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CONVERGENCE OF FINITE DIFFERENCE SCHEMES FOR VISCOUS
AND INVISCID CONSERVATION LAWS WITH ROUGH COEFFICIENTS

KENNETH HVISTENDAHL KARLSEN! AND NILS HENRIK RISEBRO?

Abstract. We consider the initial value problem for degenerate viscous and inviscid scalar conserva-
tion laws where the flux function depends on the spatial location through a “rough” coefficient function
k(x). We show that the Engquist-Osher (and hence all monotone) finite difference approximations con-
verge to the unique entropy solution of the governing equation if, among other demands, &k’ is in BV,
thereby providing alternative (new) existence proofs for entropy solutions of degenerate convection-
diffusion equations as well as new convergence results for their finite difference approximations. In the
inviscid case, we also provide a rate of convergence. Our convergence proofs are based on deriving a
series of a priori estimates and using a general LP compactness criterion.
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1. INTRODUCTION

The main subject of this paper is finite difference schemes for computing the entropy solution of scalar vis-
cous and inviscid conservation laws where the transport term depends explicitly on the spatial location. Such
equations are of the form

Ut + lef(ka u) = AA(U), ’U,(IL', 0) = Uo(l'), (:L‘,t) ellr = Rd X (Oa T)a (11)

where the flux function f(k,u) = (f1(k',u),..., fa(k% u)) depends on the spatial location through the coeffi-
cient k = k(x),

k(@) = ('), .. . k1()).
For the initial value problem (1.1) to be well-posed, we must require that the nonlinear elliptic operator
u+— AA(u) satisfies the degenerate ellipticity condition

A(-) nondecreasing with A(0) = 0. (1.2)
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Note that (1.2) implies that many well known nonlinear partial differential equations are special cases of (1.1).
In particular (1.2) includes as special cases the inviscid conservation law, the heat equation, one-point degen-
erate porous medium type equations [43], two-point degenerate oil reservoir flow equations [15], and strongly
degenerate convection-diffusion equations of the type arising in the theory of sedimentation-consolidation pro-
cesses [4].

We recall that if (1.1) is allowed to degenerate at certain points, that is, A’(s) = 0 for some values of s,
solutions are not necessarily smooth (but typically continuous) and weak solutions must be sought. On the other
hand, if A’(s) is zero on an interval [«, 8], (weak) solutions may be discontinuous and they are not uniquely
determined by their initial data. Consequently, an entropy condition must be imposed to single out the physi-
cally correct solution. Roughly speaking, we call a function v € L' N L® an entropy solution of (1.1) if

(i) Ofu—cf +div[sign(u—c) (f(k,u) = f(k,c))] = AlA(u) — A(c)|
+sign (u — ¢)divf(k,c) <0in D’ Ve € R, (1.3)
(ii)  VA(u) belongs to L2
We refer to Section 2.1 for a more precise statement of the definition of an entropy solution as well as pre-
cise conditions on ug, f, k, A ensuring that this definition makes sense. Relevant mathematical (existence and
uniqueness) theory for entropy solutions can be found in [3,5,28,42].

For the hyperbolic equation, the convergence analysis of numerical schemes has very long traditions and
goes back to the 1950s. Being extremely selective, we mention only a few references related to finite difference
and finite volume approximations. The case of finite difference schemes have been treated by Oleinik [40],
Harten et al. [24], Kuznetsov [36], Crandall and Majda [12], Sanders [44], Lucier [37], Osher and Tadmor [41],
Cockburn and Gremaud [10], and many others. The study of finite volume methods is more recent and have been
conducted by Champier et al. [7], Vila [48], Cockburn et al. [8,9], Kroner and Rokyta [32], Kroner et al. [31],
Noelle [38], Eymard et al. [21], and Chainais-Hillairet [6], as well as many others. Among the cited papers,
only [6,7,21,40] treat equations where the nonlinearity f depends on the spatial position « (and time t).

Although there seems to be an increasing interest in the (analysis of) numerical approximation of entropy
solutions of degenerate parabolic equations, the amount of literature on the subject is at the moment modest.
The (very recent) literature include papers by Evje and Karlsen [18], Holden et al. [25], and Holden et al. [26]
on operator splitting methods (see also the lecture notes by Espedal and Karlsen [15]); Evje and Karlsen [16,
17,19,20] on upwind difference schemes; Kurganov and Tadmor [35] on central difference schemes; Bouchut
et al. [2] on kinetic BGK schemes; Afif and Amaziane [1] and Ohlberger [39] on finite volume methods; and
Cockburn and Shu [11] on the local discontinuous Galerkin method. Strictly speaking, the authors of [1,11,35]
do not analyze their numerical methods within an entropy solution framework.

It is somewhat surprising that there have been few attempts up to very recently (confer the list of references
given above) to develop a systematic treatment of mixed hyperbolic-parabolic partial differential equations
within a unified mathematical (entropy solution) framework. In fact, the construction and analysis of numerical
methods for first order hyperbolic and second order parabolic equations are usually considered as separate
subject areas. In this work we demonstrate that it is possible to give a coherent treatment of numerical
methods for such large class of nonlinear partial differential equations. Our main long-term goal is indeed to
develop a consistent (mathematical/numerical) framework which is the same whether we are working with the
hyperbolic case (A’ = 0), the parabolic case (A’ > 0), or with the mixed hyperbolic-parabolic case (A’ > 0). In
the present paper (see also [16,17,19,20]), we are concerned with finite difference schemes and their convergence
analysis. For related work on other numerical methods for strongly degenerate parabolic equations, see the list
of references given above.

To illustrate the results of this paper, we now state them in the one dimensional case (i.e., d = 1). For the
general results, we refer to Sections 3 and 4. As a model difference scheme for (1.1), we consider the generalized
upwind (Engquist-Osher) scheme

?H —uy fEO (ki+1/27u?auzn+1) - fEO (kiq/z,u?ﬂauy) . A (UZL+1) —2A (UZL) +A (U?—1)
At + h o h2 ’

u
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where the so-called Engquist-Osher numerical flux [14] takes the form

u2

fEO(k,ul,ug)z/O (fu(k,s)vo)ds+/0 (fu(k,s)/\o)ds+f(k,0).

Here and in the following, a V b = max {a, b} and a A b = min {a, b}. Note that k and u are discretized on grids
that are staggered with respect to each other. Concretely, we set

'U,At(l',t) = ZX[$i71/27l’i+1/2>X[tn,tn+1>u"?7 kAt = ZX[a:i,a:,1+1>ki+1/2a
7

,m

where ki /0 =k ($i+1/2) and x; = ih.

We have chosen to analyse the above scheme because of its simplicity. One can, however, adopt the method
of proof developed in this paper and obtain similar results for other schemes (e.g., all monotone schemes) as
well as more general equations. For example, under the assumption that k = 1, Evje and Karlsen [20] have
studied high order difference schemes (based on the MUSCL idea) for degenerate parabolic equations with
source terms. One can easily combine the ideas in the present paper with those in [20] and obtain high order
difference schemes for degenerate parabolic equations with source terms and k = k(x) non-constant. Moreover,
one can easily treat the case where k possesses also a temporal dependence, i.e., k = k(x,t). Although we
consider only explicit schemes in this paper, one can adopt the techniques used herein to analyse semi-implicit
and implicit schemes (the details will be presented elsewhere).

Assuming that ug, & and k' are in BV, we are able to show that the approximate solutions {ua:}at>o
generated by our scheme converge strongly in L{ . as At | 0 to the unique entropy solution. Furthermore, in
the hyperbolic case, we show that this convergence has a rate. More precisely, we prove

Theorem 1.1. Let ua; denote the function generated by the Engquist-Osher scheme. We assume that the
time step At is related to the spatial step h through an appropriate CFL condition. If ug, k and k' are in
BV N L'NL>®, then

= 1-
u Altr?o UAL
is the unique entropy solution to (1.1). Furthermore, if A’ =0, then
(s 8) = uarls )l gy = © (VAL)

We remark that Theorem 1.1 provides an existence result for entropy solutions of strongly degenerate parabolic
equations which complements those in [5,50]. We also remark that the question of a convergence rate for the
difference approximations to degenerate parabolic equations will be addressed elsewhere.

