional to the area, and the constant of proportionality
is easy to check.

Corollary 3. — The 2-dimensional character ~, of (H, F) is
w(fO 1L (Y = [fodfta df?

where f°, f*, f2 € C2(R®) have Fourier transforms f°.

The case G = SL(2, R)

Let G = SL(2, R). Infact we shall use the realization of G as SU(1, 1) i.e. 2 by 2

oL
complex matrices g = [B ?] , |a|*—|B|?=1. As maximal compact subgroup K,
o

ei(')

o
we choose K = {[ _ie], 0 eR/QnZ}, and we identify G/K with the unit disk U
e —

o
in the complex plane C, on which G acts by gz = ocz i ? for zeU, geG. To the
40

e
0 .
character y, of K given by xn([ B 'e]) = ¢™ corresponds an induced line bundle E,
o e

on U whose sections correspond canonically to functions £ on G such that
E(gk) = x, (k)" 'E(g) for keK, geG. The tangent bundle of U considered as a
complex curve corresponds to y, where y,(k) = ¢ which is the isotropy representation
of K. Ateach point p € U, p + o, there is a unit tangent vector ¢(p) € T,(U), i.e. the
one-dimensional complex tangent space T = E,, such that o belongs to the half-line
starting at p in the direction of ¢(p). (We use the unique G-invariant metric of cur-
vature — 1: 2(1 — |z|*)7!|dz| as a Riemannian metric on U.)
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Being a section of E, (on U[{0}), ¢ can be considered as a function on G; given

a« 8
g€G, g=[B _], g ¢ K one gets

_ B

It has a simple interpretation in terms of the KA™ K decomposition. One has
(ak) (), wh A cht sht
ak’) = y_ , where A =
? X2 sht cht
For each neZ we let D, be the operator of multiplication by ¢ from L*U, E,)
to LU, E, ;) (9.

],teR}, and k %k €K, aeA™".

Lemma 4. — a) For each n € Z, the pair (H,, F,) is a Fredholm module over of = CZ(G),
where H: = Lz(U’ En)’ HVT = Lz(U’ En+2)s

o D
F, = .
b, ]
b) The direct sum (® H,,®F,) is also a Fredholm module and is p-summable for any
p>1, as well as all (H,, F,).

Proof. — The algebra 7 acts by left convolution in H,. One has by construction
F2=1, FP=1 (where F=@®F,). It is clearly enough to prove b). Now
H* = @ H;" = L*(G) where o acts by the left regular representation; also H™ = L*G),
and the operator D = @ D,, is given simply by the multiplication by the function ¢(g).
As in the case of R? we get

(ID,f18)(g) = ole) [ fleg ™) E(&) dg’ — [ fleg' ") 9(g) E(g) de’
= [k(g, &) E(g) de’
where k(g, &) = (o(g) — 2(g))f(gg' ™).
We want to show that (H, F) is 2-summable, i.e. that
[1k(g, ) |2 dg dg’ < oo,
Since f has compact support, it is enough to show (with d a left invariant metric on G) that
[le(e™) —o(g )P dg<

where d(g,g) <GCG<
(1) In this special case G = SL(2, R) we rely on the natural conformal structure of U = G/K, but the
true nature of the construction is to take the Clifford multiplication by ¢ (cf. [50]) for which one just needs an

invariant spin® structure on G/K.
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(more precisely [M(g)?dg < o where M(g) = sup{[e(¢™") — o(¢' ")), d(g &) < C}).
But by construction, if we let p = gK, p' = ¢ K eU, then |¢(g™!) — (g’ ~Y)]| is of
the order of the angle <t pOp’. The basic formula in hyperbolic geometry

ch¢=chachbd —shashbcos<xC
implies that |¢(g)™" — ¢(g’~")| is of the order of exp(— d(o,p)). Since the area of
the disk of center o and radius d = d(o, p) is of the order of exp d, one easily gets
[M(g)*dg < . O
As in the case of R? we shall now compute the 2-dimensional character t, of (H, F).
(The computation of =} (for (H,, F,)) and its relation with characters of discrete series
is postponed until part VII.) Note that obviously 1, = Z+J. By a straightforward

computation we get
(SO SP) = 2in fg S(E) fH(g) 2 (g & &%) dg’ dg’
0,12

where the function ¢(g° g', g%), &' €G, g'g'g®> =1, is given by
o(e £ g%) = [B(e% 2) Blg', (€) 7" &) B(e™ (£ 8) " g) dg

with B(g%8) =1 — 9(g) " o((") ' 8)-
We now relate ¢(g°% g', g% to the 2-cocycle A(g', g%) which is given by the (oriented)
area of the hyperbolic triangle (in the Poincaré disk U) with vertices o, (g')~*(0), g%(0).
Note the relations
A(kgl, %) = A(g b kg®) = A(gh, k) = A(gh, ¢%) VEkeK

and A(g% ') = A(gh g% = A(g% g% for g0g'g? =1.

Ogigh =

Lemma 5. — One has ¢(g% g, g%) = 4imA(gt, g%) (where g gl g% =1).

Proof. — Let A = o0, B = g%o0), C = g°%g'(0), and let us consider the hyperbolic
triangle T = (A, B, C) in the Poincaré disk U. For g eSL(2,R) let p = g(o) € U.
The value of ¢(g) " ¢((g~'g) only depends on the three points A, p, B. Since
o((g°)~' g), considered as a function of g, is the section of the tangent bundle T(U)
which to p e U assigns the unit tangent vector at p looking at g°%o) = B, we get
?(g) ' 9((¢’) " g) = expi<x ApB. Thus B(g’ g) =1 —expi<F ApB. Also

B(g, (&)1 g) =1 — expiB,
where B =<k (0, (&)7"8(0), £'(0)) = <k (£°(0), £(0), 8" 8'(0)) = <L BYC,
and similarly one has
Ble (887 g) =1 —expiy, v=<xCpA.
As in the Euclidean case one has « 4 8 4+ y = o so that the same computation as
in lemma 9.2 gives ¢(g% g', g%) = — 2iS(A, B, C), where
S(A, B, C) = [ (sin < ApB + sin <t BpC + sin <x GpA) dp.
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Now the proof of lemma 9.2 is written in such a way that it goes over without
changes to the hyperbolic case. For instance it is still true that the disk Dy with center A
is invariant under the symmetries around AC and AB while the complement of the
line BG in Dy has two components D', D" with og;(D’) C D”. Thus as in lemma g.2
one gets a G-invariant Radon measure on U so that S is proportional to the hyper-
bolic area.

Appendix 1: Schatten classes

In this appendix we have gathered for the convenience of the reader the properties
of the Schatten classes #” needed in the text. Let H be a separable Hilbert space,
Z(H) the algebra of bounded operators in H and #*(H) the ideal of compact operators.
For T € £*(H) we let y,(T) be the n-th singular value of T, i.e. the n-th eigenvalue
of |T| = (T*T)"* (cf. [63]). By definition, the Schatten class #*(H) is, for p € [1, o[,

LP(H) = {T e L(H), Zu,(T)? < w}.
Proposition 1. — a) LP(H) is a two sided ideal in £ (H).
b) Z£?(H) is a Banach space for the norm

I T]l, = (Sua(T)7)"™.
¢) Z?(H)C LY(H) for p<q.
d) Let p,g,re[1, 0] with ;=;+
has ST e #"(H) and ||ST||, <||S||,||T|

For any S e LP(H), T € LY (H), one
lo-

Proof. — See [63].
One could equivalently define #?(H) starting from the trace on #(H), which
we consider as a weight, i.e. a map: Z(H)* — [o, 0] defined by

Trace(T) = Z(TE,, €,

for any orthonormal basis (§,) of H and any T e Z(H)*. (See [51] theorem 2.14.)

Proposition 2. — a) LPH) ={T e £L(H), Trace |T|? < w0}.

b) For T e #?(H) one has || T||, = (Trace |T|?)"".
c) Trace(A* A) = Trace(AA*) jor all A e Z(H).
d) The trace extends by linearity to a linear functional on F*(H) and

Trace(T) = Z(TE,,8,> for T e Z'(H)

and any orthonormal basis (E,) of H.
e) |Trace(T)| < || T||, for T e £L'(H).
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Proof. — See [51] and [63].

The next theorem, due to Lidskii, expresses Trace T from the eigenvalues of T.
Since #'C £* the eigenvalues of T € &' form a sequence (A,), with A, -0 when
n —>oo (see [63]).

Theorem 3. — Let T € £'(H), then Z |A,(T)| < oo and Trace T = I, (T).

Corollary 4. — Let A,B € L (H) be such that AB and BA belong to F1(H). Then
Trace(AB) = Trace(BA) (cf. [63], p. 50).

We shall now prove two results needed in part I. They are an easy modification
of lemma 3.2, p. 158 in [30].

Proposition 5. — Let pe[1,0f, S, T e L(H) and assume that [S, T] e LP(H).
Then:

o) tf f is an analytic function in a neighborhood of the spectrum of S, one has
[f(8), T] e £7(H);

B) if S 1is selfadjoint and if f is a G® function on the spectrum of S, one has
[f(S), T] e Z*(H).

Proof. — «) Let y be a simple closed curve containing the spectrum of S, with
S analytic on y. Then,
f(8) = (1f2im) [ f) (A —S)7*dn
and hence,  [f(S), T] = (1/air) fy FO) [ — S)~%, T] d.
Now [A—S)",T]=A—S)"*[S,T](» —S)~, which implies that the map
A ) [(A— S)™Y, T] is a continuous function from y to #?(H). Thus the integral
converges in Z?(H) and [f(S), T] € £?(H).

B) Let us show that ||[¢*, T]||, is O(|#|) when t —>co. For any Ue Z(H),
with [U, T] € #” one has,

10", T1l, <= ||[U, T}, ||U]|"~" V=eN.

This shows that ||[¢*, T]||, is bounded on any bounded interval. Since, with
U = ¢, one gets,

e T|, < n||[¢*, T] VneN,
» »

it follows that ||[¢*, T]||, < G(1 + |¢]) for all £ Then take f to be compactly
supported, so that f=g with (1 + |¢|) g e L'(R). This yields,

ILAS), T, < [1e@® 1% Tl dt < G [ |g@) | + |t di< 0 T
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Proposition 6. (Cf. [34].) — Let pe[1,0] and P,Qe L(H) be suck that
1 —PQeZPPH), 1 — QP e XP(H). Then P is a Fredholm operator and for any integer
n> p, one has,

Index P = Trace(1 — QP)" — Trace(r — PQ)".

Proof. — Since 1 — QP and 1 — PQ are compact operators, P is a Fredholm
operator. Moreover 1 is an isolated point in

K = {1} u Spectrum(r — PQ) u Spectrum(r — QP).
Let ¢ be the boundary of a small closed disk D with center 1 such that D N K = {1}. Set

1 dn I d\
‘T aim ), A— (1 — QP fz?z?cfyx—u—PQ)‘

Then ¢ = ¢€?, f=f?%; E, = Range of ¢, F, = Range of f are finite dimensional, and
admit respectively E, = Kere, F, = Kerf as supplements in H. For any peC
one has,

Qe —PQ) = (n—QP) Q.
Thus, for any A ¢ K, one has
A—(1—QP)'Q=Q1— (1 —PQ))""
This shows that Q f = ¢Q and similarly that Pe = fP. Thus,
P(E,)CF;, P(E)CF,, Q(F)CE,, Q(Fy)CE,.
Let P; (resp. Q;) be the restriction of P (resp. Q) to E; (resp. F;), j = 1,2. By cons-
truction the restrictions of QP to E, and of PQ to F, are invertible operators, and hence,
a) Index P = dim E, — dim F,,
b) Trace(IE’ —Q,P) = Tracc(IF’ —P,Q,)" Yn>p.
The spectrum of 15 — Q, P, and of 1; — P, Q, contains only {1}, thus,
¢) Trace(1g — Q, P,)" — Trace(1y, — P; Q,)" = dim E; — dim F,.

Combining a), b), ¢), one gets the conclusion. O

Appendix 2: Fredholm modules

The notion of Fredholm module is due to Atiyah [g] in the even case, and to
Brown, Douglas, Fillmore [11] and Kasparov [42] in the odd case. Their definitions
are slightly different from the definition below and our aim is to clarify this point.

Let X be a compact space and A = C(X). An element of Atiyah’s EIl(X) is
given by two representations,

ot: A>2HTY), o :A->Z%H)
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of A in Hilbert spaces H*, H™ and a Fredholm operator P:H" — H~ with para-
metrix Q , which intertwines ¢* and ¢~ modulo compact operators,

Pot(a) Q — o (a) eX VaeA.
The typical example is obtained when X =V is a smooth compact manifold,
H* = L?(£*) are Hilbert spaces of square integrable sections of bundles £+ over V,
o* are the obvious actions of G(V) by multiplication, and P is an elliptic operator of
order o from £* to £~. With Q a parametrix of P, let F e Z(Ht®H™) be given by

ax
P o
One has,

«) H is a Z/2 graded * module over A = CG(X),
B) [F,al et VacA,
vy P—1eX.

Note that in general F? & 1 since P is not invertible.

Definition 1. — Let o be a Z[2 graded algebra over C. Then a pre-Fredholm module
over 4 (resp. Fredholm module over o) is a pair (H, F) where
1) H is a Z[2 graded Hilbert space and a graded left of-module,
2) Fe#H), Fe = —¢F, [F,aleX Vae,
3) a(F2—1)ed Vaecs (resp. F2=1).

We shall now show how to associate canonically to each pre-Fredholm module
a Fredholm module.

Let H, be the Z/2 graded Hilbert space HE = C and let § = H&H, be
the graded tensor product of H by Hy. One has A* = H*eoH~, 8- = H-oH*.
We turn f into a graded left «/-module by

a(ﬁ@)n) =af®ey Vaecod, £EeH, 7 € Hg,

I O . o Q
where e¢e Z(Hg), e¢= . Next, with F =

]e.?(H) we define
P o

5_ P 1 —PQ ~ [2—QP)Q 1—QP
"[I—Q.P (QP—2)Q]’ _[ 1 — PQ —P ]

~

One checks that PQ =1, QP =1, so that F* =1.

Proposition 2. — Let (H, F) be a pre-Fredholm module over <.
a) (ﬁ, f) 1s a Fredholm module over <.

b) Let Hy be the Hilbert space H with opposite Z|2 grading and o-module structure over <7,
then (Hy, 0) is a pre-Fredholm module over <.
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c) One has H =H®H, as a Z|2 graded of-module, and
aF —F@®o)ed Vaesd.

Proof. — a) Since T2 = 1, conditions 1) and §) are verified. Let us check that
[F,a]l €X', Vaesl. One has by hypothesis [F, a] €, a(F?— 1) € " and hence
(FF—1)ae . Let us first assume that a is even. One has

~ ~ Pa — aP —P
B, _ B a—a a(1 Q)
(r—QP)a 0

Since Q =P~* one gets Qs — aQ € A, hence [F, 4] € #. Let now a be odd and

Jear:

o a
[ 12] € Z(H) be the corresponding operator in H. By hypothesis one has
0P+ Qag e X, a3 Q+Paed, (QP—1)a,e,
QP —1)eX, (PQ—1)ayed, ap,(PQ—1)eX.

The action of 2 in H =H+eoH- is given by the matrix

o T” a o o
T = where T' = | ™ , T = e .
T o o o o o

One has to check that T” B + QT’ eX and T’ Q + BT eo. This follows easily.
from our hypothesis.

b) Obvious. ) p
¢) Let ' =F®o. Then F'=[° Q’] with P’=[ 0], Q_’:[Q' 0]
P o o o o o
With a even one has,
o —P) =[° a(I—PQ)]ex
o 0
o8 — Q) = [4(2 — QPO) Q—aQ a1 —;QP)] e

The odd case is treated similarly. O

Let p e[1,o[. We shall say that a pre-Fredholm module (H,F) over & is
p-summable when,

o) [F,a] e £P(H) for ae L,
B) a(F* — 1) e LP(H) for ae .

Proposition 3. — Let (H, F) be a p-summable pre-Fredholm module over of. Then (ﬁ, ~)
is a p-summable Fredholm module.

