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BIPOLAR BAROTROPIC NON-NEWTONIAN COMPRESSIBLE FLUIDS

SARKA MATUSU-NECASOVA! AND MARIA MEDVIDOVA-LUKACOVAZ3

Abstract. We are interested in a barotropic motion of the non-Newtonian bipolar fluids . We consider
a special case where the stress tensor is expressed in the form of potentials depending on e,, and (%).
We prove the asymptotic stability of the rest state under the assumption of the regularity of the

potential forces.
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INTRODUCTION

There are many substances which are capable of flowing but which exhibit flow characteristics that cannot be
adequately described by the classical linearly viscous fluid model. In order to describe some of the departures
from Newtonian behaviour (rheological properties, elastic features such as yield stress, stress relaxation and non-
zero normal stress differences) many idealized material models have been suggested. During the last decades,
mathematicians have also started to pay attention to these models and several results concerning the existence,
uniqueness and stability of solutions have appeared, see [1-3,5,8-19,22-24, 26-28|.

We will deal with compressible non-Newtonian fluids. The models which describe their rheological properties
were studied from the mathematical point of view by Matusti-Necasovd , Lukdcova-Medvidova see [14,16]. They
proved the existence and uniqueness of a weak solution. All of these results were studied on bounded domains.
In the case of an isothermal process the stability of the rest state has been proved [16]. The global existence of
equations of non-Newtonian compressible fluids when the coefficients of viscosity depend on the invariants of
velocity field where the growth of these coefficients is not polynomial but exponential was proved in [12,13]. In
the case of viscoelastic compressible fluids the existence of a classical solution of steady motion in the bounded
domain was proved by Sy [27]. This result was extended to an exterior domain by Matugi-Necasova et al. [15].
Both results are valid for small data only. One of the very interesting problem is the stability of the rest
state. The crucial point of every proof of stability is the uniqueness of the steady state solutions. Beirao da
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Veiga [4] obtained a necessary and sufficient condition for the existence of a strictly positive solution of the
following problem

ap(p) = pd.&,, i=1,..,d (1.1)
0> 0,/ plz)dxr =m

Q
v=020,

where p is the density, m > 0 the total mass conserved by the flow, p(p) is the pressure, £ is the potential
of external forces which is locally Lipschitz on 2, v is the velocity. It is easy to show that such a solution is
necessarily unique. On the other hand, this restriction excludes a class of solutions with vacuum state (p = 0).
The optimal condition for the solution of (1.1) to be unique is shown by Feireisl and Petzeltova, (6, 7].

Here, our objective is to study the stability of the rest state of the barotropic motion. This model will
be mathematically formulated in Chapter 1. Chapter 2 is devoted to mathematical preliminaries and known
results. In Chapter 3 we will prove the asymptotic stability of the rest state.

1. FORMULATION OF THE PROBLEM

The barotropic motion of the bipolar non-Newtonial fluids is governed by the following system of the equa-
tions

op 0 _
2T 5:::_1(’)”’) =0, (1.2)
op

oz,

o 3] 0 ,
&(pvz) + éx—(pvzvj) — %TZ‘;(’U) = - +pb, 1=1,2,...,d, (1.3)
) 3

where p denotes the density, v = (v1, ..., v4) is the velocity vector, b = (by, ..., bg) denotes the density of external
forces and p = p(p) is the pressure. We assume that p € C?(0,+0o0). The equations (1.2), (1.3) are solved in
the time-space cylinder Qr := I x Q, I = (0,7'), where Q C R% is a bounded domain with a smooth infinitely
differentiable boundary 9. Let us define

P plo
Pe) =p [ (B, p>0, (1.3)
1
P(0) = lim P(p).
p—0
It may be verified (see [21]) that

pP'(p) — P(p) = p(p), p>0,

P(p) =22, p>o,

P(p) 2 _k:17 P Z 0.