We now relate our results to the ones obtained by Evje and Karlsen [17,19], who analyse monotone difference
approximations of (1.1) in the special case k = 1. In this case, the authors gave a fairly complete analysis for
the one-dimensional equation under certain smoothness assumptions on the initial function ug, in which case
it actually holds that A(u) belongs to the Holder space C1'/2(R x [0,T]), and not merely L(0,T; H*(R)) as
follows from our analysis. We mention also the work [16] which generalizes the analysis in [17,19] to the more
difficult case of doubly nonlinear degenerate parabolic equations. In the present paper, we dispense with most of
the smoothness assumptions on ug used in [17,19]. Moreover, in the multidimensional case, the authors of [19]
do not prove that the limit w of their monotone difference approximations satisfies (ii) in (1.3), a result that
can be easily established by adopting the techniques developed in the present paper.

We continue with a few words about the proof of Theorem 1.1. The proof of the first part of Theorem 1.1
is based on deriving uniform L>°, L', and BV bounds on the approximate solution ua;. Equipped with the
BV bound, we use the difference scheme itself and Kruzkov’s interpolation lemma [33] to show that ua; is
uniformly L' continuous in time. Kolmogorov’s compactness criterion then immediately gives L11OC convergence



242 K.H. KARLSEN AND N.H. RISEBRO

(along a subsequence) of {uas}ar=o to a function u € L' N L>. Uniqueness of the entropy solution [5,28] (see
also Th. 2.1 herein) will imply that the whole sequence {ua:}at>o converges and not just a subsequence.

To ensure that the limit u is the (unique) entropy solution in the sense of (1.3), we first prove that the
difference scheme satisfies a so-called discrete (or cell) entropy inequality and hence it follows, by arguments
analogous to the ones used to prove the Lax-Wendroff theorem, that the entropy condition (i) in (1.3) holds
true for the limit w. In passing, we mention that the BV regularity and the cell entropy inequalities are used
to derive the error estimate in the hyperbolic case. In doing so, we follow Kuznetsov [36] and Kruzkov [34].

Finally, we show that the limit u satisfies (ii) in (1.3). The arguments needed to prove (ii) are rather involved
and based on deriving a space estimate that is resemblant of the so-called weak BV estimates employed by
Champier et al. [7] and Eymard et al. [21] to prove convergence of finite volume methods on unstructured grids
for the hyperbolic equation, see also [1,22] for the diffusion equation. Equipped with our weak BV estimate
and an appropriate time estimate, Kolmogorov’s compactness criterion implies strong L12OC convergence (along
a subsequence) of {A(ua¢)}atso to A(u) and VA(u) € L2

Throughout this paper the coefficient k(z) is not allowed to be discontinuous. In the one-dimensional hy-
perbolic case (A’ = 0) with k(z) depending discontinuously on z, the equation (1.1) is often written as the
following 2 x 2 system:

us + f(k,u), =0, k: = 0. (1.4)

If Of /Ou changes sign, then this system is non-strictly hyperbolic. This complicates the analysis, and in order
to prove compactness of approximated solutions a singular transformation ¥(k,u) has been used by several
authors [23,29,30,45]. In these works convergence of the Glimm scheme and of front tracking was established
in the case where k may be discontinuous. Under weaker conditions on k, e.g., k' € BV, and for f convex in
u, convergence of the one-dimensional Godunov method for (1.4) (not for (1.1)) was shown by Isaacson and
Temple in [27]. Recently, convergence of the one-dimensional Engquist-Osher method for (1.1) was shown by
Towers [46,47] in the case where k is piecewise continuous. In this case, the Kruzkov entropy condition (1.3) no
longer applies, and in [30] a wave entropy condition analogous to the Oleinik entropy condition introduced in [40]
was used to obtain uniqueness. We intend to study the degenerate parabolic case (1.1) with a discontinuous
k(z) in future work.

The rest of this paper is organized as follows: in the next section we introduce (precisely) the notion of an
entropy solution, and state the theorem regarding uniqueness and the L' contraction property of the solution
operator to (1.1). We then proceed to show convergence and convergence rates of difference schemes for the
hyperbolic equation. In the last section we show convergence of difference schemes for the degenerate parabolic
equation.

Throughout this paper we denote by C a generic constant, not depending on our discretization parameter
At. Note that the actual value of C' may change from one line to the next during a calculation.

2. PRELIMINARIES

In this section we first give a precise definition of an entropy solution, and then present some technical tools
that we shall use.

2.1. Definition of the entropy solution

Throughout this paper we let f;(k?, u) be smooth functions RxR — R, and set f(k,u) = (fl(kl, u), ..., fa(k?, u))
We assume that A : R — R is a function that satisfies

A € Lipioc(R) and A(-) is nondecreasing with A(0) = 0. (2.1)
Concerning the flux function f : R? x R — R%, we assume that f € C® (Rd x R; Rd) and that

fis Oufis Okfi, Ourfis Oukkfi € Lip(R x R;R), fori=1,...,d. (2.2)



DIFFERENCE SCHEMES WITH ROUGH COEFFICIENTS 243

Furthermore, we assume that the relevant Lipschitz constants are bounded by
|0ufil < Lu, |0k fil <Lk, [Oukfil < Luk, and so on,

for all ¢ and for some constants L,, Ly, Ly;. Without explicitly mentioning this any more, we will always
assume in this paper that f(k,0) = 0 for all £.
Regarding the coefficient k we assume that

ke C(RY)NBV (RY), 0,k € L™ (RY) N BV (R?) for all i and j. (2.3)
Under the above assumptions we shall study difference approximations to (1.1). Following [28] (see also

Carrillo [5]), an entropy solution is defined as follows:

Definition 2.1. An entropy solution of (1.1) is a measurable function u = u(z,t) satisfying:
D.1 ue LY(IIy) N L® () N C(0,T; LY (RY)).
D.2 For all ¢ € R, and all non-negative test functions ¢ in C5° (Il7) the following entropy inequality holds:

[ (1= eliow+ sign (= &) (F(btz), 0) = £(h(2).0) - Vo + |Alw) = A
Iy (2.4)

—sign (u — ¢) div f(k(x), c)go) dtdz > 0.

D.3 A(u) € L0, T; HY(R?)).
D.4 Essentially as t — 0+,
lu(z,t) — uo(x)| dz — 0.
Rd

Remark 2.1. (i) Observe that when A’ = 0, (2.4) reduces to the well known entropy inequality for scalar
conservation laws introduced by Kruzkov [34] and Vol’pert [49].

(ii) Condition (D.4), i.e., that the initial datum ug should be taken by continuity, motivates the requirement
of continuity with respect to ¢ in condition (D.1).

The following theorem from [28] shows that the initial value problem (1.1) is well posed:
Theorem 2.1. Assume that (2.1, 2.2) and (2.3) hold. Let v,u € L>(0,T; BV(R%)) be entropy solutions
of (1.1) with initial data vo,uo € L*(R?) N L>®(RY) N BV (R?), respectively. Then for almost all t € (0,T),
[0, t) =l D)l r@ay < llvo = uoll 1 re)- (2.5)

In particular, there exists at most one entropy solution of the initial value problem (1.1).

Remark 2.2. At the expense of loosing (2.5), the assumption that v,u € L>(0,7; BV (R%)) can be removed
and uniqueness still holds, see [28].

2.2. Some mathematical tools

In this section we present some mathematical tools that we shall use in the analysis.

Let u: R?x (0,T) — R be a function such that u(-,¢) € L' (R?) for all ¢ € (0,T). By a modulus of continuity,
we mean a nondecreasing continuous function v : R& — R(}r such that v(0) = 0. We say that u has a spatial
modulus of continuity if

sup /]Rd |u(z +e,t) —u(z,t)| de < v(y;u), (2.6)

lel<y
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(where v may depend on t). We also say that u has a temporal modulus of continuity if there is a modulus of
continuity w(+;u) such that for each 7 € (0,7,

sup lu(z,t + &) — u(z, t)] de < w(T;u), Vit e (0,T — 7). (2.7)
0<e<r JRd

Let 0(r) be a smooth non-negative function of a single variable r such that
0(r) =6(—r), 6(r) =0, for|r|>1, and /9(7") dr =1.
R

Let 0. (z) = (1/e%)0(|z|/¢), and, with a slight abuse of notation, &.(¢) = (1/£)0(t/). Now define a test function
SO(I'7 y? t? s) by
o(z,y,t,s) = e(x —y)oc(t — s).