Progf. — In the proof of proposition 2 one can replace %~ by any two-sided ideal. O
We shall now discuss the index map associated to a Fredholm module.
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Lemma 4. — Let of be a Z|2 graded algebra, (H, F) a Fredholm module over <.

a) Let o = o/ ®C be obtained JSrom of by adjoining a unit. Let o at in H by

(@ +nN1)E=ak + AN for acl, N\eC. Then (H, F) is a Fredholm module over o
b) Let H,=H®C", F,=F®id, and M, (F) =L OM,(C) act in H, in
the obvious way. Then (H,, F,) is a Fredholm module over M, ().

The proof is obvious.
Let us now assume that & is trivially graded.

Proposition 5. — Let (H, F) be a Fredholm module over &Z. There exists a unique additive

~

map ¢ : Ko(F) - Z such that for any idempotent ¢ € M, (Z), o([e]) is the index of the
Fredholm operator from et to eH, given by

TE = eF,E VEeeH?.

Proof. — One checks that T is a Fredholm operator with parametrix T’ where
T v = ¢F,n for n eeH,, and that the index of T is an additive function of the class
of ¢ in K (7).

Finally we shall relate the above notion of Fredholm module with the Kasparov
A — B bimodules, we recall (cf. [42]).

Definition 6. — Let A and B be C'-algebras. A Kasparov A — B  bimodule is given
by 1) a Z|2 graded C*-module & = &+ ® &~ over B, 2) a ¥ homomorphism © of A in L5(8),

0
3) an element ¥ of Fy(&) such that F = [P Q'] and
0

a) [F, a] e £3(8) VaceA,
B) a(F — F*) e A3(&) VaceA,
v) a(F? — 1) e £3(8) VaceA.

(Cf. [42] for the notions of endomorphism (Z;(&)) of & and of compact endomor-
phism (A3(&).)

Let us take B = C. Then a Kasparov A — G bimodule is in particular a
pre-Fredholm module over A. Conversely,

Proposition 7. — Let A be a C*-algebra and (H, F) a * Fredholm module over A. Let
F' =F|F|™% Then (H,¥) is a Kasparov A — C bimodule. Moreover, for each t,
F,=F |F|~* defines a * Fredholm module (H,F)).

Progf. — One has [F*F,al e X, VaceA, thus [|F|al eX for seR, acA.
Let F = J A be the polar decomposition of F, with A = |F|. One has F~! = A~! J~!
which gives the right polar decomposition of F = F~% thus J=]J' and J=J'=F,
so that (H, F’) is a Kasparov A — C bimodule. Finally JAJ™' = A~' and hence

JA*J ' = A~° for any s eR, so that J A®is an involution for any s. It follows that
(H, F,) is a * Fredholm module. O
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Appendix 3: Stability under holomorphic functional calculus

Let A be a Banach algebra over C and &/ a subalgebra of A, X and o be obtained
by adjoining a unit.

Definition 1. — of is stable under holomorphic functional calculus if and only if for any
neN and ae M,,(.;z?) C M,,(x) one has,

fla) e My()
for any function f holomorphic in a neighborhood of the spectrum of a in M, (A).

In particular one has GL,,(&; ) = GL,(A) N Mn(&;), hence if we endow G’L”(.S; )
with the induced topology we get a topological group which is locally contractible as
a topological space. We recall the density theorem (cf. [4], [40]).

Proposition 2. — Let o be a dense subalgebra of A, stable under holomorphic functional
calculus.
a) The inclusion i: o/ — A 1is an isomorphism of Ky-groups
i, 1 Ko(o) > Ko(A).

b) Let GLQO(.R?) be the inductive limit of the topological groups GL,,(.,Q; ). Then i, yields
an isomorphism,

(GL () — m,(GL,(R)) = K, ,4(A).

Let now (H, F) be a Fredholm module over the Banach algebra A and assume
that the corresponding homomorphism of A in #(H) is continuous.

Proposition 3. — Let p e[1,0[ and o ={a€A,[F,a]l € L*Y(H)}. Then o is a
subalgebra of A stable under holomorphic functional calculus.

Progf. — One has [F, ab] = [F, a] b + a[F, b] for a,b e€A. Thus as L?(H) is
a two-sided ideal in #(H), & is a subalgebra of A. Let neN, (H,,F,) be the
Fredholm module over M, (A) given by lemma 4 b) of Appendix 2 and =, the corres-
ponding homomorphism: M,(A) - Z(H,). One has,
M,(#) ={a € M,(), [F,, 7,(a)] € £7(H,)}.

Moreover Sp(m,(a)) C Sp(a), and since =, is continuous, w,(f(a)) = f(=n,(a)) for any f
holomorphic on Sp(a). The conclusion follows from proposition 5 of Appendix 1. O

Let now A be a C*-algebra and &/ a dense * subalgebra of A stable under holo-
morphic functional calculus.

Proposition 4. — Let (H, F) be a » Fredholm module over Z. Then the corresponding
* homomorphism w of o in L (H) is continuous and extends to a * homomorphism = of A in &£ (H)
yielding a * Fredholm module over A.
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Proof. — We can assume that & and A are unital and =n(1) = 1. Let a e,
then the Spectrum of 4" a in &/ is the same as its Spectrum in A. Thus the norm of «
in Ais ||a|| = ¢'® where p is the radius of the Spectrum of a’ ¢ in &/. One has

Spectrum (r(a* a)) C Spectrum(a* a),
thus [| =(a) ||* = Spectral radius of n(a* a) < p = || a||2

This shows that = is continuous. Let T be the corresponding * homomorphism of A
in £H). For aeA, [F,%(a)] is a norm limit of [F, n(a,)], a, €., which are
compact operators by hypothesis, thus [F,%(a)] € & for all aeA. O
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II. — DE RHAM HOMOLOGY AND NON COMMUTATIVE ALGEBRA

In part I the construction of the Chern character of an element of K-homology
led to the definition of a purely algebraic cohomology theory H3(&/). By construction,
given any (possibly non commutative) algebra &/ over G, H}(«&/) is the cohomology
of the complex (G}, b) where C} is the space of (n + 1)-linear functionals ¢ on & such that

o(a', ...,a"a%) = (—1)"9(a’ ...,a") Vdeod

and where 4 is the Hochschild coboundary map given by

(b9) (d% ..., a1 =j20 (— 1) ...,a et ..., a"t?)
+ (— )" @ ttd, ..., a".

Moreover Hj (/) turned out to be naturally a module over H3(C) which is a polynomial
ring with one generator ¢ of degree 2.

In this second part we shall develop this cohomology theory from scratch, using
part I only as a motivation.

We shall arrive, in section 4, at an exact couple of the form

H*(, o)
v N
. AN
Hi(o) —— Hi(#)
relating H3(/) to the Hochschild cohomology of & with coefficients in the bimodule
of linear functionals on /. This will give a powerful tool to compute Hj (%) since
Hochschild cohomology, defined as a derived functor, is computable via an arbitrary
resolution of the bimodule & (cf. [13] [47]).
For instance, if one takes for & the algebra G®(V) of smooth functions on a compact
manifold V and imposes the obvious continuity to multilinear functionals on 7, one
arrives quickly at the equality (for arbitrary n)

H"(o, &/*) = space of all de Rham currents of dimension z.
(This will be dealt with in section 5. The purely algebraic results of sections 1 to 4 easily
adapt to the topological situation.) The operator I B: H"(sZ, &*) - H" (o, &)
coincides with the usual de Rham boundary for currents, and the computation of H}(%/)
will follow easily (cf. section 5). In particular we shall get

H*(&) = Ordinary de Rham homology of V,
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where H*(&) is defined as in part I by
H'(o/) = Hj() ®gy () C.

As another application we shall compute H*(2#) for the following highly non
commutative algebra. Fix 0 eR/Z, 0 ¢ Q/Z. Then &, is defined by

Ay ={Za, ,, U"V"; (a, ), mez Sequence of rapid decay},

where VU = (exp i2n) UV gives the product rule. The algebra &, corresponds
to the ¢ irrational rotation C'-algebra ” studied by Rieffel [58] and Pimsner and
Voiculescu [55]. It arises in the study of the Kronecker foliation of the 2-torus [16].

In section 1 we introduce the following notion of cycle over an algebra & which
is crucial both for the construction of the cup product

() x HY(B) - Hy ™AL @ B)
and for the construction of B : H"*!(«/, o&*) — H}().

By definition a ¢ycle of dimension 7 is a triple (Q, d, f) where Q =D Q/ is a

j=0
graded algebra, d is a graded derivation of degree 1 such that d2 = o, and f: Q* - C
is a closed graded trace. A cycle over an algebra & is given by a homomorphism
p: L — Q0 where (Q, d, f ) is a cycle.

In part I we saw that any p-summable Fredholm module over & yields such
a cycle. Here are some other examples.

1) Foliations

Let (V,F) be a transversally oriented foliated manifold. Using the canonical
integral of operator valued transverse differential forms [14] of degree ¢ = Codim F, we
shall construct in Part VI a cycle of dimension ¢ over the algebra &/ = C?(Graph(V, F)).

2) C* dynamical systems

Given a C* dynamical system (A, G, «) (cf. [19]) where G is a Lie group, the
construction of [19] associates a cycle on the algebra A® of smooth elements of A to
any pair of an invariant trace = on A and a closed element v e A (Lie G).

3) Discrete groups

In part V we shall associate a cycle on the group algebra G(I') to any group
cocycle o € Z*(T', C) and obtain in this way a natural map of the group cohomology
H™T, C) to H}(G(I)).

Given a cycle of dimension 7, &7 > Q over &, its character is the (z + 1)-linear
functional

(@, ..., a") = [p(a) do(a") ... do(a").
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We show that t e Z}(«/) = C}() N Ker b, that any element of Z}(%/) appears in
this way and that the elements of B}(&/) = bC}~ (/) are those coming from cycles
with Q° flabby. (See [40] for the definition of a flabby algebra).

Then the straightforward notion of tensor product of two cycles gives a cup product

H2(f) ® HY(B) — H} (oA ® B).

We then check that H3(C) is a polynomial ring with a canonical generator o of degree 2
and we define at the level of cochains the map

S: H(«) - H} (&)

given by cup product by c.

In section 2 we show that the standard construction of the Chern character by
connexion and curvature gives a pairing of H}(&/) with the algebraic K theory
group Ky (&) and of H (/) with K;. The invariance of this pairing naturally yields
the group H*(&/) = H3 (&) ®pg;¢) G, inductive limit of the groups Hj(«/) with map S.

We then discuss the invariance of H}(%/) under Morita equivalence. In section g
we show that two cycles over & are cobordant (cf. g for the definition of cobordism)
if and only if their characters t,, 7, differ by an element of the image of B, where B is
a canonical map of the Hochschild cohomology H"*!(«/, &*) to H}(&#) defined as
follows:

Br= X &(y)(By7)"
YET

where T' is the group of cyclic permutations of {o, ..., n},

G ..., a") = g(a™, ..., @),
e is the signature and (By7)(d% ...,a") = <(1,a% ...,a") + (— 1)"(d" ..., a" 1)
for all &' e .o/. Thus defined at the level of cochains, B:C"«Z, &) — C"~ (o, o/*)

commutes (in the graded sense) with the Hochschild coboundary 4, which yields the
basic double complex of section 4.

The above result yields a new interpretation of H*(./) as

H*(«/) = (Cobordism group of cycles over &) ®gporism ot ¢ C

which is completed in section 4 thanks to the exact triangle

H* (o, o)
Y N
H; () - Hj(#)

where I is induced by the inclusion map from the subcomplex Cj to C". This exact
triangle gives in particular the characterization of the image of S which was missing
in part I (cf. theorem 16): =€ Im S if and only if = is a Hochschild coboundary. It also
proves that Hj(&/) is periodic with period 2 above the Hochschild dimension of 7.
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By comparing the above exact triangle with the derived exact sequence of
o - C} - C" - C"/C} -0 we prove that there is a natural isomorphism

H"(C/Cy) = H7(+/).
We then show that the cohomology of the double complex
crnm=0C""™f, AL, d,=b, dy=B

is equal to H*'() for n even, and H*(s/) for n odd. The spectral sequence associated

to the first filtration ( X C™™) does not converge in general, and in fact has initial
n2p

term E, always o. This and the equality S = sB~! are the technical facts allowing
to identify the cohomology of this double complex with H*(&).

The spectral sequence associated to the second filtration ( X C™™) is always
m>q

convergent. It coincides with the spectral sequence associated to the above exact
couple and

1) its initial term E, is the complex (H"(&/, &*), I o B) of Hochschild cohomology groups
with the differential given by the map I10B;

2) its limit is the graded group associated to the filtration F"(H*(%/)) by dimensions
of cycles.

Finally we note that in a purely algebraic context the homology theory (which
is dual to the cohomology theory we describe here) is more natural. All the results
of our paper are easily transposed to the homological side. However, from the point
of view of analysis, the cohomology appeared more naturally and, for technical reasons
(non Hausdorff quotient spaces), it is not in general the dual of the homology theory.
This motivates our choice.

Part II is organized as follows:

CONTENTS
1. Definition of HY (o) and cup product . ..........ouerereeerarenererarararararnsararasnenenss 97
2. Pairing of H3 (&) with Kj(@), 1 =0, 1 ..iuuiuiiiiiiiiiiiiiiiii ittt 107
3. Cobordism of cycles and the operator B .. ... .. .oouuuiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiaannans 114
4. The exact couple relating Hj (&) to Hochschild cohomology ............cooviiiiiiiieinn.. 119
5. Locally convex algebras ...........ooiiiiuuiiiiiiiii it e 125
L 05 ¢+ o L P 127

1. Definition of H}(+/) and cup product

By a ¢ycle of dimension n, we shall mean a triple (Q, d, f ) where Q = 'EBo Q;
j=

is a graded algebra, d is a graded derivation of degree 1 with d2 =o0 and f: Q" -G
is a closed graded trace.
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Thus one has:
1) QxPCQH Vije{o1,...,n}, i+j<n;
2) dO'C Q'Y d(ew’) = (do) o + (— 1)%° o do’, d? = o;
3) fdm =0, VoeQ ! fa)' o= (— I)d"g"’“g“"fwo)’.

Given two cycles Q, Q' of dimension n, their sum Q®Q’ is defined
by (QY)' = Q'@ Q% (w, o) (03, 03) = (0 0y, 0] &), d(w, o) = (do, do’) and
f(m, o) = fw + fm'.

Given cycles Q, Q' of dimensions n and #’, their tensor product Q" = Q® Q'
is the cycle of dimension 7 + »’ which as a differential graded algebra is the tensor
product of (,d) by (Q',d’), and where

[(@eu) =[o [o' Vaea, oeq™

For example, let V be a smooth compact manifold, and let C be a closed current of

dimension ¢ (< dimV) on V. Let @, ie{o,...,¢q} be the space C°(V,A'T*V)

of smooth differential forms of degree . With the usual product structure and dif-
e

ferentiation Q = EPO Q' is a differential algebra, on which the equality fm =<{(C, 0),

for © € QY defines a closed graded trace.
In this example Q was graded commutative but this is not required in general.
Now let & be an algebra, and Q(&7) be the universal graded differential algebra
associated to & ([1] [39]).

