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ITERATED INTEGRALS AND HOMITOPY PERIODS

by Bohumil CENKL

The cohomology of the loop space of a simply connected space
is well understood, and an extensive work has been done in this
area since the appearance of the fundamental paper of Adams (1]
in 1956, Nevertheless it is an interesting observation of Chen
[4] that, over R or C, this cohomology can be computed from certain
complex (whose objects are called iterated integrals), constructed
from the de Rham complex of the underlying space.

From that result it seemed obvious that one should relate
the de Rham theory also to the study of the fundamental group in
general, First results in this direction were obtained again bv
Chen [4], where he used the de Rham theory over C or R. A concep-
tual description of the situation over C,R or O was indepencently
given by Sullivan in the framework of minimal models. Some of the
results were obtained, by still another method, by Stallingas.

In this lecture, I relate the approach of Chen to that of
Sullivan. The differential graded algebra of iterated integrals
is redefined so that it is an algebra over C,R,Q or Z. The funda-
mental properties are prcoved by different method then in Chen's

original work, which relayed heavily on the differential fcrms over

Part of the research was done while the author was a guest

at the University of Lille.
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Iterated integrals and homotopy periods

C or R. Chen's theorem for the loop space of a simply connecteq
manifold is proved also over Z. For a nonsimply connected space
there is defined a map T from the minimal model M of the tower
of Eilenberg-MacLane spaces associated with the fundamental group
of the space to the algebra of iterated integrals related to the
space. This map T is the analogue of -the translation of a power
series connection of Chen. The purpose of this map T is twofold.
On one side it gives the isomorphism of the algebras of nilpotent
quotients of the lower central series, tensored with C,R or Q
with the duals of the subalgebras of the minimal model of the tgwer
of Eilenberg-MacLane spaces, with the same coefficients. Thisg
isomorphism is called the de Rham theorem for the fundamental
group. On the other hand the image in the algebra of iterated
integrals consists of all homotopy periods (homotopy invariants
of pointed maps of a circle into the space). It is shown, that
this homotopy periods are completely determined by the matrix
Massey products in the minimal model M .

The iterated integrals, in conjunction with the minimal model,

appear to be a usefull tocl in the homotopy theory.
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Iterated integr®ls and homotopy periods

Iterated integrals and Adams theorem

Singulaxr cubic cohomology

This is included in here just to establish

the notation.

Let I be the segment [0,1], and let I =
= Ix...xI (n-times) be the standard n-cube with
the coordinates (tl,...,tn) + 0 < ti < 1l. We
define now two sets of maps, called the face

and degeneracy maps respectively:

€
Ai (tl’...,tn-l) = (tl'a..,ti's'ti+l,oo.'tn_l)}

U‘ (tl'oo.,t

i ) = (tl'oo.'ti;.-o,tn)l

n

i=1,2,...,n , € = 0,1. These maps satisfy the

relations:

: n € _ € n .
(L) Ay AT = A hy » 32 i
(1i) w, My =g Wy P I
.y € _ L€ . .
(1ii) “j A i-—k $-1 uj r J <1

u ksl=identity , 3 = i

€ _ ,E
uj ATy = A i My-1 r J > 1 .
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Iterated integrals and homotopy péricds

A singular n-cube in a topological space
X is a continuous map f : T > X, We say that

the n-cube £ " I » X is deqenérate if there

exists a singular (n-1l)=~cube g : In"l + X such

that £ =g » 1 . The (n-l)=-cube g is then

uniquelly determined by £ ; namely g = fx°n =
= fkln . We denote by Qn(x) the free abelian

group whose basis is the set of all singular

n-cubes in X. On the free abelian group

[~}

QxX) = _I,Q. (X)

we define the oeprator 80 : Q(X) -~ Q(X) ,
n .
- _qyitl o1 250
3gE = Iy (FDTTTERT - £
From the relation (i) we get BQ BQ = 0, On

the other hand from (iii) if follows that the
subgroup

D(X) = %

ntoPp (X)

of Q(X) generated by the degenerate cubes is

closed under BO’

Hence, if we define

the particular aQDn-l(x)‘: Dh-1 (X).
K(X) = Q(X)/D(X),

K(X) = nzoKn(X) » R (X) naturally isomorphic

with Q,(X)/D_(X) , we get a complex {K(X),BK} ,
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Iterated integrals and homotopy periods

BK being the differential induced on the quotient
K(X). The cohomology of this complex, with
doefficients in the abelian group G is called

the singular cubichomology of X with coefficients
in G. -

By K" (X,G) we denote the group Hom (K (X),G),
that means the group of cubic n-dimensional
cochains with coefficients in G. The coboundary
operator will be denoted by GK . And the
homology and cohomology group will be denoted
by H,(X,G) and H*(X,G) respectively. The face
and degeneracy operators Xei ’ ﬁi induce the

maps
e € _ 1€
and

m, Kn_l(X) * K (X)), my(g) =u; 0og.

From now on we take G = k¥ to be C,R,Q or Z.

ny, . ® P,.n
Let A(I") p> 0 AT(I)
be the module of differential forms, considered

as a k-module, on the n-cube In. Then we define

AP (x) = {w = (w) o, w_ e Hom (K (X),AP(17))

*

l(lei) W, =W

n n-1l n-1 n

31
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Iterated integrals and homotopy periods

The abelian group A(X) = pZ AP (X) has a

structure of a commutative graded algebra with

respect to the product

A APx) x A9x) -~ APy,
(wo' A W ") (£) = w ' (£) A wn"(f),

w'A W' =Iw''AW

w! , 1 " o n .
n n ! = an , W an

On A(X) there is the differential

a: AP(x) - APYl(y),

(dwn)(f) = d(wn(f)), dw = T dwn, w=Iw .

Thus A(X) becomes a differential graded algebra,
We talk about the cubic singular de Rham complex
{ A(X),d} of the topclogical space X. The coho-
mology of this complex H*DR(X;k) is called the
cubic singular de Rham cohomology of the topo-

logical space X. Then we have

Theorem 1. There is an isomorphism

* f.\_,, *

where on the right hand side is the singular
cubic cohomology with coefficients k.