For a function u = u(z,t), set

Nuce) = = [ [ (ju=clion + sign (u = ) (k) = F(h. )i = sign (u — ) £k )o) o
I

T (2.8)
t=T
+/|u—c|<p }t:O dz.
R

For two functions u and v we define the functional A.(u,v) as

A(u,v) = // A, vy, 5)) ds dy, (2.9)

where v = u(z,t) and v = v(y, s). In passing, we note that if A’ =0, and v is an entropy solution of (1.1), then

Ac(u,v) <0 (2.10)

For two arbitrary functions v and v we have the following result:

Lemma 2.1 (Kuznetsov’s lemma). Assume that k = (k',... k%) is in C(RY) and k' is in L>°(R?) and that
both k and k., have moduli of continuity for all i = 1,... ,d. If u and v are in L*(Il7) and have moduli of
continuity in space and time, then

[u(T) = o D)l g gay < Mlul,0) = 0( 0| L1 gay + Ae(u, v) + Ac(v, 1)
1

+ 5 [v(u(-,0);e) + v(v(-,0);¢) + v(u(-,T);e) + v(v(-, T);€)]
+ % [w(u(-,T);e) + w(v(-, T);e) + w(u(-, 0); ) + w(v(-, 0);€)] (2.11)

+ ||divk]| o LT sup (v(u(-,t);€) +w(u(-,t);e))
0<t<T
+ CT (|| divk| o v(ks ) + maxv (ky,5)) )

where w(-;-) denotes a temporal modulus of continuity, and v(-;-) denotes a spatial modulus. The constant C
depends on fi and fiy.
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Proof. We shall prove this lemma for d = 1, the general proof is completely analogous. Remember that
Yz = —py and ¢ = —p,. By adding A-(u,v) and A, (v, u) we find that

Aty 4 At = ([ [[ st [ k@)w) — F(k() ) o — k() ) (212)

IIr IIr

= (f(k(y),u) = F(k(y), v) oz + [(K(y), u)ye | dtdzdsdy

/// (z,y,T,s)|u(z,T) —v(y,s)| dedsdy
nr R
-/ / o(2..0,8) [u(e0) ~ v(y. )| drdsdy
r R
_///90(%1/,7%0) lu(z,t) — v(y,0)| dydt da.
r R

Using standard arguments, the four last terms will give the ||u — v||;, terms and the terms starting with 3[...
in (2.11). Regarding the remaining term, we follow Kruzkov [34]. Let

m(z,y,w) = fi(k(x), w)k'(x) = fi(k(y), w)k (y).

Then we rewrite the square brackets in (2.12) as

(f(k(x),u) = f(k(x),v) oz — f(E(x), v)ep = (f(k(y), u) = f(EY), ) g + [(k(y), u)yp

= [(f(k(y), u) — flk(x),u)) @y + f(k(y), u)ye]
+[(f(k(y),v) — f(k(x),v)) pz — [(k(z),v)a]
= fe(k(y), Wk (y) [(y — 2)py + @] + m(&,y,u) (@ — y)py
+ fk(k(y)vv) K (y) [(y — 2)pe — ]
m(y, z,v)e +m(&2,y,v)(y — 2)ps
=— k(k(y) Wk (y) [(y — x)¢l, + fu(k(y),v)K (v) [(y — )],
+ (m(&1,y,u) +m(€2,y,v)) oy + m(y, z,v)p
= [K'(y) (fx ( (), v) = fr(k(y), w)] [(z — )¢,
+ (m(&1, 9, u) + m(&e, y,0)) (T — y)oy + m(y, z,v)p,

(y
+
"(y
+

where |§; — y| < |z — y| for i = 1,2. Let now
F(u,v) = sign (u —v) [K'(y) (fr(k(y),v) = fr(k(y), )],

and note that F' is Lipschitz continuous, with Lipschitz constant given by ||k’|| ;o L, in both arguments. Next,

we obviously have that
// //F(u(y, s),v(y,s)) [(z —y)y], dtdedsdy = 0.

I+ IIr
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Thus, our troublesome term reads

// //[F(u(:v,t),v(y,s)) — F(u(y, s),v(y,s))] [(x —y)¢], dtdzdsdy

IIr Il

+// // (sign (u—v) (m(&1,y,u) + m(&2,y,v)) (x — y)py + m(y,x,v)w) dtdzdsdy.

IIr IIp

Now
Im(a,y, u)| < Li [k (2) = K ()] + K| oo L [k(z) = k(y)] -
Hence (2.14) is bounded by integrals of the form

J[ [[1@ 10116 - v - i - arardsay
IIr Ilp

and

I [[1© - wlsute - it - arazasay

IIr Ilp

(2.13)

(2.14)

(2.15)

(2.16)

where £ =, & or &, and [ = k or k’. Since |z — y| < e we have that | — y| < e in (2.15) and (2.16), so they

are both easily seen to be bounded by v(I;€). The rest of (2.13) is bounded as follows

// //’F(u(x,t),v(%s)) - F(u(y,s),v(y,é’))’ |((z = y)p)e| dt dzdsdy

IIr Ilr

< Wl L [ [ 1060.0) ~utw.5)] (2 = e dtardsay

k! - Lu T
< % [/ / |u(z,t) — u(y,t)| dedydt
0

lz—y|<e

’ // /|u(y,t) —u(y, 5)| dydtds]

jt=si<e

<K e LuT sup (v(u();€) +wlul t);e)).

This concludes the proof of the lemma.

We need the following general L' and L? compactness criteria.

Lemma 2.2 (L}

loc compactness lemma). Let {zx},-, be a sequence of functions defined on R? x
satisfies:

(1) There exists a constant Cy > 0 which is independent of h such that

20 ()1 ray and ||zn(-t) || Lo ey < C1,  VE € (0,T).

(0,T) which
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(2) There exists a spatial modulus of continuity v which is independent of h such that
Izn(- +9,t) = 20 (-, )l rray < v(lyls2n) asy — 0, YVt € (0,T).
(3) There exists a temporal modulus of continuity w which is independent of h such that
lzn(-t +7) = 2n(-, t)|| L1 (ray < w(T528), Vte (0,7 — 1) whenever T € (0,T).

Then {zn}),~o is compact in the strong topology of Li (R* x (0,T)). Moreover, any limit point of {zn},~0
belongs to L' (R% x (0,T)) N L= (R? x (0,7)) N C(0,T; L*(R?)).
Lemma 2.3 (L2
satisfies:

(1) There exists a constant C1 > 0 which may depend on T, but not h, such that

compactness lemma). Let {21}, be a sequence of functions defined on R? x (0,T) which

lznll 2 (max0,1y) < Ch-
(2) There exists a constant Ca > 0 which may depend on T but not h such that
lzn(- +9,°) = 20 )l 2@exco,ry) < C2(lyl +h) for all y as h | 0.
(3) There exists a constant Cs > 0 which may depend on T but not h such that
l2n(, - +7) = 20 ()l L2 rax 07—y < C3 VT +h for all 7> 0 as h | 0.

Then {zn}),~o is compact in the strong topology of L (R® x (0,T)). Moreover, any limit point of {zn})
belongs to L?(0,T; H*(R?)).

To prove that the difference approximations possess some L! time continuity, we shall use the following
lemma due to Kruzkov [33].

