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THE PICARD GROUP OF A SCHEME OVER AN ARTIN RING
by JOSEPH LIPMAN (1)
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INTRODUCTION

In proposing a construction for the local Picard scheme of a complete local ring
of mixed characteristic (with perfect residue field), Grothendieck has raised the following
problem (2):

Let R be a local Artin ring with perfect residue field k of characteristic p^>o, and let

f : X -> Spec(R) be a proper map. Give a natural construction of a group-scheme P locally of

finite type over k, together with an embedding

Pic(X)^P(A)

which is bijective if k is algebraically closed.

(1) Supported by National Science Foundation grant GP-2Q2I6 at Purdue University.
(2) Quoted from a letter to the author dated September 1969.
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16 J O S E P H L I P M A N

Under certain conditions the local Picard scheme should be obtained by factoring
out a discrete group from an inverse limit of such P's (cf. [SGA 2, pp. 189-191]) (1).

If the usual Picard functor Pic^/R ofX over R is an R-scheme, then we can take P
to be Greenberg's realization of PIC^/R over k (cf. [Gr, § 4]). In the application to
local Picard schemes, however, the maps of the above type f : X-^Spec(R) which
appear are very far from being flat, so we cannot expect Pic^/p to be a scheme.
Grothendieck's idea is that, even so, the fppf sheaf associated to the realization of Picx/R
might still be a k'scheme. This turns out to be correct, and therein lies the theme of
this paper.

Example. — Let T be a three-dimensional regular local ring with regular parameters M, v, w, and algebraically
closed residue field k; let S==T/(y3+y3+w3); let Z be the desingularization of S obtained by blowing up the
maximal ideal 9JlofS; let R == S/9J12 and let X==Z®gR. Then Y==X^d is the projective plane cubic curve
over k defined by the equation XJ3+V3+W3== o, and it can be shown that the fppf sheafassociated to the realization P'
o/PlCx/R is PiCy/fc- For any ^"algebra A, we find that P'(A)= PiCY/A;(R(A)/9JlR(A)), R being the Greenberg
algebra associated to R (cf. Appendix A). P' is an etale sheaf, but P' is not equal to its associated fppf sheaf PiCy/fc
(there is a natural surjective map R(A)/9[HR(A)—>-A whose kernel is nilpotent, but not, in general, zero). Thus
P' is not a k-scheme, and consequently PiCx/R is not an ^.-scheme (2).

A detailed discussion of the main results is given in § i. (At first sight it will
seem that the functor P which we study is not the one just described; this apparent
anomaly is set straight in Remark (1.8).) Our basic results and methods are motivated
by the classical theory of the Picard functor of a scheme over a field. (In fact, in the
special case when p^=={o), so that X is actually a ^-scheme, our functor P becomes
identical with Picx//c.) However there are new difficulties to be dealt with. For
example, as in the classical case, a number of questions about P are treated by
(< linearizing ?? them; but whereas in the former case the linearized questions are trivial,
this is hardly so in the present situation. Indeed, the solutions of the linear problems,
as exemplified by Theorems (2.4) and (8.1), constitute the main methodological
novelty (3).

A weaker version of parts I and II was distributed as a preprint in late summer, 1971.
Part I in its present form. was worked out during a visit to Harvard University in the
fall semester of 1971, and the results were presented there at a seminar held in
January, 1972.

It remains to thank Professor Grothendieck for the generous communication, in
the above-mentioned correspondence, of his ideas on the local Picard scheme, and for
his subsequent encouragement.

(1) Boutot [Bt] gives a different type of construction (equicharacteristic case).
(2) To prove the assertions in this example, I need Corollary (0.2), Proposition (A.i), Corollary (C.6),

and considerations of the type found in the first half of § 2.
(3) Our results are further developed in [L], where they are used in proving (for example) that for a

complete local ring A with algebraically closed residue field, if A is factorial then so is the formal power series ring A[[TJ].

16



THE PICARD GROUP OF A SCHEME OVER AN ARTIN RING 17

o. Preliminaries (sheaves; Witt vectors).

All rings are understood to be commutative, with identity; cc subring 55 means
" subring containing the identity"; all homomorphisms of rings preserve identity
elements.

Let A be a perfect field of characteristic p>o. There is a fully faithful embedding
of the category ofA-schemes into the category of covariant (set-)functors of A-algebras:
to the scheme Z is associated the functor

^(A)==Hom^Spec(A), Z).

We may therefore think of certain functors (viz. those which are, up to isomorphism,
of the form h^) and their morphisms as schemes and morphisms of schemes. For example
we shall say that a functor F is an algebraic (resp. locally algebraic) k-scheme if F^^, where
Z is a scheme of finite type (resp. locally of finite type) over k. If, in addition, F is a
functor into the category of groups (equivalently: Z is a group-scheme) then we say
that F is an algebraic (resp. locally algebraic) k-group.

We shall use freely the language of topologies and sheaves on the category of ̂ -algebras,
as presented in [DG, chap. Ill, § i]. Here we review briefly a few pertinent points.
For a A-algebra A, a finite family (B,)^i of A-algebras is said to cover A for the fpqc
(resp.fppf; resp. etale; resp. Zariski) topology if the B, are flat over A (resp. flat and
finitely presented; resp. Aale; resp. rings of fractions of the form A^.=A[i//], /eA)
and if furthermore the union of the images of the Spec(B,) in Spec (A) is all of Spec (A).
A covariant set-valued (or group-valued, or ring-valued) functor F of ^-algebras is said
to be a sheaf (for a fixed one of the above topologies) if the following condition holds:

For any k-algebra A and any covering family (B^)^i the canonical diagram

F(A)-.nF(B,)=tnF(B^B,)

is exact.
For a fixed topology, there is associated to any functor F—into the category of

sets, or of groups, or of rings—a sheaf F^—into the same category—and a morphism
of functors F|->F^ such that any morphism of functors F->G with Ga sheaf factors
uniquely through FH-F^ . F^ is obtained from F by (( pasting together elements which
agree locally55. More precisely, for a A-algebra A we say that ^, ^eF(A) agree locally
if there exists a family (B,)^j covering A such that the canonical images of ^ and ^
in F(B,) are the same for each iel; this defines a functorial equivalence relation R(A)
on F(A), whence a quotient functor Fo=F/R, and F^ (A) is the direct limit of the
kernels of the diagrams

nF,(B,)n:nF,(B,®^.)
as (BJ^i runs through "all55 covering families of A. Fo(A) can be identified
(functorially) with the image of the canonical map F(A) —^ F^ (A).

17
3



i8 J O S E P H L I P M A N

The abelian functors (i.e. functors into the category of abelian groups) and their
morphisms form an abelian category, and the abelian sheaves are the objects of a full
abelian subcategory [DG, p. 331, (3.5)]. The functor Fl-^F^ from the category of
abelian functors to the category of abelian sheaves is exact; its right adjoint, the inclusion
functor of the category of sheaves into that of presheaves, is left exact [ibid., (3.6)].

The following observation will be very useful:

Lemma (o. i). — Let B be a k'algebra. Then there exists a filtered inductive system (BJ ̂  j
of ^-algebras such that each B^ is a free finitely generated K-module, and such that if

B==limB^
a

then B^=B (i.e. the Frobenius endomorphism x^x19 of B is surjective).
(Note that B is a flat B-algebra, and that Spec(B) -> Spec(B) is surjective, since

B is integral over B; so B is faithfully flat over B.)

Proof. — If the system (BJ^gj has the required properties, relative to B, and
ifB' is a homomorphic image ofB, then clearly the system (B^OOgB')^ j has the required
properties relative to B'. Thus it suffices to treat the case B=^[(Xy)], where (X ) ^
is a family (not necessarily finite) of independent indeterminates. In this case, let Q
be an algebraic closure of the field of fractions ofB, and for each pair a==(L, n), where
L is a finite subset of G and n is a positive integer, set

B,=B[(Xf\gj£Q.

The B^ form, in an obvious way, an inductive system (in which the maps are just inclusion
maps), and one checks that this is as desired. Q^.E.D.

Corollary (0.2). — Let F-^G be a morphism of functors of k-algebras^ such that
F(B) ->G(B) is bijective whenever B is a k-algebra with B^B. Then the associated morphism
of fpqc sheaves F^ ->G^ is an isomorphism. The same is true for the associated morphism
offppf sheaves^ provided that F and G commute with filtered direct limits.

Proof. — Using Lemma (o. i) (and the " note " following it) we see that associated
fpqc sheaves can be constructed (as before) entirely out of covering families (B^pj in
which, for all i, Bf=B, (for if Bf4=B,, then by Lemma (0.1) we can replace B, by
a faithfully flat B^-algebra B, with Bf = B^); the assertion of (0.2) for fpqc sheaves results.

From the method of construction of associated fppf sheaves, the second assertion
is a straightforward consequence of the following two facts:

(i) For any A-algebra B, if ^, ̂ e'F(B) have the same image in G(B), then there
exists a B-algebra B' such that B' is a free finitely generated B-module—and hence a
flat finitely presented B-algebra [EGA 01, p. 136, Cor. (6.3.7)]—and such that ^i
and ^2 have the same image in F(B').

18



THE PICARD OF GROUP A SCHEME OVER AN ARTIN RING 19

(Proof: Let B be as in Lemma (o. i); then F(B)->G(B) is bijective, so ^3 ̂  have
the same image in F(B); but F commutes with direct limits...)

(ii) For any A-algebra B, if 7]eG(B), then there exists B' as in (i), and ^^(B')
whose image in G(B') is the same as that of T]. [Proof: similar to that of (i).)

* *

We shall make frequent use of the Witt vectors', all the facts we need concerning
them are immediate consequences of those few which we now review. (For details
cf. (for example) [S, pp. 45-53]-)

Let k be, again, a perfect field of characteristic j&>o. The A-ring-scheme W of
Witt vectors has as its underlying scheme Spec(^[Xo, X^, Xg, .. .]) (where (X^>o is
a family of independent indeterminates). Addition and multiplication are defined by
certain polynomials

S,(Y, Z), P,(Y, Z)e^[Yo, Y,, . . , . , Y,, Zo, Z,, . . . , Z,] (z^o)

so that for any A-algebra A, addition in

W(A)={(^i,^...)l^=A, i^o}

is given by
(a^a^a^ ...)+(^,^,^, ...)

=(So(^o, a'o), S^ao, a^, a'Q, a[), Sg^o, a^ a^ a^ a[, a^, . . .)

and similarly for multiplication, with P^ in place of S^. As for explicit formulae, we
will need only the following three:

(i) So(Yo,Zo)=Yo+Zo
(ii) p{ao, a^ a^ . . .)=(o, ̂ , a{, ̂ , . . .)
(iii) (a, o, o, o, . . .)(^o, ^i, a^ . . .)=(^05 ap a^ ap9a^ ' ' •)

The ring W(A) is a complete discrete valuation ring whose maximal ideal is
generated by p and whose residue field is k. For any complete local ring R, with perfect
residue field K, and any homomorphism k->'K, there is a unique homomorphism W(A) —»-R
making the following diagram commute:

W(A) —> R

k —> K

If R is an Artin ring, with maximal ideal m, and if [K : ̂ ]<oo, then the preceding
map W(^)-^R makes R into a W(^)-module of finite length. (Consider the filtration
R^m^m^m 3 ^ . . . )

19



20 J O S E P H L I P M A N

Let N be an integer >o. The A-ring-scheme W^ of Witt vectors of length N is such
that for any A-algebra A

W^(A)-{(^ î, ..., ̂ -i) I^A, o<z<N},

addition and multiplication being given by the above polynomials S,, P^ (o^z<N).
As a scheme, then, W^ is the affine space Spec (A [X^, X^, . . . ,X^_J) . W^(A) is
canonically isomorphic to A (this follows from (i) and (iii) above). We have a <( trunc-
ation " homomorphism of ring schemes p^ : W->W^ given by

PN^O? a^ a^ ' - "> a^ " •) : :=(dr05 ^15 ^25 • • • 3 ^N-l)-

p^(A) : W(A) ->W^(A) is surjective for all A-algebras A, and from (ii) above we see that

ker(p^(A))=^W(A),

with equality if A^ == A.
Similarly, if M^N, we have a truncation map p^^ : W^-^Wj,, and clearly

PN == PNM ° PM •

i« Discussion of results.

In this section we describe, and comment on, the main results of the paper.
Let us say that a scheme X (with structure sheaf 0^) is complete if the following

two (equivalent) conditions hold:

a) H°(X, ^x) ls an Artin ring, and the canonical map X-> Spec(H°(X, Gy^)
is proper.

b ) There exists an Artin ring R and a proper map X-^Spec(R).

In what follows we consider a triple (X, A, i) with

— X a complete scheme,
— k a perfect field of characteristic p^o,
— L :A->H°(X, ^x)red a ^g homomorphism via which H°(X, ^x)red ls a finite

A-algebra.

(For any ring S, we set S^d==S/(nilradical of S).)

X and k being as above, there is another way of looking at L which is actually the
point of view we will take throughout most of the paper. H°(X, 0^ is a product of
local Artin rings whose residue fields are finite over A, so L lifts uniquely to a homomorphism
from the Witt vectors W(^) to H°(X, ^x)? and ^ this lifting H°(X, ^x) becomes a
finite W(A)-algebra (cf. § o). Composing the finite map Spec(H°(X, (P^)) -> Spec(W(^))
with the natural map X-> Spec(H°(X, (^x))? we S^ a u1^

/: X->Spec(W(A))

20



THE PICARD GROUP OF A SCHEME OVER AN ARTIN RING 21

and clearly:
(i) / is proper;
(ii)/(X) is supported in the closed point of Spec(W(^)); i.e. there exists an

integer N>o such that p^^x^W (so ^^ X ls proper, via/, over the ring W^(^)
of Witt vectors of length N).

It is easily checked that in this way we obtain a one-one correspondence between triples (X, k, i)
as above and triples (Y, A, g) with Y a scheme and g : Y-> Spec(W(A)) a proper map
such that ^(Y) is supported in the closed point of Spec(W(A)).

For any scheme Z, Pic(Z) denotes, as usual, the group of isomorphism classes of
invertible ^-modules (1). Using inverse images ofinvertible sheaves, one makes Pic(Z)
into a contravariant functor of schemes, which can be identified via Cech cohomology
with the functor ?(7, ̂ ) [0^ == sheaf of units of 0^ [EGA 01, pp. 124-126].

Our basic goal is, roughly speaking, to endow Pic(X) with some natural structure—depending
on L — of locally algebraic k-group.

One way of doing this is given by Theorem (1.2) just below. There are other
reasonable, and seemingly different, approaches but they lead to the same result
(cf. remarks (1.7) and (1.8) at the end of this section).

For any A-algebra A, let
X^=X®^W(A)

(X being a W(A)-scheme via the above/, and W(A) being a W(A)-algebra in the obvious
way). X^—and hence Pic(X^)—varies functorially with A.

Definition (1.1). — The (covariant) functor P=P(X, k, i.) from A-algebras A to
abelian groups is thefpqc sheaf associated to the functor Pic(X^).

Theorem (1.2) . — V is a locally algebraic k-group.

The proof of (1.2) occupies §§ 2-4$ briefly, it goes as follows. Let ^V be the
Nilradical of (9^, let X^ {n>o) be the subscheme of X defined by the (P^-Ideal ̂ n

(so that X^==X for large n), and let P^ be the fpqc sheaf associated to the functor
Pic(X^ ^)=Pic(X^®^W(A)). We proceed by induction on n. To begin with,
PI turns out to be the usual Picard functor of the scheme X^==X^ over the field k;
so by a well-known theorem of Murre and Grothendieck, P^ is a locally algebraic ^-group.
Then, to pass from Pn_i to P^, we use the truncated exponential map x\-> i + x to reduce
the problem to one of representing a functor defined in terms of cohomology of coherent
sheaves: more specifically, to proving Theorem (2.4) (for details cf. § 2). Section 3
is devoted entirely to Proposition (3.1), which allows us in § 4 to apply some simple
facts about Greenberg modules (Appendix A) to complete the proof.

(1) Pic(Z) is a set because, for example, every invertible Q'^-Module is isomorphic to a subsheaf of the sheaf G
given by G(U)== II ^7 2 (U open in Z).

zeu '
21



22 J O S E P H L I P M A N

The foregoing inductive process also yields some information about the relation
of P to Pi: for example, the canonical homomorphism P-^-P^ is quasi-compact, with
unipotent kernel and cokernel. (For this, and other related results, cf. (2.5), (2.7)
and (2.11) in § 2.)

i|C *

For Theorem (1.2) to be useful, we need more information about the relation
between Pic(X^) and P(A), for ^-algebras A. More precisely, we want to know some-
thing about the kernel and cokernel of the canonical map Pic(X^) -> P(A). In part II
(§§ ^3 7) we obtain results in this direction under the assumption that jN?== A (i.e. the Frobenius
endomorphism x^x? of A is surjective). In particular—and probably most signifi-
cantly—these results apply when A is a perfect field.

The main result of this sort is Theorem (7.5):
If A^^A, then, with ^i==H°(X, <?x)red5 tnere ls a ^tural exact sequence

o-^Pic(^A,J ̂ Pic(XJ -^P(A) ->Br(^®,A^) -^Br(XJ

{Here <( Br 9? denotes <( cohomological Brauer group 59.)
Theorem (7.5) contains most of the results of § 6 as corollaries. These corollaries

have to be proved independently, however, because they are used, to a large extent,
in the proof of (7.5). Specifically, what is needed is Corollary (6 . i i ) : if P^ is the
etale sheaf associated to the functor Pic(X^), then the canonical map

y\A)-^1f{A)

is bijective whenever Ap =-- A.
(We also mention here that the proof of (7.5) uses (via Corollary (G.6) of

Appendix C) the following remarkable property of Witt vectors (Lemma (G.2)): if
B is an etale A-algebra (A being a k-algebrd) then W^(B) is an etale W^(A) -algebra (^^i).)

Here is another example (further indications about § 6 are given in the remarks
at the beginning of part II) :

If K is a normal algebraic field extension of k such that every connected component of Xy^
has a ̂ .-rational point, and if A is a perfect field containing K, then Pic(XJ ->P(A) is bijective.

(By (6.9), Xj.ed®^K has a section over ^(2)^K, so the assertion is a special case of (6.7). To derive it
from (7.5) we need to see that the map Br(^®^A) —> Br(X^) is injective; this map is defined in § 7 to be ao(B~1,
where a, P are as in the canonical commutative diagram

Br(HO(XA,^XA)) -^-> M^A)

Br(^®^A) —————> Br(X,ed®&A);
Y

but because of the above mentioned section, y ls injective, whence so is ao(3~1.)

22



THE PICARD GROUP OF A SCHEME OVER AN ARTIN RING 23

* *

Part III (§§ 8, g) deals with the Lie algebras of various ^-groups. An upper bound
for the dimension of the A-group P is given by the dimension of its Lie algebra, Lie(P);
this latter dimension is shown in Theorem (9.1) to be

(1.3) X(IF(X, ̂ ))+ S X(coker(^))
t^O

where " X " denotes the length of a W(^)-module, and ^ is the canonical map

^ : H^X,^) ̂ H^X,^/^4-1^).

What we actually show in § 9 is that Lie(P) has the same dimension as Lie(H), where
H is the linear version of P, i.e. the fpqc sheaf associated to the functor H^X^, fi^)
of ^-algebras A. (By Theorem (2.4) H is an affine algebraic ^-group.) The above
given dimension (1.3) can then be read off from the complete description of Lie (H)
contained in Theorem (8.1). This dimension is .^(H^X, 0^)), with equality if and
only if the A-scheme H is reduced.