Proposition 1. — Let = be an (n + 1)-linear functional on . Then the following conditions
are equivalent:

1) There exists an n-dimensional cycle (Q, d, f ) and a homomorphism p: L — QO such that
(% ..., a") = [p(a) d(p(a) ... d(p(@) V... a" e
2) There exists a closed graded trace T of dimension n on Q(Ff) such that
(@ ...,a") =T(a"da" ... da") Va’...,a"ed.
3) One has t(a',...,a" a°) = (—1)"7(a’ ...,a") for & ...,a" e & and
é.;o (— 1)@ ..., d "t ..., a" )
+ (—1)**tg@*tta .. .,a") =0 forad’...,a"" e o

Proof. — Let us first recall the construction of the universal algebra Q(«7) ([1] [39]).
Even if &/ is already unital, let & be the algebra obtained from &/ by adjoining a unit:
oA = {a+r;ae,AeC}. Foreach neN, n =1, let Q"(2/) be the linear space

Q) = A © ® .
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The differential d:Q" —Q"*! is given by
d((@+N1)®a'®...0d") =10d°®...0a" Q"1

By construction one has d® = o. Let us now define the product Q' x Qi — Qi+J,
One first defines a right »/-module structure on Q" by the equality

n
(@°®a'®...®a"a= X (—1)"13°®...®4dd"'®...®a.

j=0
Let us check that (wa) b = w(ab) Vo €Q" a,be/. One has
3’®...®d7'®addt!®...®a"®a" ) ¢" 2 = :ﬁ:sj,kaj,k
where go=0 ifj=k g,= (=1t i<k
and g, =(—1)""F fk<j
while Gp=0;=0"®...0dd"TQ ... QddO... ®a"T2
Thus if one expands ((Z°® ...®a") a"*') a"*? one gets twice the term «;,

for j,k e{o,1,...,n} and with opposite signs:

(__ I)n—j (__ I)n+1——k and (___ I)n—k (_ I)n—j.
Thus (@8...00 @) @ = B (= 1" g a0

=(@°®...0®a") (a"t'a""?).

This right action of & on Q" extends to a unital action of &. One then defines the
product: Qf x QI — Qi by

03’08 ®...00) = wh,®b®...0b VuoeQ
It is then immediate that the product is associative.

With © = 3°®a'® ... ®a" € Q", one has, for a e o,

d(wa) (— )" 710a"®...0da""'®...Ra,

<.

Il
ites

S
-

I ™M+

do)ya= 2 (—1)""711®a"®...®ad7'di®...®a

= (— 1)""! w da + d(wa).

<.
=

Thus (Q, d) is a differential graded algebra, and the equality
a%da* ... da" =3°®d'® ... ®a"
shows that it is generated by &. One checks that any homomorphism &/ 5 Qo of of
in a differential graded algebra (Q’,d’), d'? = o0, extends to a homomorphism p of
(Q(H), d) to (Q,d’) with
B(@0dat ... da") = o(a®) d'(p(a") d'(o(a) - .. d'(p(a")
+20d(p(aY) ... d'(pla")
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Thus 1) and 2) are obviously equivalent. Let us show that g) = 2). Given
any (n + 1)-linear functional ¢ on .o/, define 3 as a linear functional on Q"(%/) by

(@ +21)®ae'®...0a") = ¢(a d, ..., a".

By construction one has §(do) = o for all » € Q" (/). Now, with 7 satisfying 3)
let us show that 7 is a graded trace. We have to show that

T((a®da* ... dd*) (a* 1 da*+? ... da"*Y))

= (— 1)"=P3((aF 1 da*+2 ... da"*1)(a® da' ... dd¥)).

Using the definition of the product in Q(&) the first term gives
k
(=120, ...,afdf Y . a" Y,
0

and the second one gives
n—Fk
K(n—K) +n—k—j ( k+1 k+14j k+1+j+1 k
'Zo(-—-l)( ) ig(d*, ..., a Pghti+iti  gb).
=

The cyclic permutation A, A(f) =% + 1 4+ ¢, has a signature equal to (— 1)"*+1
so that, as 1* = e(A) © by hypothesis, the second term gives

n+1 . L
-—’El(—— 0N ir@®, .. .,adadtY ... ey,

Hence the equality follows from the second hypothesis on =.
Let us show that 1) = 3). We can assume that & = Q° One has

(% d, ..., ") = [(a"da')(da® ... da") = (— 1)"~* [(da® . .. da")(a" da')
= (= 1)"[(da?... da"da") &' = (— 1)"x(d', ..., a", a).
To prove the second property we shall only use the equality
fam =J-u>a for w e Q" a e .

From the equality d(ab) = (da) b + a db it follows that
n

(da* ... da") a"*' = 1§1 (— )" ida' ... d(@a"?) ... da" !
+ (—1)"atda® ... da" ",
thus the second property follows from
fa”“(a" da' ... da") = J‘(a0 da' ...da" a"*' O
(Note that the cohomology of the complex (Q(7), d) is o in all dimensions, including o
since Q°(&f) = .)

Let us now recall the definition of the Hochschild cohomology groups H*(</, .#)
of of with coefficients in a bimodule # ([13]). Let &° = o/ ® &/° be the tensor
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product of &/ by the opposite algebra. Then any bimodule .# over &/ becomes a left
&/° module and by definition: H"(o, #) = Ext%. (7, #), where &/ is viewed as a
bimodule over & via a(b) ¢ = abc, V a,b,c € /. Asin [13], one can reformulate the
definition of H"(&/, #) using the standard resolution of the bimodule &/. One forms
the complex (C*"(«,.#), b), where
a) C*(L, #) is the space of n-linear maps from &/ to .#;
b) for T e CMA, #), bT is given by

(bT)(a', ...,a"*Y) = a' T(d ...,a" ")

+ 2 (=) T(@, ... ddt e ) (= )" T(e, L e et

Definition 2. — The Hochschild cohomology of o/ with coefficients in M is the cohomo-
logy H (L, M) of the complex (C™ (L, M), b).

(Note the close relation of the Q"(2/) with the standard resolution and the use
of the bimodules &Q"(&/) in the process of reduction of dimensions: see for instance
[36], p- 8).

The space &* of all linear functionals on & is a bimodule over 2 by the equality
(apb) (¢) = @(bca), for a,b,c € . We consider any T € C*(&/, #*) as an (n + 1)-
linear functional = on & by the equality

t(da, ...,a") =T(a, ...,a") (a%) Vd e
To the boundary 4T corresponds the (n 4 2)-linear functional b+:

(b7) (@, ...,a" ) =1(a®a', d? ..., a"*})

n
+ 2 (=), L d e ) 4 (= ) (@, L a).

Thus, with this notation, the condition 3) of proposition 1 becomes
a) v¥ = ¢(y) v for any cyclic permutation y of {o, 1, ...,n};
b) bt =o.

Now, though the Hochschild coboundary 4 does not commute with cyclic permutations,
it maps cochains satisfying a) to cochains satisfying a). More precisely, let A be the
linear map of C*"(&Z, &*) to C' (&, &*) defined by

(Ag) = X <(y) 97
YeTrl

where I' is the group of cyclic permutations of {0, 1, ...,n}. Obviously the range of A
is the subspace C}(&/) of C"(, &*) of cochains which satisfy ). One has

Lemma 3. — boA = Aob' where b :CMA, %) - C"Y(oAL, A*) is defined by
the equality

(b @)(#°% ..., 2" 1Y) = _ZO(— )i @(a® ..., xixgitl gt
i=
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Proof. — One has
((Ab') ?)(xo, ceey xn+1) — Z(_ I)i+(n+1)k<P(xk’ e, xk+ixk+i+1, ey xk—l)

where 0<i<n, 0<k<n+41. Alo

n

((6A) @) (2% ..., 2" *1) = Eo (— 1) (Ag) (2% ..., A 0T L amtY)
+ (— )" Ap)(x" T A% ..., a7

For je{o,...,n} one has

i
(Ap) (% ..., ad X3 *1 . amtY ———Igo(—- D™ o(x, ..., 28T L xkY

c =

n+1
=j
Also, (Ag)(x" 1% ..., 4" = @(x"+1 2%, ..., x")

n
+ ?(—— Digxd, ..., 2" amTra0 L xiTY),

In all these terms, the #%s remain in cyclic order, with only two consecutive x’s
replaced by their product. There are (n + 1)(n + 2) such terms, which all appear
in both bAp and Ab’ 9. Thus we just have to check the signs in front of T, ; (k +j + 1)
where T, ;= o(x* ..., 2949+, .. %71, For Ab we get (— 1)"*(**1U% where
i=j—k(modn+2) and 0<i<n For bA we get (— 1)i*™ if j>k and
(— 1)i+n*=1 if j<k When j>k one has i =j—k thus the two signs agree.
When j<£k% one has i =n+2 —% +j . Then as

n+2—k+4+j54+ (n+ 1)k =74 n(k — 1) modulo 2

the two signs still agree. O
Corollary 4. — (C}(H), b) ts a subcomplex of the Hochschild complex.

We let H} () be the n-th cohomology group of the complex (C3, b) and call it the cyclic
cohomology of the algebra /. For n = o, H}() = Z3(f) is exactly the linear space
of traces on .

For o/ =C one has H} =o0 for n odd but H} = C for any even n. This
example shows that the subcomplex C} is not a retraction of the complex C”, which
for & = G has a trivial cohomology for all zn> o.

To each homomorphism p:& —~ % corresponds a morphism of complexes:

e : C}(%) - C(«) defined by
(0" ) (@, ..., a") = o(p(a"), ..., p(a"))
and hence an induced map p*: H}(Z%) — H}(H).
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Proposition 5. — 1) Any inner automorphism of o defines the identity morphism in H3(f).
2) Assume that there exists a homomorphism p: oA — o/ and an invertible element X

o o o
of My() (here we suppose o unital) such that X [a } X = [ J Jor ae .
Then Hy(sf) is o for all n. o () o p(a)

Progf. — 1) Let a € &/ and let 3 be the corresponding inner derivation of & given
by 3(x) = ax — xa. Given ¢ € Z}(2/) let us check that ¢,
Y @) = Zold ., 3@, -, 0,
is a coboundary, i.e. that ¢ e B}(&#). Let ¢y(a’ ...,a" ") = ¢(a’, ..., a" "%, a) with
a as above. Let us compute bA{, = Ab’ {,. One has:

n—1
(0 go) (@, ..., a" = .Eo (— 1) ...,a*a" ", ..., a" a)

= (bo)(@®, ...,a"%a) — (— 1)"¢(d’ ...,a" "%, a"a)

- (— I)n+1 <p(aa°, sy a”—ls a")‘

Since bp = o by hypothesis, only the last two terms remain and one gets
Ab §o = (—1)"¢. Thus ¢ = (= 1)" Ab" ¢ = b((— 1)" Ady) € BY().

Now let u be an invertible element of &, let ¢ € Z%(&/) and define 6(x) = uxu™*!

for x e /. To prove that ¢ and ¢ o0 are in the same cohomology class, one can

u o .
replace &/ by M,y(«), u by v =[ _1] and ¢ by ¢, where, for &'e&/ and
b* € My(C), o

$p(a®® %, a'® b, ...,a"®b") = ¢(da’, ..., a") Trace(d’ ... b").

. u o]fo —1]fut o o 1
Now v=u0,0, with o = , Uy = . One has
o 1|1 oo I —1 o

j=expa, 4= _1 thus the result follows from the above discussion.

2) Let ¢ €Z}(«/) and ¢, be the cocycle on M,(%/) defined in the proof of 1).

For aesl, let «fa) =[Z pz)a)] and fB(a) =[z p?a)]' By hypothesis « and B

are homomorphisms of & in M,(&/) and, by 1), @,0a and ¢,of are in the same
cohomology class. From the definition of ¢, one has

ea(a(a®), ..., a(@") = ¢(a’ ..., a") + o(p(a®, ..., p(a"),
@2(B(a”), ..., B(a") = 9(p(a®), ..., p(a). O

Following Karoubi-Villamayor [41], let C be the algebra of infinite matrices
(@;5)i, ;en With g; € G, such that

) the set of complex numbers {a;} is finite,
) the number of non zero g;’s per line or column is bounded.
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Then C satisfies condition 2) of proposition 5, taking p of the form
p(8) = Diag(a, 0,4,0, ...).
The same condition is satisfied by &/ ® G for any &, thus:

Corollary 6. — For any &£ one has H}(Csl) = 0 where Cof/ = C® o,

We are now ready to characterize the coboundaries B4C Z% from the corresponding

cycles, as in proposition 1. For convenience we shall also restate the characterization
of Z3%.

Definition 7. — We shall say that a cycle is vanishing when the algebra QO satisfies the
condition 2) of proposition 5 ([41]).

Given an n-dimensional cycle (Q, d, f ) and a homomorphism p: & — Q0 we
shall define its character by

(@ ..., 0" = [p(a®) d(p(a")) ... d(p(a").

Proposition 8. — Let © be an (n + 1)-linear functional on o ; then
o) T e ZYHA) if and only if © is a character;
B) v e By ) if and only if ~ is the character of a vanishing cycle.

Proof. — o) is just a restatement of proposition 1.
B) For (Q, d, f) a vanishing cycle, one has H}(Q° = o, thus the character is
a coboundary. Conversely if te B}(&), =58} for~some ¢ e G~ 1(), one can
extend ¢ to Cf = C® & in an n-linear functional ¢ such that
J1®a, ..., 1®a"Y) = ...,a""Y) for all d'e o,

and such that '47" = g(]) ?I: for any cyclic permutation A of {o,...,n —1}. (Take
for instance ¢(8°, ..., 5" 1) = («(8°), ..., x(b""?)) where «(b) =b,, e/ for any
b= (b;) eCo.) Let p:o - Csf be the obvious homomorphism p(a) =1®a.
Then < = b§ is an n-cocycle on Csf and t = p*+’ so that the implication §) = 2)
of proposition 1 gives the desired result. O

Let us now pass to the definition of the cup product

"of) @ HYB) - Hyt™( A @ B).
In general one does not have Q(of ® #) = Q(L) ® Q(#) (where the right hand sid
is the graded tensor product of differential graded algebras) but, from the universale
property of Q(& ® %), we get a natural homomorphism = : Q(&/ ® #) - Q() @ Q(Z).
Thus, for arbitrary cochains ¢ € C*(&/, &*) and ¢ € C™(#4, #*), one can define
the cup product ¢ # ¢ by the equality
(P#¢)" =(30om
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To become familiar with this notion, let us compute ¢ # ¢ where ¢ € C*sZ, o*)
is an arbitrary cochain, and where ¢ € C!(C, C) (so that # = C) isgiven by ¢(1,1) = 1.
Here o/ ®% = o so that ¢ # ¢ € C"*(, o7*). One has

(p# )@ ...,a""") = 3O (x(a®® 1) d(a'® 1) ... d(a"'®1)).
One has nd(a'®1) =da'®1 +a'®d1. As 1*=1 one gets 1(d1)1 =0 thus

the only component of bidegree (n,1) of (n(a®®1)d(a'®1)...d(@a"* '®1)) is
(@®da' ... da") a"t'®1d1. Hence we get

o# ¢ =2X(—1)iTre@, ...,da*, .. a") = (—1)"b o
0
with the notation of lemma g.
Theorem 9. — 1) The cup product ¢, > ¢ #  defines a homomorphism
Hi(o) @ H}B) - Hy " ™A ® B).

2) The character of the tensor product of two cycles is the cup product of their characters.

Proof. — First, let @ € ZX ), ¢ € ZX(AB); then ¢ (and similarly §) is a closed
graded trace on Q(&), thus $® ¢ is a closed graded trace on Q() ® Q(#) and
o # ¢ eZit™(o/ ® B) by proposition 1.

Next, given cycles Q, Q" and homomorphisms p: & - Q, p': # — Q’, one has
a commutative triangle

Q) ® Q(%B)
(et 03) / _
QR Q

Thus 2) follows.
It remains to show that if ¢ € B}(«/) then ¢ # ¢ is a coboundary:

o # ¢ eByT (A D A).
This follows from 2), proposition 8 and the trivial fact that the tensor product of any

cycle with a vanishing cycle is vanishing. O

Corollary 10. — 1) H3(C) is a polynomial ring with one generator o of degree 2.
2) Each H3() is a module over the ring H;(C).

Proof. — 1) It is obvious that H}(C) = o for n odd and H}(C) = C for n even.
Let ¢ be the unit of C; then any ¢ € Z%(C) is characterized by ¢(e¢, ..., ¢). Let us
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compute ¢ % ¢ where ¢ €Z¥(C), ¢ € Z¥"(C). Since ¢ is an idempotent one has
in Q(C) the equalities

de = ede 4 (de) e, e(de) e =o0, e(de)> = (de)?e.
Similar identities hold for ¢e®¢ and =(¢e®e) € Q(C) ® Q(C) and one has

((e®e¢) d(e®e) d(e®@e)) = edede @ e + e ® edede.

(m + m')!