- Proof. The statement follows from a
more general theorem proved in [2] and [8 ]
once a transition between the simplicial and

cubic theories is made.
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Iterated integrals and homotopy periods

1.2 &n algebraic construction.

Let M be an oriented differentiable mani-
fold and let Q(M) be the space of piecewise
smooth loops at a base point Xy on M. The
simplegt iterated integrals, as introduced
originally by Chen [3], can be defined as
follows: Let o : I + Q(M) be a representa-
tive for a' ¢ Kn(Q(M)). Then a defines

@ 1™ s M, 4 (x,t) = o(x)(B)

o+ I
(x,t) € I® x I = In+l. Then for anv a ¢ Aq+l(M)

= the module of differential {q+l)-forms cn M

1

A . . n t X 3
S a a is a g-form on I, and g aa
0 0
. n+l ‘ . .
is a g-form on I . Because the integratioa

takes place in In+l

(it is in fact an integration
over the fibre I in the projection " x 1+ 1N

it is convenient to introduce this as an alge-
braic operation. Thus we look more closely at the
algebraic version of the algebras A*(I),A*(Sl).
A*CIn),A*(IxIn);A*(S;XIn). The corresponding alge-
braic objects -will be denoted by K,L,V,A and X
respectively.

Let k be a commutative ring with a unit. Assume

that we are given the following data :
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Iterated integrals and homotopy periods

(i) A DGA-algebra (The definition is section 6.)
K=@ k*, k¥=0, s>1
x>0

with the differential and augmentation

g G K-»%k,

= 0 for r 2 1. The cohomology ring

5" (K) is trivial, i.e. HO(K) € k, HY(R) = 0

(ii) There is a DGA-algebra

L= © ¥, 15=0,5s5>1
rzo

with the differential and augmentation

e T -1, e Lk,

S L

L

€, (L) =0, z > 1. The cohomology ring has

e

the property 1O (L) k, gt (L) ¥ k, H®(L) = 0,
s > 1.

(iii)Let V= © V' be a DCGA-~algebra over k with
r>0

the differential and augmentation

+
GV : VE o> vt 1 ¢ Byt vV + k

(iv) There is a DGA-algebra morphism

which induces an isomorphism vo* : HO(L) > HO(K)
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Iterated integrals and homotopy periods

Now we define two new DGA-algebras

A= @ af , A =K ®kV, with the differential 4,
r>0 A

and

=0 AT , A=1 Q‘V, with the differential dA"

The product in A and X is simply denoted by ° .

The morphism Vo induces the DGA-algebra morphism

Note that both A and X are bigraded, with the
gradation given by

Ar+1 - Ao,r+l ® Al,r . AO,r+1 - K0 ® v1:4-1 . Al,r - Kl ® vt .

We denote by A', A" the projections

Av s AT o aleT e, aTFL L a0,

In fact any element a € Arfl can be written

uniquelly in the forma = t ® a' + a" ,

t @ a' ¢ Al’r, a" ¢ AO,r . Thus A'(a) =t ® a',
Aﬂ(a) = all .

Analogously we have

xr+l = 'A\JO,r+l ® xl,r , Ko,r+1 - Lo ® Vr*'l,xl'r _ Ll® vE.
The augmentation €x induces the morphism

r -1 8,
€, *A° > A Tk & vE o= vF, e, (3%'T) =0, 8> 0.
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Iterated integrals and homotopy periods

And similarly ey, induces the morphism
vr v=1,r . T by vs,r
ex ¢ A" > A =k @& v =Y, sx(A 'y =0, 8> 0

The differential dA in A,

4, = (4, ® 1) + (-1)%(1 @&, : a%'F » aTFsH

3 3 - ! L]
has a natural splitting dA = dA + dA ,

al s As,r - As.l+r’ anr As,r - As,r+l‘ And

. L .
similarly in A , dx = dx' + dx". The unit

i+ k »K° together with the module morphism

hK Kl -~ K° and the augmentation €g k° - X,

such that in the resolution

i d
0 + k -> KO K Kl - 0
~_/ K~
€ hK

hold the relations:
€x * i= lk ' hK . dK + i ¢ ex = lKo , 1s
the contracting homotopy for € 3 K + k., This

gives the contracting homotopy for the cochain

transformation €, : A = A"L/F

A r T 20,

There are the module morphisms

ht s ale® o a0F

14

h' =hK®l , and
-l,r 0,r

c : A - A ¢

i ® 1, such that
36



Iterated integrals and homotopy periods

e, + 1=1 h' - a,' + 1 ° =1
A a-ler ! A €a 20T

and h' - dA" + dA“ » h' = 0, Thus we have an

analogue of the above sequence (after tensoring

with vF)

Now we define the morphism of modules

h o= (-1)% hrat ; aftl 4 A0/T
and

’

o(AO'r+1) = 0. We require that ¢ satisfies

the additional properties :

" - r+l " . "o
g dA = 0 on v(A ) dA g + 0 dA 0

From now on we assume these axioms for the

operations.

Proposition 1. We have the relations

(1) dA" h-hd," =0

A
(2) h' 4, = 1= g
(3) dA' h'! =1
(4) X'dA' = dA'
(5) dA'X' = 0

(6) dAnAl - }\!dAn = 0

37
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Iterated integrals and homotopy periods

(7) dp'o = 0
(8) ch' = 0 on the image v(xr+l)
(9) dA"c + ch" =0

Proof. All these properties follow immedi-

ately from the ahove definitions. We look more
closely only at (l). First of all observe that

it is enough to show that
] n B L) PO
(10) h dA + dA h'! = 0

1

-+
because from here we have , for any a ¢ At '

g,"h(a) = (-1)Tg,"n'A @) = (-1 nre, " ta) =

= (-D™ Mg (a) = h,"(a). But (10)

follows from the fact that for t @ a' ¢ Kl(3 vt o= Alir,
h'd,"(t ® a') = -(h, @ 1) (t @ d,"a') = -hp(£)@d,"a" =

= -d," (b (t)@a') = =4, " (b ® 1) (£ B a') = -4, "n'(t B a") .
Let EB(A) be the bar construction on a

DGA-algebra A over k. Recall that B(A) is the

vector space generated by

[al l ool | ar],

where a; €A and the degree of 2, denoted by

lail is > 1. As usually, for the bar

construction on a DGA-algebra (graded positively)
deg [ail...lar] = lal|+..Q+lar|-r .