‘We suppose that the body forces are given and satisfy

be L(Qr). (1.4)
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Now, we can specify the assumptions on the stress tensor TZ‘]’. Namely:

A(52)

T, — 0y — m—
e Oe, 7 Ozy

v _ BV(Tre)(S 1o} (BW(De)),

Oe, d 1/0v, OJv
De = ( J> , €= (elj)ﬁjzl’ €y = by (3ZL‘J + 83}1) ; Tre= (eu);i:l'

axk 2,0,k=1

Also, we consider the third stress tensor TZ‘J/,C, which has the following form

v _ OW(De)
Tagk = Oe, ’
NF2)

Moreover, we will assume that the potentials V, W satisfy the following conditions:

82W (De) .
Ci(1+|De|)??¢)? < ———5—¢tk ¢
1 A(Ge)a(Fas) "

< Co(1 + |Del)* 2P,

52V (Tre)
q—2)¢12 <
03(1 + |rI\r€|) |§| = ae”aeh“ 5115117,1

< Ca(1+ [Tre|)*2(¢],

where C1, Cy, Cs, Cy are positive constants, ¢ > d, and | - | is the usual Euclidean norm of a vector. Let

W(0) =0, V(0) =0,

—6("’2?2;)(0) o, g—::(o) 0.
The system (1.2), (1.3) is completed by the initial conditions
v(0) = vo, p(0) = po, po >0 in
and the boundary conditions
TZ‘J/]CU]I/]C =0 on (0,T) x 89

(v is an outer normal to 692) ,

v=0 on (0,T)x99Q.

925

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)
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2. MATHEMATICAL PRELIMINARIES

By LP(Q) and W'P(Q), 0 < p,l < oo, we denote the Lebesgue and Sobolev spaces, respectively, equipped
with the standard norm.

First, we give the well-known results on the equilibrium solution, where we do not consider the cavitation
of density. In the work of Beirdo da Veiga [4] the necessary and sufficient conditions for the existence of the
equilibrium solutions for an arbitrary b € L°°(§2) was proved. Let p be a continuously differentiable real function
defined on R* = {s € R : s > 0}, such that p/(s) > 0,Vs € R*. Let

0 < ess inf p(z), ess sup p(z) < 400 (2.1)
z€N z€Q
and
! / p(z)dz =m (2.2)
12 Ja ‘
for a fixed m > 0, we define
S / t
(s) = / g—i—)dt, Vs € RY. (2.3)
0

We denote (a, f) the range of 7, (a, f) = m(RT).
Let us define ¢ = n~1. Clearly, ¢((a, f)) = RT. Put ¢(a) =0, ¢(f) = +oo.

Definition 2.1. Let b € L*°(2). A function p is called an equilibrium solution of (1.1) if p € L*°(Q) and if
m(p(x)) =&(x)+c ae inN

and (2.1), (2.2) hold.
We set n, = ess inf b in Q, Ny = ess supb in Q.

Theorem 2.1. Let b € L*™°(Q) be given. There exists an equilibrium solution p(z) if and only if there exists a
constant

ce (a'—"nOaf_NO)a (24)

such that
1
—|Ql /QQS(C +&(z))dz = m. (2.5)

If such a constant exists then the (unique) equilibrium solution is given by

p(x) = ¢p(c+&(x)),Vz € Q. (2.6)

Proof. see [4].

Theorem 2.2. Under the assumptions of Theorem 2.1 there exists an equilibrium solution p(z) if and only if

a—ng < f— Ng, (2.7)
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and

ﬁ(@( f — No + &(2))da. (2.8)

In this case the equilibrium solution p(x) is given by (2.6), where c is the (unique) solution of (2.4)-(2.5).

%] /Oqu(a —ng+&(z))dz <m <

Proof. see [4].
We mention a weak formulation of the problem (1.2), (1.3), (1.12)—(1.14).

Definition 2.2. A pair (p,v) is said to be a weak solution of the problem (1.2), (1.3), (1.12)—(1.14), if the
following conditions are satisfied

(i) p € L®(L;WH1(9)),

(ii) % e L=(I; LY(Q)),

(i)  wve Lo WQ) N W2 (Q),
(iv) % e L*(Qr),

(v) the continuity equation (1.2) is satisfied in the sense of distributions on Qr,

¢ dp; 1% OW (De(v)) dey; , | -
(vi) / at (pvi)pi — / PUs s / p(p) oz, T ' Pen = (Tre(v))eii(¢)di; + 3(""3“) e () = /Q pbip;

holds for a.e. ¢ € I and for every ¢ = (¢1, ..., pa) € W24(Q) N Wy2(Q),
(vil)  the initial conditions (1.12) with po € C*(€) and vy € W2:4(Q) N W,(Q) are fulfilled.