In the classical case, when X is a scheme over k {i.e. J^x^0))? tne well-known
and easily proved fact is that Lie(P) is naturally isomorphic to HP(X, 0^). In contrast,
the proof of Theorem (9.1) is long and tedious, depending on many other results in
the paper; and I could not find a natural isomorphism between Lie(P) and Lie(H).
Hopefully this state of affairs can be improved upon.

As one consequence of Theorems (8.1) and (9.1) we have (cf. Proposition (8.5)):
If Ii2{K,pt(P^|pt+l(P^)=o /or al1 f>-0 (for example if dimX=i) then P is

smooth, of dimension ^(H^X, ^x))-

***

To further acquaintance with the functor P, we add here some remarks concerning
the dependence of P on (X, A, i).

(1.4) Let X1, X2, .... X^* be the connected components of X. For each j==i ,
2, . . ., m, X^ is open and closed in X, so X^ is a complete scheme and X^Uj^Xj.
Let

^^(X^.^oi)

where 7r1 is the projection map
m

Tt* : H°(X, flared ̂ .nHW ^-)re<l -^ H^X*, ̂ .Ld.

There is then a natural map

p-^np'»=i

which is easily seen to be an isomorphism.
So we may, at our convenience, assume that X is connected. In this case H°(X, ^x) ls

a local Artin ring, and H°(X, ^x)red ls a fi11^ field extension of k {via i).
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('•5) P=P(X,^,i) varies functorially with (X, ^, i), in the following way.
Let (X', k ' , i') be another triple satisfying the same conditions as (X, k, i), and let
P'=P(X',^', i'). Suppose we are given (g, 6) such that g :X'->X is a morphism of
schemes and 6 : k^k' is a homomorphism of fields for which the following diagram
commutes:

H°(X, ^Ld -^> H°(X', ^.Ld

k k'

g° being the map induced by g. (It amounts to the same thing to require that the
corresponding diagram

X <- X'

(ff)

Spec(W(^'))Spec(W(^))
Spec(W(6)) --f'-vvy/

commute.) Let X*=X®w(&)W(A;'), and let

.*: A'^HO(X*,^.Ld

correspond to the projection map /• : X* -^ Spec(W(^')). (Note that/* is proper, and
that ^^=(0) implies ^^.=(0), whence H°(X*, (Px.)red is finite over k ' , via i* (1).)
Let P*=P(X*,A;',i*). Then:

(i) P*=6*(P)=P®^'
{i.e. the functor P* is the restriction of P to k'-algebras};

(ii) there is a natural homomorphism
P*->P'.

To check (i), let A' be any A'-algebra, and observe that

Xl,=X*®w(y)W(AO=(Xg)w(^W(A/))®w?•)W(A/)=X®w(t)W(A/)=XA.;
thus the functor Pic(Xl.) of A'-algebras A' is the restriction to A'-algebras of the functor P;C(XA) of A-algebras A,
and since restriction commutes with passage to associated fpgc sheaves, (i) follows. As for (ii), (#) gives a natural
W(ft')-morphism X'-^X*, from which we obtain, in succession, the functorial maps (for A'-algebras A'):

^A'~> XA'
Pic(Xl,)-.Pic(XA,)
P*-?-?'.

(1) In fact, since W(A') is flat over W(ft), it is easily seen that
^ H»(X*, (Px.)red = H«(X, ̂ red®^'
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(i.6) Notation remains as in the preceding remark (1.5). For any functor
F of ^'-algebras, the functor 6^F of A-algebras A is defined by

6,F(A)=F(A'®,A).

To the above homomorphism P*->P' there corresponds a homomorphism
P->O,P'

as follows: for any A-algebra A, the natural map A->A'®^A determines, by functoriality,
a map

P(A) -.P(^'(^A)=P'1((A'(^A)

(cf. (i) above) which can be composed with
P*^'®^) ->P'(A/(^A)==e,P'(A)

to give the desired functorial map
\: P(A)->e,p'(A).

For each A, then, setting A'=A'®^A, we have the natural commutative diagram

Pic(XJ —> Pic(Xl,)

P(A) SA > P^A^e.P^A)

In Corollary (6.13) we show:
If X=X' and g is the identity map, then the above homomorphism P-^P7 is an

isomorphism.
In particular, if X==X' is connected, if ^'==H°(X, ^x) red ^d 6==i, then we have

P(X,A,L)=L,(P(X,A',I^))

(i=identity map). In view of remark (1.4)5 this should allow us, whenever it seems
advantageous, to assume that X is connected, A=H°(X, ^x)red3 ^d L == identity.

** *

Finally, we describe two other definitions of the functor P.

(1.7) In practice, X may be presented to us as a scheme proper over some parti-
cular local Artin ring R whose residue field—call it k—is perfect of characteristic p>o.
(i :^-^H°(X, ^x)red can then be taken to be the map induced by R->H°(X, fi^
note that H°(X, d}-^) is finite over R.) In this case, a reasonable candidate for the Picard
functor (indeed the one suggested by Grothendieck, cf. Introduction) is the following:

25
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R is naturally a W (A)-algebra of finite length (§ o) and so we have a corresponding
Greenberg algebra R together with an isomorphism of W(Vfe)-algebras R^-R^)
(Appendix A, Proposition (A.i)). For any ^-algebra A let

Xi=X®^R(A)

and let P^ be thefppf sheaf 3issocia.ted to the functor Pic (Xf). The proof of Theorem (1.2),
slightly modified (§ 5), shows that P^ is a locally algebraic k-group.

How is this P^ related to the previously defined P? Well actually they are
isomorphic (so that P^ depends only on X, k and i!). To see this note first that P^ is
also the fpqc sheaf associated to Pic(Xf) (because Pic(Xf) and P^ clearly have the same
associated fpqc sheaf; but P^, being a scheme, is sin fpqc sheaf). Now since R is (canoni-
cally) a W-algebra, we have, for all ^-algebras A, a functorial map

Xi=XCx)^R(A) -> X®^)W(A)=X^

which is an isomorphism if A^A (since then R(A)=R(A)®^^W(A) (Prop-
osition (A.i) (ii)); hence there is a functorial homomorphism

Pic(X^Pic(Xi)

which is bijective if AP==A', so by Corollary (0.2) there results an isomorphism of associated
fpqc sheaves

P(X,A,t)^pff .

It may be observed that the proof that P is a A-group is somewhat neater than
the corresponding proof for P^, because P does not take into account certain " finiteness "
features. On the other hand, the fppf result is stronger (for example, as we have just
seen, it implies that P is isomorphic to P^). Another bonus for working with the fppf top-
ology is that for any algebraically closed field extension K of k, we know without further
ado that the canonical map

Pic(Xi)^P»(K)

is bijective [DG, p. 291, Remark 1.15].

(i .8) Let X, R, R, k be as in ( i . 7) above. What about the usual Picard functor
of X over R, namely the etale sheaf Picx/p associated to the functor Pic(X®pT) of
R-algebras T ? In general, of course, Picx/R is not an R-scheme. (Cf. [FGA, p. 232-06];
for the applications we have in mind (cf. Introduction) X will not even be flat over R.)
Still, by a theorem of Greenberg [Gr, p. 643], if Picx/p does happen to be an R-scheme,
then the functor Picx/a(R(A)) of k-algebras A is a k-scheme; and this suggests that we look
more closely at the functor Picx/R(R(A)), even when Picx/R is not an R-scheme.

As it turns out, however, Corollary (C.6) implies that Picx/p(R(A)) is the etale
sheaf associated to the functor Pic(Xf) of remark (1.7). Hence (cf. (1.7)) the fppf sheaf
associated to the functor Picx/R(R(A)) is P^ (=P).
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THE PICARD GROUP OF A SCHEME OVER AN ARTIN RING 27

Furthermore, when A^==A then every etale A-algebra B satisfies B^B
(Lemma (6.12)), so that X|=XB (cf. (1.7)); hence Picx^I^A^P^A), where
P®* is the etale sheaf associated to the functor Pic(X^), and so (6.11) says: if AP=A,
then the canonical map

Pic^(R(A))^P»(A)=P(A)

is bijective.

I. — REPRESENTABILITY OF THE FUNCTOR P

2. Linearization.

In this section we "linearize55 Theorem (1.2), i.e. we reduce the problem of
representing P to one of representing functors defined in terms ofcohomology of coherent
sheaves. The technique is quite similar to that of Oort [0].

We begin with some preliminaries. Consider a triple (Y, Q^/\ where Y is any
topological space, (9 is a sheaf of rings (commutative, with identity) on Y, and / is an
^P-Ideal (sheaf) such that ^2={o). Setting 0^=Q\/^ we have the exact sequence

Q->/->(9->(9->Q.

Also if (9* (resp. (P*) is the sheaf of units of (9 (resp. (5), there is an exact sequence of
(multiplicative) abelian sheaves

i-^i^-/->^-^^->i

{y->^ is surjective because /'i={o).)
The two resulting long exact cohomology sequences (contra-) vary functorially with

the triple (Y, (P, /): given a second such triple (Y', (?'r, /1>} and a morphism

(Y',0',,r)->(Y,^),
i.e. a pair (4', 9) where ^ : Y'->Y is a continuous map and 9 : ̂ {(?)->£>' is a homo-
morphism of sheaves of rings such that 9(^*^) ^^'3 we obtain canonical homomorphisms
of the two cohomology sequences defined as above for (Y, 0, /^ into the corresponding
sequences for (Y', Q ^ / ' ) (cf. [G, Prop. (3.2.2)]); and if (Y", Q", / " } -> (Y', Q 1 , / 1 }
is another morphism of triples, then these cohomology homomorphisms satisfy obvious
transitivity relations vis-a-vis

(Y", (9'\ / " } -> (Y', (B\ /'} -> (Y, 0, /Y

The " truncated exponential3? map exp from the (additive) abelian sheaf / to
the (multiplicative) abelian sheaf i -}-/ is defined by

exp(^)=i+^ (^eI^U,^); U any open subset of Y).
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Since /2=(o), it is immediate that exp is an isomorphism of abelian sheaves. One checks
that exp varies functorially with (Y, 0, / } \ given (^, 9) : (Y', 6?', / ' } -> (Y, 6?, ̂ ') as
above, the resulting diagram

W) ̂  +*(i+^)=i+W)

<p <p

/' ———————————————> !+/'exp

commutes.

* *

Now let us return to the situation of Theorem (1.2), where we have a proper
map /: X-^Spec(W(A)). Let ̂  be the Nilradical of (0^, and for n >,i let X^ be
the subscheme of X whose underlying topological space is the same as that of X and
whose structure sheaf is Q^Q^jy. For n>_2 let ^^./r^1/^, so that for any
^-algebra A we have an exact sequence of sheaves on X^==X^®w(fc)^(A):

O^A^A^A^n-l^O

(^A being the structure sheaf on X^, m>_\). Since /^=(o), we can apply the
preceding considerations to the triple (X^,6^,^^J to obtain, for n>_2 and
z^>o, ^a^ sequences (of abelian groups) which vary functorially with the k-algebra A:

(2.1) H^J-^H^.^J^H^^^^J^H^K^^-H^1^^^)

(2.2) HO(^,^)->ff(A^A)->Pic(X,^)^Pic(X^^)^H^(A^A)

(The cohomology is taken on the topological space [X^J=|XJ. In (2.2) we have
identified I+^A,A with /^^ (via exp), and H1^) with Pic(X^), m^i.)

The proof of Theorem (1.2) will be by induction on n. The inductive step from
n— i to n will be achieved by applying the next lemma to the exact sequences offpqc sheaves
associated to (2.1) and (2.2).

Lemma (2.3). — Let

F^F.-F^^F,

be an exact sequence of abelian sheaves on the category ofk-algebras with thefpqc {^e^p'fppf) topology.
Assume that F^, Fg, Fg, F4 are schemes, with F^ and, Fg of fine and algebraic over k. Then F
is a scheme, and the morphism F-^Fg is afjine. If, in addition, Fg is locally algebraic over k,
then so is F.

Proof. — Let C be the fppf cokernel of F^Fg. Then C is an affine algebraic
^-group [DG, p. 331, (3.5) and p. 342, (5.6)]. Consequently, C is its own associated
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fpqc sheaf, so that C is also the fpqc cokernel of Fi—^Fg. So in either case {fppforfpqc)
ifK is the kernel of F3->F4 (i.e. the inverse image in F3 of the zero-section Spec (A) —^4),
then we have an exact sequence of sheaves

o-.C->F-.K->o.

K is a closed subscheme ofFg, and if Fg is locally algebraic over k then so is K. The
conclusion follows now from [DG, p. 363, (i.8) and (1.9) {mutatis mutandis, cf. p. 297
(3.3))]. Q.-E-D.

To be able to use Lemma (2.3), we need to know that certain sheaves are schemes.
In §§ 3, 4 we shall prove:

Theorem (2.4). — With notation as in Theorem (1 .2) , let ^ be a coherent 0^- Module.
Then for all i>_o, the fpqc sheaf associated to the functor H'(X^, ^"®^^XA) of k-algebras A
is an affine algebraic k-scheme.

This being granted, we can complete the proof of Theorem (1.2) in the
following way.

First, the sequence (2.1) may be viewed as an exact sequence of functors of
^-algebras. The corresponding sequence ofassociated^^c sheaves is exact, and according
to Theorem (2.4) (with X=X^ or X^_i, ^==0^ or ^n-i) au ^e sheaves in this
sequence, other than the middle one, are affine algebraic ^-schemes. From Lemma (2.3),
we conclude that the middle term {i.e. the sheaf associated to the functor H14'1^^^) (i>_o))
is also an affine algebraic k-scheme.

Next, look at the sequence (2.2). Let H* be the fpqc sheaf associated to the
functor H°(^_i^). We want to show that H* is affine and algebraic over k. By
Theorem (2.4) the fpqc sheaf—call it H—associated to the functor H°(^_^) is an

affine algebraic ^-scheme, and clearly H is a ring-scheme over k. It is easily seen that
for any A-algebra A

H*(A) ^ {group of units in the ring H(A)}.

It follows that H* is isomorphic to the inverse image, under the multiplication map
HXfcH-^H, of the i-section ofH (the isomorphism being induced by the first projection
of HXfcH onto H). Thus H* may be identified with a closed subscheme of Hx^H,
and so H* is indeed an affine algebraic A-scheme.

Now, let Pn be the fpqc sheaf associated to the functor Pic(X^). For large n,
X^==X, and so P^=P. For any n>_2, we see, by the foregoing remarks, and by
Lemma (2.3) applied to the exact sequence of fpqc sheaves associated to (2.2), that
if Pn_i is a locally algebraic k-scheme^ then also P^ is a locally algebraic k-scheme.

Thus we are reduced to studying P^. But P^ is just the usual Picard functor Picx^&
of the reduced scheme X^ over k, i.e. the fpqc sheaf associated to the functor Pic(X^A).
Indeed, by definition, P^ is the sheaf associated to

Pic(X,(x)^W(A))=Pic(X,®,W(A)/(^));
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but there is a functorial map (induced by the truncation p^ of § o)
W(A)/^)->A=W,(A)

which is bijective if A^^A; hence there exists a functorial map
Pic(X,®,W(A)/(/>)) -^ Pic(X,®,A)

which is bijective if AP==A; by Corollary (0.2) we have therefore an isomorphism of
associated sheaves:

P^Picx^.

Since Picx^ is a locally algebraic ^-group [M; SGA 6, Expose XII; A, § 7], we are
done (modulo Theorem (2.4)).

** *

Theorem (2.4)—and hence Theorem (i .2)—being taken for granted, we add here
some remarks on the cc Neron-Severi " group TCo(P) (cf. (2.7)), and on the relation
ofPto P^=P(XI, k, i), where now Xi->X is an arbitrary nilpotent immersion (cf. (2.5)
and (2.11)). These results will not be needed elsewhere in this paper, but will prove
useful in future applications. We retain the preceding notation, except that e/T may
now be any nilpotent coherent (P^-Ideal.

Proposition (2.5) (cf. [SGA 6, Expose XII, (3.5) and (3.6)]). — The canonical
map u : P—^PI is of the form vow, where v is a closed immersion, and w is affine, faithfully
flat and finitely presented. The kernel and (fppf) cokernel of u are unipotent algebraic k-groups.

Proof. — For the first assertion, and the fact that the fppf cokernel of u is a locally
algebraic ^-group, it suffices that u be affine [SGA 3, p. 315]. Arguing as above we
see that the canonical map \ : Pn—^Pn-i ls affi^ (^^2), whence so is u==u^ou^o.. .

Next, consider the sequence

Pn.l "̂  Pn -̂  Pn-1 ("^2).

We shall see in the following two paragraphs that if the kernel and {fppf) cokernel of
both ^^_i and u^ are unipotent, then so are the kernel and cokernel of ^oz^_^. Note
that all of these kernels and cokernels are in any case locally algebraic ^-groups (since
^+13 ^n5 anc^ unoun+l are ^fme maps) so if they are unipotent (hence—by defi-
nition—affine, hence quasi-compact) then they are algebraic over k. To complete the
proof of (2.5) by induction, it will then suffice to show that the kernel and cokernel
of u^ are indeed unipotent.

So suppose that ker(^i) and ker(^J are unipotent. We have a natural exact
sequence of fppf sheaves

^n+lo -> ker(^+i) -> ker(^o^+i) -^> ker(z/J.
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From the commutative diagram

ker(^o^+i) ̂  ker(^)
0 0

3i

P n+l . P•••n+1 ^ •••n

in which the vertical arrows are closed immersions, we see that the map ^_i_i is affine,
so that ker(^o 2^4.1) is affine and there exists a commutative diagram

ker(^o^+i) un-^ ker(^)

in which ^ 4.1 is a closed immersion, and ̂  4.1 is an epimorphism of abelian A-groups. Since
ker(^J is unipotent, so is G [DG, p. 485 (2.3)], and by loc. cit. the exact sequence

o^ker(^i)^ker(^o^+i)^C!->o

shows then that ker(^ 0^4.1) is unipotent.
Suppose that coker (^4.1) and coker(^) are unipotent. From the natural exact

sequence
coker (^ 4-1) -^ coker (^ o u^ _^ i) —^ coker (z/J -> o

we obtain an exact sequence
o -> K -> coker (^ o ̂  4. i) ̂  coker (z/J —>• o

where K=coker(^4.i)/ker(^') is an affine algebraic A-group [DG, p. 342, (5.6)].
By (2.3), coker(^o^^i) is affine. Since coker^.^) is unipotent, so is its quotient K;
as above, it follows that coker (^o^+i) is unipotent.

Let us show now that the kernel and cokernel of u^ are unipotent. We have
previously established an exact sequence

H^P^P^-^H2

where H1 (i=i, 2) is thefpqc sheaf associated to the functor H^^fi^). As before,
Theorem (2.4) implies that H1 is an affine algebraic ft-group; hence, clearly, H1 is a
Greenberg module (cf. remarks immediately preceding Appendix A), and so H1 is unipotent
and connected [DG, p. 601, (1.2)]. Ker(z/J is a quotient of H1, so it is unipotent
(cf. preceding argument about K). We will show in a moment that coker (z/J is quasi-
compact (hence algebraic over k); thus [DG, p. 249, (5. i) (b)] coker (z/J is a closed subgroup
of H2, and so is unipotent.
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We show now that coker(^) is quasi-compact. For convenience, we write c( ^ "
instead of' ̂  ". For any locally algebraic A-group %, let Q° be the connected component
of the identity, and let 7To(QJ be the etale A-group Q^Q° (cf. [DG, chap. II, § 5, no i],
from which we will take, tacitly, a number of facts).