There is defined the shuffle product
38



Iterated integrals and homotopy periods

[all...lar]*[a

r+l ""ar+s]

{
= 12‘, (-l)d 1T) [aﬂ(l)‘...la"(r+s)] ’

where the summation goes over all (r,s)-

shuffles 7 and o(m) = Z(Iaii-l)(lar+j|-l) summed
over all pairs (i,r+j) such that w(r+j)<w(i) .

[For this look at S. MacLane "Homology" pp 312-133].
Now.we apply the bar construction to the algebra

A. This product makes B(A) a commutative algebra.

There is also the coproduct.

T

w(al]...lar] = igo CYIPRNEN @)[ai+1l... al ,
the differential 3 = 3' + 3" defined by
slagleeda = o en PR gl
i=1
Bﬁlall...lar] = iEl(-l)|al|+.“+'ai-ll-l[al|... dAéiI...!ar] .

Proposition 2. B(A) with the preduct * ,

coproduct ¥ and the differential 3 is a diffex-
ential Hopf algebra.
Proof. It is enough to check that * , y

commute with the differential.

Now we define the morphism of modules

Hy B(a) » Ao'* by
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(-1)

la, |+.

Iterated integrals and homotopy periods

Hy(lay]...]a]) = hin(...hlap)ay)..ay) .

Lemma 1. dA“ HO([a1 ar]) =

r Ia +...+|a-_ I-i-l
= I (-1 ° -t Hy ([ay
1 Jagleeet]ay ]
r-l a +|oo+ a. -i
+ g (-1 * 1
i=1

dai

a,l) +

HO([all...]aiai+l|...|ar]) +

la,|+...+]a_|-r
+ (-1) 1 T HgUagl.. e 1) A (ay) +

a
+ ('—l)l 1‘H0([1 e )\u(al).az\ag"...lar]) +
..+|ai|-i-l
Ho(Lied" (By(fayfo.ufay D eagday ylag ol oo la)
laq|+...+la |-2=1
+ (=1) 1 L 1€ A"(HO([all".lar‘l]).ar) .

Proof. By induction with respect to r . For

r=]l we get

dA" HO([a])=d" h(a)=h(d"a)=h(da)-h(d'a)=

L]

h(da)+(‘l)lal-l h'i'(d'a"+d' (t@a'))=h(da)+
+ (_l)la]'l an+(_l)‘a’ 1 E:(a"")=H0([da])+(-1)lal"l a'+

(—1)]al v e A" (a)

+

Similar computation is done for r=2 and r=3
as the 4th and 5th term occure there for the first

time., Suppose that the formula is true for r.

40



Iterated integrals and homotopy periods
Then

d", Hypllay

a_, ) = d", htig(lag|. . ja ) ey, =

h(d", Ho(lay|.osla )ea,, +

q |Fosetria_|=r
+ (-1)} ll I rl h(HO([al

ar])°d"A a

r+l

lag [+. ot ]a |-
+ (-1) h(Ho([al

onn‘ar]).dA ar+l +

a, (*..otla_j-r-1
+ (-1)I 1! 2! h(H, (la

ll..o ar]).d‘A ar+l).

Now we compute the last term. Namely

|a1|+...+lar|-r-l

(-1) h(Hy(lay]...

a l)-a'y arfl) =

lay[+e. t]a |-r "
= (1) Ho([all...[ar_l Iar'a r+l]) +

a,|+...+la_ - |-r-1
+ (-1)I 2! 241 Hy(la] ...

ar])'a"r+1 +
la ]+..ot]a_ |-z
+ (-1) T r+l ve A" (Hy ([

cenfalyea )

And finally, using this and the assumption we get

\
the formula.

Q.E.D.
And for the composition

A — -1,%
H=0 .« Hy: B(a) » V(A ')

’

Ho([a1

coclagg D) = HoUlag L. laay,,

we get H(la|...la_, 1) = olH,(la
Lemma 2. dA H([al

clag el
a.l) = H(3(a

vevja d) o+

lal"l
+ (-1) H({1¢ X“(al)'a2|a3|...

ar+l]) +

41
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i=2

‘U{d"A

_-a{gn
gid A

Iterated integrals and homotopy periods

Jag #2021

H([tek"(Ho([al

lal|+...+|ar|—r

l]) a

1+l|a1+2|a1+3|"’lar+l

+ (-1) g(1 ¢ l“(HO([ali... ar_l])-ar)-ar+l
+oa', (Hyllay]...la ) a,)) .
Proof. d, H(laj|...|a ;1)=d, U{Ho([al - ar])-ar+
=a", o{HO([al ces @ ])'ar+l} =
la; [+. 0 +]a [-x-1
Hy(lay ...lar])'ar+l}+(-l o{Hy (lay ...la 1)an,
|a1|+. +|a |-r=-1
Ho([all... r )-ar+l]’+(-l) . O'{H ([a ...Ia.r]).dA a
|al|+ooo+lar|“r
+ (=1) o{Hy(lagf..eja D) d'A a i} .

Next we use the formula from lemma 1 and compute

the last term

la,|+...+|a_]~z
(=1) 1 r

=g d'A{HO([al

+ (=1)

ar])

c{HO(

lay[+. oo+l _|-r-1
1 r
c{HO([a1

ar+l

[ayf...]

} o+

ar])'d'

ar-l]

A ar+l} =

va *a" 1
) r?d r+l- ¢

Both these formulas substituted give the desired

fornm to dA H([al

ceelahl.

Remark. The importance of lemma 2 is obviously

that under certain conditions one expects the map

H to commute with the differentials.

42
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Iterated integrals and homotopy perieds

The map H : B(A) + 1(A"1/") is not multipli-
cative as it stands. In order to make it multi-
plicative we must impose two additional axioms

on the maps ¢ and h.