T mlm!
choose as generator of H3(C) the 2-cocycle o

Thus one gets (o # ¢) (e, ... €) ole, ...,e) Y(e, ..., €). We shall

o(1, 1, 1) = 2im.
2) Let ¢ eZ}(&). Let us check that oc# ¢ = ¢ # ¢ and at the same time

write an explicit formula for the corresponding map S :Hj(&/) — H}*2(«f).
With the notations of 1) one has

< (p #0)(a ...,a""%) = ($®-2;—n3) (a°®@ed(a' ®e) ... d(a" "2 ®c¢))

= ¢(a®a' a®da® ... da"*?) + B(a®da(a® a®) da* ... da"*?) 4 ...
+ 3(a®da* ... dd*"(d ') da* TP ... da*t?) + ...
+ 3(a’da ... da”(a"t'a"*?)).
The computation of ¢ # ¢ gives the same result.
For ¢ eZ}(H), let Sp =oc# ¢ = ¢ # 0 € Z}"3(/). By theorem g we know
that SB}(o/) C B2*2(/) but we do not have a definition of S as a morphism of cochain

complexes. We shall now explicitly construct such a morphism.
Recall that ¢ # ¢ is already defined at the cochain level by (¢ # ¢)~ = (3®J) o m.

Lemma 11. — For any cochain o € CH(F) let S € CRt%(f) be defined by
Ao # @); then

So =
¢ n+ 3

I

n+3
b) bSe =

a) Alc# @) =c# @ for ¢ e Z3(), so S extends the previously defined map.

n+1

Sb e CM).
. ¢ for ¢ e C}()

Proof. — a) If @ €Z%(Z) then (o# ¢)* =¢(A\) o# ¢ for any cyclic permu-
tation A of {0, 1, ..., + 2}.

b) We shall leave to the reader the tedious check in the special case ¢ = ¢ of
the equality (bAg) # ¢ = bA(e #¢) for ¢ e C™(, &*). It is based on the fol-
lowing explicit formula for A(¢ # ). For any subset with two elements s = {1, j},
1<y, of {o,1,...,n+ 2} =1Z[(n+ 3) one defines

a(s) = o(a ...,d L ddt, ... dd T ... a"tE).
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In the special case j =n + 2 one takes

a(s) = @(a"*?d’, ..., a'd*Y, .., a" Y fi<nd4og,
a(s) = p(@a"tta"*2a" ..., a" ifi=n4 1.
1+ E(n/2) )
Then one gets A(c# ¢) = X (— 1)*"'(n + g — 21) §; where, for n even, one has
i=1

¥ =a({o,2}) +a({1,s+1}) + ... +a({n+ 2,7 —1}),
and for n odd
g =a({0,2}) + ... +a({n+2—1i,n+2})
—a{n+2—t+1,0}) ... —a{n+2,i—1} O
We shall end this section with the following proposition. One can show in general
that, if ¢ € 2", &*) and { € Z"(#, #*) are Hochschild cocycles, then ¢ # ¢ is

still a Hochschild cocycle ¢ # ¢ e Z"*™(of @ &, o/* @ #*) and that the corresponding
product of cohomology classes is related to the product v of [13], p. 216, by

[p #¢] = (ot m)! + ) [¢] v [¢]. Since o e Z2(C, C) is a Hochschild boundary one has:

Proposition 12. — For any cocycle ¢ € Z3(L), Se is a Hochschild coboundary: S = by
where

»
P, ...,a" ") = 21’1::}5-‘:l (—1)13(a’(da' ... da’~1) a¥(da’ ! ... da™)).

Progf. — One checks that the coboundary of the j-th term in the sum defining ¢ gives

$(a’(da' ... da’"Y) ald¥ T (da’ ... da"t?). O

2. Pairing of Hj(«) with K,(«), i =o, 1

Let &/ be a unital (non commutative) algebra and K (&), K,(&/) its algebraic
K-theory groups (cf. [16]). By definition Ky(&/) is the group associated to the semi-
group of stable isomorphism classes of finite projective modules over &/. Also K, (&)
is the quotient of the group GL_ (&) by its commutator subgroup, where GL (%)
is the inductive limit of the groups GL,(«&/) of invertible elements of M, (.7), under

x o
the maps x —»[ ]
0 1

In this section we shall define by straightforward formulae a pairing between H3' (/)
and K (&) and between H{(s/) and K,(&).

The pairing satisfies (S, e)> = (¢, e), for ¢ e H;(&), ¢ eK(«) and hence
is in fact defined on H*(&/) = H; (&) ®y3 C. As a computational device we shall

323



108 ALAIN CONNES

also formulate the pairing in terms of connexions and curvature as one does for the
usual Chern character for smooth manifolds.

This will show the Morita invariance of Hj (/) and will give in the case o/ abelian,
an action of the ring K (&) on Hj(&).

Lemma 13. — Let ¢ € Z}() and p, q € Proj My () be two idempotents of
the form p=uv, q=ou for some wu,veM (). Then the following cocycles on
B ={xeM(A), xp = px = x} differ by a coboundary

P, (@ ..., a" = (¢ # Tr) (@, ..., a"),
Po(a®, ..., a") = (¢ # Tr) (vau, ..., va"u).

Proof. — First, replacing &/ by M, (&) one may assume that 2 = 1. Then one

p o] [o o] [o u] [o o .
can replace p, ¢, 4, v by R s , and hence assume the existence
o o] |o ¢g]|o o] ]|v o

of an invertible element U such that UpU ' =¢, u =pU ' =U"1q, v =qU = Up
' 1 — u
(take U= [ ? ]) Then the result follows from proposition 5.1. O
v 1—g
Recall that an equivalent description of Ky(%7) is as the abelian group associated
to the semi-group of stable equivalence classes of idempotents ¢ € Proj M, ().

Proposition 14. — a) The following equality defines a bilinear pairing between Ky(/)
and HY(): <{[e], [e]> = (2in)"™ (m!)~ (p # Tr) (¢, ..., €) for e eProj My(&) an
¢ € Z3(A).

b) One has ([e], [Se]> = <[e], []>-

Proof. — First if ¢ e BY"(/), ¢ # Tr is also a coboundary, ¢ # Tr = b¢ and

2m

hence (@ # Tr)(e, ...,e) = bYle, ...,e) = X (— 1) (e, ..., €) = Y(e, ..., €) = 0,
i=0

since ¢* = — ¢. This together with lemma 13 shows that (¢ # Tr)(e, ..., ¢) only

0
depends on the equivalence class of e. Since replacing ¢ by [ ] does not change
the result, one gets the additivity and hence a). o0

2m
b) One has 2—:~ So(e, ...,e) = X §(e(de)’ = e(de)"i*1) and, since ¢* =¢, one
T i=1
has e(de) e = 0, e¢(de)® = (de)%e, so that

L_Sq)(e, o€ =(m+1)ee...,e). O
2im

We shall now describe the odd case.
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Proposition 15. — a) The following equality defines a bilinear pairing between K,(#)
and HY(sf):
I

C[u], [e]> = (2im) =" 2= OmeD (m—1/2)...1/2

(p# Tr)(w ' —1u—1,u ' —1,...,u—1)

where @ € Z3™ Y (/) and u € GL, ().
b) One has ([u], [Se]> = <[ul, [¢]>-

Proof. — a) Let o be the algebra obtained from &/ by adjoining a unit. Since
&/ is already unital, o is isomorphic to the product of & by C, by means of the homo-

~

morphism p: (a,A\) > (¢ + A1,A) of o to o xC. Let ¢ € Z}(«) be defined by
the equality
(@2, ..., (@) = 9@, ...,a"), ¥ (@' N)ed.
Let us check that 4§ =o. For (&%), ..., (a"*, ") e o one has
$((a0, )\0), cey (ai, )\i) (ai+1’ )\i+1)’ . (a”‘“, )\n+1))
=@ ...,da" ..., @) + Ne(d, ...,d "Lt L. et
+ Nt ..., d a2 ... e,
Thus b3((a%20), ..., (@t A" 1Y)
=Nod,...,a"") + (— 1)" 2 ¢(a" Y a!, ... a") = o.
Now for u € GL,(&/) one has
et —1u—1,... 0t —1u—1)= (o V@ N4 ...,u"" 1)
where # = (u,1) € & X G. Thus to show that this function x(u) satisfies
y(uv) = y(u) + x(v) for u, v e GL\(&),
one can assume that ¢(1,a% ...,a""!) =0 for &' e s/, and replace y by
x(w) = @Y u, ...,u" " u).

w o u o
Now one has with U = { ], V= [ ]
o o v

x(w) = (¢ # Tr) (UL U, ..., UL 1),
x(@) 4 x(2) = (¢ # Tr) (V7L V, ..., V7L V).
Since U is connected to V by the smooth path
U v o][sint —cost][1 o sin ¢ cost
"7 lo 1]|cost sint|{o v]|—cost sint
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it is enough to check that

d% (¢ # Tr) (U;4, U, ..., U) = o.
Using (U;')' = — U;'U; U the desired equality follows easily. We have shown
that the right hand side of 15 a) defines a homomorphism of GL, (/) to C. The compa-
tibility with the inclusion GL, C GL,, is obvious.

To show that the result is o if ¢ is a coboundary, one may assume that £ = 1, and,
using the above argument, that ¢ = by where ¢ e G, {(1,4% ...,a" %) =0 for
@' e . (Onehas by = (bY)~ for ¢ € C2~1) Then one gets bh(u~%, ..., u"% u) = o.

b) The proof is left to the reader. O

Definition 16. — Let H*(f) = H}() ®ps ) C.

Here H;(C), which by corollary 10 1) is identified with a polynomial ring C[s],
acts on G by P(s) » P(1). This homomorphism of Hj3(C) to C is the pairing given
by proposition 14 with the generator of K, (C) = Z.

By construction H*(&/) is the inductive limit of the groups Hj(%/) under the
map S:H}(«) — H; (), or equivalently the quotient of H}(.o/) by the equivalence
relation ¢ ~ S¢. As such, it inherits a natural Z/2 grading and a filtration:

F* H' (&) = Im H}().
We shall come back to this filtration in section 4.

Corollary 17. — One has a canonical pairing between H" () and Ky(), and between
H*( /) and K,(&).

The following notion will be important both in explicit computations of the above
pairing (this is already clear in the case & = G*(V), V a smooth manifold) and in
the discussion of Morita equivalences.

Definition 18. — Let of > Q be a cycle over £, and & a finite projective module over of.
Then a connexion V on & is a linear map V: & — & @, Q' such that

V(E.x) = (VE) x + E®dp(x), VEe&, xedd.

Here & is a right module over &/ and Q' is considered as a bimodule over &/ using
the homomorphism p: & — Q° and the ring structure of Q*. Let us list a number
of obvious properties:

Proposition 19. — a) Let ¢ € End (&) be an idempotent and V a connexion on &; then
£~ (e®1) VE is a connexion on e&.

b) Any finite projective module & admits a connexion.

c) The space of connexions is an affine space over the vector space Hom (&, & ®, Q).
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d) Any connexion V extends uniquely to a linear map of E=¢ ®, Q into itself such that
VE®w) = (V&) o +E®dw, VEES, wel

Proof. — a) One multiplies the equality 18 by ¢e® 1 (on the left).
b) By a) one can assume that & = C*® o/ for some k. Then, with (§),_, .,
the canonical basis of &, put
V(& a) = ZE,®@dp(a) € £®, Q.

Note that, if 2= 1 (for instance), then &/ ®, Q' =p(1) Q' and Va = p(1) dp(a)
for any a € &/ since & is unital. This differs in general from d, even when p(1) is
the unit of Q°

¢) Immediate,

d) By construction & is the finite projective module over Q induced by the homo-
morphism p. The uniqueness statement is obvious since V¢ is already defined for £ € &.
The existence follows from the equality

V(a) © + Ea® dw = (V&) aw + £ ® d(aw)
for any £€ &, ac and 0w € Q. O

We shall now construct a cycle over End (&). We start with the graded algebra
End,(&) (where T is of degree % if T&IC &+* for all j). For any T eEndy(&)
of degree & we let §(T) = VT — (— 1)¥* TV. By the equality d) one gets

V(Ew) = (VE) o + (— 1)%Edo forEed, weQ,

and hence that 3(T) € Endy(&), and is of degree % + 1. By construction 8 is a graded
derivation of Endg(&). Next, since & is a finite projective module, the graded trace
J. : Q" - C defines a trace, which we shall still denote by f, on the graded

~

algebra End,(&).
Lemma 20. — One has .[S(T) =0 forany T eEndﬂ(g) of degree n — 1.

Proof. — First, if we replace the connexion V by V' =V 4T, where
I' e Hom (&, € ®, Q'), the corresponding extension to & is V' =V + T, where

\ eEndn(g) and is of degree 1. Thus it is enough to prove the lemma for some
connexion on &. Hence we can assume that & = es/* for some e € Proj M, (s/)
and that V is given by 19 a) from a connexion V, on &%, Then using the equality

8(T) = ¢8,(T) ¢ for T e End & C End &, (&, = &*), as well as

8o(T) = §y(eTe) = 8y(e) T 4 8(T) + (— 1)7T T §4(e),
one is reduced to the case & = 7%, with V given by 19 b). Let us end the computation
say with £ = 1. Let ¢ = p(1). One has & = eQ, Endg(c?’) = ¢Qe, d(a) = ¢(da) e.
Thus [8(a) = [(d(eae) — (de) a — (— 1) ade) = 0. O
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Now we do not yet have a cycle over End, (&) by taking the obvious homomorphism

of End_ (&) in Endn(g), the differential 8 and the integral J- In fact the crucial
property 8% = o is not satisfied:

Proposition 21. — a) The map 0 = V2 of & to & is an endomorphism: 0 € Endn(é?)

and 3*(T) = 0T — TO for all T € Endy(¢&).

b) One has {[&], [*]) = %f(ﬁ/Qm’)"‘, when n is even, n = 2m, where [&] € Ky()
is the class of &, and < is the character of Q.

Proof. — a) One uses the rules V(o) = (Vn) o + (— 1) " 9dw and d*=o
to check that V3(nw) = V(1) w.

b) Let us show that fﬁ"‘ is independent of the choice of the connexion V. The
result is then easily checked by taking on & = es/* the connexion of proposition 1g.
Thus let V' =V + I' where I' is an endomorphism of degree 1 of € TItis enough
to check that the derivative of jﬁ;" is o where 0, corresponds to V, =V 4 (I'. Also

it is enough to do it for f =o0. We get:

m—1
d/dtfe;" =% [or (dft e,) or—k—1,

As (a,% 6,)‘=0 =TIV + VI = §(I") one has
((djaz) [o),_ =m[8(6"*T) =0. O

Thus, while 3% + o, there exists 6 € Q" = Endn(cr?) such that
3(T) =6T —To, VTeQ.

We shall now construct a cycle from the quadruple (Q’, 3,0, f)

Lemma 22. — Let (Q’, 3, 0, j ) be a quadruple such that Q' is a graded algebra, § a graded
derivation of degree 1 of Q' and 0 € Q'? satisfies
30) =0 and &(w) =00 — b for @ €.

Then one constructs canonically a cycle by adjoining to Q' an element X of degree 1 with
dX = o, such that X2 =0, o, Xw, =0, Vo,cQ.

Proof. — Let Q" be the graded algebra obtained by adjoining X. Any element
of Q" has the form o = w}; + 03 X 4+ Xy + Xwgy X, o; € Q. Thus, as a vector
space, Q' coincides with M,(Q’), the product is such that

”n X ’ ’
[")11 ‘012] [‘”11 ‘*’12] [1 0] [‘*’11 ‘*’12]
”n ”n - ’ ’
Wy Woy Gy ] |0 O [y wy
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and the grading is obtained by considering X as an element of degree 1; thus [w;] is
of degree £ when e, is of degree k&, @, and w,, of degree £ — 1 and w,, of degree k& — 2.
One checks easily that Q" is a graded algebra containing Q’. The differential d is
given by the conditions dw = §(0) + Xo —(— 1)%*° X for ©eQ CQ”, and
dX = 0. One gets

d [‘”11 ‘012] [ 3(w11) 8(‘*’12)] [0 - 0] [‘*’11 "312]
= +
W1 Wy — 3(wg) — 3(wg) I 0] L0 2
(g 0y O o 1 .
Wy Gy |—06 o
One checks that the two terms on the right define graded derivations of Q'’ and that

d? = o.