Let
U° : P^ -> P^,, UQ : 7To(PJ -> TTo(P^)

be the maps induced by u. We have an exact (" serpent ") sequence offppf sheaves

(2.6) o -> ker(^°) — ker(^) -°> ker(^) 4. coker(^0) ^> coker(zz) -i coker(^) -> o.

Since u is quasi-compact (in fact affine) it follows easily that u° and UQ are quasi-compact,
and hence all the sheaves in (2.6) are locally algebraic A-groups. Goker(^°) is, moreover,
connected and algebraic over A; hence ker(8)^coker(^°)/ker(Y) is a connected subgroup
ofcoker(^). Since coker(^) is an etale A-group, we have that (coker(^))0 is a subgroup
ofker(S), and consequently (coker(^))°==ker(8). It follows that

7To(coker(^))^ coker(^o).

So to prove that coker(^) is quasi-compact, it will suffice to show that the etale A-group
coker(^o) is quasi-compact, i.e. that coker(^) ( k ) is a finite group (A?=algebraic closure of k).

Note that coker(^) is annihilated by ^ for some t>o, since, as above, coker(^)
is a subsheafofH2, and H2 has a composition series consisting of subgroups of the additive
group Wi [DG, p. 487, (2.5) (vii)]. So p1 coker(^)==o, and we need only show
that coker(z/o)(A) is a finitely generated abelian group; since coker(^)(A) is a homomorphic
image of no{P^)(k), the conclusion follows from the next proposition (with X=X^_i):

Proposition (2.7). — 7To(P)(A) is a finitely generated abelian group (k== algebraic
closure of k).

Proof. — For this proof only, take JV to be the Nilradical of (9^, and let us show
by induction on n that 71:0 (PJ (A) is finitely generated for all n>_\. (For large n, we
obtain the desired result.) When TZ=I , this is the theorem of Neron-Severi [SGA 6,
Expose XIII, Theoreme (5.1)]. For the inductive step from n—i to n, recall that
(with notation as in (2.6)) UQ is a quasi-compact map, so that ker(z/o) is quasi-compact;
but ker(^) is etale over k, so ker(^)(A) is a finite group, and the desired conclusion
follows from the exact sequence

o -> ker(^) (A) -> ̂ (PJ (A) -> ̂ (P,.,) (A).

This completes the proof of (2.7) and of (2.5).

We can extract more information from the preceding arguments. We first observe
that (with the notation of (2.6)):

(2.8) u° and UQ are affine maps.
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{Proof: For u° this follows immediately from the fact that u is affine. We have just
remarked that UQ is quasi-compact and that ker(^) is finite over k; from this it follows
easily that UQ = VQ o WQ, where VQ is a closed immersion and UQ is a finite faithfully flat map;
thus UQ is even a finite map.)

Furthermore:

(2.9) ker(z/°) and coker(z/°) are unipotent.

[Proof: As above, ker(^), being a quotient of the connected group H1, is itself connected,
whence ker(^)=ker(^°), so that ker(^°) is unipotent. Furthermore we deduce that,
in (2.6), [3 maps ker(^) isomorphically onto ker(y), so ker(y) is finite over k, whence
y is a finite map; and since coker(^) is affine, so therefore is coker(^°). By [DG, p. 501,
( i . i ) ] coker(^°) is the direct product of a multiplicative group M and a unipotent
group U. The composed map

M <-> coker(^°) ^> coker(^) <-» H2

must be trivial [DG, p. 486, (2.4)], so M is a subgroup of ker(y)^ ker(^), and therefore
M is etale over k. But M is a quotient of the connected group coker(z/°), so M is connected,
and hence M==o. Thus coker(^°)==U.)
(2.10) ker(^o) and coker(^o) are unipotent.

(Proof: As above, ker(^) is isomorphic to a closed subgroup of coker(^°), and coker(zz°)
is unipotent; so ker(^) is unipotent. As for coker(^), we have already shown it to
be a finite etale ^-group annihilated by p1 for some t>o, so it is unipotent [DG, p. 485,
(2.2) (b), and p. 488, (2.6)].)

In view of (2.8), (2.9)3 (2.10), the proof of (2.5) can be copied, mutatis mutandis,
to give:

Corollary (2 .11) . — Let u : P-^PI be as in Proposition (2.5), and let u° : P°->P^,
UQ : 7To(P) -^TTo(Pi) be the induced maps. Then the conclusions of (2.5) hold with either u°
or UQ in place of u. In particular, the kernel and cokernel of UQ are finite etale k-groups which are
annihilated by some power of p.

3. On the homology of bounded complexes (1).

The key to the representability theorem (2.4) is the following elementary result
on complexes, inspired by [EGA, Om, (11.9.2)].

As usual, for a ring A, a bounded complex P. ==(P,, 8,)^z ofA-modules is a sequence
of A-modules and A-homomorphisms

...^R.-^p.-i.p,i+l ——> PI ——> -PI-I"

(1) The notation in this section is completely independent of notation in other sections.
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with 8,o8,.^=o for all i, and P»==(o) for all but finitely many i. The kernel and
image of 8, are denoted respectively by Z,(P.) and B,_^(P.), and the homology
modules H,(P.) (zeZ) are defined by

H(P.)=Z,(P.)/B,(P.).

Proposition (3.1). — Let A be a ring of the form D/m^ where D is a discrete valuation
ring with maximal ideal m, and n>o is a positive integer. Let teA be a generator of the maximal
ideal of A, and let P. == (P,, 8,)^ g ̂  be a bounded complex ofA-modules. For each r == o, i, 2, . . . , n
we have then a subcomplex fP.=(fP^, 8^gz °/P.5 assume that for each i, r as above, the
homology module H,(fP.) is finitely generated over A. Then there exists a bounded complex of
finitely generated A-modules Q^==(Q^ ^)^z an^ an A-homomorphism u : Q^.->P. of
complexes, such that for any A-module M the following condition holds:

(*) The homology maps

H,(Q,OO^M) -^ H,(P.®^M) (zeZ)

induced by u®i-^ : Q.®^M —> P.®^M are all isomorphisms.
(Here, of course, P. ®^ M is the complex

8.®!.-
...^P^M^-^P,_^M^...,

and similarly for Q^.®^M.)
Proof (1). — We begin by noting that: if Q .̂ is any complex of A-modules and

u : Q,.-^P. is an A-homomorphism of complexes inducing isomorphisms of homology

(3.2) H,(fQ,)^H,(fP.), z'EZ; o<r^,

then (*) Ao/rfj for any A-module M. Indeed, from the commutative diagram (with
exact rows)

o -> ^Q, -̂  Q, -^ Q.®A (A/^) -> o

I I- 1Y Y Y

0 -> fP. -^ P. -> P.®A(A/f) ^ 0

we obtain the commutative diagram with exact rows

... -> H.^(fQ,) -^ H.^(Q,) -> H,+i(Q..®A(A/^)) -^ H^O,) ̂  H.(Q,.) ̂ ...

...-^H.+,(fP.) ^H,^(P.) ^ H.^(P.®^(A/f)) -^H.(^P.) -^H,(P.) ^...

from which we see, using the "five-lemma", that (*) holds for M=A/^ (o<r<^);
it follows that (*) holds whenever M is a finitely generated A-module, since such an M

(1) It is not necessary to read this proof to understand the rest of the paper.
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is a direct sum ofA-modules of the form A/f (o^r^n); finally, since any A-module
is the inductive limit of its finitely generated submodules, and since c< inductive limit "
commutes with both tensor product and homology, we see easily that (*) holds for all
A-modules M.

Accordingly, we shall proceed by induction to construct a bounded complex Q. of finitely
generated A'modules, and an A-homomorphism u : Q.->P. such that the resulting homology
maps (3.2) are all isomorphisms.

By assumption P. is bounded, so there exists an integer b such that P^==(o) for
all i<_b (1). Letj be an integer ^ > 6 - — i , and suppose that we have found a complex
Q..=Q(^==(Q.t5 ^),ez °f finitely generated A-modules, and an A-homomorphism
u^u^ : Q^-^P., such that Q^==(o) if i<b—i orif i>j, and such that the following
conditions hold:
(Ij) For i<j and o<_r<_n the homomorphism

H^Q.^H^P.)

induced by u is an isomorphism.
(IIj) For o<_r<_n the composed homomorphism

^ : Z,TO.) -^ Z,(fP.) ——— H,(fP.)
is surjective.
(IIIj) Let Nj be the kernel of v^o. Then for o<_r<_n the kernel of Vy is fNj.
(IVj) (For o<_r<_n and any A-module E, set

,E=(o) : f c E

i.e. yE is the submodule of E consisting of all elements which are annihilated by f.)
Each member ofH,^_i(fP.) is the homology class of an element f[jieZ^i(fP.) with

S,^)E^N,).

Remarks. — (i) There is one and only one complex Q^"^ as above, namely take
Q^=(o) for all ieZ.

(ii) What we are going to do is to construct, under the above conditions, a finitely
generated A-module Q^'+i and A-homomorphisms d^^ : Q*,_j_i -^ N,cZ.(Q^) and
u^^ : Q^+i-^Pj+i such that the middle square in the following diagram commutes:

. . . -> o ———> Q:^ ̂  Q,. -^ Q,_, -> ...

(3.3) My+2 ^+1 u] ^'-i

_. p ^y^-^ p ^'+1 p ^^ p
... > -I.J4.2 ^ ^ - j + l ——^ -t-j ——> -••j-l

(1) Actually, all we need in what follows is that A is a noetherian ring, that ^eA satisfies ^=o and that
H,(^P.)==(o) for all i^ and o<r<.n.
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Since d^^ maps Q^ into Z^Q^), we have ^.orf;+i=o. Thus we may replace
Q^+i==(o), ^.+1, and ^.+1 by Q^+i, ̂ i? ^+1 respectively, to get a new complex Q^^
and an A-homomorphism ^/(J+1) : Q^-^P., as depicted in (3.3). The construction
will be such that for Q;f+1) and u^^ the conditions (1^,), (II,+1), (III,+i) and (IV^)
are satisfied.

(iii) Starting with j==b—i (cf. remark (i)), and repeating the construction
described in remark (ii), we eventually obtain u^ : Qi?-^P. where j is an integer
with the property that P,=(o) for all i>j (such a j exists because P. is bounded).
Then Z^.(P.)-^H,(P.) is an isomorphism; hence ^.(N,)=(o), and we have a
commutative diagram

inclusion
N, --— Q,

(o)=P,^ ̂  P,

Setting Q^=:Np ^*+i= inclusion map of N, into Q^, and u^ ^ = zero-map, we
can form the complex Q^'+1) and the A-homomorphism u^ +1) as in remark (ii). From (I.),
(II,) and (III,) (for Q^, ̂ ) we obtain (1 ,̂) (for Q^1), ^^+1)), and it follows at once
that for {(^.,u)={^+l\u(j+l) all the homology maps (3.2) are isomorphisms as
desired (1).

It remains then to carry out the construction described in remark (ii). Q*-+i will be given
as a submodule of the A-module

R,^=N,Xp^,^={(^)eN,xP,+J^)=8^^)}.

The mappings d^^, u^^ are taken to be the projections, namely

^+ i(^j0 = ̂  ^+1(^)=^
and then obviously (3.3) will be commutative, as required.

To build up Q^+i, we begin by constructing three finite subsets ofR^i. First,
N,, being an A-submodule of Q .̂, is finitely generated; let {\[, Xg, . . ., Xp} be a basis
of N,. N, is the kernel of y,o, so .̂(N,.) <=B^.(P.); hence we can choose \, \, ..., \y
in P,^.^ such that

^)=8^(X,) (A=i ,2 , . . . , j^ )
i•e• (^L^^Rj+r

(1) Of course we are interested ultimately in condition (I,), the other conditions being necessary only to
carry out the inductive procedure. Since these conditions may appear rather involved, we should point out that
they are unavoidable in the sense that we have the (easily checked) implications

(1 )̂ => (III^) and (Ij) => (IL,_i) => (IV^).

This is not to say that there could not exist a less complicated proof of Proposition (3.1)!
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Second, for each r with o<_r<_n choose a finite set of elements

{f^f^, ...^r}

in Z^(fP.) whose homology classes generate Hj_^(fP.). By (IV-) we may make
the choice so that

^i^r)== ̂ ((4) with (4e ,N, ( ^=1 ,2 , . . . , ^);
thus ([4,^,)eR^.

Third, for each r with o<r<^ choose a finite set of elements

{t^Ir^^r. •••^^r}

in Zj^fP.) whose homology classes generate Hj_^(fP.). We have

^(o)=o=8^(8^(v,J) (m=i ,2 , . . . ,^)

i-e. (o,S^(v^))eR^.

Next, let Q,j+i be the A-submodule of R^^ generated by all the elements

(X,,X,) (^=i,2, ...,j&)

(^r? ^r) (o^r^yz, 1=1, 2, . . ., q,)

(o.^^r)) (o^r^TZ, m=i,2, ...,^).

Define Q^+i to be Q^.^i+E, where E is a finitely generated submodule ofR^i which
is chosen in accordance with Lemma (3.5) below in such a way that the following is
true: let

B=(o)xB^,(P.)^N,Xp^+,=R,+i;

then for all r with o^r^n,

(3.4) Q:-+i^(B+.R,+i)=(Q:-+inB)+,Q:.+r

We can now easily verify (1 )̂, (II,+i), (III.+i) and (IV^) for ^+l), z^^
(cf. remark (ii) above).

(Ij+i^ ^n •••^p generate N^, and rf;+i(X^ X^)=X^ (^==1, 2, . . ., ^)$ thus d^
maps 0^,4-1 surjectively onto Np and so for o^r^:^

^iTO+O^N,.

Now (I,+i) follows at once from (II.) and (III,).

(11̂  i): We have ^e^, so

o=fi4=<^(r((4,^))

i.e. f((4,(^)eZ,^(fQ^1)).

Since M,*+i(^(^r? ^/r))^^^? (Hj+i) results from the definition of (^,.
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(IIIj+i): Chasing through the definitions, we come down to showing:
if x ^ t ^ y . z ) , with {y, ̂ eQ^ such that ^=0 and f;?eB^(fP.), then x^t^o, ̂ ),
with (o,^)eQ^i such that 2''eB^i(P.).

This can be rephrased as follows:

if 0^)eQ;+i. an^ ^^B, ̂  ^^(Q^inB).

But this last statement is just another form of (3.4).

(IV^.+i): Since ^^ezJ+2(fp.)5 we have
^(o, 8^,(^))=(o, 8,+2(^^r))=(o, o).

It follows that (o, ̂ .^J^j+i? an(l hence
^2(^^;+l(rN^).

From this—and the definition of ^—(IV, 4.1) is immediate.
The following lemma will complete the proof:

Lemma (3.5). — Let R he an A-module and let Q^and B be two submodules ofR, with Q
finitely generated. Then there exists a finitely generated submodule E ofR such that, if Q^Q^-E,
then, for all r with o<_r<_n

(3.6) Q:n(B+,R)=(Q:nB)+,Q:.

Proof. — We proceed by descending induction. (3.6) is obvious for any Q* if
r>n, since then ^R=R and ^Q^Q1'. It evidently suffices therefore to show: for
fixed s, if

Qn(B+,R)=(Q.nB)+.Q.

for all r>s, then there exists a finitely generated submodule E of R such that, if Q^Q^+E, then
(3.6) holds for all r^s.

Now since Q, is finitely generated, so also is its submodule Qn(B+,R), and
hence we can find a finitely generated submodule E of gR such that
(3.7) Q.n(B+.R)^B+E.

Let Q:==Q+E and let j^Q*n(B+,R) for some fixed r^s. Set jy==q+e (?eQ^
eeE). Since ^Rc^ we have

(3.8) ^^-^Q/^B+.R).

If r>s, then we conclude that
?e(QnB)+,Q

and since ee^E c^Q*c^.Q^ therefore

^=?+^(QnB)+^+,Q:^(Q:nB)+,Q:.

Hence (3.6) holds if r>s.
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If r=s, then we conclude from (3.7) and (3.8) that ^eB+E, i.e. q=b-{-ef

(6eB, ^'eE); hence
&:=^—<?'eQ*nB

and y=q+e=b+(ef+e)e{(^^)+,Q:.

Hence (3.6) holds when r=s. Q^.E.D.

Remark (3.9). — We can augment (3.1) as follows (this will be used only in
Theorem (8.1) in order to prove that a certain map is natural):

Let S.=(S,,^),^z be abounded complex of'finitely generated A-modules, and let v : S.^P.
be an A-homomorphism of complexes (A, P. as before). Then Q. and u can be chosen as in ( 3 . 1 ) 5
and with the additional property that v=uow for some A-homomorphism w : S. ->• Q^..

Proof. — In the proof of (3.1), we introduce an additional inductive datum; let
S^ be the complex obtained from S. by annihilating Ŝ . for all i>;, and let

w^w^ : S^Q^

be an A-homomorphism such that u^ o w^ = v^ for all i <_j.
In passing from j to ^+13 what we will then need is an A-homomorphism

Wj+i : S^->Q^i
such that

^+10^+1=^+1

and d^^ow^^==w^8^^

(cf. remark (ii) in the proof of (3.1)). But it is immediate that
^,(a,+,s,^)^N,

so that we have the map

^+1: S^^N,Xp^+i=R^
given by ^+iM=(^+i^ ^j+iM)-

Thus all we have to do is to modify the construction of Q*j ̂  ^ so as to have
^(S,^)<=Q:,^.

This is accomplished simply by replacing Q^+i by Q^'+i, where
Q^i-Q.+i+^s,^).

4. Representing the cohomology of a coherent sheaf.

Let /: X-^ Spec(W(A)) be a proper morphism, as before, with

/(X) c {closed point of Spec(W(A))},
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and let ^ be a coherent fl̂ 1001111^ With the aid of Proposition (3. i), we will now
prove Theorem (2.4) concerning the functor of ^-algebras

H^,^) (^o,X^=X®^W(A), ^=^®^J.

This functor can be computed by Cech cohomology, as follows. X is quasi-compact,
so there exists a finite affine open covering ofX, say U=(U,.)^^^. Let C.==G.(U, ̂ )
be the corresponding Cech complex: ~~ ~

... ->o-^Co-^G_^G_^... ->G_^o->...

(We put the Cech complex in this form to accord with § 3; for the usual form set G^G^.)
The argument on p. 94 of [EGA III] gives an A-functorial isomorphism of W{A) -modules

H-.(C.OO^W(A)) ̂  H^, ̂ ) (i).

To get the functor H_,(C.®w(fc)W(A)) into manageable form we use Prop-
osition (3.1). Fix an integer N>o such that p^0^=o, so that X is proper over
Spec(W^)) (WN^Q^W^)/^)). Then C. is a bounded complex of W^ (A)-modules,
and for any integer r^o and any ieZ, the homology modules

H_^C.) = HL,(G.(U, p^)) = H-(X, p^)

^re finitely generated over W^(^), since X is proper over W^(^) and pr y is a coherent
<^x- Module. Hence (Proposition (3.1)) there exists a complex Q. of finitely generated
WN (A)-modules, and a homomorphism of complexes Q.—^C. which produces for each
W^(^)-module M and each zeZ an isomorphism

H-,(Q,®w^)M) ^H_,(C.®^M).