Lemma 2.4 (Kruzkov’s interpolation lemma [33]). Let z(x,t) be a bounded measurable function defined on
R? x (0,T). Fort € (0,T) assume that z possesses a spatial modulus of continuity

J.

where v does not depend on t. Suppose that for any ¢ € C(R?) and any t1,ts € (0,T),

z(m + 5,t> - z(:v,t)' do < v(je]; 2), (2.17)

< Consty - ( > ca |Da¢||Loo(Rd)> to — ], (2.18)

lal<m

/ (z(x,t2) — z (x,t1)) p(x) dx
Rd

where o denotes a multi-index, and c,, are constants not depending on ¢ or t. Then for any ti,t2 € (0,T) and
alle >0

lex]

Ca
to) — t de <C- ||t =t —_— : . 2.19
/Rd |2(z,t2) — z(x, t1)| dz < [ta — t1] Z - +v(z;¢€) (2.19)

laf<m

Proof. Let §.(x) denote the usual mollifying kernel of radius e, and let d(x) = z(x,t2) — z(x,t1). For r > ¢, set

0 otherwise,

B(x) = {sign (d(z)) for |z| <r—-e,
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and set B = (0 % 0. Then ¢ is in C§°(R"™), has support inside the ball B,, and we have the bound |D®f,| <
Const/el®l. Also

< /B 1d(z) — B.(2)d(z)] dz +

"

A{mumuﬁu
< [[ 1) - ate -yl aray+ Clia -] 3 5
Rd

la|<m
C
< C(V(e;z) + |t — t1] Z g|_z)

|a]<m

/BT d(z) dx

Letting r T co, we obtain (2.19). O

We shall also need the technical result:

Lemma 2.5 (Crandall and Tartar [13]). Let (2, ) be some measure space and let D be a subset of L'(f2).
Assume that if uw and v are in D, then also uV v is in D. Let T be a map D — D such that

/T(u)du:/udu, Yu € D.

Q Q

Then the following statements, valid for all u and v in D, are equivalent:
(i) If u <w, then T(u) < T(v).
(i) [o (T(uw) —T(v))VO0du < [, (u—v)VO0dpu.
fiii) Jo |7 () = T(0)| dpa < foy lu— o] dp.

3. DIFFERENCE APPROXIMATIONS: THE HYPERBOLIC EQUATION

In this section we analyze a difference approximation to the solution of the hyperbolic equation
ut"—dlvf(kau) =0, U(I,O) :’U/O(‘r)’ ($7t) e1_[T7 (31)

where k and f satisfy (2.2) and (2.3) respectively. For simplicity, we shall assume that ug has compact support,
which implies that all subsequent sums over I are finite. To obtain results in the general case, we can use the
stability result in Theorem 2.1 (these standard details will not be written out). We have chosen to analyze the
hyperbolic equation separately since the analysis parallels the general case but is simpler. In the next section,
where we consider the general case, we shall use several of the estimates obtained in this section. Furthermore,
we provide a convergence rate in the hyperbolic case.

As already mentioned in the introduction, we use the Engquist-Osher scheme to make the analysis more
concrete, but our methods can easily be adapted to general monotone schemes. For a scalar flux function
fi(k,u), the Engquist-Osher flux fF© [14] can be written as

fEO (k,u,v) = % (fi(k:,u) + fi(k,v) — /uv |0 fi (K, )| ds) ) (3.2)

To define the scheme, let I be a multi-index I = (i1, ... ,i4) and set e; to be a multi-index with zeros everywhere
except for a 1 at the ith place. Furthermore, we choose a time step At such that NAt = T and a spatial
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discretization parameter h > 0. Letting A = At/h, the Engquist-Osher scheme reads (d > 2)

d
n+l _ n rEO rEO
Uy _uf_)\i :[fl+ei/2_flfei/2:|
1=1

d (3.3)
EO (1.4 EO (14
=up =AY g D O (et ) = £FO (Koo e )]
i=1 i
J=T+e;/2
where
1 .
7EO EO
Ite/2 = 5a-1 > J (k.szrei/Z?u}L’u?Jrei) : (3.4)
J#i
J=Tte;/2
For d = 1, the Engquist-Osher scheme reads
U?H = uf - )\[fEO (ki+1/2,u?7u?+1) - fEO (ki71/2,u?_1,u?)]
The approximate solution ua; is then defined as
uat(x,t) = up, for (x,t) € x1 X [tn, tnt1), (3.5)

where x7 denotes the set

X1 = {1’ € Rd ’ (xl—e,',/Q)i <z < (:L'I+e,1/2)i7 i=1,... ad}

and x; = hl. We initialize the scheme by setting

1
0
u; = — [ ugp(z)de.
! |X1|/0()
X1

Note that fF€(k,u,v) is not continuously differentiable in the first variable but merely Lipschitz. Therefore we
introduce the following auxiliary numerical flux

1 v
FEOS (kyu,0) = 3 <fl(k,u) + fi(k,v) —/ |0u fi(k,s)|. ds) ,
where | - |- is a smooth approximation to the absolute value function |- | such that

|la| —lals] <€ and |a| =|a|. for |a| >e.
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Note in particular that

fiEO (kvua ’U) - f'EO’E(kaua ’U) < |u - ’U| &, Vka u,v. (36)

7

This scheme can be analyzed as follows. Set

afEO,E
Zi = F Z and dji(kauﬂj) = ék (k,’u,,’U)-

Note that
1
Vi (K, u,v)| < Ly + 5 |u — v| Lyg.
Then we define F as the right hand side in (3.3), i.e.,
’U/}H_l = F] (un) . (37)

Assuming the CFL condition
d
>\ wJi k, S ]-7 .
> a0k 0) (33)

it is easy to show that % > 0 for all J. In other words, the Engquist-Osher scheme is monotone. Let
J

U™ = maxy |[u}|, then
|uy ™| = [ Fr (u™)] < Fr (U™)

o Afi [ (Koo U™) = £ (KU
=1

d d
n 7 i 1 n 7
<U"+ LkAtZ;Zi Jtei/2 T kJ—ei/z’ 7 SUTH LkAtZ; 152, | e ety
1= 1=
From this it follows that
e T ety < ol ety + T L ma [, | g (3.9)

Next, by the Crandall and Tartar lemma (see Lem. 2.5) and the monotonicity of Fr,

D Fr (@) = Fr(0)] <Y Jufl.
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Hence

hdZ|u7[l+1|§hdZ|u?|+hd fl( J+e; /270) fz( J—e; )2 )’ hth‘
I I

This means that
||uAt(',T)||L1(Rd) < ||U0HL1(]Rd)- (3.10)
For any quantity X defined on our grid let Dy X; denote the upward difference
D X;=Xrye, — X1 (3.11)

To bound the total variation of ua; we again use the Crandall-Tartar lemma, which in this case gives
Z |FI+€z +ee FIJree Z }ul-‘y—eg u? :

Note that we have

n+1 n
Urye, = FI"‘@’Z (u'+€tz)

and

(3.12)

3 Dot <Z|D€“1|+
I

Z[Fue,g — Fr(u )} :

Before we start to estimate the difference on the right-hand side of (3.12), note that

i F1,0) = s (0] = 5 @ut 00 + 0 fsw0) (s — o)
— [ (g 0ufi2,9)) = sign. (Oufilha, )] DStk )

+ sign. (0ufi(kz, 5)) Duefi(7.5) ) ds

1
+ 5 max |Ouker: fi (K, w)| [u — v| k1 — kol ,

where sign, (-) denotes the derivative of | - |.. Furthermore, we have

Vi (k,u1,v) — s (K, ug, v)| < TE%XWkufi(kau” lur — ual,
|wi (k7u’vl) = (k7u’02)| < %%X|8kufl(k’u)| |Ul - U2| :
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Using the above estimates on ¢; and (3.6), there exist numbers & ., /2+¢, /2 between kf]iei/Q and k3+e,¢ei/2
such that

d
FIJree (un) - FI (un) = 7)‘221. |:(f'LEO (k3+eg+ei/2au?7u?+ei> - szO (k?]+e,¢/27u?vu?+e,:>>
i=1

EO 4 n n EO i n n
- (fz ( J+eg—e,¢/27u1—e,¢7ul> 7fi ( J—ei/27u1—e¢7ul>>:|
d

=0() - A Z Zz [wz (§J+65/2+6i/2’ uy, u?ﬁ-ei) ng3+ei/2

i=1

- 1/% (£J+e1g/2—ei/27 u?—eiv u?) D@k?}—ei/2:|

d
=0(e) — A Z Zl [wi (Erver/2e /20Ut ULy e,) DiDekl o /o

i=1
— Diths (EJJFEZ/Q*E’L'/Q’ u?—ei ’ U}L) D€k3—61/2:|

d
=0(e) =) Zl [wi (Erver/2ei /2 Ut ULy e,) DiDekl o /o
i=1
- {wi (Eaterotes /2ot Ul o)) — i (Egterj2—esj2o T Ul e,)