Suppose that for any a, b € Ar, r>1,
(11) ola}-olbl=olnfa)-bl+ (-1) 121"V UBI=D) gy )0y,
(12) h(a) *h(b)=h(n(a) -by+(-1) (12l=D DIV 0y
From now on we assume that h,c always satisfy

these two additional properties. This leads to

Lemma 3. The map H is a morphism of GA-algebras
Proof. The multiplicativity of H is proved by
induction in the following steps. First, from (12)

it follows that

Ho(la,,,1) *Hy(la .. ]a D) =h(a ;) *h(h(...h(a))a,...a )=

r+l (lagl+.oo+la, _y|=i+l) - (]2, 5]=1)
- I D ' i-1 T2 5 lay | lay g la,,layf . la )
1=

This gives

H([all...lar+l])'H([ar+2])=o{H0([al|...]ar])'ar+l}~a{ar+2} =

= o{H([all...Iar+l])-ar+2} +
, e bttt a0ty L dag e,
And this, by the above formula for Ho, is equal to
:;2(_1)(lai|+...+lar+1|-r-i)(Iar+z|§%}al|‘..lai-llar+2|ai ceelag D) =
i=1
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Iterated integrals and homotopy periods

= H(la,][... a,] * [a 1),

All this was done by induction with respect to the
number of elements in the first component of the
*-product. Analogously, proceeding by induction
with respect to the number of elements in the second

component of the *-product we get

1) =

H([al

ar])'H([ar+lI... 2 4g

= H([él!...lar] * fa 4

ceefaggl) o

Remark. The formulas (ll) and (12) are the

algebraic versions of the Fubini theoremn.

1.3 The Adams Theoren.

In this part we give a new proof of Chen's

de Rham theorem [4] and also we suggest a different

proof for the theorem of Adams [l] ,over k
let M be a differentiable manifold and A*(M)

the de Rham complex. We restrict ourselves tc the

manifold although the proof can be modified easily

for the general case.

For any o' € Kn(Q(M)) represented by

n n+l

¢ I

- OM , a I - M, alx,t) = a(x) (t) ,

~ % * *
x ¢ I"=t eI themapa : A (M) +A (In+l)

induces the morphism of the differential Hopf algebras

A

o' 1 B () » BT (th)
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Iterated integrals and homotopy periods

Now, going back toc the definition of H with

%* - %* *
A=A (In+l), A 1 =a (I™), we get the composition

%

A’ my) & sttty B oatah.

And now we define the map

(13) £ B@T(M) ~ ARM) ).

2 ([al ...Iar])(a) = H-a*([al ...Iar]).

Lemma 4. £ is a morphism of DGA-algebras.

Procf, That £ is a morphism of graded algebras
follows immediately from the fact that ;*is merphism
of GA-algebras and from Lemma 3.

In order to establish that { commutes with
the differentials we must show that for any

* %
G € Kn(Q(M)) and any formw ¢ A (M) holds e,a w=0,

A
In order to do this we return back tc algebra.

Suppose that we have a decomposition L°=k 9 1L°/k
such that i(s) = s+0 and that 4_ : 0 & L/k - !
is an isomorphism. Under these conditions we can

prove the following

Fact. € hL = 0 on Ll .

Proof. For any £ ¢ Ll,hL(£)=£l+£2 e k & L%%x .
Thus ¢ h, (£) = eL(El)+€L(£2)=£l+eL(£2), and

i €, (£2) = -hL dL(Zz) + £2 , and

L

€, i €r (12) —€q hL dL (£2) + €r, 2).
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Iterated integrals and homotopy periods

Because €; i = identity we get sL(£2)= =€, hL aL(zz) +
+ sL(Lz), therefore €. hL(dL(ﬁz)) = 0. And because
dL is an isomorphism, we get €, hL = 0, Q.E.D.

Because in ocur case L°=A°(sl); Sl with the

base point s;, Ao(sl)l sg = k and 1L.°= x @ A° (sl)/k.
By our definition \)(Xo’r)=L° ® v =
= xevH 6 ah/xe v =
AO,r

= Ay @ Ag’r with the obvious notation.

WS

The augmentation €% 0 on A2 by the above

observation. Recall that XO’rCI aT (1D x sl)

O,r _

Then Xl the r~forms in the x variables which

are constant functions in the t wvariable, and

Xg'r = the r-forms in the x variables that vanish

at the points (x,so), Sq = the base point of Sl.

Now, ‘ for any a ¢ Kn(Q(M)) the map

¢ 1" . M has the property a(x,0)=a(x,l)= * .,

* ~x Ak

Thus for any w e A M), aw | (x,0) =aw | (x,1)=0,
~ O, .

Therefore a w ¢ A2 » and finally ¢

A%
A% w=0 .,

This implies that for o ¢ Kn(Q(M)) all the terms

involving 1 € A" in the formula from lemma 2,
A* *
where aj = q wj for wj € A (M), vanish, The last

% ol ) v
) - = J
term od', (Hy ([ wll...]a w.l)ea w,  1)=0 simply

A A* A
because H,(la wll... a wr])‘a*wr+l belongs to

v(®), by (8).
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Iterated integrals and homotopy periods

Remark. Because % is morphism of graded algebras
which commutes with the differentials,

— *
the image Z(B(A (M)) in A{(Q(M)) is also a DGA-

algebra.

— *
Let [wl ] £ B(A (M)) , where WyreeesW

oW

r r

are differential forms on M of degree > 1. Then

F,([wl

notation [4].

LN B

. , ) ,
wr]) is the element S'wl +e. W_ in Chen's

*
Definition. The algebra C = C(G(M), A (M)) =

= E(E(A*(M)) is the algebra of iterated integrals
(of the first kind).
We define the filtration {FrC} » k= FC cFCC ..
voe c:FrC = C of the Hopf algebra cf iterated
integrals C by

F C = {8(lagfecla) | ay e APy, p>1,0<s <},

i
FrC = 0, r < 0. From the definition cf the

differential in C it is clear that d(FrC) c Frc.