Taking M=W(A)/(^), A being a A-algebra, we get an isomorphism

H-z(Q.®w(.)W(A)) ̂  H_,(C.(x)^W(A)),

and clearly this is an A-functorial isomorphism of W\A) -modules.
Note that each Q ;̂ (zeZ) is a W(A)-module of finite length. Thus, to prove

Theorem (2.4), it suffices now to show:

Proposition (4.1). — Let E, F, G be Vf{k)-modules of finite length. Let a : E-^F,
(B : F->G be W(A) -module homomorphisms such that (3oa==o. For any k-algebra A set

EA-E®^W(A)
FA=F®^)W(A)
GA=G®^)W(A)

(1) [EGA III, p. 94] contains a reference to [EGA o^ ,(12.1.4.2)] whose proof (as given) seems incomplete:
what is the map r^-dF, ^*^)) -> r(^*oS?*)? Never mind; we can use instead the homotopy-commutative
diagram

r(^-(u,^)) —> rcw,^)i i
r^jsf) ———> r(j^).
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^ ^ EA->FA=a®w(/c)( Iw(A)) ( Iw(A)=identity map o/W(A)).
PA : FA -> GA == P®W(/c) (^(A))

IA = image of a^
K^ = kernel of (B^ (^ i^since (B^ o a^ = o))

HA==KA/IA (=homology o/{(E-°>F-iG)®^)W(A)}).

Z^ O ̂  <z^ OTZ^ o/' ̂  functors

A->E^ (resp. F^, G^ I^, K^, H^)

fl7Z</ let <S>^ be the associated fpqc sheaf. Then 0^ is an afjine algebraic k-scheme.

Proof. — For $==(A-> E^, F^ or G^), the result is given by Proposition (A. i) (i)
(Appendix A).

Since K^ is the kernel of F^->G^ therefore (K^)^ (the sheaf associated to (A->KJ)
is the kernel of (FA^-^GA)^ so (K^)^ is a closed subscheme of (FJ".

We have an exact sequence
(4.2) o^I^F^(F/I)^=(F/I)®^W(A)

(I=a(E)), whence (IJ^ is the kernel of (FJ^->((F/I)J^; as above, ((F/I)J^ is an
affine algebraic A-scheme, so (1^)^ is a closed subscheme of (FJ^.

Similarly, from the exact sequence

(4.3) O->H^FA/IA=(F/I)A->G^

we conclude that (H^)^ is a closed subscheme of ((F/I)^)^. Q.E.D.
This completes the proof of Theorem (2.4), and of Theorem (1.2).

***

Later on, we will make use of the following observation:

Corollary (4.4). — With the notation of (4 .1 )3 if A^^A, then the canonical map

d)(A)-^<D^(A)

is bijective.

Proof. — For 0(A)==E^, F^ or G^, this is contained in Proposition (A.i) (ii).
For $(A)=K^, use the commutative diagram (with exact rows)

K, -> F, -> G.

o -^ (KJ-(A) —> (F^A) —> (G^)-(A)
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in which, as we have just remarked, the last two vertical arrows are bijective. The
proofs for 0(A)=I^ and <I>(A)=H^ are similar (cf. (4.2) and (4.3)).

5. Definition of P as an fppf sheaf*

As in remark (1.7)3 we consider a local Artin ring R, with residue field k, and
a scheme X proper over R. Let R be the Greenberg algebra, over A, associated to R$
for each A-algebra A set Xf=X®a^R(A)$ and let P^ be the fppf sheaf associated to
the functor Pic(Xf). Except for the changes indicated below, the proof of Theorem (1.2)
given in §§ 2-4 applies more or less verbatim (with "fpqc " replaced by "fppf", and
W by R, so that X^ becomes Xf, etc.) to show that P^ is a locally algebraic k-group.

The canonical map R-^H°(X, fi?x) gives rise to a homomorphism

L : ^HO(X,^Ld.

As in remark (1.7), we deduce an isomorphism of functors

P(x,A,o^pft.
* *

In order to apply to P ,̂ the proof of Theorem (1.2) must be modified in two places.
First^ to begin the inductive argument, we need to know (cf. middle of § 2): if

X==Xi, i.e. z/*X is reduced (so that X is actually a A-scheme) then there is an isomorphism

(5.1) P^Picx/,.

To establish such an isomorphism, note that we have a ring homomorphism, functorial
in A

R(A)-.Wi(A)=A

obtained by passage to associated fpqc sheaves from the functorial map
R®^W(A)->A®^)W(A),

cf. Proposition (A.i). From this we deduce a homomorphism of functors
(5.2) Pic(X®^R(A)) -^ Pic(XOO,A)

which is bijective if A^=A, since then R(A)==R(A)®w(fc)w(A) (Prop. (A.i) (ii)) and
A=W(A)/(^), so that

X®^R(A) = XO^W(A) = X0,A.

Now the functor R, being isomorphic as a scheme to some affine space (Prop. (A.i) (i)),
commutes with filtered direct limits. [EGA IV, (8.5.2) and (8.5.5)] shows then
that the functor Pic(X®B^R(A)) commutes with such limits, as does Pic(X€^A).
From Corollary (0.2), it follows that (5.2) gives rise to an isomorphism of associated
fppf sheaves, and this is the desired isomorphism (5-1)-
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Secondly^ as in § 4, we want to show that the fppf sheaf associated to the functor
H_,(C.®B(^R(A)) is an affine algebraic A-scheme. To apply the result of § 3, we
note that if N is an integer with p^R==[o), then R is a W^- algebra, and there is a
functorial homomorphism

^ : H_,(C.®^W^(A)) -^H_,(G.OO^R(A))

which, as above, is bijective if A^A; since both homology and tensor products commute
with direct limits, as do the functors W^ and R, Corollary (0.2) shows that the homo-
morphism of fppf sheaves associated to ^ is an isomorphism'^ in other words, we may
replace R by Wj,. We have, as in § 4, a functorial isomorphism

H-,(Q,®w^)W^(A)) -> H_,(G.®^W^(A))

and we are then reduced to proving Proposition (4.1)3 with cc W " replaced by c< W^ 59

and "fpqc 33 by "fppf"- The proof is practically the same (use (A. 2) in addition
to (A.I) (i)).

Remark (5.3). — Corollary (4.4) holds with fpqc replaced by fppf. The proof
is the same, with (A. 2) in place of (A. i ) (ii).

II. — RELATION OF P(A) TO Pic(X^) WHEN A^A

In this part II we obtain some information about the kernel and cokernel of the
canonical map Pic(X^)->P(A), under the assumption that the ^-algebra A satisfies
A^=A (Corollaries (6.7), (6.8); the most general result along these lines is
Theorem (7.5), but we need some of the results of § 6 to prove it). As in § 2 (cf. also
[SGA 6, Expose XII, Gorollaire (3.3)]) the underlying idea is to use <( d^vissage " to
reduce to the case of Picard functors of schemes over fields (Proposition (6.2)). We
find that when A^^A, P(A) is related to Pic(X^)—in the classical way—by Galois
descent (Corollary (6.10)) or via the etale topology (Corollary (6.11)). We also elucidate
the dependence of P=P(X,^, i) on k and L (Corollary (6.13)).

Throughout f : X —^ Spec (W (A)) and P will be as in § i; we also set X^==X^, and
^=HO(X,,^J.

6. Determination of P(A) (A^ A).

It is convenient to begin with a simple observation:

Lemma (6.1). — Let

S -^> T

|3 I.y v

u -̂ > v
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be a commutative diagram of homomorphisms of abelian groups, and let the resulting map

a: S^TXyU=[{t,u)eTxU\S{t)=^{u)}

be defined, as usual, by

a{s)=W,^s)) (,eS).

Then the following conditions are equivalent'.

(i) a is an isomorphism.
(ii) The map ker(a)->ker(y) induced by (B is bijective, and the map coker(a)-^coker(y)

induced by 8 is injective.
{Here " ker5^ kernel and " coker " == cokemel.)
(ii)' The map ker((B)-^ker(8) induced by a is bijective, and the map coker((3)->coker(8)

induced by y is injective.

Proof. — By symmetry it suffices to prove the equivalence of (i) and (ii). This
is straightforward; the necessary verifications are left to the reader.

Proposition (6.2). — Let P^ be the fpqc sheaf associated to the functor
Pic(X^)=Pic(X,®^W(A))

of k-algebras A. If AP == A, then the natural commutative diagram

Pic(XJ —> Pic(X^)

P(A) ——> P,(A)

gives rise (cf. Lemma (6.1)) to an isomorphism,
Pic(X^Pic(X^)Xp^,P(A)

Proof. — Let ^x be the Nilradical of <P-^, and for n>,2 let X,, be the closed
subscheme of X defined by^T^. As in § 2 (cf. (2.2)) we have an exact A-functorial
sequence

o-^ EJA) -^ Pic(X^) ̂  Pic(X,._^) ̂  F,,(A)
where: EJA) = cokernel of HO((P:_^) ̂  IF(A^,A)

F^(A)==H2(A^.A).
Denoting associated fpqc sheaves with " ̂  "3 we shall show:
(6.3) F^A)-^F^(A) is infective (A^=A).

(6.4) There is an isomorphism of functors

{kernel of (HI(^J^HI(^_^))}^E,(A).
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Now we have a commutative diagram

o -^ E^(A) —> Pic(X^) -^ Pic(X^^) —> F^(A)

45

0 En~(A) Pn(A) Pn-l(A) C(A)

in which the top row is, as above, exact, and the bottom row, obtained from the top
row by passing to associated fpqc sheaves and <( evaluating 5? at A, is exact except perhaps
at Pn_i(A). Since anyway T O Y = = O , we find from (6.3) above that 8 induces an
infective map coker(a)-> coker(y). Furthermore, since AP==A, (4.4) shows that if
H^ is the fpqc sheaf associated to the functor H1^^) {i^m^i) then the canonical
map H^C^ ^) -> H^(A) is bijective (read through § 4 to see why (4.4) is applicable);
it follows then from (6.4) above (cf. proof of (4.4)) that E^(A) ->E^(A) is bijective.
So Lemma (6.1) gives us an isomorphism

Pic(X^) ̂  Pic(X,_^)Xp^)Pn(A)

Since X^=X for large %, Proposition (6.2) follows by induction on n.

Proof of (6.3). — We have a commutative diagram

HX.A) -^ im_^) -^ F«(A) - H^J

H;(A) H;-i(A) Fn~(A) H^(A)

in which the top row is exact and the bottom row is obtained from the top row by
evaluating associated fpqc sheaves at A (so that V O ( J L = = O and pioX=o). As above, the
vertical arrows other than 9 are bijective. So by diagram chasing, we can conclude
that 9 is injective, as desired, provided that the kernel of [L equals the image of \. But if 1̂
is the image, in the category of fpqc sheaves, of the canonical map X : H^ -> H^_i, then
In is the kernel of H^—^Fy^ (since passage to associated sheaves is an exact functor),
and so In (A) is the kernel of [JL; thus we need to show that X (=X(A)) maps H^(A)
onto In(A). Since, by § 4, X is a homomorphism of Greenberg modules, therefore the
kernel of X is a Greenberg module and hence a connected unipotent algebraic ^-group
[DG, p. 601, (1.2)]. So the conclusion results from the following lemma:

Lemma (6.5). — Let

o^E^H->I^o
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be an exact sequence of abelian sheaves on the category of k-algebras with thefpqc topology. Suppose
that E is a connected unipotent algebraic k-group. Then for any k-algebra A such that AP = A,
the resulting sequence

o->E(A) -^H(A) ->I(A) ̂ o
is exact.

Proof. — It suffices to show that H^A^)^^) (the cohomology being taken
with respect to the fpqc topology). The long exact cohomology sequence associated
to the exact sequence

o-^E^-^E->E/E^-^o

shows that we may assume that E is either smooth or infinitesimal,
In the smooth case, E has a composition series whose quotients are isomorphic

to the additive group W^ [DG, p. 495, (3.9)]. In the infinitesimal case, since any
closed subgroup and any quotient group of an infinitesimal unipotent A-group is again
infinitesimal and unipotent, E has a composition series whose quotients are isomorphic
to^Wi, the kernel of the Frobenius endomorphism ^ ofW^ [DG, chap. IV, § 2, no. 2].
So we need only treat the cases E=W^, E=pW^.

By descent theory
Hi(A,W,)=(o)

(cf. [DG, p. 383, (6.6)] or [SGA 4, Expose VII, remarque (4.5)]). From the exact
sequence

o-^W^W^W^o

we deduce then that
IP(A,,W^A/A^=(o).

This completes the proof of Lemma (6.5), and of (6.3).

Proof of (6.4). — We use an argument due essentially to Oort [0, § 6].
With notation as in the beginning of § 2, we can associate to each triple (Y, 0, / )

a diagram with exact rows

HO(^) -^ H°(^) -^> H1^) —> ?(6?) —> W{Q)

e = H^exp)

8*H°(^) -^ IF^^) —> H^*) —> HW

which varies functorially with the triple (Y, ^,^). Suppose that / ^ ^ r , where ̂  is
some ^-Ideal with the properties:
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a) ^ is a Nil-ideal (i.^. for each j^eY the stalk ^Vy consists entirely of nilpotent
elements of (Sy).

b) ^y=(o).
c ) In the canonical diagram

H0(6?) -"-> H^^^H0^/^)

\ /-\ j<- M

H°(^/^r)
the maps u and z7 have the same image in H0^/^). {c) holds, for instance, if u is
surjective.)

Since the kernel of u is H°(^/^'), ^ is equivalent to:
c ' ) HO(^/^)=Y(H°(^)+H°(^/^).

With these assumptions, we will show that:
(*) ^(image of 8)=(image of S*).

(*) implies that e induces an isomorphism of coker(S) (=ker(Hl(^) —^H1^))) onto
coker 8*. Thus, granting (*), to prove (6.4), we have only to check that a ) , b) and c )
hold for Y=X^, ^=^,A. ^^T^A. ^-^^A- ^t us do this.

Since ̂ x ls tne Nilradical of^x, and ffl^A= ̂ J^l^x^ a ) an^ ^ ) are °bvious.
As for c ) , it is enough to show that u is surjective, and this results from the next

lemma (with X=XJ.

Lemma (6.6). — For any k-algebra A, the canonical map

U^. H»(XA,^)-HO(X^,^.J

is surjective.

Proof. — We have a natural commutative diagram

HO(X, fiy ®W(.)W(A) —> HO(X^, ̂ )

Mjfc ® 1 MA4, ^

H»(X,,^)®W(.)W(A) ^^ H"(X,^,^x.J

H"(X,,^)®tW(A)/(^)

Since Xi^=Xi®,,W(A) /(/»), (d is bijective [EGA III, (1.4.15)]. So it suffices to
show that

u, : H"(X, (Px) ̂  H"(X,, ̂ )

is surjective, i.e. that H°(X, ^)^='H.°(Xt, 0^.
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Let k be an algebraic closure of k, and let X==X®^Vf(k). k being perfect,
we have that

^i-x^w^x,®^
is reduced, and hence

^l^^red-

Since, clearly, Vf(k) is flat over W(A), therefore [EGA III, (1.4.15)]

HO(X,^)==HO(X,^)®wwW(A)

and hence H<>(X, ^Ld ̂  KP(X, ^)red®^-

Consequently

[H°(X, ^x)red : ^^[H^X, ^x)red : k] = number of connected components of X,

and similarly

[H°(X^ C?xi) ^ ^I^EH^XI, ^xi)red : ^] = number of connected components of X^.

Thus [HO(X, ^)red •• A] = [HO(X,, ̂ ) : A]

and the conclusion follows. 0 E D
Finally, we prove (*).
S^nce we are dealing only with H° and H1 we can use Cech cohomology. If

^eH^^H0^/^), then, by c ' ) above, g=^(h)+n, with AeH°(^) and neH°(J^),
and so Sg==Sn. Let {UJ be an open cover ofY such that n\U, lifts to %,er(U,,^).
Then Sn is represented by the cocycle {^.}, with

^=(7z,mnU,)-(^mnU,)er(U,nU,,^).

Also, I+%eHO((^/^)+) (since ^ is a Nil-ideal, cf. a) above), and S'(i+^) is
represented by the cocycle {^.}, with

, i+^[U,nU,
^^i+^mnu^^^^p^'

(The second equality^holds because ^y=o (cf. b) above), so that (^|U,nU^.==o).
Thus e{Sn)=y{i+n), and so we have

^(im(8))cim(y).

Conversely,_suppose that geH°{^). As above, g=^{h)+n, and now ^(h)==g-n
is a unit in H°(^) since ^ is a unit and n is locally nilpotent. Since y has nilpotent
kernel H°(^) (^2^(0)^ ^ follows that h is a unit in H°(^). Hence, if ^=w/y(A),
we have

^)=8+(Y(A)(I+^))=y(I+^)=^/)
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(cf. preceding paragraph), and so
im(S*)C<?(im(8)).

This completes the proof of (6.4)3 and of Proposition (6.2).

Corollary (6.7). — Let B be a k-algebra such that X^B has a section over A^B
(AI==H°(XI, ^xj)- Tflen /or ^y ^-algebra A such that AP==A, the canonical map
Pic(X^)->P(A) is surjective, its kernel being (functorially) isomorphic to Pic(Spec(^®^A)).

Proof. — By (6.2) (and in view of (6.1)), we may assume that X=Xr Then P
can be identified with the usual Picard functor Picx/^ (cf. middle of § 2), so it will suffice
to show that the natural sequence

o-> Pic(Spec(^A)) -> Pic(X®^.A) ->Picx/,,(A) -> o

is exact whenever A is a B-algebra. But then X®^A has a section over ^®^A, and
HO(X®,A, ^A)=HO(X, ^)®.A=^®,A

[EGA III, (1.4.15)]; so from [FGA, p. 232-05, Cor. (2.4)] it follows that the sequence

o-> Pic(Spec(^®,A)) -> Pic(X®^ (^®,A)) ̂  Pic^®,A) -> o

Pic(X®^A)

is exact; and the desired conclusion is given by [FGA, p. 232-15, Prop. (6.1)], which
tells us that PiCx/^(Ai®^A) is functorially isomorphic to Picx/^A).

(No proof of the cited Prop. (6.1) is given, but one can proceed (for example) as
in the proof of Corollary (6.13) below.)

Corollary (6.8). — Let k' be a k^-algebra such that k' is a free k^-module of finite rank r,
and such that X^®^A' has a section over k'. Then for any k-algebra A such that AP=A, the
cokernel of Pic(X^)->P(A) is annihilated by r.

In particular^ if X is connected^ so that k^ is a field, then this cokernel is annihilated by the
greatest common divisor of the degrees (over k^) of all the zero-cycles on X^.

Proof. — As in the proof of (6.7), we may assume that X=X^ and P=Picx/fe;
and furthermore, since then Pic(X^) -> Vic^A) can be identified with

Pic(X®^®,A)) ->Picx/^®,A),

we are reduced to a well-known statement about Picx/^: with B==^®^A, if
^ePicx/^(B), then the image of^ in Picx/fc/B') (B'=B®^A') is given by an invertible
sheaf JSf on X'=X®^B' (since X' has a section over B'==H°(X', 0^)), and one checks
that r^ is given by the norm of oSf, which is an invertible sheaf on X®^; B [EGA II,
§6.5]. ' Q.E.D.

We see next (Corollary (6.10)) how P(A) can be described by cc Galois descent".
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Lemma (6.9). — Let Y be a reduced scheme proper over a field F, and set F^ = H°(Y, (Py).
Let K be a Galois field extension of'F such that each connected component Z of\ has a K.-rational
point (i.e. there exists an 'F-morphism Spec(K)->Z). Then Y®pK has a section over F^®pK.