In [14] authors proved the existence and uniqueness of weak solution of the similar problem except the nonlinear
potential V, which depends on the whole tensor e = (e;;)¢ 'j=1 instead of Tre = (ei), as in (1.5). Nevertheless
the existence and uniqueness can be proved in the same way. In what follows we only point out the parts which
differ from results stated in [14].

Theorem 2.3. (Ezistence of a weak solution).
Let pp € C*(Q), po > 0 in Q, and vy € W24(Q) N W 2(Q). Let the assumptions (1.8)—(1.11) hold. Then there
is at least one weak solution (p,v) to the problem (1.2), (1.3), (1.12)—(1.14) such that

p € L=(I; WH4()), a_ € L™(I; LY()), (2.9)

Ov

ve L®(L;W2(0) N WOI’Q(Q)) 5

€ L*(Qr).

Proof. First step is based on the modified Galerkin method and the method of characteristics, which give us

the following identities see [14]:
/ pmdx = / podz = my, (2.10)
o Q

1 0 m 0 ov m m OW 0eij, m o m
. fQ gilenle™ )+ /Q 5 Plom)) + /Q ey (TreO™es0™) + Gy 07 = /Q pmbal’, (211)

v * v, Oup m ™ ap(pm> oy _
|oen(BE) e T+ [ Vet - W(Dew) + [ R

T

V(Tre(v™(0))) + W(De(v™(0))) +/Q pmbi

ov®

S (212)

Qo
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In the second step the limiting process is performed. We mention only the convergence in the nonlinear term
which is different now and also was not clearly explained in [14]. It reads

ov m m 151%% m 861']'(’0"1)
[ e (el ea(s™) + S s (Delam) =5
Let us define
CL(™) = o (Tre(w™)) Tre(w™)
and
my _ ow m 36”(’0 )
G2(v™) = (amk)( e(w™)——
‘We set

s ° m m ° m m 1 m
X5 = [ (@™ = Gil),ew™) ~ el@)dt + [ (Gao™) ~ Gale), De(v™) = DeCp)dt + 5lpmi™ (5]
Choosing a subsequence vy,, which we denote as v, and using monotonicity of X, we obtain

hmlnf X5 > lp’v(s)lz.

m-—s>—+

Thus, it follows from (2.11) that

= [ @nbivm)at + Glpomo? [ (Gatm) Deto)dt ~ [ (Gali), Deo™ — o))t
- [ Giomyetoi - [ (Gale)ewm - o)
0 0
= [ @0+ gloowol = [ (€ Dete)) — [ (Gato Detv ~ ) - [ (errele)
AGOREEL e

Finally, we get

/0 (&1 — Ga(), De(v) — De(p)) + (§2 — Gi(p),e(v —)) 2 0
which implies that

&1 =Ga(v), & =Gi(v).
This concludes the proof. O

Theorem 2.4. (Uniqueness of the weak solution).
Let the assumptions of Theorem 2.3 be fulfilled. Then the weak solution obtained in Theorem 2.3 is unique.

Proof. Is analogous to the proof of uniqueness in [14].
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3. UNCONDITIONAL ASYMPTOTIC STABILITY OF THE REST STATE

The goal of this section is to prove the stability of the rest state (p,0), characterized by (1.1). Let b = 2€ with

& € W2(Q), g—i > 0 and let (pg,vo) satisfy conditions py € C1(2), po > 0 in Q, vy € W24(Q) N W, 2((2) We
specify the class of perturbated flows where the rest state will be stable:

J ={(p,8) : p € LI, WH(Q)), 5 € L=(I, W>4(Q)) N Wy (),
gp € L>®(I, Li(R)), % € L?(Qr),for any T, and there exist
1, 62 such that ,0 < §; < p < &2 uniformly in (0, 00) X Q,

(p, ) is a weak solution of (1.2), (1.3)}.

Multiplying (1.3) by v we obtain

1d
537 LI+ Plo) + €pldo -+ ullwas = 0. (3.1)
Let us denote o(t) = (ftt_l vll% 2, Q(Q)> . From (3.1) we have that
tlim o(t) =0. (3.2)

Moreover, we would like to prove that
v(t) — 0 strongly in L*(Q) as t — oo.