The filtration of the bar construction, as it
is defined in S. MaclLane "Homotopy" p.309,
Fr = Frg(A*(M)) = the submodule spanned by the
elements [al!...las], a; ¢ Ap(M), p>1l,0<s<r,

Fr = 0 for r < 0., And from the formulas defining
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the differential 3 in E(A*(M)) we get immediately
3(F.) c F. .

It turns out that for the comparison of the
spectral sequences of these two filtrations it is
more suitable to replace the DGA-algebra A*(M) by
somewhat smaller algebra with the same cohomology,
Namely, let

2 =ates/aamw, 2w = 2 ten, x>

— _—
Then we define the filtration Fr=FrB(A M)),r > 0,

* *
The surjection 7 : A (M) - A (M) gives the

jecti T s > F > T s
surjective maps F. gt T2 0, and Fr/Fr-

Fr/Fr-l

The DGA~-algebra morphism £ (13) induces the

e

map

-

FE 3 F/F__, > FC/F__.C .

In fact we get

Proposition 3. The map F§ factorizes through

Fr/Fr-l

F_/F

: = \ng
- FrC/Fr_lC
/
Fr/Fr-l

48
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Proof. It is enough to show that a; = da,

0
aeca M), [a]...]a;_;ldala; ;]...]a,] € F, but
g F__, the image g(lag]...laal...la,D) e F__,C.

For many a € Kn(Q(M)), a: IT x I > M,

* ~
a eA (M) denote o a = ¢ . Then E([all...ldal...

a.l) (a) =
~%
H o ([ajf...

- {-U{HO([cl
o{Hylley vee o 1) * dpcyd for i

dAa[...lar]) =

cerldpeliiile (1) Y forl < i<z,

r .,

x
where d, = &' + & " is the differential in a™ (I"*h).
In the case 1 < i < r we have, where the signs are

ommitted as they turn out to be irrelevant,

HO([cl dAcl...lCr_l]) =

= (-1)®* h g, [h(...h(cy)eeucy_j)ve]l +
+ (-1)% h [gh(...hlcy)eeuey_j)e] =
= (-l)' h (ao-h(cl)nuoci_l).c + (-l).dA“h{h(oooh(cl)-ooci_l)'c}
+ (-1 ey {h(ioh(ey) e )ech +

2
+ (=17 hinC.hiey) vaeey ) ve, _grcl +

+# (-1)® B[R{&", (A(...hlcp).idey_jlecl .

Because o maps I® into the loop space the

3rd term is zero, and because a ¢ A% (M) the an

and the Sth terms are zero. Therefore we get

c{HO([cl|...|dAc

cerle gD ve ) =

o
= (-1)%c{H,(lc;

...lci_llc'ci+llci+2 ""cr-l])'c:} +

+ (-l).c{Ho([cl

e e o Ci-l.clci+l e o0 cr-l]).cr} =

49



Iterated integrals and Bomotopy periods

= ('l). E([all... ai-lla.ai‘i‘ll... ar])(a) +
+ (-1)" g([all...lai_l-alai+l eevlall) (a)
which is equal to £([a,]... dala.. a_]) (a) for

every a € Kn(Q(M)). Hence we have shown that for

1 < i < I, E([al|o.o daloo.lar]) e Fr;lc.
A similiar argument works for i=l,r .,

Proposition 4. If M is path connected then

F¢ : F_/F__,—»FC/F__,C

is bijective.

d.
Proof. Let al : I J >+ 2(M) be the map
associated with the element aj € Kd (Q(M)),

J
j = llzlooo'no

For each element [al]...lan] representing a
a.

class in gn/i;-l , a. £ A 9, we define an n-linear

J
map bal"‘an on the singular cubic chains Qpreserly by
Y )
bal...an(al'.‘.'an)-( Gl al)..oo.( -dn an) [ 4
dl+l d +1
I I

where the integration is taken over the oriented
cubes in the euclidean space and where ¢ stands
for the usual product in R.

It is easy to see that the maps b, a Span
l..l n

the space of all n-linear maps Ln(K*(Q(M)) £xrom

K, (Q(M)) into R.
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For a g-cube a : I? + Q(M) we define the

reduced cube

Y
o] =

{a for g > 0

o - € for g=0 f

where ¢ : I0 - * is the null loop.

Thus we have a monomorphism

Y. ¢ Fn/F

On the other hand, any element in FnC/Fn-lc can
be represented in the form E([al]...lan]) + terms
*
of lower dimension; aj ¢ A (M), And the evaluation

of the element £([a,|...]a D+... in A" () on

the sequence of reduced cubes ajys...,8, i ay € K, (Q(M))
via integration give a map

n, * F,.C/F _1C = L (K. (aM))
such that

nn(E([all... a l)+...) = b[all---lan] .

From the construction we see that Yn is a

monomorphism. The map An is the diagram

-

Fn/Fn-—l

W\

'n —> L (K, (2(M)
///////;7 n
F C/F_;C
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is injective, as follows by induction. And finally
we see that n_(F C/F _,C) = Yn(fh/ﬁﬁ-l) This
proves that kn is bijective.

Lemma 5. The homomorphism & : E(A*(M)) > C
of DGA-algebras induces an isomsrphism of the
cohomélogies.

Proof. Because the cohomology of E(A*(M))
is isomorphic to that of EKX*(M)) and the bijective
map F£ induces an isomorphism of the spectral
sequences already on the El-level, we get the

statement,

From the last lemma and from the theorem of

Adams {l], using the pairing of the bar and cobar

constructicons, we get

Theorem 2 (Chen), Let M be a connected and

simply connected differentiable manifold, and let
*
A (M) be the de Rham complex of M with a finite

cohomology. Then there is an isomorphism
* n, *
H (Q(M):k) = H (C;k)

of the singular cohomology of (M) with the homology

of the DGA-algebra of iterated integrals on M,

Remark. The statement of the theorem is not

the most general possible. The formulation of this
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theorem for a topological space M, with the correct
limitations can be found in {6). Our proof works
for that case as well. In fact our proof, being
algebraic, goes through without change even for

k = Q, while the original proof depends heavily

on the differential forms over R or C.