Proof. — We reduce at once to the case where Y is connected, so that F^ is a finite
field extension of F. Then we have, by assumption, an F-morphism Spec(K)->Y,
which, composed with the canonical map Y-^Spec(F^), gives rise to an F-homomorphism
F^-^K; so we may identify F^ with a field between F and K.

It will suffice to show the existence of an F\-homomorphism K-^F^^pK, i.e. an
F^-morphism Spec (F^ OOp K) -> Spec (K); for then, composing with Spec(K)->Y, we will
have an F^-morphism Spec(Fi®FK)->Y, whence a section of Y®pK (=Y®F^(FI®FK))
over F^®pK, as desired.

Since F^ is a subfield of finite degree of the Galois extension K/F, we have that

F,=F[X]/(P(X)), where P(X)eF[X]

is a polynomial which splits into linear factors over K; hence F^®?^ ls a direct product
of [FI : F] F^-algebras K^ (z==i , 2, . . ., [F^ : F]), each of which is F-isomorphic to K.
But since K is Galois over F, each K^ is actually F^-isomorphic to K, and consequently
there exists an F^-homomorphism K-^F^®pK. Q^.E.D.

Corollary (6.10). — Let K. be a Galois field extension ofk such that each connected component
ofVL^ has a K-rafional point. Let A be a k-algebra such that A^==A, and set A^=A®^K.
Then:

(i) The canonical map Pic(X^)->P(A^) is surjective, with kernel isomorphic to
Pic(Spec(^®,AK)).

(ii) The obvious map P(A)->P(AK) takes P(A) isomorphically onto the subset ofP{A^)
consisting of those elements which are invariant under the natural action of the Galois group of K/A.

Proof. — (i) follows from (6.9) and (6.7).
(ii) is given, when [K : k]<oo, by a standard—and straightforward—interpreta-

tion of the exactness of the diagram

P(A)^P(AK):$P(AK®A).

(Exactness holds because P is a sheaf and A^ is faithfully flat over A.) If K is not finite
over K, the conclusion follows easily from the facts that K = lim K^ as K^ runs through
all Galois subfields of K/A finite over k, and that P commutes with filtered direct limits
(for example because P is locally algebraic over k, by Theorem (1.2)).

Corollary (6.11). — Let P81 be the ^tale sheaf associated to the functor Pic(X^). If
AF = A, then the canonical map

P^-^A)
is bijective.
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Proof. — Let K be as in (6.10), with [K : k]<co. For any ^-algebra A, AOO^K
is an ^tale A-algebra, Spec(A®^K) -^ Spec (A) is surjective, and (A®^Ky==A®^K.
It follows easily, since P^ and P are both ^tale sheaves, that in proving (6. n) we may
assume that A is a K-algebra. Then, by (6.9) and (6.7), Pic(X^)->P(A) is surjective,
so the same is true of Pet(A)—^P(A). For injectivity we need:

Lemma (6.12). — If A^^A and B is an etale A-algebra, then B^=B.
Granting this for the moment, we see, by (6. g) and (6.7), that there is a B-functorial

exact sequence
o -> Pic (Spec (Ai^B))-> Pic (Xg)->P(B)

(B an ^tale A-algebra), and passing to associated ^tale sheaves, we see that the kernel
ofPet(A)->P(A) is P*(A), where P* is the etale sheaf associated to the functor

B^Pic(Spec(A^B)).

But any element of Pic (Spec (^i^B)) is locally trivial on Spec(B), even for the Zariski
topology [EGA IV, (21.8.1)]. Thus P*==o, and so y\A)->V[A) is injective.

Proof of (6.12). — Since A^A^, the structure map A-^B factors through W
A

W B

and since B is dtale (i.e. flat, unramified, and finitely presented) over A, it follows that
B is unramified over B^, and that B is a finitely generated B^-algebra, hence a finite
B^-module (since B is integral over W). Localizing at the maximal ideals of B^ and
using Nakayama's Lemma, we find then that W =B. Q.E.D.

For the last result in this section, we consider, as in remark (1.5), a commutative
diagram

X ——— X

W

where 6

Spec(W(A)) <———— Spec(W(A'))r v v / / Spec(W(6)) r v v / /

: k—^k' is a homomorphism of fields. The corresponding commutative diagram

k ——Q—^ k/=(Vf(kf)|{p^ (^-(o)) (1)
\ /
i ̂  j/\'

H°^X, ^)red

(1) For any A-algebra A let Lj^ be the kernel of the truncation W(A)—>-A. Writing (as we may)
(o,^,^,...)==^l/P,^/P, ...),

we find easily that LJ[==/»LA, whence ^i+l=pNL^ for any N > o. Thus Ared^WCA)/^))^.
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shows that k' is a finite algebraic extension of A (so that A' is perfect of characteristic^),
and that H°(X, ^x)red is a flnite ^'-module via i'. So we can set

P'==P(X,A', ^)==fpqc sheaf associated to the functor
B^Pic(X®^)W(B)) of A'-algebras B.

Then for any ̂ -algebra A, setting A'==A'®feA, we have an A-functorial map (as described
in remark (1.6))

^ : P(A) -> 6,P'(A)=P'(A').

As is easily seen, since 6^P' is sinfpqc sheaf, 8 : P->6,P' is the unique map such that
the following diagram commutes for all A:

Pic(XOO^W(A)) -^> Pic(X®^W(A'))

XA XA

P(A) ——8A—> P'(A')

(Here YA ls defined in the obvious way; and the vertical arrows are the canonical maps.)

Corollary (6.13). — The above map \ is bijectivefor all k-algebras A. (In other words
p=e,p'=np'ilt k ' / k

where IT is Well's <( restriction of scalars ".)
k'/k /

Proof. — Since P and 6^P' sirefpqc sheaves, we may assume that A^^A (Cor-
ollary (0.2)). As in the proof of (6.11), we may further assume that there exist exact
sequences

o— Pic(Spec(A^A)) -> Pic(X®w(&)W(A)) ̂ P(A) -^o

o->Pic(Spec(Al®^A')-»Pic(X®w^)w(A'))^P'(A')->o.

Since A^=A, we have X^^^A^X®^/^^) where N is such that ^N67x=(o);
similarly X®^)W(A') =X®^)W^(A'). Now Theorem (€.5) (Appendix G),
shows that W^(A') is canonically isomorphic to W^(^')®^ (^W^(A), and so YA ts an

isomorphism. One checks that y^ maps the kernel of X^ isomorphically onto the kernel
ofX^ (since k^®^A=k^®^k/®J,A==k-^®^Af). The conclusion follows.

7. An exact sequence.

The point of this section is to establish the exact sequence (7.5), which carries
much information about the difference between Pic(X^) and P(A) when A^A
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(cf. remark (7.7)). This exact sequence is deduced from the exact sequence (7.4)5
which is essentially well-known (cf. Gorollaire (5.3) in Grothendieck's expose c( Groupe
de Brauer III " [Gg]). For the convenience of the reader (and to satisfy the author)
we begin by reviewing the derivation of (7.4), elaborating on some details which are
taken for granted in loc. cit.

Let h : X->Spec(R) be a proper map, where R is a local Artin ring. The
category Aff/R of affine R-schemes and the category Sch/X of schemes over X can
both be given the etale topology, and then h defines a morphism of sites

Spec(T)h>XT=X®RT

(T an R-algebra) (1). We have the left-exact functor h^ from etale sheaves G on Sch/X
to 6tale sheaves on Aff/R, namely

A,G(Spec(T))=G(XT).

The category of sheaves on Aff/R is contained in the category of presheaves; let u be
the corresponding (left-exact) inclusion functor. Let ^n (resp. SS71) be the n-th right
derived functor of u (resp. uoAJ. For anyabelian sheaf F on Aff/R, jf^F can be thought
of as a covariant functor of R-algebras T, namely

^F^T^H^SpecCT), F)^^^, F)

(where IP denotes ^tale cohomology). Similarly for an abelian sheaf G on X we
can write

^nG(T)=H.n[X^,G).

The etale sheaf associated to ^G is just the higher direct image R^G. In particular
(take X=Spec(R) and h = identity) the sheaf associated to Jf^F vanishes for n^i. (For
more details cf. (for example) [Ag, chap. II, § 4].)

Let Gx be the multiplicative group on Sch/X, i.e. the ^tale sheaf given by

Gx(Y->X)=HO(Y,^).

The spectral sequence for the composite functor u o h^ gives rise to the exact sequence
of presheaves on Aff/R (i.e. of covariant functors of R-algebras)

o -> ̂ (A.Gx) -> ̂ (Gx) ̂  ̂ ^(Gx)
(7.1)

->Jf^Gx)^^(G^.

Let us make more explicit the terms in this sequence.
According to the above remarks, <^nGx(T)=Hn(Xr^3 G^) and in particular

^Gx(T) = HI(XT, Gx) = Pic(XT)

(1) On Aff/R, the etale topology can be described, as in § o, in terms of covering algebras; and " locally "
the same is true for Sch/X.

63



54 J O S E P H L I P M A N

(the equality being functorial in T, cf. [Ag, chap. IV, p. 102, Prop. (1.2)]), and
^Gx(T)=H2(XT,Gx)=Br(X,)

(where <( Br 5? denotes c( cohomological Brauer group ").
Furthermore the map T : ̂ -(Gx) —^R^^Gx) in (7. i) can be identified with the canonical

map of the presheaf ^(G^) into its associated etale sheaf (which we will denote, as before^ by
Picx/R,). [Proof: Denoting associated sheaves with " ̂ ", we obtain from (7.1) a
commutative diagram

î(A,Gx) —> ^(Gx) ———^ R^(Gx) ———> ^mGx)i i 11 i
W^Gx)r —> WGx)F -^ (R^(Gx)r —> (^mGx)F

0 0

where the vertical maps are canonical maps of presheaves into their associated sheaves.
The top row is exact in the category of presheaves, so the bottom row is exact in the
category of sheaves, i.e. T^ is an isomorphism of sheaves \ our assertion follows.)

Next look at the functor
^(^GxKT^H^T.^Gx).

For any R-algebra S, let So=H°(Xg, C^s)- Then ^Gx(s) is the group of units S;
in So. If T is an R-algebra and S is an etale T-algebra then So=S®rpTo [EGA III,
(1.4.15)], and so we see that the restriction ofA^Gx to the site T^ consisting of spectra
of^tale T-algebras (with the ^tale topology) is equal to h^G^ , where Grp is the multi-
plicative group on (T())^ and h^ : Spec (To) ->Spec(T) is the canonical map. Hence
we have natural homomorphisms

H^T, ̂ Gx^H^T, ̂ G^) -> IP(To, G^).

These homomorphisms are bijective. (Indeed, by [SGA 4, VIII, Cor. (5.6)] it is enough
to check that To is integral over T; since

H°(X,,^)=l"5HO(Xg,^)
~s

as S runs through all finitely generated R-subalgebras of T [EGA IV, (8.5.4)], we
may assume that T is finitely generated over R; in this case T is noetherian, and since
Xrr is proper over T, To is actually a. finite T-module.) Moreover, the edge homomorphisms

JfUGx)(T) -> ̂ (Gx)(T) (z=i, 2)

in (7.1) can be identified with the usual cohomology maps
H'^G^mX^Gx)

(cf. [EGAom, (12.1.7)]).
We have, finally:
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Lemma (7.2). — For any ring S, let Gg be the multiplicative group on the site S^. If
3 is a nilideal in S, then the canonical maps

H^S.G^-.H^S/^G^) (^i)
^r^ bijective.

Proof. — By [SGA 4, VIII, Cor. (1.2), or Cor. (5.6)] we have isomorphisms

Hn(S,^(G^))WHn(S/3,G^)

where i^ : Spec(S/3) -> Spec(S) is the inclusion map. Since, clearly

^(Gg/a) ==lim ̂ j^s/j)
"jr

as J runs through all finitely generated ideals of S contained in 3, and since cohomology
on S^ commutes with direct limits [SGA 4, VII, Prop. (3.3)] it will suffice to show
that the natural map

(7.3) H^S, Gg) -. H^S, ^(Gs^)) (^i)

is bijective whenever 3 is finitely generated', so we may assume that 3N==(o) for some
integer N. By an obvious induction, we need only consider the case 32=(o).

For any dtale S-algebra S' we have an exact sequence of multiplicative abelian
groups

i —> i +3S' —> (S')* —> (S'/3S')* —> i

Gs(S') (^(G^))(S')

Since 32:==(o)3 the truncated exponential map x->i-}-x gives an isomorphism of the
additive group 3S' onto the multiplicative group i+3S'. Thus we have a surjective
homomorphism of sheaves Gg->Zy(Gg^) whose kernel is isomorphic to the sheaf 3
given as a functor by 3(S')==3S', S' as above. The bijectivity of (7.3) follows now
from the fact that IP(S,3)=(o) (7^1) [SGA 4, VII, Cor. (4.4)]. Q..E.D.

In summary: for a proper map h: X -> Spec(R), with R a local Artin ring, we have an
exact sequence of functors of ^-algebras T

o -^ Pic(To,,J -^ Pic(X,r) -^ Picx,s(T)
(7.4)

—^ Br(To,,J ̂  Br(X^
where
— XT=X®BT
—To=HO(X,,^)
— To^=To/(nilradical of T,,)
— ^('^recO^Pic^pe^To^J), and similarly for Br(T,^J
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— Br == cohomological Brauer group == H^ ( • , G.)
— a and y are the natural maps arising from the map TQ-^TQ ̂  (which induces

isomorphisms of cohomology, cf. Lemma (7.3)), and from XT->Spec(To).
— P is the natural map of the functor Pic(Xrr) into its associated etale sheaf.

* *

We shall apply (7.4) in the case R=W^) (N^i), where k is, as usual, a
perfect field of characteristic p>o. We need two non-trivial observations. First of
all, Corollary (C.6) (ii) (Appendix G) shows that the functor of k-algebras

A^Pic^(W^A))

is the etale sheaf associated to the functor

A->Pic(X®^(A)).

Secondly, it follows, by Corollary (6.11), that if AP=A, then the canonical map

K<WW^(A))-.P(A)

is bijective. (Let /: X -> Spec(W(A)) be obtained from h: X -> Spec(R) = Spec(W^))
in the obvious way; and note that when A^A, then X®w^)W^(A)=X®w(fe)W(A),
and furthermore ifB is an (Stale A-algebra then B^B (Lemma (6.12)); consequently,
with notation as in (6.11)

Pic^(W^(A))=P^(A).)

Now, as in § 6, we set

^=HO(X, ^xLd-H^X^ ^ed)

(cf. proof of Lemma (6.6)), and for any A-algebra A, we set

X^=X®^W(A)(=X®RW^(A) when A^=A)

A == A^ = A/(nilradical of A).

Theorem (7.5). — If A^^A, then we have an exact A-functorial sequence

o-> Pic(A^A) -> Pic(X^) -> P(A)

^Br(A,®,A) -^Br(XJ.

Proof. — In view of the preceding remarks, (7.5) follows from (7.4) (with
^=^N(^5 ^^^(A)) as soon as we can show that

H^.^Jred-^A.
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But by Lemma (6.6) and its proof, we have a surjective homomorphism

H°(X^ ̂ ) ^W(W(A)/(^))=^®,A,

with nilpotent kernel; hence we have a surjective map, with kernel consisting ofnilpotent
elements:

H°(X^^)->^®.A.

Since k-^ and A are reduced, and k is perfect, therefore k^®^A is reduced, and the proof
is complete.

Corollary (7.6). — Let K be as in Corollary (6.10). Then, for A^==A, the cokernel
of Pic(X^)->P(A) is naturally contained in the kernel of Br(^®^A)-^ Br(^®^K®^A).

Remark (7.7). — The main results of§6 are all easy consequences of Theorem (7.5).
(But note that (6.11)—and hence, via (6.7), (6.2)—was used in the proof of (7.5)!)

III. — SOME LIE ALGEBRAS

8. The Lie algebra of H; conditions for H and P to be smooth.

The main result of § 8 is Theorem (8.1), which describes completely the Lie
algebra of the Greenberg module defined in Theorem (2.4). We deduce sufficient
conditions for the smoothness of P (Proposition (8.5))$ in case X is a scheme over k
(i.e. p(P^==(o)), these conditions reduce to the classical condition H^X, Cy=(o).

Let i be a fixed integer, let ^ be a coherent O^- Module, and let H==H(X, ̂ , i)
be thefpqc sheaf associated to the fanctor H^X^, ^^o^G^ of ^-algebras A. As in § 4,
H is a Greenberg module, and (Corollary (4.4)) H(A)=]-r'(X^, ^^Q^O^ whenever
AP=A. By Proposition (A. 3) (Appendix A) the dimension of H as a ^-scheme is equal
to the length of the W(A)-module H(A) == H'(X, e^). (But in general H is not a reduced
scheme, cf. Corollary (8.4).) As in Appendix B, we have a natural grading

Lie(H)= ©Lie^(H).v t^o '

For any ^-vector space V, and ^o, V^0 will denote the ^-vector space with
the same underlying abelian group as V, the V^" ̂ -product of aek and yeV being dP^v
(the product, in the vector space V, ofa^ and u). Any basis ofV is also a basis ofV^,
so V and V^0 are isomorphic (but not canonically!). Vh-^V^"^ is clearly an exact
functor.

In the next theorem, we will refer to the following canonical commutative diagram
of W(^)-module homomorphisms (where H^e^^H^X, ̂ ), etc.):
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HV+1^-) ——— H*^1.̂ ')

^•(+1

H1-^/^) —> H1^^-) ^ -> H1^) 0< ^ ir^lp^)

Of+l

H1-1^/^) -^ H^^'/j^1^) -^ Hi(^/^+l^) -^ H^/^^)

Theorem (8. i) (1). — With the preceding notation, there exists a natural (functorial in X, ̂ }
isomorphism of k-vector spaces

(i) 9 : Lie^(H)^im(^)(-<)=ker(p^-<)

which induces

(ii) ^^^^^^(^ov^-^^m^/im^^,))^^

flW

(iii) Lie^(H/H,J = Lie^(H) /Lie^(H,J ^ coker(v^-()

(Note that im(^)(= image of ^) is a W(A)-module annihilated by p, hence a
A-vector space, so the notation makes sense. Note also that H^ is a Greenberg sub-
module of H, cf. proof of Proposition (A. 3).)

Proof. — To begin with, the equality in (ii) holds because

im(X,) ̂  im(X^) = ker(^+J
and so im(p l<ov<)=iIn(^^-lo^)^im(^)/im(^_n).

The equality in (iii) will come out explicitly from the proof of (ii) (2). For the
isomorphism in (iii), once (i) and (ii) have been established we need only note that

ker(^)==im(8<)^im(^)
so that im(^)/im(^ov^)^coker(^).

Let us now define the isomorphism 9 in (i). Let U be a finite affine open covering
of X, and let G.=G.(l(, e^) be the corresponding Gech complex. As in § 4, there

(1) A more comprehensive statement describing H itself is given in remark (8.8) below.
(2) More generally, with the notation and assumptions of Lemma (6.5), if E is also smooth^ then

W(k, E)==H^[£], E)=(o) (e2=o),
and it follows easily that Lie(I)=Lie(H)/Lie(E).
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exists a complex Q. of finite-length W(^)-modules, and a W(^)-homomorphism of
complexes u : Q^.->C. which induces, for ^-algebras A, an A-functorial isomorphism
of W (A)-modules

H_,(Q,®^W(A)) ̂  H_,(C.®^W(A))=H^(X^ ̂ ®^).