+ w’b (£J+ee/2—ei/27u7[l7u7[l+ei) - w’b (£J+ee/2—ei/27u7[l7u7[l)

+ Vi (§gser/2—esj2o UFuT) = Vi (Erte,/2—ei/2:UT e, UT) }Dékf[ei/21|

d
§O(s)+)\zzi[
i=1

- {ka |Diste,j2—ei /2| + Luk |Diuf] +

b (£J+e1g/2+e,1/27 u?7 u?—f—ei) DiDzk?‘]-&-ei/Q’

Lok
2

}Diu?Di§J+eg/2—eqz/2 |

+ Ly (1D} + | D], !)} !Dekﬁ-ei/z!]-

As the above inequality holds for any ¢ > 0, we can let ¢ | 0 and obtain

d
Frie ) = Fr )] 23|

i=1

i (£J+e’f/2+ei/2’ u?’ u?-i-eq‘,) DiDZkf]-i—eq:ﬂ‘

Lok
2

)} Dk, /QH |

- {ka |Di€steja—ei 2| + Luk |Diuf| + |Ditt Di€ g ye,j2—e, /2

+ Lku (lDzu}Ll + ’Diu?—ei
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Since we have that 1; is bounded, we find that

d
S Deut p < 3 Doy B+ Cm{h“ DD DI L2
T I

I i=1

d —
L (R%) ;Z:lez ’Dék.ilfei/Ql + hd_l max‘

]

ke

J

7
K

+ h% I max ‘
4J

d
e 2 2D b

for some constant C' independent of A¢. The first and second sums inside {-- -} are bounded since we assume
that k* and k;j are in BV (Rd). By summing the above over £ =1,... ,d, we find that

d
uaCs tne) pyeay = B0 DD [Deuf ™ < (14 OAR) [ua, tn) py(ga

(=1 I
BV(Rd)) '

luat () py(es < C (|u0|BV(Rd) + t) . Ve (0,7), (3.13)

+CAt <|k|BV(]Rd) + max |k
0.j

i
zj

Consequently,

where C' does not depend on At.
Next, we shall use the scheme to show that ua; € C (0, T, Ll(Rd)) uniformly in At. This is done as follows

——  d
DITRETERED 3 3y
I I =1

agio ’Dikf}_ei/g‘]

< CAt (|UAt|Bv(]Rd) + |k|BV(Rd)) )

EO i n o ,n EO i n n
i (kJ+ei/27uI7uI+ei)_fi (kJJrei/Q’quei’uI)‘

“+ max

from which we obtain
luae(-,t+7) —uAt(~,t)||L1(Rd) <Cr, vt e [0,T — 7]. (3.14)

1

ioe(II7). Moreover, any limit point of this

By Lemma 2.2, we have that the sequence {ua¢} ;- is compact in L
sequence satisfies (D.1) and (D.4).

Next, we shall prove two cell entropy inequalities. The first one is based on Kruzkov’s entropies and will be
used later to prove an error estimate. The second one is based on smooth (C2) convex entropies and will be
used to show that the limit of any convergent subsequence of {ua¢} A~ satisfies the entropy condition (D.2).

Let

wi =ufVe, vf=ufAe, wit'=F(w}), vftt=F 0}, &t =Fi(),

where F7 is defined in (3.7). Then we have that
w’}L—‘rl Z U}L—‘rl 2 ,U?-&-l’ ,U?-&-l § C?-&-l S w’}L—‘rl'

This implies that
n+1 n+1 n+1 n+1
u; ' —cr <w;' -
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Now

e e G )\iii [(fEO ( Tae /2 UT VG UL, VC)
—fEO( Tves /z,u[ Ae, uIJre /\c)) (fEO( 4 8/27U1 e Ve uI\/c)
ZEO( Toei/2 UT—e, NG UT /\C))]
Denoting the numerical entropy flux by
EO(k,u,v) :fiEO (kz,u\/c,v\/c)ffiEO (k,uANc,vAc)

and noting that

|un+1 n+1}

”'H ch)\ZZ [ (kJ+e /2:€C )*fi (kgi]—e,‘,/QvC)}|
e ) )
1 S 1 () ()

we find that
d
}U}L—"_l - C} S |U? - C| - )\ZZ,L |:qFO (kel]-‘rel/Q’u?’u?—‘re,) - q’FO (k?]—ei/Qvu?—eivu?>:|
781gn U?H )‘ZZDfZ(kJ ei/2: € )

This discrete entropy inequality will be used later to derive an error estimate.
Let U € C? be a convex entropy and let §FC (k,u,v) denote the associated numerical entropy flux defined by

(3.15)

G0 (k, u, v) = /Ou U’(s)(@ufi(k,s)\/0> ds+/ov U’(s)(@ufi(k,s)/w) ds. (3.16)

Let us write the scheme (3.3) as

uitt = wi - )‘ZZ {fEO ( J+ei /27“17U1+et) 10 ( J—ei ﬂ’“”“”“” ’ (8:17)

where

w} =uf — )\ZZ [fEO( Y E/Z,U/[,Uz[+e) fEO( T—es 20 UT— e’“?)}' (3.18)
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From (3.18), it follows in a standard way using monotonicity (i.e., the CFL condition) that

no,mn ~EO i n n
U(wI 4= ( J— ei/zaulauprei) — 4 (kaei/Z’uI*Ei’uI)

Utur) | Z > - <0. (3.19)

Using (3.17) and convexity of U(-), it follows that

U(wy) 2 U(u nH) +U'(u nH AZZ {fEO (kj+e1/2au1auj+e ) - z‘EO (kfffei/Qau}Lvu?Jrei)} :
Plugging this into (3.19), we get our desired cell entropy inequality

n n ’“EO 1 n n
Ulu n+1) Nk ( J+€z/2’u1’“1+ei> (kJ e/Q’uI—e,ﬂuI)

’LL i
Uy 1) +ZZ -

EO EO n o, n
i =i ( Jte /2a“1’“1+e1> fi ( J— e/zvulvu1+e¢)

PO Y Y . (3.20)

no,mn ~EO
=@ ( J+€'/2’ul’u1+€i) % (kl e/2>“17“1+e)

_ZZ : h < 0.

We now multiply (3.20) by a nonnegative test function, do summation by parts, and then subsequently send
At — 0. We conclude that a limit point u of {ua¢},~ satisfies the entropy condition

// wer+q(k,u) - Voo — (U'(u) fu (k, 0) = qu (k, U)W) dtdz = 0, (3.21)

where ¢ = (q1, . .., qq) satisfies
Ouq(k,u) = U'(u)0uf (k,u).

Furthermore, f,, g, denote the functions obtained by taking the divergence of f(k(-), ), q(k(-),u), respectively.
Since (3.21) holds for any convex C? entropy U and corresponding entropy flux ¢, a standard approximation
argument applied to | - —c| will reveal that (2.4) (with A’ = 0) holds for all ¢ € R. Hence, by the uniqueness of
the entropy solution, the whole sequence {ua¢} A, converges to the unique entropy solution.

Now we shall use the cell entropy inequality (3.15) and Kuznetsov’s lemma (Lem. 2.1) to show that ua,
converges to the unique entropy solution at a rate of At'/2. For simplicity we shall restrict our proof to the case
of one space dimension, i.e., d = 1. However, with some effort, the calculations given below can be generalized
to the multi-dimensional case d > 1.