Finally one checks that the equality
f(‘ﬁn + 01 X 4 Xy + Xy, X) = f")u — (= I)d"g‘*’fmm()

defines a closed graded trace. O
Putting together proposition 21 a) and lemma 22 we get:

Corollary 23. — Let of 5Q bea cycle over &£, & a finite projective module over S/ and
o' = End(&). To each connexion V on & corresponds canonically a cycle 4’ >> Q' over o',

One can show that the character +' € Z}(&') of this new cycle has a class
[+'] e H}(«’) independent of the choice of the connexion V, which coincides with
the class given by lemma 13. One can then easily check a reciprocity formula which
takes care of the Morita equivalence.

Corollary 24. — Let o4, B be unital algebras and & an L, B bimodule, finite projective
on both sides, with &/ = Endg(&), # = End,(&). Then H () is canonically isomorphic
to H3(%).

Finally when & is abelian, and one is given a finite projective module & over &,
then one has an obvious homomorphism of &/ to &' = End_(&). Thus in this case,
by restriction to &/ of the cycle of corollary 23 one gets:

Corollary 25. — When o is abelian, H3 (&) is in a natural manner a module over the
ring Ko(&).

To give some meaning to this statement we shall compute an example. We let V
be a compact oriented smooth manifold. Let & = C®(V) and Q be the cycle over &
given by the ordinary de Rham complex and integration of forms of degree n. Let E
be a complex vector bundle over V and & = C®(V, E) the corresponding finite
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projective module over & = C®(V). Then the notion of connexion given by defi-
nition 18 coincides with the usual notion.

Thus corollary 25 yields a new cocycle v eZ¥(), & = C®(V), canonically
associated to V. We shall leave as an exercise the following proposition.

Proposition 26. — Let o, be the differential form of degree 2k on V which gives the component

k
of degree 2k of the Chern character of the bundle E with connexion V : w, = 1/k! Trace (i) ,
where O is the curvature form ([17]). Then one has the equality 2

T = zsk ak,
where @&, € 22~ %(f) is given by
Sl S o) =[O A A E Ry, Ve =CR(V),

and where « is the restriction to & = C®(V) of the character of the cycle associated to the bundle E,
the connexion N, and the de Rham cycle of </ by corollary 23.

3. Cobordism of cycles and the operator B

By a chain of dimension n + 1 we shall mean a triple (Q, 0Q, J) where Q and 0Q
are differential graded algebras of dimensions n + 1 and » with a given surjective

morphism 7:Q — 9Q of degree o, and where f : Q"*! » C is a graded trace such that

[do =0, YweQ" such that r(w) =o.

By the boundary of such a chain we mean the cycle (30, f ’) where for o’ € (0Q)" one
takes J. "o = f do for any o €Q" with r(w) = o’. One easily checks, using the

surjectivity of 7, that f' is a graded trace on dQ which is closed by construction.

Definition 27. — Let o be an algebra, and let o/ 50, o % Q' be two cycles over o
(¢f. proposition 1). We shall say that these cycles are cobordant (over ) if there exists a chain Q"'

with boundary Q@ Qo (where Q' is obtained Srom Q' by changing the sign of D and a homo-
morphism o' 1 oL — Q"' such that rop"" = (p, p’).

Using a fibered product of algebras one checks that the relation of cobordism
is transitive. It is obviously symmetric. Let us check that any cycle over & is cobordant
to itself. Let Q° = C®([o, 1]), Q! be the space of C* 1-forms on [o, 1], and d be the

usual differential. Set 9Q = CG® G and take f to be the usual integral. Then taking

for r the restriction of functions to the boundary, one gets a chain of dimension 1 with
boundary (C®C, ¢), ¢(a,b) =a —b. Tensoring a given cycle over & by the
above chain gives the desired cobordism. :

330



NON-COMMUTATIVE DIFFERENTIAL GEOMETRY 115

Thus cobordism is an equivalence relation. The main result of this section is
a precise description of its meaning for the characters of the cycles. We shall assume
throughout that the algebra ./ is unital.

Lemma 28. — Let ©y, v, be the characters of two cobordant cycles over sf. Then there
exists a Hochschild cocycle ¢ € Z"*' (s, o*) such that ©, — ©, = B, o, where

Bo @) (@’ ..., a") = ¢(1,d% ...,a") — (— 1)" 1o, ..., a" 1).
Proof. — With the notation of definition 27, let
9(a, ..., ") = [p"(a") dp”(a") ... dp"(a"+Y), Vaieo.
Let o = p""(a%) dp”(a') ... dp"(a") € Q"""
Then by hypothesis one has
(1, — 19) (@% a', ..., a") = fdm.
Since p'(a®) = p"(1) p”(a®) one has
do = (dp"(1)) p"(a") dp"(a') ... dp"(a") + ¢"'(1) dp"(a’) ... dp"(a").
Using the tracial property of f one gets
J.dw = (—1)"p(a’%d', ...,a" 1) + 9(1,4d% ..., a".

Using again the tracial property of f one checks that ¢ is a Hoschchild cocycle. O

Lemma 29. — Let =©y,7, € ZY(f) and assume that =, — v, = By for some
p e Z" YA, A*). Then any two cycles over o with characters <,, T, are cobordant.

Progf. — Let & 5Q bea cycle over &/ with character 7. Let us first show
that it is cobordant with (Q(&/), 7). In the above cobordism of Q with itself, with
restriction maps 7y, 7;, we can consider the subalgebra defined by r,(») € Q’, where
Q' is the graded differential subalgebra of Q generated by p(&/). This defines a cobor-
dism of Q with Q’. Now the homomorphism §': Q(&/) — Q' is surjective, and satisfies
B“f = 7. Thus one can modify the restriction map in the canonical cobordism of
(Q(), 7) with itself to get a cobordism of (Q(&),7) with Q.

Let us show that (Q(&7), 7,) and (Q(&), 7,) are cobordant. Let p be the linear
functional on Q"*!(«7) defined by
1) w(@da ... da"*") = ¢(d ...,a" "),

2) w(da' ... da"*") = (B, ) (a', ..., a" ).

Let us check that p is a graded trace on Q(&/). We already know by the Hoch-
schild cocycle property of ¢ that

w(a(bw)) = p((bow) @), Va,best, o eQt,
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Let us check that p(aw) = p(wa) for o =da' ... da"*". The right side gives

n+1
w(Z (—0)"+ti=ide ... d(aiaitY) ... da"*1da)
i=1

+ (—1)"* ' u(a' da® ... da)
= X (— )" By e)(a, ...,a at, ... a"t, a)
4+ (—1)"* " o(al,d? ...,a"", a)
= (— 1)" ((6' By 9) — 9) (a', @% ..., a" "1 a).
Now one checks that for an arbitrary cochain ¢ € G"*!(o/, o/*) one has
Bybp + b Bygp = ¢ — (—1)"** g,
where A is the cyclic permutation A(z) =¢ — 1. Here ¢ is a cocycle, bp = 0 and

b'Byp — @ =(—1)"9* so that p(wa) = ¢(a,d, ..., a" ") = p(aw).
It remains to check that for any ¢ e &/ and «© €Q" one has

u((da) @) = (— 1)" (o da).

For © €dQ"~! this follows from the fact that By ¢ € C} (recall that B, ¢ = 1, — 7,).
For o =a’da' ... da" it is a consequence of the cocycle property of By . Indeed
one has 4B, ¢ = 0, hence & B,o¢(a’dl, ..., a" a) = (— 1)"B,(aa’ da', ...,a") and
since ' Byo = ¢ — (— 1)"*1o* we get
o ...,a"%a) — (— 1)"* 1 p(a, a% ..., a"
= (— I)"+1(B0¢p) (aao, al’ s a”),

i.e. that p((da) a®da' ... da") = (— 1)" w(a"da' ... da" da).

To end the proof of lemma 29 one modifies the natural cobordism between (Q(%), 7,)
and itself, given by the tensor product of Q(27) by the algebra of differential forms on [o, 1],
by adding to the integral the term p o r;, where r, is the restriction map to {1} C [0, 1]. O

Putting together lemmas 28 and 29 we see that two cocycles t;, T, € Z}(&F)
correspond to cobordant cycles if and only if 1, — 7, belongs to the subspace
Zi(o) O Bo(Z" TN (A, ).

We shall now work out a better description of this subspace. Since At = (n + 1) 7
for any < e G}(«&), where A is the operator of cyclic antisymmetrisation, the above
subspace is clearly contained in the subspace

Z"f) nB(Z" (A, o)),
where B = AB,: C"t! - C",

Lemma 30. — a) One has bB = — Bb.
b) One has Z3(f) N By(ZM (oA, o)) = BZ" (oA, ).

Proof. — a) For any cochain ¢ € C"*!(o/, o/*), one has
Bybo + b' By =@ — (— 1)"*' g%,
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where A is the cyclic permutation A(z) =¢— 1. Applying A to both sides gives
AB; bp + Ab' B, ¢ = 0. Thus the answer follows from lemma g of section 1.
b) By a) one has BZ"*!(, o/*) C Z}(f). Let us show that

BZ"*Y(af, af*) C By Z"+ (st o).

Let B eBZ"*!(o, o*), so that B = Be, ¢ eZ"*(of, o).
We shall construct in a canonical way a cochain ¢ € C"(&Z, &*) such that

! B = By(p — b¢). Let 6 =B, — n_-:—“; B. By hypothesis AG = 0. Thus there

n-+1
exists a canonical § such that ¢ — e(A) ¢* =0, where A is the generator of the group
of cyclic permutations of {0, 1,...,n}, A(Z) =¢— 1. We just have to check the
equality

B, by — 6.
Using the equality By by + &' By ¢ = ¢ — ¢(A) ¢*, we just have to show that 4’ By ¢ = o.
One has
By (@ ...,a"Y) = ¢(1,a% ...,a"" ) — (— 1)"Y(a% ...,a" "} 1)
=(—D)" 1Y —e) P @ ...,a" 1) =(—1)""10(a% ...,a" L, 1)
=(—1)"Ye(1,a% ...,a" 1) — (— )" e ...,a" "} 1,1))

. (—1)"B(a® ...,a" "%, 1).

n-+1

The contribution of the first two terms to &' By ¢(a’ ..., a") is

+

(— 1)””1,_51 (— 1) (e(1,0% ...,a7af*, ... a" 1)
=t + (=" ...,d d " ... a" 1, 1))
= (—1)" (bop(1,4a° ...,a" 1) — @(a® ..., a" 1))
— (bp(a% ...,a% 1,1) — (— 1)"9(d% ...,a% 1)) =0
since bp = o.

The contribution of the second term is proportional to

n—1
T (—1)ipd, ..., d Y ... 0% 1) = bR(a% ..., a% 1) =0. O
j=0

Corollary 31. — 1) The image of B:C"t! — C" is exactly Cy.

2) By(«/) C B, Z (L, o).

Proof. — 1) = 2) since, assuming 1), any b, ¢ € C}** isof the form dBy = — Bby
and hence belongs to BZ"*1(.oZ, .2*) so that the conclusion follows from b). To prove 1)
let ¢ € G%. Choose a linear functional ¢, on & with ¢,(1) = 1, and then let

$(@y ..., @) = p(a”) p(a, ..., a" ")
+ (= 1)" 9((a" — @o(a) 1), a%, ..., a") gp(a”*?).
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One has (1,4’ ...,a") = ¢(d’ ..., a") and
$(a® ..., a"% 1) = () p(d, ..., a% 1) + (— )" (a% ..., a"
+ (— )"t gy(a) (1,4, ..., a") = (— 1)"(d, ..., a".

Thus By =29 and ¢ eImB. O
We are now ready to state the main result of this section. By lemma 4 a) one has
a well-defined map B from the Hochschild cohomology group H" t!(&/, &*) to H}(%).

Theorem 32. — Two cycles over of are cobordant if and only if their characters =, ©, € H} ()
differ by an element of the image of B, where

B: H" (o, &%) — HJ(sf).

It is clear that the direct sum of two cycles over & is still a cycle over & and that
cobordism classes of cycles over & form a group M*(&/). The tensor product of cycles
gives a natural map: M*'(«) X M*(%#) - M*(«& ® #). Since M*(C) is equal to
H3(C) = C[o] as a ring, each of the groups M*(&) is a C[c] module and in particular
a vector space. By theorem g2 this vector space is Hj(&/)/Im B.

The same group M*(«&/) has a closely related interpretation in terms of graded
traces on the differential algebra Q(%/) of proposition 1. Recall that, by proposition 1,
the map 7+ 7 is an isomorphism of Z}(&/) with the space of closed graded traces of
degree n on Q(&).

Theorem 33. — The map <> = gives an isomorphism of HY(Z)[Im B with the quotient
of the space of closed graded traces of degree n on Q) by those of the form d* ., w a graded trace
on Q(&) (of degree n + 1).

Proof. — We have to show that, given e Z%(o/), one has T = d'p for some
graded trace p if and only if T e ImBDB}. Assume first that T = d'yu. Then as
in lemma 28, one gets T = B, o where ¢ € Z"*t!(o/, o/*) is the Hochschild cocycle

o(@a, ...,a"*"!) = u(a®da' ... da**'), Vaded.

Thus © = —

n+IAB0cp e Im B.

Conversely, if 7 eImB, then by lemma 30 b) one has v =B, ¢ for some
@ e Z"*1 (o, o/*). Defining the linear functional p on Q"*!(&/) as in lemma 29 we
get a graded trace such that
w(da®da ... da") = <(a° ...,a"), Vd e
ie. pldo) = 7(w), VoeQ¥). O

Thus M*(&) is the homology of the complex of graded traces on Q(&/) with the diffe-
rential d°. This theory is dual to the theory obtained as the cohomology of the quotient
of the complex (Q(&),d) by the subcomplex of commutators. The latter appears
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independently in the work of M. Karoubi [39] as a natural range for the higher Chern
character defined on all the Quillen algebraic K-theory groups K;(«/). Thus theorem 33
(and the analogous dual statement) allows:

1) to apply Karoubi’s results [39] to extend the pairing of section 2 to all K;(&);
2) to apply the results of section 4 (below) to compute the cohomology of the complex

QAL 1, d).

4. The exact couple relating H;(%/) to Hochschild cohomology

By construction the complex (C}(&),5d) is a subcomplex of the Hochschild
complex (C"(«, &%), b), i.e. the identity map I is a morphism of complexes and gives
an exact sequence:

0> Cy 5> Q" > CYCp - o.
To this exact sequence corresponds a long exact sequence of cohomology groups.

We shall prove in this section that the cohomology of the complex C/C, is
H*(C/G,) = H""}(C,).

Thus the long exact sequence of the above triple will take the form

o - H} (o) 5 H(o, o) - Hy Y (o) — Hy() 5 HY (o, o)
> HY(sf) - HE(t) > ...
H"(«) 5 HY o, &) - H} () - Hy () 5 H (oA, o) - ...

On the other hand we have already constructed morphisms of cochain complexes S

and B which have precisely the right degrees:
S: Hi~'(«) —~ H{ (o),
B: HY o, o) -~ H} 1)

We shall prove that these are exactly the maps involved in the above long exact
sequence, which now takes the form

H)(f) > H(of, o) 5 Hp V(o) S Hp P () S ..
Finally to the pair b, B corresponds a double complex as follows:
Cwm = QO "™, o) (i.e. C*™is o above the main diagonal) where the first diffe-
rential d;: C™™ — C"*4™ is given by the Hochschild coboundary » and the second
differential d,: C»™ — C™™*! js given by the operator B.