Furthermore, the construction of Q^. and u is such that the homology maps induced by u
H_.(^Q.)-^H_,(^C.) (r^o)

are isomorphisms (cf. first two paragraphs in the proof of Proposition (3.1)). Using the
" five-lemma 5?, we deduce isomorphisms, for s>, r^ o

(8.2) H.^O^O,) ̂  H.^C.^C.)^^?^!?8^)

where the equality holds because
^C./^G.^G.(U,^/^).

For convenience, we denote the piece
Q._^i->Q.-^Q._,-i

of Q,. by E-°>F-^G so that, with I=oc(E), (8.2) becomes:

(8.3) (^Fnr l(^G))/(^F+^I)^H^(X,^^/^^) {s^r^o).

As in the proof of (4. i), we see that if F'=F/I, so that there is a natural map
P' : F'-^-G induced by (3, then our functor H is just the kernel of the corresponding
map of Greenberg modules (B' : F'^-G. In view of Proposition (B.2) (Appendix B),
we have therefore the isomorphisms

Lie^H^ker^F'/^F')^ -> (^G/j^G)^)
^(ker((^F+I)/(^+lF+I)-^^G/^+lG))(- ()
=((^Fnr l(^+lG)+I)/(^+lF+I)) (-<)

^im^)^)

where the last isomorphism results easily from (8.3). This gives us the desired 9
(depending, for the moment, on the choice of U, Q,., and u).

To check (ii), we set J=]B(F)=[B'(F') and show that
H^=ker(F'^J).

(Replacing G by J in the preceding paragraph, we see then that

9(Lie^(H,J)=((^Fn(^+ lF+r l(o))+I)/(^+lF+I))(-<)

whence, using (8.3), we find that
^Lie^J^im^o^-^

as desired.) Setting K=ker((B'), we obtain, for any A-algebra A, an exact A-functorial
sequence

KOs)^W(A) -^ F'(x)^W(A) ^JOO^W(A) -> o
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and then, upon passage to associated fpqc sheaves, an exact sequence
K->F'->J->o.

So the kernel H^ of F'->J, being a homomorphic image of the smooth Greenberg
module K, is itself smooth. Moreover, since H=ker(F'-^G), we have that

H/H^ker(J-^G).

But since J(A)~>G(A) is just the inclusion map ofj into G, we have that
(H/HJ(A)=(o)

so that H/H^ is infinitesimal [DG, p. 601, (1.2)]. Thus H^==H^5 and (ii) is proved.
Finally, we have now, as above

Lie^CH/H^^Lie^^H/HJ^kerC^J^^J)^^ -^ (^G/^G)^)
^ke^F'/j^F'/-^ -^ (^G/^+lG)(~<))/ker((J&<F7^+lF')(-<)

-> WIP^J)^)
-Lie^H)/Lie^H,J,

and this completes the proof of (iii).
It remains to be shown that 9 is natural. Let (Y, ^) be a pair satisfying the

same conditions as (X, e^), let ^ : Y—X be a W(A?)-morphism, and let 6 : ̂ -^^^
be a homomorphism of (P^-mod.\iles. Choose a finite affine open covering U' of Y,
and, as before, a map of complexes

u ' : c^.->G:=ci.(:ir,^),
and let 9' be the isomorphism defined as above, but relative to (IT, QJ., u'). Next,
choose a finite affine open covering U" of Y which refines both U' and ^"^(U). Then,
if G^'=G.(IT', ^) we get a W(A)-homomorphism of complexes G^->G^', unique up
to homotopy. Similarly, via (^, 6), we get a map G.(=G.(U, ^))-^G^, unique up
to homotopy. Hence we have a composed map

v : Q.eQ^C.eG^G:'.
Now according to remark (3.9), we can choose u" : Q^'-^C/ satisfying the usual

conditions, and such that furthermore v==u"ow for a suitable w : Q^.^Q^.-^QJ.'. So
we have a diagram

Q. -^ c.

I \
Q:: —^ C:'

Q'. —^ C:
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THE PICARD GROUP OF A SCHEME OVER AN ARTIN RING 61

by means of which we can relate the isomorphisms cp, 9' to the isomorphism <p" (defined
as before, relative to (U", Q^, ^")). In this way we can reach the desired conclusion;
details are left to the reader. Q.E.D.

Remark. — The following consequence of (8.1) seems worth noting. Is there a simple direct proof?
For each t >. o, let H( = H(X, ^fp1^, i), and let Kf be the kernel of the obvious map H^-^ H(. Then the

canonical sequence
o -> Lie(Kt) -> Lie(Ht+i) -> Lie(Hf) -> o

is exact, and has a natural splitting; furthermore we have natural isomorphisms
Lie(Kt)==Lie^(H)= (K^))^).

Corollary (8.4). — H is smooth (as a scheme) if and only if for all t>o the canonical map

CT< : H^X, ̂ ) -> H^X, ̂ Ip^)

is surjective.

Proof. — Since H/H^ is connected, therefore:

H/H^=(o) (i.e. H is smooth)
oLie(H/HU=(o) [DG, p. 236, (1.4) (v)]
o Y( is surjective for all t^_o (cf. (8.1) (iii))
oH^+ l(^+ l^)->H^+l(^^) is injective for all t^o
oHi+l(^+l^')^H^+l(^) is injective for all t>.o
OCT^I is surjective for all ^o. Q.E.D.

Proposition (8.5). — P is smooth if any one of the following (equivalent) conditions hold:

(i) For all ^o, H^^^x/J^x)-^).
(ii) For all t>_o, H2(pt^|pt+l^)={o).
(iii) The scheme H1==H(X, 0^ i) is smooth and the scheme IF^^H^X, 0^ s) is

trivial (i.e. isomorphic to Spec (A)).

Remark. — If the conditions of Proposition (8.5) hold, then:

dimension of P= dimension of the k- vector space Lie(P)

^(IP^x)) (cf. Theorem (9.1)).

where cc X '9 denotes the length of a W(A)-module.

Corollary (8.6). — a) If the dimension ofX. is i, then P is smooth, of dimension ̂ IF^x))-

b) Ifthe dimension of^X is 2, andifV^2{(0^={o), then P is smooth, of dimension'^(H1^-^)).

{Proof: If dim.X=i3 then condition (ii) of (8.5) clearly holds. The same is
true if dim. X==2 and HP^x) =°9 since j^x/J^^x ls a homomorphic image of ^•)
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Proof of (8.5). — We first show that (i), (ii), and (iii) are equivalent.

(i)=^(ii): It suffices to show that for all s with o<s<_t

(*) Hv^^x) ̂ m^-^x/^^x)
is inject! ve; or, equivalently,

(**) H1^1^^) ̂ W'^xIP^x)

is surjective; since (*) holds by assumption when ^ is large enough (so that ^^^x^0))
so then does (**), and it follows that (**) holds for all t.

(ii)=^(i): For o<s<^t we have an exact sequence

H^x/^x) -^ H^-^x/^x) -^ HV-^x/^x).

Hence, by induction on t—s, we find that

HV^x/^x)-^).

(iii)^>(i). Since dim. H^^H^x))? Corollary (8.4) shows that H2 is trivial
if and only if HP^x/P^x)^0) for a11 ^°- we also deduce from (8.4) that H1

is smooth if and only if H^j^x) -> ̂ (^x) ls mjective for all t^o; the equivalence
of (i) and (iii) follows.

Now, assuming that (iii) holds, we show that P is smooth, i.e. for every A-algebra A
and every A-ideal 3 with y^o), the canonical map P(A)->P(A/3) is surjective
(cf. (for example) [DG, p. 238, (2.1) (vii)]).

Let us show, to begin with, that if A^A then the canonical map Pic(X^) -> Pic(X^)
is surjective. Indeed, \^ / is the kernel of ^x^^x^^ ^en we have an exact sequence

H1^) - H^x^) -> ̂ \/) -> H^^);

since A^A, this sequence can be written

HP(A) "> ̂ (A/a) -> H2(^) -> H^A)

(cf. remark (4.4)); since H1 is smooth, 71: is surjective, and since H2 is trivial, HP(A) ==(o);
thus H2(^')==o. But ^2={o) (Lemma (8.7) below) and so via the truncated expo-
nential map we have an exact sequence

Pic(XJ->Pic(X^)-^H^),

whence the assertion.
Next, consider the fpqc sheaf Pj defined on the category of A-algebras B by

P,(B)-P(B/3B).

There is a canonical homomorphism of sheaves <p : P->P^, and, I claim, this is
surjective. For, by (o. i) and (6.10) (i), we can find, for any B, a faithfully flat B-algebra B
such that B^B, and such that there exists a commutative diagram, with exact rows
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Pic(XB) ———> P(B) —^ o

63

Pic(Xgy3B) Pi(B)

But, as we have just seen, a is surjective, whence so is (B, so that indeed <p is surjective.
We wish, finally, to show that

<p(A): P(A)^P,(A)

is surjective. For this it will suffice to show that H^(A, L)=o, where L==ker(<p).
But for any A-algebra B, we have a canonical isomorphism

L(B)^3B®^Lie(P)

(cf. [DG, p. 208]). If, furthermore, B is flat over A, then clearly
L(B)^B®AL(A).

Since only flat A-algebras enter into the determination of H^(A, L), descent theory
shows that H^(A,L)==o, as desired [SGA 4, Expose VII, remarque 4.5]. Q.E.D.

In the preceding proof, and also in § 9, we need:

Lemma (8.7). — Let A be a k-algebra^ let 3 be an K-ideal with SP^o), and let / he
the kernel of the natural map (9^ -> (0^ . Then:

(i) A^-(o).
(ii) ^=(0).

Proof. — / is generated, as an (9^ -Ideal, by the kernel of W(A) ->W(A/3),
i.e. by the W(A)-ideal

W(3)={(^^i,^, . . . )eW(A) |^E3 for all i}.

So it suffices to show that ^(S^W^^o).
That ^W(3)=(o) follows at once (since y^o)) from the identity

P{XQ, A:i, ^2, . . .)=(0, X^X^X^, . . .).

Now if (UQ, Ui, Ug, . . . ) , (Vo, V^, V^, . . . ) are Witt vectors with indeterminate
entries, then their product can be expressed in the form

(Uo,Ui,U,, . . .)(Vo,Vi,V,, .. .)=(Po(U,V), Pi(U,V),P,(U,V), . . . )

where the P^(U, V) are polynomials in
U=Uo, Ui, U^, . . . and V=Vo, V^, V,, . . .

such that
P,(U,o)=P,(o,V)=o (v^o);
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thus each term in P, is divisible by at least one U, and at least one V .̂; specializing
U,-^,, V,^y, {x,,^el)

we conclude, since y^o), that

{xy,x^x^, ...)(^o^nJ'2» . . .)==(<), 0,0, ...).

Hence W(3)2=(o). Q^E.D.

*%

Remark (8.8). — What follows will not be needed elsewhere; but it serves to put the results of § 8 in better
perspective.

There is a structure theorem for the category ofGreenberg modules, due to C. Schoeller [Sch, § 5]. Schoeller's
theorem can be reformulated in terms of Dieudonne modules. First, some notation. Let W be the ring W(^). For
any W=(WQ,W^,W^, .. .)eW, and any integer t, we set

^)=(<,<,^,...).

The Dieudonne ring 2 (over k) is the (non-commutative) ring generated by W and by two indeterminates F and V
subject to the relations

Fw=o/^)F, wV=VWP) (weW)
FV=VF==/».

For a left ^-module S, a direct product decomposition of W-modules

s= n s^
n^O

will be called a cograding on S if there exist maps

^n+i : Sn+i-> S^, ^n'-^n^^n+l (n ̂  0)

such that for (jg, ̂ , ̂ , ̂ 3, . . .)eS, we have

(8.9) V^o,^,.^^ •••)=(Vi^,V2J2,V3^, ...)

F^o» •yi^2»^3» •••)=(o>Fo^o,Fl•yl,I i t2^» • • • ) •

Amorphism 9 : n S„-^ 11 T^ of such cograded ^-modules is a family of maps <p^:S^->T^ (n ̂  o) satisfying

certain obvious conditions. We say that the cograding on S is of coftnite type if S^ is a W-module of finite length
for all n, and furthermore there is an y?o such that Vn+i ls bijecfive for w ^ yig.

To each Greenberg module M, we can associate a cograded ^-module S(M) ofcofinite type, as follows. Let
K be the fraction field of W, and for any W-module M let M' be the W-module

M'=Homw(M,K/W).

Also, for any integer t, let M.W be the W-module with the same underlying abelian group as M, and with scalar
multiplication * given by

w*m==wWm (weW, weM).

S(M) is defined to be the W-module

S(M)= n (Hom^M.Wn+i)^-^ n S^(M)
n^O n^O

together with the maps Fy^, V^+i (" ̂  o) given by

(FJ")(<P)=/(Pn+i,n+20y)
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(/SSn(M); <p:M-^Wn+2; and pn+i, n+2 :VIn+2~•> WQ+I is the truncation map)

C^n+l^W^^y^.n+l0^)

(^£Syi+i(M); ^M—^Wn+i; and T^+g^+i :Wn+i->Wn+2 is the unique map such that ^1+2, n+i°Pn+i, n+2
== multiplication by /» in Wn+2). Multiplication by F and V in S is denned by (8.9). S(M) varies functorially
with M.

Structure theorem. — The functor S is an equivalence/row the category of Greenberg modules to the category ofcograded
^-modules of cofinite type (1).

Complements. — It can be shown that:

a) The kernel of V : S(M)->S(M) is a k[¥] (= ^/^V)-module, and (with (VQ : SQ-> (o)) = null-map)

ker(V)= n ker(V^)= ® ker(VJ.
n^_0 n^O

(Since S(M) is of cofinite type, ker(V^)==(o) for large n.) There exist natural isomorphisms of ^-vector spaces
ker(V^ Lie^(M) (^ o)

via which multiplication by F in ker(V) corresponds to the standard ̂ -th-power operation in Lie(M) [DG, p. 273].
b) There is a natural map

^:MW->S^(M)

where, for xeM{k) and <peHom^y(M,Wn+i)

(CTn(-y) )(<?)= image of x under the composite map

M(A;) ̂  Wn+i(/?) -S /T^-IW/WC K/W.

For all n >. o, we have
Sn(M,ed)=^MW<=S^(M).

Now let us determine S(H) for H as in Theorem (8.1). If M is a W-module of finite length, and M is the
associated Greenberg module, then (Proposition (A.i) (iii)), there are canonical isomorphisms

Homw(M, Wn+i) ̂  Homw(M, Wn+iW) (n ̂  o).
The isomorphisms

Wn+iW ^-^W/W^K/W
give isomorphisms ^^

Homw(M,Wn+i(^)) ̂  (M/^+IM)'.

From this we find that
S^IMQ^M/^^M)^)
V^ +1 : M/^ + 2 M -> M/^ +1 M is the canonical map
F^ : M//»n+ lM -> M//^ 2M is the map induced by multiplication by /> in M.

Arguing as in the proof of Theorem (8.1) we deduce that
S^(H) = (HW/^ +1 ̂ t^)

V being induced by the natural maps
^•Ipn+l^-^^-lpn^s-

and F by the composed maps
^Ipn^J^p^-lpn+l^r <^ JT^n+ijr.

This, then, describes the " structure^ of the Greenberg module H. Theorem (8.1) and Corollary (8.4) follow
easily now from a) and b) above.

(1) Cf. also remark (8.10) at the end of this section.
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(8.10) We end with an observation which may make the Structure Theorem seem more appealing. The
W-module S(M)' can be made into a ^-module in a natural way [DG, p. 622, (5.2 b)], and one can construct a
natural isomorphism of Ql-modules from S(M)' to the ^-module ̂  associated (as in [DG, chap. V, § i, no. 4]) with
the unipotent algebraic k -group underlying M. Thus ^=S(M)' is a ^-module of finite type; and there is further-
more a grading of W-modules

^=S(M)'= C S^(M)'= ® ̂
n^_0 n^_0

such that multiplication by F (resp. V) in Jf takes Jl'^ into -^ +1 (resp. Jt^ + ̂  into ̂ ). So we have also an anti-
equivalence from the category of Greenberg modules to the category of graded (as above) ^-modules of finite type.

Informally speaking, putting a Greenberg module structure on a unipotent algebraic ^-group U is equivalent to
putting a grading (as above) on the ^-module associated with U.

9. The dimension of Lie(P).

This section is devoted entirely to the proof of:

Theorem (9.1). — For each t^,o, let v^ be the canonical map

H^X,̂ ) -^(X^^^x).

Let <c X " denote the length of a W{k)'module. With this notation, the dimension of the k-vector
space Lie(P) is

^(X.^+S^coker^)).
t^O

Proof. — For any ^-vector space V, let dim^(V) be the dimension of V over k.
Note that dim^(V)=dim^(V(-<)) (cf. paragraph preceding Theorem (8.1)). Taking
i=i, y=(9^ in Theorem (8.1), so that H=H(X, 0^ i), we see that

dim,(Lie(H)) = dim,(Lie(H,J) + dim,(Lie(H/H,J)

^(H^X,^^ SX(coker^)).
t^O

(The fact that dim^Lie^^^^^X, (P^)) can also be established by noting that
H,.ed is smooth, of dimension ^(H^X, ^x))? c^* beginning of § 8.) So Theorem (9.1)
asserts that Lie(P) and Lie(H) have the same dimension (where, again, H is thefpqc sheaf
associated to the functor H^X^, Q^ of ^-algebras A) (1).

Let X' be the closed subscheme of X defined by the ^x'ldeal p(P^. Let P'
(resp. H') be the fpqc sheaf associated to the functor Pic(X^) (resp. H^X^, ffl^)) of
A-algebras A (XJ^X^^W^A)). X' is a scheme over k, and, as in the middle of§ 2,
there is an isomorphism of functors

P'^Pic^.

(1) A more satisfying result would be that there is a natural isomorphism between Lie(P) and Lie(H). I have
not been able to prove—or disprove—this. (Cf. however remark b) at the end of § 9.)
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It is well-known (and not hard to prove) that there is an isomorphism ofA-vector spaces
^(Picx^H^X',^)- Similarly (or by Theorem (8.1)) Lie^'^H^X', ff^)-
Thus
(9.2) dim^Lie^'^dim^I^P')).

(Actually, a proof of (9.2) will fall out at the end of the proof of (9.5) and (9.6) below.)
From the exact sequences

o^x^^-^xi-^o

i^i+^-^-^xl-^
we deduce the exact sequences offpqc sheaves

o->C-^D->H->H'
( 9 ' 3 ) o->C*—D*->P->P'

where C, D, C*, D* are fpqc sheaves associated to certain functors of A-algebras A, viz:
C—to the cokernel of H°(^xJ -^ H°(^xi)
D-to HI(^J
C*—to the cokernel of H°(^J -> t^xl)
D'-to IP(i+^J.

Arguing as in § 2, we find that C, D, C*, D* are all affine algebraic A-groups. We will
show below that:

(9.4) C and C* are smooth algebraic k-groups, and their dimensions are equal (whence
dim^(Lie(C))=dim^(Lie(C'11))).

(9.5) Lie(D) and LJ^D*) are naturally isomorphic.

(9.6) The following two sequences of k-vector spaces (derived from (9.3)) are exact:
o -> Lie(C) -> Lie(D) -> Lie(H) -> Lie(H') -> o
o -> Lie(Cr) -> Lie(D*) -> Lie(P) -> Lie(P') -> o.