It holds 1d
p|v|2+]|v||wzq(g + |V vl page) — /p(p)V-v:/pbvdm.
2dt 0

By integrating the above relatlon with respect to ¢ from s to t, 0 < s <t < co and with respect to s from ¢t — 1
to t we obtain

SIVR e+ [ [ Tolhwmae+ [ [ 19 vlzae =
3| Vo0 + [ [ [ i+ p(0)9 - vldadras. (33)

t—1
Further,
/t 1/ / lpbv| < |l Loo 0,720 ) 1Ml oo (1) (/ ”'Unw2q(n)d7'> < c||bllzoo(@ryo (t),
/t_l/s /gp(p)v wse, sup p(rjo(d).
Then

IVe®)v(t)1320) < (1 + [1bll Loo(@ry)o ().
From (3.2), using the fact that p > 0, we get that

v(t) = 0 strongly in L?(Q) as ¢ — oo.
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Now, we define a function w(t) in Qr as the solution of the following problem

Aw =V -(pb) in Qr,
ow
a—n—ﬁb-n on 09 x [0, o0),

/wdx:().
Q

The goal is to prove that

p(t) — pin L*(Q) ast— oo
where

Vp(p) = pb in Q,

/pd:c:/podx.
Q 9]

Firstly, we shall prove that

| [ 9066 — w(ol(h - M)z

<co)l|bll2), he L*(9),

with a constant ¢ independent of w. We set

Mh=|Q|™! / hdz.
Q

For this purpose we shall firstly estimate the integral

16)= [ oo =) [ p(3(s) ~ wio)hdads, ¢ € CF(-1,0),

where ¢ is a fixed function such that f_ol p(r)dr =1.
Let % be a solution to the following problem for arbitrary h € L?(f2)

Ay =h—Mh inQ

oy

:971'—-0 on Jf2
/zf)dxzo.

Q

Applying the classical results on boundary-value problems for elliptic equations it yields

[¥llw22) < cllh — Mh| 120,
lh — Mh|lz2() < [Ihll22 @),

(3.4)

(3.6)

(3.7)

(3.8)

(3.9)
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with a constant ¢ > 0 independent of h. Substituting (3.9) into (3.8) we find

I(t) = —/t* o(s —1) /[w p(s)]|Avdzds
= | wls=0) [ [#6)b - Vala(s)IVends

= /til (s — tf)/Q [p@g(s) + p(s)v(s)Vu(s) — dim'”} Vipdads

dpv

= [ o0 [ v [ o-t) [ V- @ortsis)ve

+/ti1<p(s—t)/QTUVV1/)

= [ =0 [snweve [ ee-0 [ snnevee

K PW e, " oals 9V (Tre)
+/t_1go(s—t)/ﬂa(ae]) (%)(ax) v¢+/t_1,o( t)/Q oAV

a
0 ) 1/4 t 1/q
< s I0lzeco ( / so'(v)qdf) V%]l 20 ( J ||v<s)||%vz,q(m)
te(0,T -1 t—1
0 ) 1/q t 2/q
+ s 0l ( [ et dT) bllwas e ( / ||v<s)||€vz,q(ﬂ,)
te(0,T -1 t—1

0 , 1/q t 1/q
([ omrar) e ([ 1ol
—_ t_
0 , 1/¢ t 1/q
([ teiar) ([ lnae) Wil < el Iblo@ot).
-1

However, ¢ is an arbitrary fixed function, which implies that
I(t) < co(t)|hll L2y, t=0. (3.12)

Now, we go back and prove (3.7).

‘ [ 9060 ~ o~ Mias| =| [ ols ~0) [ (Tolp(0) — 600} Veiads
Q t—1 Q

(3.13)

<O+ [ ots =) [ (56 ~ pa(s)][k ~ Mbldads

+| [ ets = [ (70— eNpvrdsds).

We have

At) — f(s) = /—dv— / (B(rYu(r))dr. (3.14)
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Hence

[ wts=0 [150-s0- 99| =| [ [ ots-0 [ stru(rrve- vuaadras

<ol o,msa @) 1l Lot (0,10 [ VOl Lo 0,752 () I VY] £2(02)

t 1/q
P e ).
t_

< cllbllwre @) 1P llwz2(0)o (2)-

(3.15)

The second term of the RHS of (3.13) can be rewriten in the following form

| ets=n [ 1p5(6) = (s~ Mbydads = [ (s~ 1) | [ e~ Mharasaz. @16
From the continuity equation it follows that

WD)~ (wl (515 + i (B ).