Let u(x,t) be the unique entropy solution to

u + f(k,u)y =0, u(z,0) = up(x) (3.22)

where ug and &’ is of bounded variation, and let ua:(z,t) and ka; be as before. Now A.(u,ua;) < 0, and all
the continuity moduli in Kuznetzov’s lemma are linear in e, therefore (2.11) reads

(- T) = war( Tl L1y < llwo = war( 0)l L1 g) + Ac(uar, u) + Ce, (3.23)
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where the constant C' does not depend on At. We must estimate A.(uag, u). Set

U(U) = |u - C| ) Q(ka u) = sign (u - C) (f(kau) - f(ka C))

Multiplying the cell entropy inequality (3.15) by positive numbers hel* with ¢ = 0 for |i| large, and summing

over iand n=0,...,N —1 where NAt =T, we find that

Huap ) =Y [(n?” =) @it h 4 (¢ (Kigayo, ul ulyy) — q%C (koo uf_y,ult)) o At

o+ sign () = ¢) (£ (Kivr/2,¢) = ] (kioaja,0)) 97 A
=l +1s+13 <0.

We also find that

Tiy1/2
e (uarc) = [(n{‘“ = ;') / p(z,t,) da

i,m i—1/2

tnt1
(g (hisayoile)) — q (i or?) / lai, ) dt
t

n

tn+1
+ (q (kig1/2:uiy 1) — q (Kiv1j2,uit)) / (50 (Tig1/2,t) — ¢ (%‘J)) dt
t

n

n

+ sign (u:.“"l _ c) (f (kH_l/Q,c) —f (ki_l/g,c)) /ttn+1 @ (74, 1) dt]
= A1+ Ao 1+ Ao o + As.
Since I(uag, ¢) <0,
Ae (uae,w) < [Ae (uar, v) — U (uag, w)| <A — L]+ [A21 — o] + [As — I3] + | A22] -

First we note that

Tit1/2 it
ool <L 30 [ [T e = o= ) deda s — ]
in Y Ti n

and
L, Th
/ [A2,2| dsdy < - |UAt|BV(R) :
IIr
We choose the numbers ¢ as
1 /957:+1/2 /tn+1 (2. 1) dt d
o= — p(x,t)dtdz.
’ Ath Ti—1/2 Yin
Using this we find that

lo(z,t) — @z, t,)| dedt

Tit1/2

1 tnt1
|>\1*11|§Z\772L+1*77?‘Kt/t /x

Tiy1/2

tnt1
<t [ [T el dea
in tn Ti—1/2

i—1/2

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Therefore,

tnt1 i+1/2
//|)\1711|dsdy<Z|n"“—nl|/ / //|6’ s)| be(z — y) ds dy dz dt
Ti—1/2

< nptt = O@ (3.30)

<2t
3

We continue with

[Ag1 — o] < Z[

— (g (ki1 o, ul) — q5° (ki1 o, ulq,ul))|

tnt1
/ (Jﬁu )dt ?At’ ‘QEO (ki+1/27u?7u?+1) - QEO (ki1/27u?—1’u?)‘]
t

+Z
fntt [Tt/ E EO
/ / (0l At g5 (Rupr /2, usuly1) — ¢ (ki jorul 1, ul)|
tn Ti—1/2
<>
i,n

tnt1 Tit1
Lu/ / || dadt |u?+1 — uﬂ
tn x;

tn+1 i+1/2
/ |z dxdt{}kiﬂ/z - kifl/Q} + uf — w4 |ui — uﬂ} :
xZ;

o1
/ (i) dt x | (q (Kisry2 ufr) — 450 (Kigryo, uf ufyy))

n

+

EO tny1l T4l
‘q i+1/2,u?+1) —dq (ki+1/27U?7U?+1)’/ / |<Pa:| dzdt
tn T;

i—1/2
Consequently
h h
Do =l dyds < C (Juadlpy e + Klpye)) Z<coz (3.31)
IIr
Finally we estimate
tnt1 L+1/2
Mo =15l < S| |F (Risaor) = f (hiiajare / / (@0 t) — () + (e, t) — plo,t — AD)| dudt
in Ti—1/2

+Z|f(ki+1/276) f( i—1/25C )| {/ o(wi,t )dtJrAtSON 1}]
; 0
n41 it1/
<LkZ [ 1/21/ / " hlpal + At gy dadt
Ti—1/2

At
+ L Z |kit1/2 — Ki—1/2] {/0 plwi, t) dt + At H :
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Therefore

h? At + hAt?
// Az — I3 dsdy < L’“,Z |kiv1y2 — kiz1/2| . + Z |Kiy1/2 — ki_12| CAt
o i,n i

h? + hAt
< Okl gy, <f + At) . (3.32)

Collecting the bounds (3.29-3.31), and (3.32), we find that

A (uas,u) < C (At 4 bt At *;‘2 + hAt) , (3.33)
for some constant C' not depending on At or h. Since we assume that ug has bounded variation,
[u(,0) = wai (- 0)ll L1 () < Ch,
and using this in (3.23) as well as h = At/\ we arrive at the inequality
(s T) = use(s Dl ey < € ( n ﬁ) , (3:34)

which is minimized by setting ¢ = v/ At.
The main result of this section is summed up in the following theorem, which is stated for multi-dimensional
equations:

Theorem 3.1. Assume that f and k satisfy (2.2) and (2.3), respectively. Moreover, assume that ug is a
function in L*(R)NL®(RHNBV (R?). Let u be the unique entropy solution of (3.1). If the CFL condition (4.16)
holds, then there exists a constant C, depending on k, ky,, uo, f and T, but not on At, such that

Juae(T) = u( T)ll 1 (ray < CVAL (3.35)

where the Engquist-Osher approximate solution uay is build from (3.3) and (3.5).

Remark 3.1. The assumptions on k = (k',..., k%) in Theorem 3.1 are (slightly) less restrictive than those
used in [1,6,7,21] for finite volume methods.

4. DIFFERENCE APPROXIMATIONS: THE DEGENERATE PARABOLIC EQUATION

In this section we analyse the Engquist-Osher scheme for the degenerate parabolic equation (1.1). Again we
shall assume that ug has compact support so that all subsequent sums over I are finite. To obtain results for
the general case, we can use the stability result in Theorem 2.1.

Let A = At/h (as usual) and u = At/h?, then this the scheme reads (d > 2)

d d
u}L-H =uf — /\Z ZiDifiEO ( ?f,ei/%u?—ewu?) + ,uZDiQA (u?_ei) (41)
i=1 i=1 :
=: Gy (u”) y

where D; denotes the usual upwind difference operator, see (3.11). For d = 1, the scheme reads

W = — ADFEO (ki _y o, ity ul) + pD? A(u,).
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Let ua; be the piecewise constant function defined by (4.1) and (3.5).
As a starting point we assume that the following CFL condition holds

d
CFL = )\anaxmufi(k, w)| + 2pd max A’ (u) < 1. (4.2)
= b

Remark 4.1. The CFL condition (4.2) will be sufficient to establish the convergence of the sequence {uat}at>o
and moreover that a limit point u of this sequence satisfies (D.1), (D.2), and (D.4). However, to prove that u
obeys (D.3), we shall later need a slightly stronger CFL condition (see (4.16) below).

Now it is easy to see that the CFL condition (4.2) implies that gg,{ > 0 for all J and the scheme (4.1) is
J
monotone. In the same manner as the bounds (3.9, 3.10), and (3.13), we show that

[uaes Ollpe@ay <O lluar Ol pigay <€ uadl Dl py sy < G VL€ (0,T), (4.3)

for some constant C' not depending on At. To show compactness of the scheme, we must also show that
uat € C (0,T; L*(RY)) uniformly in A¢. In order to do this, we use the Kruzkov interpolation lemma (Lem. 2.4).

Let o(x) be a test function and set o7 = ¢ (x7). Let DX} = X7 — X7 for any X7. From (4.1) we find that

d

ZDtuIQO[h _Z ZZ fE kJ e,/QaUI ea ) 1 PI— elhd‘i’ﬂZDA U]) 'chlfeihd

i=1

< CAL V|| Lo oy (ZZ Z|fEO kj—e /o ul_o,, u} }hd+ZZ|DA u)| ht 1)

I i=1

In view of the uniform L' and BV bounds in (4.3), an application of Lemma 2.4 gives

Juse(st1) = warlst2)ll s gy < CV/Ix — fal, (1.4)

for some constant C not depending on At. By Lemma 2.2, the sequence {ua¢} o5 is compact in Li  (II7) and
any limit point will satisfy (D.1) and (D.4).