In view of (9.2)3 (9.4) and (9.5), (9.6) implies that
dim^Lie(H)) = dim^Lie(P))

as required.

Proof of (9.4). — Let jV be the Nilradical of 0^, and let Xi = X,^ = X;^. We
have a commutative A-functorial diagram

o -^ H°(J^J —> H"(^) -^ H°(^,J -^ o

(9.7)

H°(^-^) —^ H"(^) H^^x,.)
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with exact rows (cf. Lemma (6.6)), from which we see that C is also the fpqc sheaf
associated to the cokernel of H^^T^)-^ ̂ (^^xi)- so cc sheafification " of the
exact sequence

o -> HO(^) -> HO(^^J -> HO(^^J

gives rise to an exact sequence of fpqc sheaves

(9.8) o-^F-.G-^G'-^C-^o.

Each of F, G, G' is an of fine algebraic k-group. (To see that G is affine algebraic, sheafify
the first row of (9.7) and use Theorem (2.4); for G' do the same with the second row
of (9.7); finally, note that F is the kernel of G-^G'.) Furthermore, G' is smooth:
indeed, since X^==X'®^W(A)/(j&), we have

H°(^xl) = HO(^^) ®.W(A) l ( p )
=HO(^^)®W(.)W(A);

so G' is isomorphic, as a scheme, to some affine space (Proposition (A. i) (i), Appendix A).
Since C is a quotient of G', C is smooth. From (9.8), we have

dim(C) = dim(F) -dim(G) + dim(G').

Similarly, we have an exact sequence

o -.F* ->G* ->G'* -^C* -^o

where F* (resp. G*, resp. G'*) is the fpqc sheaf associated to the (multiplicative) group-
functor H°(i+^J (resp. H°(i+.^J, resp. H°(i+^^xl))- As set functors,
K0^^) and BO{I+P(!}XA) are clearly isomorphic; hence, as k-schemes, F and F* are
isomorphic. Similarly, G^G*, and G'^G'*. So G'* is smooth, and as above, we
deduce that C* is smooth; furthermore,

dim(C*) = dim(F*) - dim(G*) + dim(G'*)
== dim(F) - dim(G) + dim(G')
=dim(C),

and this proves (9.4). (Note: Since Lie(C) is isomorphic to the Zariski tangent space
at the origin of C (cf. Appendix B), and since C is smooth, we have

dim^(Lie(C))=dim(C),

and similarly for C*.)

Proofs of (9.5), (9-6), and (9.2). — Let A be a ^-algebra and let 3 be a non-zero
ideal in A such that S2^^). Assume that:

(i) A^A (whence (A/3)P=A/3), and
(ii) the canonical maps Pic(XJ -> P(A), Pic(X^) -> P'(A),
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are surjective, with kernels isomorphic to

Pic(Spec(^®,A)), where k^ == H»(X, C^J = H"(X', Q^J;

and similarly for P^X^y) -> P(A/3), Pic{X'^y) -> P'(A/3).
(For example, if K is a normal algebraic field extension of k such that every

connected component of X has a K-rational point, if B is a ^-algebra and 3 + (°) (1) ls

a B-ideal with y^o), then we can take A to be a faithfully flat BS^K-algebra with
AP^A (Lemma (0.1)), and 3 to be 3A. Then (ii) follows from (6.9) and (6.7).)

For convenience, set

^A=^XA ^A/3=^/3

^A^Xl ^1/3=^/3

and let fi^, ff'^, etc., be the corresponding sheaves of units. (These are all sheaves on
the topological space underlying X^.)

For any locally algebraic A-group Q, there exists a natural isomorphism

Lie(Q,)®,3 w- ker(%(A) -> Q,(A/3))

(cf. [DG, p. 208]). Our first chore, which will be rather dreary, is to show that with
(A, 3) as above we have natural isomorphisms:

a) ^(^^ske^H1^)-^^))
b) ^(H^aske^HTO-^H1^))
c ) Lie(H') ®,3 ske^HTO -^ ?(^3))
d) Lie(D*)®,3^ker(Hl(I+^) ̂ ?(1+^3))
.; Lie(P) ®,3 £ker(Pic(X^) -^ Pic(X^))
/; Lie(P')®,3sker(Pic(Xl) ^Pic(X^)).

b) holds because H1(67A)=H(A) and ^(^^^(A/SO, cf. (4.4). ^ holds
for a similar reason. As for a), we have (cf. proof of (9.4)) a commutative diagram

HO(J^) —^ H»(^l) —> ff(^) —> Hi(^) ̂  IP((!'l)

G(A) G'(A) -^ D(A) H(A) H'(A)

in which the vertical arrows arise from canonical maps of functors (of A-algebras A)
into their associated fpqc sheaves. All these vertical arrows, except possibly for y, are
bijective (cf. (4.4) and its proof, and note, for example, that IP^^C}^) is the kernel
of H°(^XA) ~^ H°(^xred A) • • • ) 5 ^^ we nee^ to s^ow ls t^at Y ls bijective too. (A similar

(1) Here—and below—distinguish between <( 3 " (gothic " I ") and " 3 " (gothic "J ").
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argument will show that ?(^3) ̂  D(A/3).) The top row is exact, and the composition
of any two successive maps in the bottom row is zero; if, furthermore, the bottom row
is exact at G'(A) and at D(A), then by simple diagram chasing y can be seen to be bijective.

For proving exactness at G'(A), let F be the kernel of G->G' and let IcG' be
the image of this map (in the category of fpqc sheaves). Since G-^G' is actually a
homomorphism of Greenberg modules (cf. proof of (9.4)), therefore F and I can themselves
be regarded as Greenberg modules, so they are connected and unipotent [DG, p. 601,
(1.2)]. Since F is connected and unipotent. Lemma (6.5) shows that G(A)-^I(A)
is surjective; but I(A) is the kernel of (3 (I being the kernel of G'->D), so we have the
desired exactness at G'(A). Similarly since the kernel I of G'-^D is connected and
unipotent, exactness holds at D(A). This completes the proof of a).

e ) and/J follow from condition (ii) above, because as in the second half of the proof
of Lemma (7.2) (1), the canonical map PK^X^) -> Pic(X^) takes Pic (Spec (^ A))
isomorphically onto Pic (Spec (^®^A/3)). As for d ) , we begin as in the preceding proof
of a ) : there is a commutative diagram

HO(I+^A) —> H°(i+^) —> HI(I+J^) -^ Pic(XJ —-> Pic(Xi)

Y*

G*(A) G'*(A) D*(A) P(A) P'(A)

and we need to show that y* is bijective. o- and T are surjective, and Pic(XJ -> Pic(X^)
maps the kernel of a isomorphically onto the kernel of T (cf. (ii) above), p is bijective.
(For, i fE (resp. E) is the fpqc sheaf associated to the functor H°(^) (resp. H°(^),
^=^Xred) then E is a k-ring scheme, the group of units E* is the fpqc sheaf associated
to H°(^), and since H°(^) -> E(A) is bijective (cf. (4.4)), so also is H°(^) -> E^A);
and similarly H°(^) -> E*(A) is bijective; but H°(i+^^A) is the kernel of

HTO^HW),

and G^A) is the kernel of E*(A) -> E*(A) . . .) Similarly p' is bijective. So, as in the
proof of a), diagram chasing reduces us to showing exactness of the bottom row at G'*(A)
and at D*(A), and this can be done by showing that the kernel F* and the image I* of
G*->G'* are connected unipotent A-groups.

Let us show that F* is connected and unipotent. (A similar proof shows that
G* is connected and unipotent, whence so is its quotient I*.) As in the proof of (9.4),
F* is isomorphic, as a k-scheme, to F, and we have already noted that F, being a Greenberg
module, is connected. As for unipotence, we have a filtration

F*=F1^F2^F33...

(1) Here we can even replace the etale topology by the Zariski topology.
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where F1 (z^:i) is the fpqc sheaf associated to the functor H°(i+^^). The quo-
tient F^F1'1'1 is then the fpqc sheaf associated to the (multiplicative) group functor

HO(I+?J/HO(I+^+1^)•
But this functor is isomorphic (via the truncated logarithm, (i +^) ^->x) to the (additive)
group functor

H^^/H0^^
whose associated^^ sheaf is a Greenberg module, hence is a unipotent algebraic A-group.
Since all the quotients F^F1'*'1 are unipotent, so therefore is F* [DG, p. 485, (2.3)].

This completes the proof of d).

*%
Let / (resp. / ' } be the kernel of the natural surjective map Q^—^Q^ (resp.

^A-^A/s)- Note that / ' ^ / I ^ P 0 ^ ^ / ) 9 In view ofa;, b ) , c ) , d ) , e),f) above, we
have the natural commutative diagrams, with exact rows:

H°(j^) -^ Hi(^n^) -^ Lie(D)®,3 -^ o

Y Y Y

(9.9) HO(^g) ——^ Hi(^) —————> Lie(H)®,3 —> o

H0^) ——^ Hl(^') ————> Lie(H')®,3 -^ o

H°(i+^3) -^ HP(i+(^^^)) —> Lie(D*)®,3 ̂  o

I I I
(9.10) H»(^) ————^ IP(i+^) ——————^ Lie(P)®,3 -^ o

y y v

?(^3) ——a^ H1(I+^') —————> Lie(P')®,3 —^ o

A closer look at these diagrams and some relations between them will yield the desired
proofs.

We begin with the proof of (9.6). — Since C is the kernel of D->H, it is immediate
that Lie(C) is the kernel of Lie(D) -> Lie(H). Similarly, Lie^*) is the kernel of
Lie(D*) -^Lie(P).

Next observe that the map a in (9.9) is the zero map; in other words, the canonical
map (3 : H°(^) —^ H0^^) is surjective. (This is because (X' being a scheme over k)
(B can be identified with the canonical map

H»(X', ^')®.W(A)/(^) ^H"(X', ^')®.W(A/3)/0&)

71



72 J O S E P H L I P M A N

which is clearly surjective.) It follows easily that the third column of (9.9) is exact.
Similarly p* : H°(^) ->H°(^) is surjective (since (B is), i.e. the map a* in (9.10)
is the zero-map, and so the third column in (9.10) is exact. Consequently (since
14= (o)) the sequences

Lie(D) -> Lie(H) -> Lie(H')
Lie(D*) -> Lie(P) -> Lie(P')

are exact.
Finally, Theorem (8. i) shows that Lie(H) -> Lie(H') is surjective', and this implies

that in (9.9) the map W-{/) ->W^/'} is surjective (recall that a=o). Since /2={o)
(cf. Lemma (8.7)), therefore the truncated exponential x^->i-\-x maps / (resp. / ' }
isomorphically onto i+/ (resp. i+^'); hence the map ?(14-^) -> W{\-^/'}
in (9.10) is also surjective, whence Lie (P)®^ 3 -> Lie (P') 0^3 is surjective, i.e.

Lie(P) -> Lie(P')

is surjective. This completes the proof of (9.6).
As for (9.5) (1), the truncated exponential induces an isomorphism

H^^rV) ̂ Hi(i+(^n^)).

Imitating the proof of (*) following Lemma (6.6) (keeping in mind that j^=(o),
cf. Lemma (8.7)), we see that this isomorphism takes the image of 8 (cf. (9.9)) onto
the image of S* (cf. (9.10)). We obtain thereby an isomorphism of groups

Lie(D)(^3^Lie(D*)®^3,

and this isomorphism varies functorially—in the obvious sense—with the pair (A, 3).
We wish to deduce an isomorphism of k-vector spaces Lie(D) ^ Lie(D*). For this

purpose, consider the category of pairs (B, 3), with B a A-algebra and 3 a B-ideal such
that 3+(o) and 32=(o). (A morphism (Bi, 3i)->(B2, 3g) ofsuchpairsisa^-algebra
homomorphism 9 : Bi-^Bg such that cp(3i) ^3^) On this category define the group-
valued functors ^, ^*, by

^(B, 3)=Lie(D)®,3
^(B,3)=Lie(D*)®,3.

I claim that the functors 2, Q* are isomorphic.

(From this it will follow that Lie(D) and Lie(D*) are isomorphic as k-vector spaces;
for, if aek, then multiplication by a in Lie(D)==^(^[e], ^[e]) {^=6) is induced by
the morphism of pairs

9,: (AM,£A[£])->(^[£],^[£])

given by ^{x +j/e) = x +j^s {x,yek)

and similarly for multiplication by a in Lie(D*) (cf. [DG, p. 208, (3.6)]).)

(1) Cf. Remark a) at the end of this section.
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To see that Q and Q* are isomorphic, note that if (B, 3) is a pair as above and
if A is a faithfully flat B-algebra, then the following canonical diagrams are exact:

^(B, 3) ^^(A, 3A) :f^(A®BA, 3(A®BA))

^(B, 3) -^ ̂ (A, 3A) ̂  ̂ (A®pA, 3(A®BA)).

But such an A can always be chosen so that, with 3=3A, the conditions (i) and (ii)
at the beginning of this proof are satisfied (cf. remark immediately following (i) and (ii)).
Simple considerations show then that for proving 2 and Q* isomorphic we may restrict
our attention to pairs (B, 3) = (A, 3) where (A, 3) satisfies (i) and (ii). But for such pairs,
we have already given a functorial isomorphism ^(A, 3) —> ^.(A, 3). (9-5) is now
proved.

The proof of (9.2) is similar, and simpler, being based on the isomorphism

HPC/')^HI(I+ '̂)

induced by the truncated exponential. (Recall that the maps a and a* are zero-maps,
so that H^'^Lie^')®^, and H^i+^'^I^P')®^.)

This completes the proof of Theorem (9.1).

Remarks. — a) For j^>2, a much simpler proof of (9.5) is obtained by observing
that the abelian sheaves J^XA? I+J&^XA are naturally isomorphic (so that the functors D, D*
themselves are isomorphic!).

Indeed, for TZ>O, we can write jS^/w! -^p^ajb^ where a^ b^ are integers not
divisible by p, and where f{n)'>o tends to infinity with n. Hence on the category of
W^(^)-algebras S (N a fixed integer) we can define a natural group-isomorphism

E : pS-^i+pS

by E(^)= S (^/n!)^ {seS; pms=o if w^N).
»=o

(The inverse L of E is given by

L(i+^)=S (-i)-^(^/^.)
n= 1

b) We have canonical maps

[L : Lie(D) ->Lie(H), ^ : Lie(D*) -> Lie(P)

and, by (9.5)5 a canonical isomorphism

v : Lie(D)-^Lie(D*).

If we could show that v(ker([ji))=ker(pL*), then we could deduce from (9.9) and (9. lo)
that there is a natural isomorphism Lie(H) —^ Lie(P) (induced by the truncated expo-
nential /-^i+/).
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APPENDICES ON GREENBERG MODULES

We present in these appendices the facts on Greenberg modules needed in the
body of the paper. (The definition of c< Greenberg modules " is given immediately
below.) The material in appendices A and B is either well-known or straightforward,
but convenient references seem to be lacking.

As always, let k be a perfect field of characteristic p>o. We say that a functor 0
of A-algebras has a module (resp. algebra) structure over a A-ring-scheme S, or simply that
% Is an S-module (resp. algebra), if there is given for each A-algebra A an S (A)-module
(resp. algebra) structure on Q/A), the structure varying functorially with A. Homo-
morphisms of S-modules or algebras are defined in the obvious way.

We define a Greenberg module (resp. algebra) over k to be an affine k-scheme
of finite type together with a module (resp. algebra) structure over the Witt vectors W.

The category of Greenberg modules and their homomorphisms is abelian. (Use
the corresponding fact for commutative affine ^-groups.)

Appendix A. — The Greenberg module associated to a W(k)-module.

Proposition (A.i). — Let M be a Vf(k)-module (resp. algebra) of finite length, let M
be the fpqc sheaf associated to the functor of k-algebras

A^M®^W(A)

and for any k-algebra A let

^: M®^W(A)-^M(A)

be the canonical map. Then:

(i) M is isomorphic, as a set-valued functor of k-algebras, to the affine space

Spec(A[Xi,X^...,XJ),

(X== length of M; X^, Xg, ...,X^— independent indeterminates). Thus, with its natural
'VI-module (resp. algebra) structure, M is a Greenberg module (resp. algebra).

(ii) ^ is surjective for every A, and even bijective if A^ = A.
(iii) If N is an fpqc sheaf with a Mf-module (resp. algebra) structure, then for any

'W{k)-homomorphism 9 : M-^N(A) there exists a unique ^W-homomorphism <p :M->N
such that

<p==<p(A)o^

Proof. — There exists a W(^)-module isomorphism

M^ n w^)=(^) n M, (^>o).
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Then clearly M==II^iMi (as W-modules), so for proving (i) and (ii) we may assume
that M=Wn(^) for some TZ>O. In this case we have a canonical surjective
A-functorial map

M®^)W(A) =W(A) IW -> W,(A)

which is bijective if A^A. Hence by Corollary (0.2), Mc^W^, and (i) and (ii)
are proved.

(iii) follows at once from the obvious fact that there is a unique A-functorial
W (A) -homomorphism

^: M®^W(A)-^N(A)

such that 9fc==<p. Q^.E.D.

Corollary (A. 2). — If'R. is a 'W{K)-algebra of finite length, and M is a finitely generated
^.-module, and R, M, ^ are as in (A. i), then M is naturally an 'R-module, and for any k-algebra A,
the map

M®^R(A)-^M(A)
^k[obtained by extension of scalar s from M —>-M(A) —^M(A)) is surjective, and even bijective if

A^^A. Hence M ̂  the fppf sheaf associated to the functor A|->-M®^R(A).

jFWy. — From the natural R®^W(A)-module structure of M®^W(A), we
obtain, by passage to associated fpqc sheaves, an R-module structure on M. The next
assertion results, in view of (A.i) (ii), from the following commutative diagram:

M®^)(R®W(.)W(A)) -^ M®^)W(A)

MO^)R(A) —————> M(A)

The final assertion results from Corollary (0.2) if we show that the functors M®g/^R(A)
and M(A) of A-algebras A commute with filtered direct limits. But this follows easily
from (A.I) (i). Q.E.D.

Proposition (A. 3). — Let 9JI be any Greenberg module, and let M be the W(^) -module 9Jt(^).
Then M is of finite length (say) X, and as a k-scheme

9^=Spec(A[Xi,X,,...,XJ).

(Xi, Xg, ..., X^ independent indeterminates).

Proof. — For the fact that X is finite cf. [DG, top of p. 602]. Now, k being perfect,
we have that ^red^^red ^d Wx^SRred are reduced schemes, so that the <( addition 3?
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map 9KX^—2R induces ^ed^^red-^red. and similarly c< scalar multiplication 5?

Wx^ajt—aR induces Wx^ed-^9Kred; in other words, ̂  is a Greenberg submodule
of 9JI. Since clearly M==9Jl^(A), we may assume that 9Jl==9Jl,.ecr

By Lazard's theorem [DG, p. 536, (4.1)], it suffices to show that, as a A»-group,
9JI has a composition series of length X with quotients isomorphic to the additive group W..
This can be done in many ways. We proceed by induction on X. If X=o there is
nothing to prove. If X=i, then there is a W(^)-isomorphism k^>M, which must
come from a W-homomorphism k=Wi->9K (cf. (A.i) (iii)); the cokernel (£ of this
map is infinitesimal [DG, p. 601, (1.2) c ) and d}]', but since 9K is reduced, this means
that (£=o, and hence ajl^W^ as a ^-group (cf. [DG, p. 483, (1.1)]). Finally, if
X> i, let N be a submodule ofM such that M/N has length i; by (A. i) (iii), the inclusion
map N-^M comes from a W-homomorphism N-^9Jl, whose cokernel (£' is reduced
and such that ^\k) (^M/N) has length i [DG, p. 601, (1.2) c)}\ the conclusion follows.