By lemma 30 of section 3 one has the graded commutation of d,, d,. Also one
checks that B?* = o so that d? = 0. By construction the cohomology of this double

complex depends only upon the parity of » and we shall prove that the sum of the even
and odd groups is canonically isomorphic with

H;(o/) @ € = H'(«)
H)\(C)

(where H3(C) acts on C by evaluation at o == 1).
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The second filtration of this double complex (F?= E} C™™ vyields the same
m>q
filtration of H*(&/) as the filtration by dimensions of cycles. The associated spectral

sequence is convergent and coincides with the spectral sequence coming from the above
exact couple. All these results are based on the next two lemmas.

Lemma 34. — Let § € G, *) be such that by € C3 (). Then By € ZF ()
and SBY = 2inn(n + 1) by in HF ().

Progf. — One has By e C2~! by construction, and bBy = — Bb{ = 0 since
by e Ci+t. Thus By €eZ;~'. In the same way by e Z}+!,
Let ¢ = By, by proposition 12 of section 1 one has S¢ = b}’ where

(@ ...,a" = 12-:1 (— 1)~ 19(a%(da' ... dai~Y) ai(da’*! ... da")).
It remains to show that
¢ —e() $* =n(n + 1) (¢ —(0) ¢')
where A1) =¢—1 for 1 €{o,1,...,n 4+ 1} and ¢"" — ¢ e B". Let us first check that
W —e) M@, ...,a" =(—D)" 1 (n+1) 9@ ad, ..., a"" ).

One has

PN, . .., a") =:§:(— 1) $((ded . .. dai=) d(dai*! ... da™1) a").
Let w; = a’(da' ... da’') di(da’** ... da"" ") G
Then do; = (da . .. dai=") BH(dai*" ... da"~") 4"

+ (—1)"1ada' ... dda' ... da" 1) a"
+ (—1)"a"(da' ... da’~ ") ai(da’ ... da™).
Thus for je{1,...,n— 1} one has
(— 1)1713(a(da' ... da’~") ai(dai*? ... da™))
—e(W)(— 1) 3((da® ... da’~?) al(da’ ™! ... da" 1) a")
= (—1)""tola"ad, ..., a" ")

Taking into account the cases j = o0 and j = n gives the desired result.
Let us now determine ¢/, ¢"” — ¢ e B/, &*) such that

(— 1)

n

0, i n—l).

(" —e) Y@ ...,a" = (@ d, ...,a

Let 6 = By ¢ and write 6 = 0, + 0, with A6, = o, 0, € C~!(2/) so that 0, = —:; .
Since A6, = o there exists §, € C"~! such that 0, = D¢, where D¢, = §; — () ¢?.
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Parallel to lemma g of section 1 one checks that Do & = 4’0o D and hence D(b¢,) = 4’6,.
Let ¢ =¢ —b¢;. As D=B;b + &' B, weget Dy =& B, = b'0, + ' 0, hence

DY = b'0, = ib' @. Finally since b¢ = o one has
b= (—1)""to@" a%d,...,a" Y. O

As an immediate application of this lemma we get:

Corollary 35. — The image of S:H} Y ) —H} () is the kernel of the map
1: HyH(of) - HM (o, o).

This is a really useful criterion for deciding when a given cocycle is a cup product
by o eH:(C), a question which arose naturally in part I. In particular it shows
that if V is a compact manifold of dimension m and if we take & = G®(V), any cocycle ©
in H}(&) (satisfying the obvious continuity requirements (cf. Section 5)) is in the image
of S for n>m=dim V.

Let us now prove the second important lemma:

Lemma 36. — The obvious map from (Im B N Ker b) /6(Im B) to (Ker B N Ker 4)/6(Ker B)
15 bijective.

Proof. — Let us show the injectivity. Let ¢ e Im B n Ker b, say ¢ € Z} (),
and assume ¢ € b(Ker B). Then the above lemma shows that ¢ and So = o are
in the same class in H}*!(o/) and hence ¢ € b(Im B).

Let us show the surjectivity. Let ¢ € Z" ™' (&, &*), Bp =0 and ¢ e C"(H, &),
¢ —e(A) ¢* = By, @. As in the proof of lemma 30 of section 3 one gets B, b = B, o.
This shows that ¢ = ¢ — by € Z}(&) since D¢’ = By bgp’ + o' By’ = 0. Let us
show that By € bC2~2. Since ¢ — ¢(A) * = B, by one has b’ B,y = 0. One checks
easily that 4’2 = o and that the " cohomology on C"(&/, &*) is trivial (if & ¢, = 0
one has & ¢,(d’ ...,a" 1) =0 ie. ¢, =0b"¢, where

(@’ ..., a" ) = (—1)" g d ..., a"" Y 1)).

Thus B,¢ = 54’0 for some 6 e CG"~? and By = Ab’' 6 = bAO € bC} 2.

Thus since C} 2=1ImB one has By =5bBO, for some 6, eC" ' ie.
¢+ b0, e Ker B and by €b(KerB). As ¢ — by € Z} this ends the proof of the
surjectivity. O

Putting together the above lemmas 34, 36 we arrive at an expression of
S:H (o) > Hy (o) involving b and B:

S = 2imn(n + 1) 6B~
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More explicitly, given ¢ eZ{“(d) one has ¢ eImB, thus ¢ = By for some ¢,
and this determines uniquely & e (Ker & N Ker B)/b(Ker B) = H2**(of). To check

I

that ¢ is equal to S¢ one chooses ¢ as in proposition 12:

2im n(n + 1)
b, ) = ;_ 5 2,8t e da)),

As an immediate corollary we get:

Theorem 37. — The following triangle is exact:
H* (o, o)

vd AN
Hj(o) ———— Hj()

Progf. — We have already seen that Im S = Ker I. By the above description
of S onc has KerS =ImB. Next BoI = o0 since B is equal to o on C,. Finally
if peZ™A, ) and Bp €B}~!, Bp = bBO for some 6 € C"~! so that

¢ + 60 e Ker B n Ker 6 CIm I + 4(Ker B)
by lemma 86. Thus KerB=ImI. O

We shall now identify the long exact sequence given by theorem 37 with the one
derived from the exact sequence of complexes

o—->GC, -C—~>C/C, —»o.

Corollary 38. — The morphism of complexes B: C[C, — G induces an isomorphism
of H*(C/C,) with H}~*(&f) and identifies the above triangle with the long exact sequence derived
Jrom the exact sequence of complexes o — C, — G — C[C, — o.

Progf. — This follows from the five lemma applied to
H"C,) — H"(C) —— H"(C/C,) — H"*Y(C,) — H"*}(C)
Q Q lB P Q

B

Hi(of) —> HY o, o) —> HI"Yof) —> HItY (o) —> H''(of, ") O
Together with theorem 32 of section 3 we get:

Corollary 39. — a) Two cycles with characters ~;, t, are cobordant if and only if Sv, = St,
in H3 ().
b) One has a canonical isomorphism

M (/) Mq(?@c)c =H'(sf) (f. definition 16).

c) Under that isomorphism the canonical filtration F" H*(Z) corresponds to the filtration
of the left side by the dimension of the cycles.
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Proof of b). — Both sides are identical with the inductive limit of the system
(HX(#), 8). O

Let us now carefully define the double complex C as follows:
a) C»" =QC"""AL, L), Vn,melZ;
b) for g eC™™ dio = (n—m+ 1) bp e G 1",

¢c) for ¢ e C"™ d,p = ﬁB(p e C»™+1 (if n =m, the latter is o).
Note that d,dy = — d, d;, follows from Bb = — bB.

Theorem 40. — a) The initial term B, of the spectral sequence asociated to the first filtration
F,C= X C™™ is equal to o.

n>p
b) Let F!1C = § C™™ be the second filtration, then HP(F!1C) = H}() for
n=p— 2q. "= .

c) The cohomology of the double complex C is given by
H*"C) = H¥(&) if n is even
and H"(C) = H"(«/) if n is odd.

d) The spectral sequence associated to the second filtration is convergent: it converges to the
associated graded XF! H*(of ) [F1+1 H* (/) and it coincides with the spectral sequence associated
with the exact couple. In particular its initial term E, is

Ker(I o B)/Im(I o B).

Proof. — a) Let us consider the exact sequence of complexes of cochains
0 > Im B — Ker B - Ker B/Im B > 0 where the coboundary is . By lemma 36 the
first map: Im B — Ker B becomes an isomorphism in cohomology, thus the 4 cohomo-
logy of the complex Ker B/Im B is o.

b) Let ¢ e (F1C)? = > Cm™  satisfy dp = o, where d=d; + d,.

m> g nt+m=p
By a) it is cohomologous in F?C to an element ¢ of CG?~%% Then dy = o means
Yy eKerbnKerB, and ¢ eImd means ¢ €b(Ker B). Thus using the isomorphism

(Ker b N Ker B)/b(Ker B) = H?"%(o/) (lemma 36)

one gets the result.

¢) By the above computation of S as d; d; ' we sce that the map from H?(F?C)
to HP(F?~* C) is the map S from H? ~2¢(/) to H? ~¢*2(o7) ; thus the answer is immediate.

d) The convergence of the spectral sequence is obvious, since C™™ =o for
m > n. Since the filtration of H"(C) given by H"(F?C) coincides with the natural
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filtration of H*(&) (cf. the proof of ¢)), the limit of the spectral sequence is the associated
graded
2 FTHY () [F+ HY () for n even,

q

ZF1HY (o) [F1tt H(of)  for n odd.
q

It is clear that the initial term E, is Ker IoB/ImIoB. One then checks that it
coincides with the spectral sequence of the exact couple. O
We shall end this section with several remarks.

Remarks. — a) Relative theory. Since the cohomology theory Hj (&) is defined from
the cohomology of a complex (C%, 4), it is easy to develop a relative theory H} (2, &),

. kL . . . .
for pairs &/ — # of algebras, where = is a surjective homomorphism. To the exact
sequence of complexes

0 - CXB) 5 Cr(t) - C(st, B) = C"(L)|CY(B) -0

corresponds a long exact sequence of cohomology groups.

Using the five lemma, the results of this section on the absolute groups extend
easily to the relative groups, provided that one also extends the Hochschild
theory H*(&/, &*) to the relative case.

b) Action of H*(Z, &). Using the product v of [13]

H™(o, M) @ H" (A, My) — H" (A, M) @y M))
one sees that H*(&7, &7) becomes a graded commutative algebra (using &/ ®,, & = o,
as &/ bimodules) which acts on H*(&Z, &%) (since &/ ®, &* = &*). In particular

any derivation 3 of &/ defines an element [3] of H'(«/, &#). The explicit formula of [13]
for the product v would give, at the cochain level

(p vd)(aat,...,a" ") = @(8(a"*") a% d', ..., a"), V ¢ €Z™(A, ).
One checks that at the level of cohomology classes it coincides with

(p#38)(ad,...,a"")
1 n+1

Z (_ I)J (P(a (da1 PRI daj_l) S(a.’) (d j+1 . 1)),
n + 1 i=1 a da"'l-
v P € Z”((ﬂ, K4 )'

With the latter formula one checks the equality
o= (IoB)(Sve)+3v((IoB)e) in H* (o, &%

(where 8 o(d, ...,a") = ;1 o(@, ..., 8("),...,a" for all a'esf). This is the

natural extension of the basic formula of differential geometry 9y = dix + ix d, expres-
sing the Lie derivative with respect to a vector field X on a manifold.
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c) Homotopy invariance of H*(2/). Let o/ be an algebra (with unit), # a locally
convex topological algebra and ¢ € Z}(#) a continuous cocycle (cf. section 5). Let
i, tefo, 1], be a family of homomorphisms p,: & — % such that

for all a € o/, the map te[o, 1] —pa) e # is of class Cl

Then the images by S of the cocycles g ¢ and g} ¢ coincide. To prove this one extends
the Hochschild cocycle ¢ # ¢ on #® C!([o, 1]) giving the cobordism of ¢ with itself

(i.e. $(fo [ = J: fodft, v fieCYJo, 1])) to a Hochschild cocycle on the algebra
CY([o, 1], #) of C'-maps from [o0, 1] to #. Then the map p: & — C¥]o, 1], &),
(e(a)); = pi(a), defines a chain over &/ and is a cobordism of pj¢ with p; . This
shows that if one restricts to continuous cocycles, one has

o = o1+ H'(#) — H' ().

5. Locally convex algebras

Before we begin with the examples we shall briefly indicate how sections 1 to 4
adapt to a topological situation. Thus we shall assume now that the algebra &/ is
endowed with a locally convex topology, for which the product & X & — & is conti-
nuous. In other words, for any continuous seminorm p on & there exists a continuous
seminorm p’ such that p(ab) < p’(a) p'(d), V a,b € &/. Then we replace the algebraic
dual &* of &/ by the topological dual, and the space C"(&, &*) of (n + 1)-linear
functionals on & by the space of continuous (n + 1)-linear functionals: ¢ € C* if
and only if for some continuous seminorm p on & one has

lo(a ...,a"| < p(a®) ... p(a"), Vd' e

Since the product is continuous one has bp € C"*, V ¢ € C". Since the formulae for
the cup product of cochains only involve the product in &/ they still make sense for
continuous multilinear functions and all the results of sections 1 to 4 apply with no change.

There is however an important point which we wish to discuss: the use of reso-
lutions in the computation of the Hochschild cohomology. Note first that we may
as well assume that & is complete, since C" is unaffected if one replaces &/ by its comple-
tion, which is still a locally convex topological algebra.

Let # be a complete locally convex topological algebra. By a topological module
over # we mean a locally convex vector space .4, which is a #-module, and is such that
the map (b, &) — b% is continuous (from # X A to #). We say that # is topologically
projective if it is a direct summand of a topological module of the form ' = #&_E,
where E is a complete locally convex vector space and (;5,, means the projective tensor
product ([29]).

In particular # is complete, as a closed subspace of the complete locally convex
vector space .#’.
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It is clear then that if 4 and .#, are topological #-modules which are complete
(as locally convex vector spaces) and p:.#; — .#, is a continuous #-linear map with
a continuous C-linear cross-section s, one can complete the triangle of continuous
#-linear maps
-

for any continuous #-linear map f:.# — M.

Definition 42. — Let M be a topological FB-module. By a (topological) projective resolution
of M we mean an exact sequence of projective B-modules and PB-linear continuous maps
M My ML My« .
which admits a C-linear continuous homotopy s;: M; — M,
biyi5i+s_1b6;=1d, Vi
As in [36] the module o over & = &/ ®_s#° (tensor product of the algebra o
by the opposite algebra &) given by
(@a® 8% ¢ = ach, a,b,ce A
admits the following canonical projective resolution: :
1) M, = BB E, (as a B-module), with E, = #&_...8, o (n factors);
2) e: M, > & is given by €(a®@b%) =ab, a,b e A;
3) 5,(1®a,®...Qa,) = (4,01)® (¢,® ... Da,)

n—1
+j§1(— 1) 10¢,®...0®4;4;,,,®...%a,)

+(—1)"(1®a)® (4,®...®a,_,).
The usual section is obviously continuous:
5,((a®8)® (2,®...®a,)) =(108)® (a®a,®...Ra,)).
Comparing this resolution with an arbitrary topological projective resolution of

the module &/ over # yields:

Lemma 43. — For any topological projective resolution (A", b,) of the module s over
B =oAR, A the Hochschild cohomology H"(sZ, o£*) coincides with the cohomology of the

complex » )
Homg(#°, /) - Homg( M, o*) — ...

(where Homg means continuous & linear maps).

Of course, this lemma extends to any complete topological bimodule over 7.
Let us now pass to the examples.
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6. Examples

1) o = C®(V), V a compact smooth manifold.
We endow C®(V) with its usual Frechet space topology, defined by the semi-
norms sup |&f| = p.(f) using local charts in V.
le| <n

As a locally convex space, C°(V) is then nuclear ([29]) and one has
C*(V) ®, C®(V) = C*(V x V).

Thus # = o ®,_ o° is canonically isomorphic to G®(V x V) and the module &/
over # corresponds to the diagonal A:

VfeCG*(VXV), &f)=A"f

Let us assume for a while that the Euler characteristic of V vanishes. The general
case will be treated by crossing V with S. Let E, be the complex vector bundle on
V x V which is the pull back by the second projection pry:V X V —V of the exterior
power NFTg(V) of the complexified cotangent bundle of V. By construction, the
dual E; of E, is the pull back by pr, of the complexified tangent bundle. We let X(a, )
be a section of E; such that:

a) for (a,b) close enough to the diagonal, X(a, b) coincides with the real tangent
vector exp; '(a) (where exp,:Ty(V) -V is the exponential map associated to a
fixed affine connexion);

b) X(a,b) =0 when a +b.