We next show that the entropy condition (D.2) holds. To this end, a cell entropy inequality for the
scheme (4.1) is established in the same way as in the hyperbolic case. A modification of the arguments leading
to equation (3.15) yields

n n 3 n n
U( '}H—l) d — ql ( J_;,_e,/zaulvul-i-e,‘,) (kJ e/2’u1—ei’u1>

L P Z P

EO EO
o i r(“’?—i—eg,) - QT(U’?) + T'('U/?_el + U/ 7L+1 i/z\ f ( J+e; /2’ u[’u1+el> f ( J—e; /27u?7u?+€7‘,)
=1

h? h

n o,mn ~EO
i/\ ar ( i+ei/2»“1>“1+ei) % (kJ e/2’u[’u[+e)

h — )

(4.5)
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for any convex C2 entropy U and corresponding numerical entropy fluxes ¢°© defined in (3.16) and r defined
by r'(u) = U'(u)A’(u). Consequently, any limit point of {uat} A, satisfies

/ [ (Utor + alw) - Vot 0 Ap = (U)ol ) = g (b)) dedo > 0, (16)

where ¢ obeys 9,q(k,u) = U'(u)0, f(k,u) and f.,q, denote the divergence of f(k(-),u),q(k(-),u), respectively.
Since (4.6) holds for any convex C? entropy U and corresponding entropy fluxes ¢, r, the usual approximation
argument will show that (2.4) holds Ve € R.

It remains to show that a limit u of {uat}arso satisfies (D.3). This will be done by deriving a weak BV
estimate [1,7,21,22]. Multiplying (4.1) by u?h¢, and summing over I, we find that

Z |:U?Dtu?hd + Atiiiu? ( i (kJ—i-e /27u17u1+e ) L (kJ+e,/2’uI e ’ul)) hdil
I =1
d —

d
+ ‘LLZ D;A (U}L*Gi) Diu?ei] = 7Atz |:Z Zzu? (fZEO (kfhrei/g’ u?*ei’ u?>
=1 I =1
- iEO (k;i]—ei/27u?—ei7u?))hd_1:| °

We can write

wpDyj = 5 (Di (uf)? = (De)?)

|~

and we also have that

(DiA (uf_,))*

D;A(u%_. ) Dyut__ >
(ulfe’) Yie; max,, A’(u)

since A’(u) > 0. Using these observations, we find that

I i=1 I =1

150 (Kt ) ) 0 < 53[0 — (D]

I

d
— ALY ST uf (FFO (Rt ) = SEO (Koo, jor e ) JA71 (A7)

I =1

D; A
maxy, A’ ZZ( uj = ) +AtZZZ”I (fEO (kJ+ea/2’uT’uI+e>

Before we proceed, we note that

fiEO (k,v,w) - szO (k,u,v) = (fii(kaw) - fii(kav)) + (ff(k,v) - ff(k:,u)) )
where

fi(k,u):/ou(aufi(k,s)/\o) ds, fj(k;,u):/Ou(aufi(k,s)\/o) ds.
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Thus we can write inequality (4.7) as

2 —_—
mafﬂj Zi (D A (uf el)> +Athd12izi lu? (f; (kf,ﬂi/%u’;ﬂi) —f (kf,+ei/2,u?>>
- e (4.8)
(1 () = 57 (o)) (49)

< 5 X[t - (D] + CAUST S D o 04 010)
I

I =1

for some constant C. The sum in (4.9) can be analyzed further by introducing the functions

Fi(kyu) = /u sOufE (K, s) ds.
0

Then an integration by parts reveals that

(kD) — FE(koa) = b (FE(k.b) — f (s — gt
FER,B) = FE b @) = b (£ 0) = fEGk ) = [ (£ (hs) = £ (k,0)) ds.

Therefore

(f+ ( J+e; /2»“1) —fif (kaJrei/Q’u?ei)) Fi (kJJre /2»“1) —F (kfuei/zau?—ei)

u (4.11)
+/n (f'j_ (k3+ei/278) - fz+ (k;ij-qrei/zau?—ei)) ds,
up_.,
uy <fi (k3+e,:/2au?+ei) —fi (k3+ei/27u?>) =Fi (k3+ei/27u?+ei) -7 (k3+e¢/2’u?)
(4.12)

_ / (17 (Benyors) = 17 (Koo i, ) ) ds.
.

K

Consequently (4.9) can be written

n
ur

5SS 57 (o) 70 (i) ¢ (0 ()

I =1

- fj_ (k3+ei/2) U}L_e"')) ds + Fi (kf7+ei/2’ u?ﬂ,‘,) - F (k.il+ei/2> U}L)

_ /u:? (fz_ (kf7+ei/2>8) — I (kf,+ei/2,uy+ei)) dgl_

Ite;
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We also have that }"ii is locally Lipschitz continuous in k as

| FE (kv u) — Fi (kayu)| =

/u 0y (f= (K1, s) — f (K2, 5)) ds

0

< max |Our fi |u] |k1 — k2] -

Hence we obtain

sz:ii [‘7_-} (k3+ei/2>u?> ~F (kf]_ei/Q,u?)}hdfl

I =1

d
< Luk max ”uAt('vt)HLOO(]Rd) ZZ |Dik:ilfei | Rl (413)
I =1

which is bounded uniformly in At. To bound the terms involving integrals, we need the following technical
lemma (whose easy proof can be found in [22]):

Lemma 4.1. Let h : R — R be a monotone, Lipschitz continuous function, with a Lipschitz constant Ly. Then
we have

> 1 () - h(@)?, VabeR.

b
[ 00~ hia) ae| = 57

Applying this to fljE we find that

n

/ujl (fi+ (kf]Jrei/Q’ 8) a fi+ (k.il+e/i/27u?fei)) ds
I—e;
" Tuax, |;uf(k,u)| (5 (Krveupont) = 5 (Khpepi-o))

B /uu? (fl— (k3+€¢/2’s) I (k3+ei/2au?+ei>> ds

e,
2 2 max, |;uf(k:,u)| (fi_ (k3+ei/2au?+ei> - fi_ (k3+e¢/2au?))2'

The above and (4.7) imply that

Athd DAy )\ Athd=1 <[/ (0: .
max,, A/(u) ;Z( h[ ) + 2maxu,k |8uf(k)u)| ;Zzz[(-ﬂ (kJ+e¢/2aUI+ei>

=1
5 (b)) (57 (o) = 5 (Krvaoi)) ]

—hd a2 a2
< == > [Py - (D] + CAL, (414)
I
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where the constant C' does not depend on At. Furthermore, using the definition of the scheme, (4.1), and the
inequality (a + b)? < 2(a? + b?), we find that

d
1 2 — P . 2
5 (DtU}L) < 2)\2dzzz |:(szO (k5+ei/27u?au?+ei) - szO (kf7+ei/27u?feivu?>)
i=1
. 2
(fEO ( J+e; /27u?7eivu?) - szO (kfifei/%u?feivu?)) :|

d
+ 224y [(DiA (Wh)? + (DiA (u;l_ei))ﬂ

i=1

< wdzz (7 (Bremtee) = 57 (Ko (115)
+ ( £ (kf, . /Q,U?) — (k§+ei/2’u?ei>>2:|

d — _ 2
+2)‘2dzzz (fLEO (k?]—i-e,:/Q’u?—e,:’u?) fEO ( J—e; /2’“] e; 7u1))

i=1

d
+ 2020 Y [(DiA () + (DiA (uf_,)?].

i=1
In what follows, we assume the following strengthened CFL condition

CFL. := 8\d mkax|8ufi(k,u)| +4pdmax A'(u) <1 —¢, (4.16)

where € € (0 1) is given a real number. Note that if A’ = 0, i.e., in the hyperbolic case, (4.16) implies
CFL. € (0, %), which should be compared with the usual CFL € (0, 1), see (4.2). The new CFL condition
implies in particular that

4)\2 IDNd— = uli = )
Nd = 4xd == = 8xdmax|0.fi(k, v)| 2hmaxg i |Ou fi(k, u)| ~ 2hmaxy.y.; |Oufi(k, w)]
A At At(l —¢)
2 !
B B <
2pd = 2pdy = Admax A () e W) = 27 ey A'(w)”

and therefore

2 5 (D) < 2hmaxAktﬁ|5 gfz kyu)| < ZZ [( F (Krrea) = £ (k3+€i/2’“?*8i))2
+ (ff (k3+ei/2>“?+ei) - fi (kf7+ei/2’u?))2:|