Appendix B. — Lie algebras of Greenberg modules.

We discuss next, for a Greenberg module M, the associated functor Lie(M) of
^-algebras A. First we recall the definition: let X be an indeterminate, set

A[£]=A[X]/(X2),

and let n^ : A[s]->A be the A-algebra homomorphism such that ^{s)=o; then
Lie(M) (A) = kernel of M{^) : M(A[c]) -> M(A).

To begin with, we think of Lie(M) as a functor into the category of abelian groups.
Next, for each ^eA=Wi(A), the homomorphism ^ : A [e] -> A [s] defined by

^(a+[B£)==a+(^e (a, (BeA)

gives rise, via the commutative diagram

M(A[0) -^ M(A[c])

to an endomorphism of the abelian group Lie(M)(A); in this way, Lie(M) becomes
a W^-module, varying functorially with M. The W^) {=k) -vector space

Lie(M)=Lie(M)(A)

is canonically isomorphic to the Zariski tangent space Hom^nx/m2, k) at the zero-
point OM of M (m = maximal ideal of the local ring of o^ on M). More generally, there
are isomorphisms of A-modules, functorial in both A and M,

Lie(M) (A) ̂  Hom^(m/m2, A) ̂  Lie(M) ®^A.

(cf. [DG, p. 208, (3.6)]).
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Furthermore, the canonical map A-^A[£] gives a map W(A) ->W(A[s]), via
which M(A[s]) is a W(A)-module, and then M(^) and M(z/J are both W(A)-module
homomorphisms. Consequently Lie(M)(A) is a W(A)-submodule ofM(A[£J), and the
action ofW(A) on Lie(M)(A) commutes with the above action of A. Thus we obtain
a ring homomorphism, functorial in A

(B.I) W(A) -> End^Lie(M) (A)) = End^Lie(M) ®^A)
(End^ == A-endomorphisms).

Since j&(Lie(M)(A))=(o), therefore the kernel of the truncation map W(A)->Wi(A)
annihilates Lie(M)(A) (to verify this we may assume that AP==A (cf. Lemma (o. i))...);
in other words (B.i) factors uniquely as

PAW(A) -^Wi(A)=A -> EndA(Lie(M)®^A).

The maps p^ constitute a linear representation of the ring-scheme W^ in Lie(M), varying
functorially with M (1).

By [DG, p. 176, Example i] (with r=== monoid of non-negative integers) we have
then that

I^N^OLie^M)
n^O

where
Lie^N^^^GL^M^for all ^-algebras A and aeA, p^)^®!):^®^}.

Let A be the field k[a, b) where a and b are independent indeterminates over k. Since
PA^+^-PA^+PA^). we get for ^eLie^M)

x® [a + bY ===x®an+ x® ̂  = x® {c^ + b^.

It follows, if A: 4=0, that
(a+b)n=an+bn.

Writing n==-qp^ (q,p)==i or ^==0, we have

^Pt-}-bpt)q={aPt)q+{bpt)q

which is possible only if q=i. The conclusion is that if n is not a power of p, then
Lie^M)^.

In summary:

The W'-module structure on M determines a grading^ as above, on the k-vector space Lie(M):

Lie(M)=©Liep<(M).

This grading is natural^ i.e. it varies functorially with M.

(1) Equivalently, we can interpret the p^ : A —> End^(13.omjc(mlm2, A)) as being a representation of W^
in ttt/ITt2. Actually, in the general case when M is not necessarily algebraic over k, one must use this last interpretation,
so that (cf. following paragraph) the natural grading appears on m/TH2 rather than on its dual Lie(M).
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Now let M be the Greenberg module associated, as in Appendix A, to a
W (A)-module M of finite length (so that

M(A)^M=nW^) and M^ FIWJ.
i=l l i=i "i7

In this case we can give an explicit description of the graded A-vector space Lie(M)
in terms of M. For this purpose, we need some notation. For a ^-vector space V,
and any integer i, we denote by V^ the A-vector space obtained from V by pull-back
through the automorphism a^a^ of k. (So V^ is the vector-space whose underlying
abelian group is the same as that of V, and whose multiplication ^ :kxV-^V is
given by

^^v)=aPiv.)

Clearly any basis of V is also one of V^, so that V and V^ have the same dimension.

Proposition (B.2) (1). — If M= H W^, then for each ^o, there is a natural
isomorphism of k-vector spaces % 1

<PM : Lie^(M) ̂  {pWk^lp^^MW))^

Proof. — There are canonical isomorphisms

©^Lie^(W^) ̂  Lie^(M) ̂  n Lie^(W^)

and (with W^.=W^))

©/W^^^W^^^^M^))^^^]^^)) ̂  n/w^/^+x,.
Using these isomorphisms (and the fact that n^iW^=©^W^) we reduce the
problem to defining 9^ (^i) and to checking that for any W-homomorphism
^ : Wn—^W,n, the resulting diagram

Lie^(WJ ——> (^W^'WJ^
^Wn

(B.3)

Lie^(WJ ——> (^WJ^^WJ^-^
^Wm

commutes.

(1) For a stronger result (without proof) cf. remark (B.3) below.
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For any ^-algebra A, we have

Lie(WJ(A)=={(s^^i5 •••^n-i)!^6^ £ as before}.

Now if X=(Xo, X^, . . ., X^_i), Y==(YO,YI, .. . ,Y^_^) are two families of independent
indeterminates, then, in W^(^[X, Y]) we have

(Xo, ..., X^_,)+(Yo, .. .,¥„_,)= (So(X, Y), ..., S,,.,(X, Y))

where So, ..., ̂ n-i are polynomials such that
S,(X,o)=X, S,(o,Y)=Y, {o^i<n)

i.e.
S,(X, Y) = X, +Y, + (terms of degree^: 2).

By specializing X^-^s^, YJ->£^' (^, ^JeA), and since £2=o, we deduce that

(£^0, . . ., £^_i)+(^o. • • •. ̂ n-.J-^^O+^o). • • •. £(^-l+<-l)).

Furthermore, for aeA, the homomorphism Wn(Mj (see above) takes (e^g, . . . , s^_^)
to (sa^o, . . . ,£^_^). Thus the A-module Lie(WJ(A) is (functorially) isomorphic to
the direct product A71.

If (&o5 b^y . . .)eW(A), then, either directly, or because we know (as above) that
Lie(WJ(A) is annihilated by the kernel of W(A)->Wi(A), we see that

(&0 ,&1 , ...K^o^l. ...,^-l)=:(^0^ ...)(£^.^1. ...,^n-l)

=={eboao, eb^a^ . . ., £6f~\-i).

From these formulas it is immediate that

Lie^(WJ={(^o,^i, ...,s^_i)eW^[£])|^=o for i^t}.

Since, for t<n, ^W^ (resp. J^^WJ is the kernel of the surjective truncation
map W^->W< (resp. W^-^W^i), therefore

^WJ^4-^^ kernel of (W^i->W<) (^<^).
Hence ^^^^^^{(o, o, ..., o, ^)eW^J

with scalar multiplication given by

c(o, o, ..., o, A;)=(O, o, ..., c^x) {cek).

We can then define ̂  : Lie^^^WJ ̂  (^WJ^W^-0:

Pw^^o. • • •. ̂ n-i) = (o, o, ..., o, Xt) (t< n)
=0 (^7Z).

It is easily verified now that the diagram (B.3) commutes. Q^.E.D.

Remark (B.3). — Let M be a W (A?)-module of finite length. We say that a filtration of M by W(^)-submodules

M = M° ̂  M1 ̂  M2 ̂  ...
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is a p-filtration if

(i) pU^M^ for all ^ o, and
(ii) M^^o) for some t (so that M^^o) for n>.t}.

Homomorphisms of ^-filtered W(^)-modules are defined in the obvious way (compatible with nitrations).

From the structure theorem of remark (8.8), one can deduce the following structure theorem for smooth Greenberg
modules'.

For each smooth Greenberg module M, let M° ==M(^) be filtered by its submodules

Mt={xe M(^) [ for all W-module homomorphisms y : M -> W<, x e ker((p(^) : M(A;) -> Wt(/e)) } (^ > o).

7n fA^ way, we obtain an equivalence from the category of smooth Greenberg modules to the category of p-filtered'W^k)-modules
of finite length.

Furthermore:

There are natural isomorphisms of k-vector spaces

LieP^M) ̂  (M^/M^M {t >. o).

Via these isomorphisms, the p-th-power map [DG, p. 273] in Lie(M)== © LieP^M) corresponds to the additive endomorphism
^ ^0

of © (M^/M^^-O induced by multiplication by p in M(A).

Appendix C. — Greenberg modules and etale algebras.

The main result in this appendix is Theorem (C. 5)5 which follows quite directly from
its special case Lemma (G.2). In the paper, (G.5) is used mainly via Corollary (C.6).

Letj^ be, as usual, a positive prime number. Let A be a ring such that ^A==(o),
and let B be an A-algebra, with structural homomorphism g : A->B. For any positive
integer m, the truncation map p=pi^ : W^-^W^ gives the commutative diagram

W^(A) -P(A^ Wi(A)==A

Wm(<7) g

W,(B) -P(B^ W,(B)=B

whence a homomorphism
(C.I) W,(B)®^A^B.

Lemma (C.a). — With the preceding notation^ if B is an etale A-algebra then W^(B)
is an etale W,n(A) -algebra {via W^(^)), and the map (C. i) is bijective.

Proof. — We proceed by induction on m. There being nothing to prove when
772=1, let us prove the Lemma for m=n-\-i assuming that it holds for m=n (^^i).
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Let 3^ (resp. ^) be the kernel of the truncation map Wn^(A) ->Wn(A) (resp.
W^(A)^A):

SA ={(o, o, . . ., o, a) | aeA} (n zeros)

^={(0,^^25 . . . ,^)KeA for i^*^}.

Let SB, ^g be similarly defined (with respect to B). Then Wn^(^)(3J c 3g;
W^C^A)^; and (G.I) is bijective (for 7^=^+1) o ̂ B=^W^(B).

We have

3^-(o).

(To prove this, we may assume that A^=A (by Lemma (o. i), for example), and then
SA^W^A), ^W^A), so SA^^W^^A^O).) Consequently the
Wn+i (A)-module structure on 3^ is the pull-back of an A (=Wn^ (A) /^-module
structure, the multiplication AX^A'^^A being

(^o, (o, o, . . . , o, a)) h> (o, o, . . ., o, a^d).

Thus, ifA^ is the ring A together with its structure ofA-algebra for which the structural
map A-^A^ is the n-th iterate g^ of the Frobenius endomorphism 3r^ of A (^?A(•;'c)==•yp

for A; in A), then the map 9^ : A^-^S^ given by

PA^)^0? °3 . • ., o, a) (<zeA)

is an isomorphism of A-modules. (To check that 9^ preserves addition, we may assume
again that A^A and write (0,0, . .., o, d}=pn[(^lvn^ o, .. ., o), etc.) There is a
similarly defined isomorphism of B-modules 9^ : B^ -> 3g, and a commutative diagram
of A-module homomorphisms (where B-modules are made into A-modules by means of g)

A(n) B^

A w / ^ > B
"n+iw

Hence, by extension ofscalars, we have a commutative diagram ofB-module homomorphisms

^ B^A^^B

(C.3) <PA®AB ^

3A®AB ^ %

in which the vertical arrows are isomorphisms.
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The key point is that a is bijective (whence, so is (3). A proof is given by G. Houzel
in [SGA 5, Expose XV, p. 5, Prop. 2 c)]. The idea of the proof is as follows: In the
first place, a is actually the unique ring-homomorphism for which the following diagram
commutes:

B

A ^<? rW=i®A' ^s .̂
A^^B -^ B^

I , /" A(a)==<z®i
A^

It follows easily that Spec (a) : Spec B^ -^ Spec (A^^B) is a radicial morphism;
furthermore since A^ is radicial over A, therefore A^^B is radicial over B, so that
Spec(y) is injective, and since Spec (y) o Spec (a) = Spec (g^) is surjective, also Spec (a)
is surjective $ finally a is an A^-homomorphism of etale A^-algebras, and so Spec (a)
is an etale morphism [EGA IV, (17.3.5)]; thus Spec (a) is etale, radicial, and surjective,
i.e. [EGA IV, (17.9.1)] Spec (a)—and hence a—is an isomorphism.

Now since (B in (G.3) is surjective, we see that

^B-SAW^B^^W^B);

since the kernel of the truncation map W^(A)-^A is clearly ^A^n(A), the bijectivity
of (C.i) for m=n implies that the truncation map W^(B)->B has kernel ^W^(B) $
hence (since W,(B)-W^(B)/%)

^B -^W^^B) + SB -^W,^ (B);

thus (C.i) is bijective for m=n+i.
Furthermore, since SA^A^C0)) we l1^6 ^at

3A®w,^(A)W,^(B)^3^^(W^,(B)/^W,^(B))

^3^B.

Since (B in (€.3) is bijective, we conclude that the natural map

3A®w,^(A)W^(B) -> ̂ W,^(B)

is bijective. Since 3^=(o), and since

Wn+i(B) /3AW^i(B) =W^,(B) /3s =W,(B)

is, by assumption, etale—and hence flat—over W,,+i(A)/3^ (=Wn(A)), therefore
[B, p. 98, Th. i] shows that W^i(B) is flat over W^{A).

The proof is completed by the following lemma fwith R=Wn+i(A), S=Wn+i(B),
3=3^):
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Lemma (C.4). — Let R be a ring, and let 3 be a nilpotent ideal in R (i.e. 3^=
some integer q>o). For an R-algebra S, the following conditions are equivalent:

=(o) for

(i) S is an etale R-algebra.
(ii) S is flat over R and S/3S is an etale RIS-algebra.

Proof. — (i) => (ii) is left to the reader. Assume that (ii) holds. Then [EGA IV,
(18.1.2)] there exists an etale R-algebra T together with an R ̂ -isomorphism

6 : T/3T-^S/3S.
6 lifts to a homomorphism of R-algebras 6 : T-^S [EGA IV, (17.1.1)]. To show
that 6 is an isomorphism—whence (i) holds—it suffices to show that the induced map
gr^O : gr^T-^gr^S is bijective. (Here gr^T is the graded ring

(T/a^e^T^T)® .. . ©(S^T/S^T),
and similarly for gr^S.) We have a natural commutative diagram

gr^R®^T/3T -^ gr^T

id® 6 ^ ^36

gr^R^^S/SS g^S

(where ( ( id " is the identity map of gr^R, so that id® 6 is bijective); since T and S
are flat over R, the horizontal arrows are bijective [B, p. 98, Th. i], and so gr^6 is
bijective. Q^.E.D.

From Lemma (C.2) we now deduce a more general statement (Theorem (G.5)
below). Let k be a perfect field of characteristic p, and let M be a finitely generated
W^(^)-module [m'>_i\ with corresponding Greenberg module M (Appendix A).
Let A be a ̂ -algebra and let B, G be two A-algebras. From the canonical map G ->B®^G
we obtain, by functoriality, a homomorphism 9 : M(G) -^M(B®^G). We have a
commutative diagram

A —> Bi i
G -D/C\ r^——> £)Q9^L<

whence, by functoriality, a commutative diagram

W,(A) -^ W^(B)

0)a

W,(C) -^ W^(B®^G).
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M(C) is a W^(A)-module via 0)3, M(B®AC) is a W^(B)-module via (Og and a
W,n (A)-module via (030(01= (04 06)3. The map 9 is a homomorphism of W^ (A)-modules,
and hence by extension of scalars we obtain a W^(B)-homomorphism

^ : WJB)®^(A)M(C) -^M(B(^G).

Theorem (€.5). — M^A ̂  preceding notation, if B z'j a% ^tale A-algebra, then:

(i) ^ ij- bijective.
(ii) If M is a W^(A) -algebra [so that M ^ naturally a Vf^-algebra {Corollary (A. 2)),

^ M(B(^C) ^ ^ etale M(C) ^m (1).

Proo/. — The second assertion follows from the first because W^(B) is <Stale
over Wn/A) (Lemma (G.s)) and because ^ is a homomorphism of M(C)-algebras if
M is a W,n(^)-algebra.

For the first assertion we may assume that M = 11̂  iW^, (m,<_m). This reduces
us immediately to the case M=Wn (n<_m). Since B is etale over A, B®^G is ^tale
over G, and Lemma (G.s) shows then that ^ (with M=WJ is a homomorphism of
etale W^{C) -algebras. Now the kernel K of the truncation Wn(C)-^C satisfies ^==(0)
(to see this, we may assume that Cy=C (Lemma (0.1)), in which case K==j&Wn(G)),
so by [EGA IV, (18.1.2)], ^ is bijective if and only if ^®^ ^C is bijective. But,
in view of (C.s)

W,(B)®^^W,(G)®^)G^W,(B)®^^A®^G
^B®^G
^W,(B®^G)®^)C,

and modulo these isomorphisms, we find that ^®^ (C)G is the identity map of B®^G.
0,-E.D.

Corollary (C.6). — Let R be a local Artin W^(A) -algebra such that the natural map ofk
into the residue field ofR is bijective, and let R be the corresponding W'^-algebra. Then for any
k-algebra A:

(i) The functor Bl->R(B) is an equivalence from the category Et^ of etale A-algebras
to the category Et^ of etale R(A) -algebras.

(ii) If F is any functor of R(A) -algebras, with associated etale sheaf F", then F^oR
(together with the map FoR-^F^oR induced by the canonical map F->F'") is
the etale sheaf associated to the functor FoR of A-algebras, i.e.

(FoR)"==F^oR.

(1) Theorem (€.5) remains valid for any Greenberg module M annihilated by p^'. this follows from (0.5)
as stated and the fact that (Wn)n>o is a cogenerating family for the category of Greenberg modules (cf. [Sch, § 5.3,
proof of Theoreme]).
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Proof. — Let a : R—^k be the natural map, and let p^ : W^(A) ->A be the
truncation map. We have a commutative diagram

R®w^)W,(A) -^ R(A)

0 ® PA OA

^A ——^——> A

in which the right side is obtained from the left by passing to associated fppf sheaves
(Corollary (A. 2)). Since CT®PA is surjective, so is o^. Furthermore, the kernel of
<7®p^ is nilpotent, and by Corollary (A. 2), T is surjective $ hence the kernel of the surjective
map a^ is nilpotent.

Now by [EGA IV, (18.1.2)], the functor Eh>E®a^A from E^) to Et^ h fully
faithful. Moreover, for any etale A-algebra B, (€.5) (with M=R and G=A) shows
that R(B) is etale over R(A), and that

R(B)®B(A)A^W,(B)®^^R(A)®^A^B (cf. (€.2)).

This proves (i).
(ii) follows in a straightforward way from (i) in view of the following observations:
a) Since an equivalence of categories takes (categorical) direct sums into direct

sums, therefore for any two etale A-algebras B, G we have

R(B®^G)^R(B)®H(A)R(C).

(This also follows directly from (C.5)).
b) Since for any etale A-algebra B, erg : R(B) ->B has nilpotent kernel, therefore

a family (BJ^gj of etale A-algebras covers A (cf. § o) if and only if the family (R(B^))^i
covers R(A). Q..E.D.
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