A slicht modification of our definitions
makes the statement of the theorem correct even
when kX = Z. 1In that case A*(M) is the de Rham
complex with integral coefficients [4].

On the other hand the algebra of the iterated
integrals can be used to prove the theorem of Adams.
From the recent work of Cartan [8] and Watkis [2 ]
we know that the cohomology of A(Q(M)) with the
coefficients k = R,Q,C (or even Z, with the correct
interpretation of the functor A) is isomorphic to
the cubic singular cohcmology of Q(M). On the
other hand the algebra of the iterated integrals
C is a DGA subalgebra of A(Q(M)). It turns out that
for a connected and simply connected manifold M there
is an inverse map n : A(Q(M)) - C which is a quasi-
isomorphism of DGA algebras. Thus, by using the
pairing of bar and cobar construction, or equivalently
the pairing of C with the bar constructionywe have

an independent proof of the theorem of Adams [1].
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Because the cohomoloagy of the commutative
DGA~algebra §(A*(M)) (with respect to the *-product)
is isomorphic with the cohomology of Q(M) we can
iterate the whole process. Namely, there is well

defined DGA-algebra morphism
* 2
52:§(§(A (M)) > A(Q"(M)).
And in general a DGA-algebra morphism

- * _ * - n
£, ¢ By(a (M) = B(...(B( M))...) » A" (M).

n-times

The image C_ = £ (B_(a" (M) in A(2"(M)) is the algebra

of iterated integrals of the n-th kind.

De Rham theorem for the fundamental group and homotopy periods

We recall the construction of the minimal model
[12] M for the fundamental group G = wl(M) of a CwW-
complex M. Then a map T from the differential graded
algebra M to a commutative DG-algebra A*(M)
over k = C,R or Q is constructed. This map is an
extension of the parallel transport defined by Chen [4],
This map T is then used in the proof of the de Rham
theorem for the group I'. As a by-product we get all

the homotopy invariants, called homotopy periods in [7]
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1

of the pointed map of S~ into M,

Minimal model

The lower central series for the fundamental group

o
i

1 G = wl(M) of a CW complex M is the system of groups

Gy =G 2Gy >Gy32 ... , G 4= [GlGn],

where Gn/G is the center of G/G

(n+l) (n)

n+l and

- G

n+l’

n .
0 - Gn/Gn+l - G -1, G( ) o G/Gn’ is the
central extension. To the lower central series corresponds

the tower of nilpotent quotients

(2)

c(2) 53

(4)

« G -«

and the Postnikov tower of Eilenberg-MacLane spaces
k(62,1 « k@, « k@™, « ...

With each of these CW complexes we associate the

*
k-vector space A (K(G(n),l)) of differential forms.
Then with the Postnikov tower there is associated the

system of compatible DG-algebras

2 ki@, » a"ki6 0 - L.
Let
* *
o(n) : (n) M > A (K(G(n+l),l)), n>1

. . * (n+l)
be the minimal model for the DG-algebra A (K (G 1)) .
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(n)

The maps p are graded algebra morphisms commuting
with the differentials.
The algebraic version of the Serre spectral

sequence of the fibration

K(G_/G_,,,1) + K(G L) 1y 5 k6™, 1)

n+l’

gives us a complete description of the minimal model

x *
M = lim (n) M

of the limit

(n)

*
lim A (K(G (1)

*
(1) M 1is a free, over k, algebra generated by the

(1) (1) (1)

elements < of the basis oy ,...,akl for

gt gl a*x:?, 1) ¥ aom (69 ,x).

The differential d in ., M is defined by da ) =0.

ne

k(c'?,1);%)

*
Because al 15 one-dimensional, (1) M 1is the exterior
algebra on the generators a{l),...,aél).

1

Next recall, that there is an injective transgres-

sion map

T . Hl(K(Gn/G )W = Bk, 1) ;W)

n+l’

for any abelian group W. If ¢ H (K(G /Gn+l,l) G /Gn+l

= Hom(Gn/Gn+l, Gn/Gn+l) is the identity element, then
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t{) ¢ H (K(G(n) 1); Gn/Gn+1) as a map T(): K(G(n),l)+

> K(Gn/Gn+l'2) defines K(G(n+l),l) by the full-back

of the path space

R(G, /G, +2)-> K(G_/G ,;,2)

This allows us to define the next stage of the minimal

model.

M ¥ is simply the extension M *[a(Z) ]
(2) ° ' (1) 1 e kz

*
when we adjoin  to (1) M the generators a(z)
where u{z),...,aéz) is the basis for H (K(GZ/G3):k).
2

This basis is determined by the one forms a(2) (2)

2 o0 0y

k‘)
in A (K(G(3) 1)). These forms can be chosen in such a

way that daiz) = o(l)(Bél)) > AZ(K(G(z) 1)), where 5(1)

2 (l)(

are in and o

(1)

Bil)) represents T(Gai )) in
H (K(G(l),l);k). The elementsfﬁ are linear ccmbinations

*
cf products of elements from (1)& . The differential

. * (2) (1)
in (2)M is defined by d¢ = 8 . And the map

(2) (3)

*
e ) TR (K(G ;1)) is the extension of p(l)

defined by sending

(2) . . (2) (2)
p [ ai > ai ()
* .
The construction of (n)M proceeds by induction.

Therefore we can summarise, and state

Proposition 5. The tower of nilpotent guotients

gives, over k, the tower of minimal models
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*x * *

(1) M To(2) M T o(3) M MR
o1 ,(2), S(3),
A k62 1)) »a k6, »a e, - L.
where
* (1) (1) (n) (n)
(n) Moo= ﬁ\(al ,...,akl Peees Oy ,...,akn )

is the exterior algebra on the generators, with the
differential
_ 8'(k-l)

Let L = [(n) M *]* be the dual of the differential
graded algebra. (n) M * beina minimal generated by
elements in degree 1 implies that Ln is nilpotent lie
algebra, with the bracket defined as a dual of the
differential. Thus the tower of minimal models determines

the tower of nilpotent Lie algebras

Let M be a CW complex with the fundamental group

G = ﬂl(M). To be specific, we take for example

=
!