By hypothesis, the Euler characteristic of V vanishes so that there exists on V a
real nowhere vanishing vector field Y, with the help of which one easily extends the
germ of X around the diagonal to a section of Eji satisfying ). (Use Y as a purely
imaginary component.)

Lemma 44. — The following is a continuous projective resolution of the module CG®(V)
over C*°(V X V) (with the diagonal action):
C=(V) < C°(V x V) b:d C*(V3 E,) E...c C*(V4E,) <o

(n = dim V) where iy is the contraction with X.

Progf. — Each of the modules 4, = C*(V x V, E,) is finite projective and
hence also topologically projective. Obviously i3 =o0. To show that one has a

topological resolution it remains to construct a continuous linear section. Let
1 X € C®°(V x V) be such that :

X(a, b) = expy'(a), V (a,5) € Support 1';
¥’ = 1 on the support of y and y = 1 is a neighborhood of A.
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Let o’ be a section of E,; such that (X, ') = 1 on the support of 1 — y. Put
o(a, b) = exp,(tX(b, a)) for (a, b) close enough to A and let

@) =7 [ AdG) § + (=o' n o

By construction s is G®(V)-linear in the variable a. Fixing ¢ and taking normal coor-
dinates around a = o0 one gets ¢,(b) = th, X(o,0) = — b, so that one can easily
check the equality

oL a . (. dt r dt

j (¢ dix o)) 7 + ’xf (¢ dooy) i f ¢; (% ©y) T o9

[} 0 0
for any differential form «, vanishing off the support of y and satisfying ®,(a, a) = o.
Applying this with o, = y» shows that siy + ixs =1id. O

We are now ready to prove:

Lemma 45. — Let V be a compact smooth manifold, and consider of = C*®(V) as a locally
convex topological algebra, then:

a) The continuous Hochschild cohomology group H*(L, of*) is canonically isomorphic with
the space of de Rham currents of dimension k on V. To the (k + 1)-linear functional ¢ is asso-
ciated the current G such that

G AN ndf> = B o(o) S, f, ..., f).
o €0

b) Under the isomorphism a) the operator 1oB:H*(of, o*) — H (L, ") is the
de Rham boundary for currents and the image of B in H}~(2f) is contained in the space of totally
antisymmetric cocycle classes.

Proof. — a) One just has to compare the standard projective resolution of &/ with
the resolution of lemma 44, applying lemma 43. Note that (cf. [33]) given any commu-
tative algebra &/ and bimodule #, the map T+ X ¢(o) T°, where T e C¥(Z, #)

o €6y
and T°(a', ..., d") = T(a®Y, ..., a®™), transforms Hochschild cocycles in Hochschild

cocycles and its kernel contains the Hochschild coboundaries.
Next, if ¢ € Z¥(o/, &*) and ¢° =¢(o) ¢ for 6 €®,, with & = C®(V), then
(under the obvious continuity hypothesis) there exists a current C on V such that
CCfodf* A ... ndf*> = (f%f ...,.f", Vfied.
Indeed ¢ now satisfies the condition
?(fo,f1f2,f3’ e "fk+l) = c?(foflsfzafa’ .. -:fk+1)
+ o(f°SESLSE Y

for f*e C®°(V), which shows that, as a distribution on V**! its support is contained
in the diagonal A,,; = {(x,%, ...,x) e VE*1 x e V}. Thus the problem of existence
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of C is local and easily handled say with V = T" or also using local coordinates. Let
2, be the space of currents of dimension 2 on V. Define B:Z, — H*(«, o#*) by

BICY(SO S - ) =G df A ... n df*y, YV fPeC®(V);
then the map @ has a left inverse « given by a«(¢) = C, where

CCS 4 o n df*y = 1kl T () (S S, .., f50),
o EGy

To check that Boa = id we may replace V by V x S!, since the homomorphism
p: # = C°(V xS > = C®(V) given by evaluation at a point p €S' induces a
split injection H*(«o/, o*) s H*(%B, #*).
Thus we may as well assume that the Euler characteristic of V is 0. Let X be
a section of E} as above. Let then (4}, b;) be the projective resolution of C*(V) given
by lemma 44:
My = Coo(vz, E,), by = ix.
By lemma 43 the Hochschild cohomology H*(C®(V), (C*(V))*) coincides with the
cohomology of the complex Homcm(v.)(./l{,,', C®(V)"). One has a natural isomorphism
C®(V2 E,) ®gwm C*(V) & C(V, A" Ey)
and since A*E, is by construction the exterior power A* Tg(V), one has a natural
isomorphism of Homgewy, (A, , G*(V)*) with the space &, of k-dimensional currents

on V. More explicitly, to T € Homgwgys (A, G*(V)*) corresponds the current G
given by the equality

(G o)=T()(1), Yo' ey, Ao =o.
Since the restriction of X to the diagonal A is zero we see that the coboundary operator #x

is zero and hence that H*(&/, &*) = 2,. To write down explicitely the isomorphism
we just need a chain map F of the resolution .’ to the standard resolution

(M= (A8, LB, LB, ..., o) above the identity map #, - A, Here
M, = C°(VxV x V¥ and we take
(Fo) (a, b, #, ..., 5% = (X(#, ) A ... A X(x%, b), w(a, b),
Va b eV
and o e = C°(V% E,).
One has
(b, Fow)(a, b, x', ..., x*7') = (Fo) (a, b, a, x*, ..., x*71)

k—1

— X (— 1) Fo(a, b, %, ..., x5« ..., &Y
= + (— 1)*Fola, b, 5", ..., 251, b)
= (X(a, b) A X(x*, B) A ... A X(**~1, b), w(a, b)).
This shows that 4, Fo = Fiy 0, V o, so that b, F = Fb, and F is a chain map.
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Let ¢ € Z¥(o, o#*) be a Hochschild cocycle, the corresponding element of
Homgwyy (A, &/*) is given by the equality
F(fRYOf1®... 8 " () = 9(gf° fif" ... fY), LS edd
Let us compute the k-dimensional current corresponding to ¢ o F. One has
KC,fdf' A ... A df*> =F o F(a) (1),
where o = 00 A .. A, e b) =dfi(b) e T(V).
One has
Fo'(a, b, 2%, ..., x%) = <X (x4 8) A ... A X(55, b), w'(a, b))
=1°0) 2, e(o) TLCX,8), 490>,

This shows that to compute §oF one may replace ¢ by the total antisymme-
. . 1 . . . .
trization ¢’ = ] 2 ¢(o) ¢° on the last & variables. As the differential of the function
. &

x — (X(%, b),df(b)> at the point x =5 is equal to df(h), we conclude that the
k-dimensional current corresponding to ¢oF is C = k! a(p) and hence that « is an
isomorphism.

b) Let C e 2, be a k-dimensional current, and ¢ the corresponding Hochschild
cocycle: o(f%f% ..., /%) =<C,f°df* A ... Adf*y. Then
Byo(Sf° - f* ) = oL S . ff )
= C,df'N ... Adff1y = CBC, fOdf* A ... A dfFT).

As an immediate corollary, we get:

Theorem 46. — Let o = C®(V) as a locally convex topological algebra. Then:
1) For eack k, H% () is canonically isomorphic to the direct sum

Kerb (C2)®H,_,(V,C)®H,_,(V,C)®...

(where H,(V, C) is the usual de Rham }iomology of V).
2) H*(&) is canonically isomorphic to the de Rham homology H,(V, Q) (with filtration by
dimensions ).

Proof. — 1) Let us explicitly describe the isomorphism. Let ¢ € H(2/). Then
the current C = «(I(¢)) given by

Cf G nndfy =g B o(/%f, . f¥)

O
is closed (since B(I(¢)) = 0), so that the cochain
SOSY o fF) = O f0df A A df*D
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belongs to Z¥(7). The class of ¢ — ¢ in H%(s7) is well determined, and is by cons-
truction in the kernel of I. Thus by theorem 37 there exists ¢ € Hf~%(&/) with
SY = ¢ — 9, and ¢ is unique modulo the image of B. Thus the homology class
of the closed current «(I(¢})) is well determined. Moreover by lemma 45 b) the class
of ¢ — ¢ in Hf~%(o/) is well determined. Repeating this process one gets the desired
sequence of homology classes ; € H,_,(V, C). By construction, ¢ is in the same

class (in H¥(o)) as C + 2 S;&; (where for any closed current «; in the class one
takes =t

gj(fc”fla .. '7fk_2j) = <wj,fo4f1/\ oA dfk—2j>).

This shows that the map that we just constructed is an injection of Hf(&) to
Kerbd(C&)OH,_,(V,C)d...0H, _4xV,C)@...

The surjectivity is obvious.

2) In 1) we see by the construction of the isomorphism, that S : H¥(&/) — HE+2(of)

is the map which associates to each C e Ker b its homology class. The conclusion
follows. O

Remarks 47. — a) In this example the spectral sequence of theorem 39 d) is dege-
nerate and the E, term is already the de Rham homology of V (with differential equal
to o).

b) Let ¢ e H¥(C®(V)). Then theorem 46 shows that ¢ is in the same class as
C + '21 S/ @&; where the current C is well defined and the khomology classes o; are also
well Zlcﬁned. One can prove that, once an affine connection V on V has been choosen,
one can associate canonically a sequence w; of closed currents to any ¢ € Z%(C®(V))
whose support (in V**1!) is close enough to the diagonal A = {(x,...,x),xeV}
Moreover if ¢ is local, i.e. if its support is contained in A, then the germ of w; around
any x € V only depends upon the germ of ¢ around x and the connexion V. This
is proven by explicitly comparing the resolution of lemma 44 and the standard one.
It remains valid without the hypothesis x(V) = o.

¢) Let WCYV be a submanifold of V, ¢*: C°(V) — C®(W) the restriction map,
and o — Ker#* - C®(V) - C®(W) — o the corresponding exact sequence of algebras.
For the ordinary homology groups one has a long exact sequence

—~H,(W) > H,(V) = H,(V, W) > H,_,(W) - ...

where the connecting map is of degree — 1.

Since HY is defined as a cokomology theory, i.e. from a cochain complex, the long
exact sequence

— Hj{(C*(W)) - H{(C*(V)) - H{(C*(V), CG*(W))
5 HIH(C®(W)) — ...
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has a connecting map of degree 4 1. So one may wonder how this is compatiblc with
theorem 46. The point is that the connecting map for the long exact sequence of
Hochschild cohomology groups is o (any current on W whose image in V is zero, does
vanish), thus Im(2) C SH{~*(C*(W)).

d) Only very trivial cyclic cocycles on C*(V) do extend continuously to the
Cr-algebra C(V) of continuous functions on a compact manifold. In fact for any
compact space X the continuous Hochschild cohomology of &/ = G(X) with coefficients
in the bimodule &* is trivial in dimension n = 1 (cf. [35]). Thus by theorem g7
the cyclic cohomology of & is given by H3"(«/) = H}(&/) and H2"*!(o/) = 0. This
remark extends to arbitrary nuclear C* algebras [51].

Example 2. — of = oy, 0 eR[Z. (Cf. [16] [19] [55] [58].) Let A = exp 2ni0.
Denote by &(Z?) the space of sequences (4, ,),mecz Of rapid decay (i.e.
(|»| 4+ |m|)?|a, | is bounded for any ¢ eN).

Let o4 be the algebra whose generic element is a formal sum 2a,, U} Up,
where (a,,) € #(Z?) and the product is specified by the equality U, U, = AU, U,.

For 6 € Q this algebra is Morita equivalent, in the sense of corollary 24, to the
commutative algebra of smooth functions on the 2-torus. Thus in the case 6€Q,
the computation of H*(&%) follows from theorem 46.

We shall now do the computation for arbitrary 6. The first step is to compute
the Hochschild cohomology H(%4, &%), where of course &% is considered as a locally
convex topological algebra (using the seminorms p,(a) = Sup(1 + |z| + |m|)?]| a, ).

Let us describe a topological projective resolution of &% viewed as a module over
B =oA,0, A. Put M, =BOQ, where Q =Q,®Q,®Q, is the exterior algebra
over the 2-dimensional vector space Q, = C? with canonical basis e, e,.

For j=1,2 let b: .4 —.# , be the #-linear map such that

b(1®¢) = 1®ITIJ-—-U,-® I, j=1,2.
by(1® (e, 1 &5)) = (Uy®1 — 2@ U, ®e, — (WU, @1 — 1O UY) @e,.
As usual, let €: # — & be given by s(a@Z) =ab for a,b e

Lemma 48. — a) (M, b,) is a projective resolution of the module <f,.
b) Hi(sty, o3) =0 for i> 2.

Proof. — For v = (ny,n,) €Z2 let U =UprUpresf, X’=0U"®1e# and

Y’ =1®U’e®. Then X’ and Y commute for any v, v’ and any element of # is of
the form
X = Zdv,vr XV YV',

where the sequence (4, ) is an arbitrary element of &(Z*).
One has X* XY = mm X+, YWY = \mwmy Y,
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Let us check that Kere = Imb,. The inclusion Im b, C Kere is clear. For
x = Xa, , X*Y", ¢(x) = o implies Zg,, X* X" = 0 ie. x = Za, , X'(Y” — X"). Using
the equality
(1©Up) (1® Up) — (Up @ 1) (Upe 1)
n—1

= (1© U ( Z Uie Un-t-) 10U, — U,®1)

ny—1

+ (Uren (2 UjeUp ' )(10U, - U,®1),
0

we see that the left ideal Ker ¢ is generated by 1® U; — U;®1 and 1®U, — U,® 1
and hence is equal to Im &,.

Next, one checks that 5,5, =0. Given x =x,Q¢, — x,®¢, € Ker b;, one
has x1(1®I°Jl—— U,®1) =x2(1®{12— U,®1). To prove that xelImb, it is
enough to find y € # such that %, = y(U,® 1 — A® U,).

With Z =2\U;'® 132 one first proves that x( £ Z*¥) = o, using the relation
HE 210U, —U,01) = 510U, — U, ®1) T (Uy'® U,)*
= 1,(10U, — U,®1) I (U;'® Uy* = o.

Then writing %, = Xa, Z¥, where (a,) is a sequence of rapid decay of elements of the

closed subalgebra of # generated by U,®1, 1® [31, U,® 1, one gets
k—1

%, = B (ZF — 1) = Zay( 20: Z)(Z —1) =n(Z —1).

Finally the injectivity of b, is immediate. O
Using this resolution one easily computes H'(27,, &4). We say (cf. [32]) that
0 satisfies a diophantine condition if the sequence |1 — N*|~! is O(n*) for some .

Proposition 49. — a) Let 0 ¢ Q. One has HO(o,, ) = C.

b) If 0 ¢ Q satisfies a diophantine condition, then Hi(of,, s4) is of dimension 2 for
J =1, and of dimension 1 for j = 2.

c) If 6 ¢Q does not satisfy a diophantine condition, then HY, H2 are infinite dimensional
non Hausdorff spaces.

(Recall that by theorem 46, Hi(s/,, &) is infinite dimensional for j < 2 when

0eQ.)

Proof. — We have to compute the cohomology of the complex (Homg(4;, o73), 8).
The map T e Homg(%, &) — T(1) € & allows to identify Homg(#;, &) with
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oy ® Q;. Moreover, using the canonical trace = on &%, t(Za, U’) = g4, one can
identify &% with the space of formal sums

? = Zav U,
where (a,),cz is a tempered sequence of complex numbers (|a, ,| < C(|n| + |[m|)®

for some C and B). The linear functional is given by (¢, x> = t(px) for x e,.
With these notations, the above complex becomes

3o 3 >0
where () = ((Ure — oUy), (Us o — 9U,))
and %3(P1, P2) = U 91 — Apy Uy — (AU 92 — 9, Uy).
Since A ¢ Q one easily gets Ker «; = G, which gives a).
For (¢,, ;) e Keray,, one has U, ¢, —rp, Uy =AU, ¢ — 9, U; and the
coefficients a, of ¢ = 2g, U’ are uniquely determined by the conditions
&p,0) = O, U —oU =9, Uyp—o9U,= g,
Indeed one has (1 —A™)a, ,, =a) , and A" —1)a, ,_ ,=a, ,. For
these conditions to be compatible one needs
apo=o0Vn, a,=o0Vn an . (1—N)"t=a L ("—1)""
for ny + 0, ny + o.
From the hypothesis «4(¢;, ¢;) = 0 one gets
(A" — 1) arll,+1,n. = (1 —2™) aﬁ,,n,ﬂ v ny, .