At(l —¢)
+2hmaxkuz|8 fz k’u|zz (const Dk] 6/2)

At(l1—¢)
2h2 max, A’'(u) A(u

(4.17)

M“

(DA @) + (DiA (ui—.,))’-

i=1
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Now we multiply the above inequality (4.17) by h¢ and sum over I and n = 0,... , N, and sum (4.14) over n,
and add the results to find that

Ateh? DA (u_ )\ N d
max, A’(u) ZZ( = ) +2maszu|a fzku|zzzz[( (k“”e/z’u[)

n,l i=1

] 2 — i n — i n 2
7fl+ (kelf-ﬁ-ei/?’ur[l*ei)) + (fz ( J+ei/2’u1+ei> 7fi (kJ+e,1/2’uI)) :|
h4 2 1
< 5D (uh)” +CT < 5 fluoll o oy ol 1 ey + CT < G, (4.18)
I

for some constant C' not depending on At. We thus have the following bound
¢ /DA W)\ >
Ath? 7I> <C, 4.19
22 (*5) < -

for some constant C' not depending on At.
Next let I(x) be the multi-index such that € x;. Then we have that I(z +y) — I(z) =: J = (J1,..., Ja),
and |Jh| < |y|+ h. Set K; =1+ (J1,...,Ji-1,0,...,0). Using this notation we can write

Afune (@ +9,0) = Awar (@) = A (wny) ) — A (uf)) = ZZDA(uK e )

=1 j=1

By the Cauchy-Schwartz inequality

(A(uAt(a:er,t)) Alua (z ) <|J|ZZ(D A(uK o %))2’

i=1 j=1

d
where |J| Z = |Jil.
i=1

Hence using (4.19),

//(A (une (z +3,1)) — A (uae (a:,t))) dtdz < AR (A (W4 ) — A (u’f(m[)))Q
IIr

n,l

d T 9
< a1 3303 (DA (e,
n,d i=1 j=1
d J d 5
<A YD TS (Do (e, ))
n,1 i=1 j=1 f=1

< (|J))* dAth? (DiA (u}))? < C (1J]h)?,

M-

3
~
N
Il
—

where the constant C' does not depend on y or h. Noting that |J|h < C (|y| + k), we find that

1A (uar(- +y,)) = Auae( Dl 2,y < Cllyl + h). (4.20)
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Next, we will use the weak space estimate (4.19) and the difference scheme itself to show that A (ua¢) is also
L? continuous in time. Let n(t) denote the integer such that ¢ € [tn(t)s tn(t)+1)- Then we have

// (A (ups(z, t+7)) — A (uAt(x,t)))z dt dee

< max A'(u) // (A (une(z,t +7)) — A (une(e, t))) (une(z,t +7) — ung(z, 1)) dt dz
Mr—-

=max A’ (u) /T Thdz ( ( n(t+r ) _A (u?(t))) (u?(wr) _ u?(t)) dt.
“ 0

We denote the above integrand by B(t) and write
n(t)+n(r)—1
B(t)=h'Y (A (U}L(t“)) —A (u?“’)) S Dy, (4.21)

I n=n(t)

Then each term in the sum over n above equals
hd ; (A (u?(HT)) —A (u?(t))) Dyul
= —Ath! zj: z‘z:/z:\i (A (“?(HT)) —A (“?(t))) {fi (kaJrei/Z’ u?+ei)

—f (kfmi /2> u?) + £ (kf] e u?) — it (kf] e u?_ei) } (4.22)
(1) -4 (5)
{fEO( Thei/2 U —e; ,U1> fEO( T—ei )20 UT—e; ,U1> }] (4.23)

+ At (A (u?(“r T)) ( ”‘”)) ZD2 up ). (4.24)
I

We can do a partial summation in (4.22) to find that

(4.22)| = Athd—!

iz ( ( }L(t:;ﬂ) ,A( }L(%)) on( e, /27u?78i,u?>

W) n(t 2 (4.25)
AthdZZfEO(k?]Jre/QﬂuI e? ) DA(h ) + DA(:I e)
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In (4.25), one should recall that we have uniform control over the L?(Il7) norm of the discrete gradient of

A(uat), see (4.19). Since k is of bounded variation,
(4.23)] < AtC |k| gy (gay »

where C' does not depend on At. Regarding (4.24) we have that

|(4.24)] = Athd2

I =1

< Athi? l;z%( A(u} t+f>))2+§(DiA(u?ifii))2+(DiA(u?_ei))ﬂ-

i=1

We can write
T—1

T—1 1 1
/ B(t)dt < (T —1)Cn(r)At +/ (§Bl(t) + §BQ(t) + Bg(t)) dt,
0 0
where C' does not depend on At and By, By, Bs are defined via (4.21) and (4.27). Now

d n(t)+n(r)—1

[ mwa= [T anr Yy Y (pa ()

I i=1 n=n(t)
N—n(T) d n(tm)+n(r)—1

Z Athd— 222 Z (DiA (u?(tmw)))z At

I =1 n= n(t,n)

< (n(r) + DAAtRI2 YN Z (DiA (uf))®

n I i=1
< C(r + At).

Similarly

/T_T By(t)dt < O (r + At).
0

Finally

N—n(T) m+n(1)—

Z i —D;A (@ﬁ:ﬁ) D;A(uf_.,) + DA (ul .,

)A (i)

/T_TBg(t)dtS > ooAmd sz: (D; A (u}))?

Il
N

m=0 n=m 2

n(r)—1 N—n(T) d
=At Y Ath2 Y NN (D

k=0 n=0 I =1
< C(7 + At),

where C' does not depend on At. Using the bounds (4.28-4.30), we find that

n+k))2

HA (U/At('y -+ T)) — A (U/At(', .))”L‘Z(RdX(O,TfT)) S O\/ At + 7.

In view Lemma 2.3, we conclude that

A (uay) — A strongly in L2 (R x (0,T)) as At | 0 and A € L?(0,T; H'(R)).

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)
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Equipped with the strong convergence ua; — u a.e., we conclude immediately that A = A(u) and thus (D.3)
holds.
We sum up our results in the following theorem:

Theorem 4.1. Assume that A, f, and k satisfy (2.1, 2.2), and (2.3), respectively. Furthermore, assume
that ug is a function in LY(RY) N L>°(R?) N BV (RY). If the CFL condition (4.16) holds, then the piecewise
constant approzimate solutions (3.5) generated by the Engquist-Osher scheme (4.1) converge to the unique
entropy solution of (1.1).

In the special case without coefficients, i.e., ¥ = 1, we can use our techniques to prove existence of an
entropy solution without necessarily having initial data in BV (R%). This can be done as follows. Assuming
that ug € L>(R?) N L*(R?), we study the problem

us +divf(u) = AA(u), u(x,0) =ug(x), (4.32)
where f and A are as before. We obtain the two first bounds in (4.3) as before. Fixing ¢ € R?, we have
[uar(- +&,8) = uae(s Ol ey < uo(- + &) = uo()l 1 (ray < v(lel; uo),

since any function in L>(R?)N L*(R?) has some modulus of continuity and the scheme is now translation invari-
ant. Then we use Kruzkov’s interpolation lemma (Lem. 2.4) to show that ua; also has a modulus of continuity
in time. Next, we use the L' compactness lemma (Lem. 2.2) to show that {ua¢},~o has a subsequence that
converges strongly in L! to a function that satisfies (D.1), (D.4), and the entropy condition (D.3). To finally
show that the limit satisfies (D.3), note that to obtain the crucial estimates (4.20) and (4.31) we did not use a
BV bound on ua¢. Thus we have shown the following theorem:

Theorem 4.2. Assume that the function ug is in L=(R?) N LY*(R?). If the CFL condition (4.16) holds, then
then the piecewise constant approzimate solutions (3.5) generated by the Engquist-Osher scheme (4.1) converge
to the unique entropy solution of (4.32).
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