= K(G,1). Then we have the Postnikov tcwer

K(G,1)
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where the maps p, are given by the projections

G ~»> G/Gn = G(n). With this diagram is associated

the system of commutative DG-algebras. In particular
we get the maps .

p(n)

Pnel
m Mo+ atme™ ) s aten

N * (n)
The composition (n)¥ = Pn1 p extends to the

morphism of DG-algebras

(n)’\d) H (n) M * -> ‘A* (M) ’

* *

and in the limit we get B = lim( )% : M = A (M).

n
For each n the map (n)% defines a unique element

*
(n) ¥ € A (M) @.Ln .

and

. * =~ — :
w = lim (n) @ € AMEL , L=1lim Ln .

Remark. The element w viewed as an L-valued form on

M is a special case of a power series connection studied

by Chen [4]. 1In the terminology of [4] this is a flat

connection because as a map it commutes with the differ-

entials.

Homotopy periods

The differential of the generator aik) of (k)

2
(k=1) M “. But

1
M

is the element daik) = Bi(k°l) £
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*
(k=1) M is a free algebra on the generators
1

@D, ..., ok g (k-1)

). Therefore is the sum of

k

k-1 .
products of generators from (k-1) M . Take those
o %11 that occure in 8/X°D), and take the differ-

i ’

entials dagk-l) = ng-Z)

(k-'2) ]

again. Then consider all
(k=-2)

the o s in Bj etc. The system of all these
aék-l), aik_z), etc is called the pyramid of the
generator aik). Note that such a pyramid is uniquelly

determined by each aik) € (k) M l. We denote the

pyramid associated with aik) by P(aik)).

In order to give a more formal definition of the
pyramid P(aik)), we first of all observe that aik)is
an element in gome defining system for a matrix Massey
products,

Let (Wl,...,Wm) be a system of matrices with the

following two properties:

(i) The entries of the matrix W. are the elements
of a subset of the generators (a{l),...,aél)) for
1
*
iy 1 -
(ii) The products of the matrices W.W, ., is defined

fOr i = 1,2,...,m"ln
Let us denote by Vs the matrix of the cohomology
. V.V, .=
classes determired by Wi‘ We assume that 71V1+1 0
define inductively the matrices
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j=1
A.. by th i O=A..+ L A.. A, ., l<j-i<m
14 Y e relations Al reitl ik “kj’ J

and so that Aij' j-i=n, has as its entries only the

generators from the set

(n) (n)

a .oo'a
1 7 kn

Then the system of all the matrices Ajyr 0<i<j<n ,
(1,3)#(0,m) is called the defining system for the
matrix Massey product VyreearVp> - It can be put

into the form of upper trianglular block matrix

PN *
0 Ay BAg, Ry -1
0 A, A g1 A
A = 0

A
0 m-1 m

For more details we refer to [5].

from

Definition. A pyramid P(A.;) of the matrix A__,
the defining system A, is the system of matrices
Aij' r<i<i<s . |

Observe that the pyramid P(Ars) is closed with

respect to the relations
j-1

14 dA.. + z A.,. A,. =0, r ¢<ic<3j < s.
() I k=itl tk k] B =

In fact the system of matrices Aij' r<i«<ij<s
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is a defining system for the matrix Massey product

<VE’Vr+l'o..,Vs> -

Definition. A pyramid P(ars) of the entry A of

from the defining system A, is the set

the matrix Ars’

of elements from the matrices Aij’ r¥r <i< j<s, which

is closed under the-relations (14). The element a,q

is called the vertex of P(ars).

If all the matrices Aij in A are one by one
matrices then we have the defining system for the
"ordinary" Massey product <V1,...,Vm>.

Summarising the above discussion in terms of the
introduced terminology we have

Proposition 6. Each element aék) € (k) M 1 is

a vertex of a pyramid P(a{k)) associated with some
defining system A for the matrix Massey products.

Let ME be the set of square matrices with entries
in a graded k-module E. Then for any two matrices
A,B £ ME, such that the product AB is defined, we define
A X B to be a matrix with the entries from E ® E.
The multiplication in A ® B is given by the multipli-
cation of matrices.

From the elements in the pyramid P(Ars) we
construct inductively the following objects, thought

of as polynomials in the elements of P(Ars).
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(2)

Bi%ie2 TRy g2 v Ay 341 ©@2A50 540
for r < 1 < s-1,
(3) B ~
BiTie3 =By 443 v Ay 541 TRy a3t
+ al2)

iTie2 BRi00 543

for r < i < s=2. And in general

(n)  _ =
Al ien T8 i4n T AL 141 9 AR50 i4n +

n—

2
+ 1 AR ga

k=2 i k+1i k+i i+n +

(n-1)

+ A,
Al i+n-1

@ A

i+n-1 i+n
for r < i < s-n+l and for 2 < n < s-x. The successive
substitutions give an element

I(A_) = al¥-s)
rs rs

We call this element the polynomial of the pyramid
P(Ars) or simply the polynomial of A - And if we
trace an individual element we get the polynomial
I(ars) of the element CI of the matrix A gr OF the
polynomial of the pyramid P(ars).

In particular it makes sense to talk about the
polynomial I(ain)) associated with the element afn)e

i (n)
Obviously I(ain)) belongs to the tensor algebra of

gt r ontd
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The polynomial I(A_.) is well defined for a
pyramid constructed with entries from any DG-algebra,
In particular, from the algebra A*(M). And
if for Wy, Wy € Al(M) the tensor product Wy @)wz is
denoted by [wllwzl and the single element w € Al(M)

by [w] with the grading from the bar construction,

then we can define for each ain) € (n) M 1,
*
wén) - °(n)°Pn 0Li(n)

. 1 (n) =,.%
as an element in A~ (M); and I(wi ) € B(Aa (M)).

The E-image of I(wén)b

a(e{™) = gxe™)) e .

Let (x{%z..,Xéil...,xi?z..,xén)) be the generators for
n
1 1
L . dual to (a{ >,...,aé )).

n
Proposition 7.