Thus, we can estimate (3.16) from above

<

/;1 p(s —1) / t /Q d-p(p(1))(h — Mh)dzdrds

| ets=0 [ [ v ) Var)h— Mhydadras

+

/til ¢(s — 1) /St/Qﬁ(T)p'(ﬁ)V -v(h — Mh)dzdrds

t 1/q
<Ieliz=om s 7)o ([ 19501Lw) Ml
t—1

1<7<82
+ cllell Lo o,m) 5 iuga o' (r)|hllL2)o () < co(t)||hllL2(o),
o (3.17)
which together with (3.12), (3.13) and (3.15) leads to (3.7). But it follows from (3.7) that
p(A(t)) —w(t) = Mp(p(t)) -0 in L¥) ¢— oo (3.18)

In fact, there exists a subsequence t, — oc such that p(t,) — p weakly in L2 where w(t) is a solution of
(3.4) for any t. The sequence w(t,) is compact in L2(2). Choosing a subsequence converging to we, € L%(0)
we find that wo, = A(pb), where A stands for the solution operator of (3.4). Thus, p(p(t.)) — Mp(p(t.)) —
Weo in L2(2) and a.e. in 2. Since p belongs to J, we get that Mp((t,)) — peo- This yields

P(tn) — P H(Woo + Poo) a-e. in Q and in L%(Q) strongly. (3.19)

Hence p = p™H{weo + Poo) 0F p(p) = A(pb) + Poo. This is equivalent to
/[Vp(p) —pblVOdz =0 V 0€C§° (), MO=0 (3.20)
Q

which yields

Vp(p) = (Id — R)(pb), (3:21)
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where R is the projection of L?(Q2) onto the closure in L2(£2) of the space of divergence free vector functions.
Now, we want to prove that R(pb) = 0. To this purpose let us take an arbitrary 8 ¢ C§°(2),n = Rf. Then we
have

/Q R(3(s)b)6 = /Q [5(3)% + p(s)v(s)Vu(s) — dian] ndz. (3.22)

In the same way as before we can prove

< cll@'llzago,y Inllwr2@yo (t)

/t t Pl t) /Q R(p(s)b)0dzds

which implies that

/ R(5(t)b)0dz
Q

Since Hnuwl,Z(Q) < “6"W12(9)> we will obtain that

<@ e,y Inllwr2@yo(t), t>0.

R(p(t)b) — 0 in W~12(Q) strongly. (3.23)
Then R(p(t,)b) — 0 in W~12(Q) and R(p(t.)b) — R(pb) in L*(Q). Thus, R(pb) = 0 and
Vp(p) = pb in Q. (3.24)

Now, if 7 is such a function that #'(r) = r~p/(r) then, Vr(p) = V&. Hence, we have n(p) = g + h with some
constant h or p = 7~ (g + h). It holds that

/ﬂf)(m,tn)dx:/ﬂﬁodx, (3.25)
[ #edde = [ o(@rde.

Since the function a(h) = [, 7~ (g + h)dz is increasing, the function p is uniquely determined by a unique
constant h* satisfying [, 77!(g + h*)dz = [, podz. This implies

p— pin L3(9). (3.26)
We have proved the following result.

Theorem 3.1. Let b, = 3%%, ¢ € W2°(Q), ¢ small enough, g% > 0 and J be the set of all solutions (p,u) of

the problem (1.2)—(1.13) with the initial conditions vy € W>9(Q) N Wy2(Q), po € CH(Q). Then the rest state
(p,v) characterized by equations (1.1) s unconditionally asymptotically stable in the class J in the sense that
there exists a subsequence {t,},t, — +00 such that

pltn) — p in L*(92),
T(tn) — 0 in LA(Q),

and
Vp(p) = pb in Q.

Remark 3.1. The behaviour of incompressible Newtonian fluids under assumptions of sufficient regularity and
p > 0 was studied by Salvi and Straskraba [25]. Semigroup approach we can find in the work of Neustupa [21].
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