Thus the compatibility conditions are: af , =o, 45, = o.

If 6 satisfies a diophantine condition, the sequence (a,) is automatically tempered,
which shows that H!(s/,, &) = C2.

If 6 does not satisfy a diophantine condition, then by choosing say the pair (¢,, 0)

where ¢, = X U, U}, one checks that the compatibility conditions are fulfilled but
n¥0

that (a,) is not tempered. This proves b), c) for H; the proofs for H? are similar. O

At this point, it might seem hopeless to compute H*(2%,) (cf. definition 16) when
0 is an irrational number not satisfying a diophantine condition, since the Hochschild
cohomology is already quite complicated. We shall see however that even in that
case, where H*(&/,, &) is infinite dimensional non Hausdorff, the homology of the
complex (H"(&p, &5), 10 B) is still finite dimensional. The first thing is to translate
IoB in the resolution used above. Before we begin the computations we can already
state a corollary of proposition 49 and theorem g7:

Corollary 50. — (0 ¢ Q). One has H3(24,) = C and the map
1: Hj(o) - H'(,, ;)
is an isomorphism.
(Thus in particular any 1-dimensional current is closed.)
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Proof. — By proposition 49, a) one has Hj(s/) = H(,, o) = C. By
theorem 37 the following sequence is exact:

0 — Hi(oty) > HY(ty, 43) > HY () > Hi()).

Since the image by S of the generator © of Hj (&%) is non zero (it pairs non
trivially with 1 € Proj &7,) one gets B =o0. O

Lemma 51. — Let ¢ € g[Im oy = H2(y, y); then
(IoB) () € H(,, ) = Ker o,/Im a
is the class of (@q, ps) where
(@)m=—A" 1 =A""IM (1 — X", 0y,
and (@)nm =211 =X (1 — A" gy e

Proof. — To do the computation we first have to compare the projective resolution
of lemma 48 with the standard resolution (4, = % &, L% ...), ie. to find morphisms
h:#M > M and k: M — .# of complexes of #-modules which are the identity in
degree o. Recall that

b (1®a,®...®a,) = (a;®1)® (a,® ... Ra,)

n—1
+ Z(—1)1®4,®...4;8;,,9...9...04"

i=t

+(—D"(1®d)®(3,®...®aq,_,).
The module map 4, is detérmined by A,(1 ®¢) which must satisfy
b h(1®e) =b(1®¢) =10U) — U;® 13

thus we can take %4 (1®¢) =1®Uj. ,

One determines in a similar way (but we do not need it for the lemma)
hh(1®(gne) =100,8U0, —a@U ®U,.

The module map &%, : % ®, 4, >B®Q, is determined by A (1® UY)
(v = (ny, ny)) which must satisfy 4,(k,(1®U")) =4;(1®U") =U'®1 — 1 ® (U

As in the proof of lemma 48 we take A (1®U") =A,;®¢ + B,®¢, where
A, = Up(Un — Up) (U, — U, B, = Up(Up — U (U, — U,)~* where to simplify
notation we omit the tensor product signs (i.e. U, IOJJ- mean U;®1, 1® IOJJ)

Now the module map #,:.#; — .#, is uniquely determined by the equality
by ky =k, by since M, = o.

A tedious but straightforward computation gives:

K U — A= U Ups — ¥ U

N o
k(1®U'®U*) = Ur 2 UMQ® (e, A gy).

o

WU, —x™U, U,—2G,
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In fact we shall only need the special cases
a) v=(1,0),  arbitrary,
b) v arbitrary, u = (o, 0),
¢) v arbitrary, p = (1,0);

one may as well check directly that 2, = o in cases a), b) (compute %, b;) and that
E(1®U'®U,) = Un(Up — a» UP) (U, — AU,) " ® (¢, 1 ).
We thus have determined the morphisms % and k2. They yield the morphisms
% : Homg(sMy, f;) — Homg( My, 45),
B : Homg (A, , o4y) — Home(A,, 45),
and we want to compute the composition
a=h(IoB)Ry: Ay — Ay DLy
Let ¢ e and let § be the corresponding element of Homg(4,, &):
P(a®®e A &) (x) = @(bxa) V a,b,xe A,.
Let ¢ =49 =% ok,. One has
(20, 21, x2) = P(Ry(1 @ 21 ® x2)) (x0) V a0, &1, 1% € .
Let ¢, = (IoB)¢. One has by definition, for 29, x! € o,
ba(x% x1) = (1, 2% x1) — b0 2%, 1) — (1, 2%, 2%) + b, 2%, 1).
Using b) one gets that ¢§(x% x1, 1) = o for 29, x! € &; thus
$a (29, 2Y) = ¢(1, 20, x1) — $(1, ¥, x%) V29, &1 € .
Let then «(p) = (¢;, ¢o). One has «(p) = Aj ¢;; thus
@(%) = 4o(x%, U) = ¢(1, %, U;)) — §(1,U;,x) Vxes, j=1,2
Let us compute ¢,(U%), v = (ny,n), j = 1,2. Using a), we have
e (U%) = 4(1, U, Uy).
Using c) we have
91(U") = (1, U, Uy) =3(kp(1 ® U"® Uy)) (1)
(17— 20 0m) (1 — AT Q(UR UR™Y  if 1 + o,

o if n, = o.

The knowledge of o,(U%), Vv eZ? determines the coefficients a! of ¢, = Zal UY
by the equality
& = N gy (UY).
Hence we get
a;,m = )\nm(l - l("_l)m) (I - ;‘_(”—1))_1 )\n(—m—l) an,m+1a
where ¢ = Xa, U,
The computation of ¢, = a2 U¥ is done in a similar way. O
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We are now ready to determine the kernel and the image of IoB. Let
¢ € *[Im o, € H*(of, o4;) be such that (IoB) o eIma,. Let thus ¢ = b, U’ e o
with () = (IoB) ¢. Then

D) (1 =A%) b,y = — AN — AR (1A,

2) (1 =N b, , y=—A11 == (1 —p\w=)~lq .

So the image (IoB) ¢ e H' (s, &) is o if and only if the following sequence
is tempered: ¢, , = (1 —A") (1 — M) (1 —A)"Ya, g g

One has ¢ € Im «, if and only if one can find tempered sequences (¢}, ), j = 1, 2,
such that (\*— 1)y m+ A" — 1) piy =811 my1> V2, m This is equivalent
to @, ; = 0 and the temperedness of the sequence (|[A"— 1|+ [A" —1|)7 @,y iy

Thus the next lemma shows that in all cases the kernel of 1o B is one-dimensional.

Lemma 52. — For any 0 ¢ Q, and (n,m)e Z2% (n,m) + (0,0), one has
(=14 e — 1 < P e et e
with A = &™°,

Proof. — For n =0, |(1 —A"™) (1 —A\")~!| is equal to |m| = 1 so that the ine-
quality is obvious. Thus we may assume that 40, m+o0. If |1 —A"| = |1 —2A"|
the inequality is again obvious, thus one can assume |1 —A™|<|1 — A"|. With
N =6 ae[—m [, one has |1 —¢™| < |1 —¢*| with m+ o0, thus |ma|=m,
|*—1|=2/m. DO

Let us now look for the image of 1B in H(«, &%) = Ker «y/Im «;. Any
pair (9;, ¢;) €Im(IoB) + Im«, satisfies aj,=o0, a5, =0 (using lemma 51).
Conversely, if a;,=4j, =0, let us find gpef (p=2gU") and ¢eof
(¢ = Xb, U") so that, with the notation of lemma 51, one has

(P15 P2) = () + (10 B) 9.
This means:
1) Gom=(1=N) by — A1 =N (1 —X") g, g,
2) Gp=N—1)bypy+ A — W) (1 — )T Gy t1,me

Since «y(¢p;, s) = 0 by hypothesis, one has (\* — 1) a3 = (1 — X") @ 4.
Thus one can find sequences b, a satisfying the above equalities with

1
nm - —1\—1 | B +1,
lbuml =G maa] = (L [T =27 1= 20| 7H 1 — |77t | 222
where for m = o0 and 7 + o the right term is replaced by ‘——?'”‘*}\1” .
353
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By lemma 52,
Ibn,mls_ (I + |ml)(|)\n_ II + l)‘m_ I D lal—l,ml I(I - )\m)—ll
= (I + Iml) (larlt+1,ml + larzz,m+ll)'

Thus a, b are tempered and we have shown that (¢,, ;) belongs to the image of 1o B
in HY(sfy, ).

Theorem 53. — a) For all values of 6, H" (o) = C* and H"%(o) = C2

b) The map (9, ;) € Keray > (¢,(UrY), o(Us ")) € C* gives an isomorphism of
H*Y (o) = HY(,, o3)/Im(Il o B) with C2

c) One has H(of,) = H*(A,); it is a vector space of dimension 2 with basis St
(v the canonical trace) and the functional ¢ given by

(a0 2%, %) = x0(8y(a1) (%) — By(x1) 3,(x%) V 4'e .

In the last formula, §;, 8, are the basic derivations of 7 8,(U%) = omin, U,
3,(UY) = 2min, U,

Proof. — Since H"(s,, o%;) = o for n > 3, one has by theorem g7 an equality
HY(o7,) = H3(,) = Hi(,)/Im B. By corollary 50 one gets

H!(s7,)/Im B = H(s4,, ;) /Im(I o B).

Thus b) follows from the above computations.

In the same way, one has H®(&4) = H3(%%), and the exact sequence
0 — HY(fy) > Hi(4y) > H(4y, o45) > Hj(s/,). With 0¢Q one has H3(e) = C
with generator =, and using corollary 50 and the computation of Ker(I o B), we see
that the image of I in the above sequence is the one-dimensional subspace of
H(o,, oy) = Ag/Im o, generated by U, U, (ie. the functional xm 7(xU; U,),
V x € o). Let us compute the image I(¢) of the ¢ e Hi(o/) given by 53 c¢). Let
¢ € Homg(#, , ;) be given by

P((a® 8% ® 41 ® x2) (x0) = @(bx° a, x1, x2) V a, b, ' € o,
with the notations of lemma 51. Under the identification of H?(<y, &) with Z;/Im o,
I(p) corresponds to the class of @ o/k,. One has
P (ka1 @ ey A 5)) (2°) = (% Uy, Uy) — 2e(x% Uy, Uy)
= — 2A(2m)? v(x° Uy Uy).
This shows that H2(</,) is generated by St and ¢. O
We can now determine in this example the Chern character, viewed (as in section 2)

as a pairing between K (%) and H*(«4). With the notations of theorem 53, we
take St and ¢ as a basis for H*'(.%%,). From the results of Pimsner and Voiculescu [55]
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and of [19] lemme 1 and théoréme 7 the following finite projective modules over 7
form a basis of the group K (%) = Z*

1) & as a right 2f-module.
2) &(R), (the ordinary Schwartz space of the real line), with module structure given by:

(E.Uy)(s) =E(s +0), (§.Uy)(s) =¢™E(s), VseR, EeF(R).
We shall denote the respective classes in Ky(«4,) by [1] and [£].

Lemma 54. — The pairing of K (f,) with H*" (o) is given by:
a) {[1], 8> =1, ([&],St> =0¢€]o, 1]
b) {[1], 9> =0, ([£L o> =1.

Proof. — a) One has <(1) = 1. We leave the second equality as an exercice.

b) Since §;(1) = o the first equality is clear. The second follows from [19]
théoréme 7, noticing that the notion of connexion used there is the same as that of
definition 18 above relative to the cycle over &4 which defines ¢ namely:

Ay > Ag®N > Ay ® N5 C

where /\1, /\? are the exterior powers of the vector space G2, dual of the Lie algebra of R2
(which acts on &7, by 3, 3,). (Cf. [19] definition 2.)

Corollary 65. — For 0 ¢ Q the filtration of H*(o4,) by dimensions is not compatible
with the lattice dual to K, (<4,).

We shall see in chapter 4 that any element of this dual lattice is the Chern character
of a 2 + ¢ summable Fredholm module on 7.

Problem 56. — Extend the result of this section to the  crossed product > of G®(S)
by an arbitrary diffeomorphism of S' with rotation number equal to 6 [32].
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Terminology (references to part II)

Chain, section 3

Character of a cycle, introduction and proposition 1

Cobordism of cycles, section 3

Cup product of cochains, section 1

Cycle, introduction and section 1

Cyclic cohomology, section 1, corollary 4

Exact couple, section 4

Filtration by dimension, section 2, definition 16, section 4, corollary 39
Flabby (algebra), introduction, section 1, corollary 6 and [13]
Hochschild cohomology, section 1, definition 2

Hochschild coboundary, introduction

Homotopy invariance, section 4, remark c.

Irrational rotation algebra, section 6

Pairing with K-theory, section 2

Relative theory, section 4, remark a.

Stabilized cyclic cohomology, section 2, definition 16

Suspension map, section 1, lemma 11

Tensor product of cycles, section 1

Topological projective module, section 5

Universal differential algebra, section 1, proposition 1 and [1] [14]
Vanishing cycle, section 1, definition 7

List of formulae in Part IT

bA = AV
b2=o0, b2=0
Db =5D
Byb+ 8’ By=D
bB = — Bb
BZ=o0

SB = 2imn(n + 1) b
I _ n
;I-:;A(c#tp)—c#qa Vo €Z)(H)

n+1
bS = ———Sb
n+3

Z{ A B, Zntl _ pznrtl
Im B = C}

bCh C By Z"™?

[p # 4] = tm!
e(de) e = o

e(de)® = (de)2e
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Notation used in part I

s, # algebras over C

C™of, 4*) space of n+ 1 linear forms on &

@Y(a% ..., a" = @(a¥?, ..., a"") Vo eCr(«, ¥*), y permutation of {0, 1,...,n} and af €
by, 9 € CHt, )

bp(ad, ..., a1 = 1§0 (— )i ...,ddatl, ..., a"1l) 4 (— )Ml g(a™t1al, .. ., a")

ZVof, 4*) = Ker b, Br(of, &*) = Im b, HYf, A*) = ZB"
Cl(#) ={p eCHA, H*)}, ¢* =e(A) ¢ VA cyclic permutation
ZP () = Cl(f) N Ker b

A() = bCR ()
H}(#) = Z3(o)/BX(#)
4 algebra obtained from & by adjoining a unit
Q(&) universal graded differential algebra
Z(a®da' ... da") = t(a% d%, ..., a") (proposition 1)
A = o @ o9 /° = opposite algebra of &
Ap = ‘E‘JI‘ e(y) ¥, T’ = group of cyclic permutations

Y

n

Vo= 2 (—1)ig@, ...,dxdtl . . 4t Vo e NS, F*)

i=0
QW ®B) > QW) ®QB) Viied
P#Y=0E®on
6 €Z3(C), o1, 1,1) = ain
Sp=9 4o VoeZi)
H*(#) = limy (H(s), §)
F" H*(«) = Im H}(«)
Byp(a® ...,a" 1) = (1,4 ...,a" 1) — (—1)"@(a% ...,a"", 1), Vo €ECHA, ")
M*(&#) Cobordism group of cycles over &/
I : morphism of complexes (C}, 5) — (C", b)
De = ¢ —e(A) @2 V¢ € C*(#, &*), A canonical generator of cyclic group I'
diog=(m—m+1)bp VoECHM=Crm(sf, 4*

dz¢=ﬁnB?eC”’m+1 Vo eECmm

n . .
@, ...,a" = X @ ...,8@@",...,a" Va' e, ¢cCHA, &*) and § derivation of .
i=1
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