T=14+ZI Q (ain)) . Xin) ’

where the summation goes over all the generators of

* [
M , is an element of

c°®L.

Example. Let M =V Sl be the wedge of n circies.

n
Then the fundamental group G = wl(M) is a free group,
over k, on n l-dimensional generators. The n-th stage

*
of the minimal model (n) M for K(G(n),l) is the free
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algebra k(al'...'an;ai‘;...’ai'...'i )' Where the

J 1 n
generators o satisfy
daij + a,0a, =0, daljk + “iajk + aijak = 0, etc.
Let (Xl""'Xn'xij""'xil...in) be the dual generators
for Ln'
= 2
I(ulj) = o5y + ooy %,aj,
Tlagqe) = Q44 * 83 @agy + o35 @ oy +
+ ai® oy @ &, . etc.
and

T =1+ 28(lu;]) + ZE([wij].+ [wilmj])xij +

+ Zg([wijk] + [Qilekl + [mijlwk] + [wilmjlwk])xijkf...,

(O AU .

i
Examgle. Let M be a manifold such that Hl(M;k) is

' 1 _ (1) *
where the w's are from A~ (M); we = p p, @
determined by the closed l-forms 3)185+C971C11C277

022'b1'b2‘ Furthermore assume that the matrix Massey
c c

product <a,c,b>, where a = {a,,a,), ¢ = ( 11 12),

by 1772 1 €22
b = (,7) is trivial. Such a manifold exists. For

2
example a connected nilpotent Lie group with these
properties can be easily found.
*
In this case the minimal model M for the lower

central series of G = 7, (M) is the free algebra with

the generators al'“Z'“ll'“lz'NZl'wzz’81'82' where
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%* * *
p(l)P2 o6 = a, o(l)p2 w = ¢ and p(l) = b. The

defining system for the matrix Massey product

* []
<o,w,B8> in M is given by the matriX

0 o vy o© a = (ul,az),Y = (yys7y)
0 w ¢ w = wll “12 € = 81 B =
° T\ w2y U932) €24’
0 B
0
* *
In this case M = (n) M , n>3.
I(Yi) =Yy + ZO‘j ® wji ’ I(Ei) =& + zwij &® Bj ’
= X Lo, .. & B.
I(o) G+Zyi®8i+2ai@€i+ G1®“°13Q</BJ .

I1f a,c,b,q,e,s stand for the image of a,w,8,v,€,0 in
Al(M) and if A,C,B,G,E,S are the duals of a,w,B,v,€,0;
with appropriate indices. Then T as an element of

0

c &L, L, =1L, n>3, takes the form

C +

T =1 + ZE[ai] Ai + ZE[cij] i
+ IElby] By + I&llgg) + Ilajley;]) 6 +
+ IE(le;] + ztcij!bj]) E; +
+ E(Xlagfe;Ibyl + Zlgylbyl +

+ Z[ailei] + [s]) § .

Remark. These two examples are typical in the sense
that they show what form the coefficients of T take

with respect to the bwagis for L.

66



Iterated integrals and homotopy periods

De Rham theorem

Theorem 3. The coefficients Q(a{n)) [and also

Qo(ain))] are homotopy periods.

From the theorem we get immediately

Corallary. The element T € o % L determines a
unique L-valued function on the group G.

Proof of the theorem. T ¢ C° ® L means that for any

loop A : I0 + Q(M), T(A) e L, i.e. T is a well defined

function on the space of loops Q2(M). Observe that the

coefficients of T are linear combinations of sums of

iterated integrals of the form

£ (luy 0

) Wy E Al(M),

where £ = g - HO ’ H0 : B(A (In+l)) -+ Al’ . for any

...Iwr]) e C

n>l. For the polynomial I(wén)) associated with a pyramid
P(aén)) it can be shown by a direct computation, similar

to that from the proof of Proposition 2, that HO(I(aén)))

is a closed l-form on Im+l for any a : ™ - Q(M),
a e Im+l - M; aén)= *(wén)), m =1, Then from the

Stokes formula it follows that Q(uén)) is a homotopv
invariant, Similarly for‘QO(a{n)).

Let An : L+ L be the projection. Then (n)T = An-T
is an L,~valued function on G=6G;. Thus we have the

following picture
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O <~ o0
t-l 4= 000

o~

M) = G = Gl
The coefficients of

(n)T involve the iterated integrals

of the form &([wll...!wr]) where r is at most equal to

Proposition 8. The function (n)T is zero on the

subgroup Gn+l'
Proof., Let a : I0 + Q(M), B : IO + Q(M)
be representations for @ e Gy, B e G,. Then one can

show directly from the definition of § that

E([wll...

o 1) (aB) = E(luy|..lu 1) (@) + E(lw,

ooolwr])(s)'

where of is the composition of loops. From here it

follows that E([m1

cooJu 1) ({aB]) = 0 whenever r < s.
A more detailed computational proof of this proposition

can bhe found in [3].

Corallary. (n)T induces the map

(n)T : Gn/Gn+l M Ln *

Let us denote grG = n?l gr G, gr G = Gn/Gn+1' grG has

a structure of a Lie algebra defined by the commutator
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on G. The family of the maps (n)T defines a unique

map

T 1 gr G > L

as a limit of the sequence of maps T

Proposition 9. The maps I' is a morphism of the

Lie algebras.

Proof. From the proof of the last proposition
if follows that only the "longest" iterated integrals
in Q(u;n)) enter when this is applied to an element
o representing the n-fold commutator a ¢ Gn' Then

the proof proceeds by induction.

By tracing the duals Xin)

(n)

*
ators ai in (n) M it can be shown that

Theorem 4. For each n > 1

Fn : gr G &k ~ L

is an isomorphism of Lie algebras.

of the individual gener-

Remark. The Proposition 9 and Theorem 4 are more

precise statements then the Theorem 3.4.1 in (4], even

over C and R.

The Theorem 4, over Q, was stated and a direct
proof was sujested (without the map T) by Sullivan
in his lectures in Paris in 1973,

As was already mentioned in the introduction, I

-~
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chosen an approach which ties together the work of

Chen, May and Sullivan.
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