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FLUIDS WITH ANISOTROPIC VISCOSITY *
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Abstract. Motivated by rotating fluids, we study incompressible fluids with anisotropic viscosity.
We use anisotropic spaces that enable us to prove existence theorems for less regular initial data than
usual. In the case of rotating fluids, in the whole space, we prove Strichartz-type anisotropic, dispersive
estimates which allow us to prove global wellposedness for fast enough rotation.
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INTRODUCTION

The aim of this paper is the study of the following system

Oww+v-Vu—vApv — l/vag'u = —Vp in Rt xR8
(NSh) dive = 0
Ut=0 = Yo,

where A, denotes the horizontal Laplacian, i.e. the operator 82 + 02,. The constants v > 0 and v, > 0
represent respectively the horizontal and vertical viscosities. Obviously, this system is locally well posed when
the initial data vo belongs to a Sobolev space H %+'7(]R3) for any positive real number 7 simply because the
energy estimates are better than the ones for Euler (i.e. v = v, = 0). On the other hand, it is well known that
if v and v,, are positive, and if v is only in L2(R?), then a global weak solution exists (that is Leray’s theorem,
see [16]). Finally, if vy belongs to the homogeneous Sobolev space H 2 (IR3), then a unique local solution exists
(that is Fujita and Kato’s theorem, see [10]). Moreover, if “’Uo”H% is small enough with respect to min{v,v, },

then the system is globally well posed. Let us note that the homogeneous space H3 (R3) is well adapted to the
Navier-Stokes system, in the sense that it is invariant under the scaling of the equation: if v is a solution of

the Navier-Stokes equation, with data vg, then the same goes for vy defined by vy (¢, z) def Av(A%t, Az), with
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() 9ef it i
data voa{x) = Avg(Az); it is easy to see that

ivo,,\llgé(gs) = “Uo“H%(Rg)-
What we want to investigate here is the case when v, is 0 or converges to 0. We want to prove existence and
if possible uniqueness results as close as possible to the case when the two viscosities are positive and fixed.
Let us begin by saying something about the motivation of this problem. It is well known since a series a work
devoted to Ekman boundary layers for rotating fluids (see for instance [13], [7] and [8]) that it makes sense to
consider anisotropic viscosities and more precisely viscosities of the type

—-I/Ah - ,3683

That is obviously a particular case of the system (N.S}) stated at the beginning of this introduction.

Considering the anisotropy of the problem, we shall have to use spaces of functions that take into account that
anisotropy. All we shall do here is strongly related to energy estimates, so the tool will be anisotropic Sobolev
spaces. Such spaces have been introduced by D. Iftimie in [15] for the study of incompressible Navier-Stokes
equations in thin domains.

Let us recall the definition of those spaces. It requires an anisotropic dyadic decomposition of the Fourier
space, so let us start by recalling the definition of the following operators of localization in Fourier space:

Ara E Fl271g,))E) for jeZ
def

Ala = Fl(p(27%|&))a) for keN
o def 1 e s
A%ia E F(EG])a)

va ¥ 0 for k< -2

where Fa and @ denote the Fourier transform of any function a. The functions ¢ and ¥ are smooth, compactly

supported functions, with support respectively in a fixed ring of R far from the origin, and in a fixed ball
containing the origin and such that

VEeR\ {0}, D @(277t)=1 and VtER, ¢(t)+ > @277t)=1.

JEL jEN

We refer to [3] for a precise construction of an isotropic decomposition of the Fourier space; let us note that
there exists an integer Ny such that if |5 — j/| > Ny, then supp (277-) Nsupp ¢(277"-) = 0.

Let us remark that we consider a homogeneous decomposition in the horizontal variable and an inhomoge-
neous decomposition in the vertical variable. The associate Sobolev spaces are defined as follows.

Definition 1. Let s and s’ be two real numbers and a a tempered distribution. Let

2

lalls,er € [ 372205+ B AR AYa2,
j’k

The space H>* is the closure of D(R3) for the above (semi-)norm.

Let us remark that, as usual when homogeneous Sobolev spaces are involved, H** is a Hilbert space if and
only if s < 1. Spaces of this type have been used by J. Rauch and M. Reed in [18] and by M. Sablé-Tougeron
in [19].

Let us state the three main theorems of this paper.
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Theorem 2 (Existence). Let so > 1/2 be a real number, and let vo € H%*°. Then a positive time T and a
solution v of (NSy) defined on [0,T] x R® exist such that

v E Loc([O’TL HO,so) 0L2([0,T];H1’s°),

Furthermore, there ezists a constant ¢ such that if ||vo|| go.so s less than cv, then we can choose T = +00.

Theorem 3 (Uniqueness). Let sg and s be two real numbers, greater respectively than 1/2 and 3/2, and let vg
be an initial data in H®®. Then at most one solution v of (NSy) exists in the space

v € L®(R; H>*) N LA(R*; H*).

Let us denote by T* the mazimal time of existence; if T is finite, then
Y

T* T*
/0 o0/t + /0 0(8) 1210 d¢ = +o0.

Those statements deserve a few comments. The initial data in Theorem 2 have only L? regularity in the
horizontal variable, and H 3% in the vertical variable; for positive viscosities, it is proved by D. Iftimie in [15]
that the problem is well posed. Here, with that regularity (which is very close to the scaling of the equation),
we obtain short time existence for large data and global existence for small data as in Fujita-Kato’s Theorem.
Uniqueness requires one additional vertical derivative. That comes from the fact that the lack of vertical
viscosity prevents us from gaining vertical regularity.

The third result of this paper concerns the rotating fluid equations, obtained from (N S}) by adding the

1
Coriolis force v X e3, where eg def (0,0,1). Here € > 0 represents the Rossby number; we refer to [12] and [17]

for a physical interpretation of that system. Note that the skew—symmetry of the operator Luv def v X es

implies that Theorems 2 and 3 hold for the rotating fluid equations: their proof only involves energy estimates.
Moreover, the rotation induces a dispersive effect which leads to the following result.

Theorem 4 (Rotating fluids). Let vy be an initial data in H%® with s strictly greater than 3/2. Let v > 0
and v, > 0 be two real numbers. Then a positive real number o exists, depending only on v and v, such that,
for any € < g9, the system

1
O +v-Vu—vApy — Vvagv—l-gv xes = —Vp
dive = 0
V=0 = 7o,

has a unigue global solution in the space L>°([0,T]; H®*) N L2([0, T); HY*).

Let us notice that this global regularity result is different from those proved in the case of periodic boundary
conditions (see for instance [1] and [11] in those cases, the global regularity is due to non resonance conditions).
The structure of the paper is the following:

e the first section is devoted to some basic properties of the spaces H S's';

e the second section, the core of the proof of Theorems 2 and 3, is devoted to the proof of an energy estimate
in anisotropic Sobolev spaces for the convective term v - V. The fact that the vector field v is divergence
free will allow us to avoid bad terms containing 03v which are not compensated by viscosity;

e the third section is nothing but an application of that energy estimate through classical contraction
arguments, in order to prove Theorems 2 and 3;

o the fourth section conmsists in showing a dispersive effect for rotating fluids, as pointed out in [6], and
applying it in this context in order to prove Theorem 4.
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1. ALGEBRAIC PROPERTIES OF SPACES HS*%

Before stating the theorem we want to prove, let us give a few properties concerning those spaces, which we
shall use throughout the study. The main results are essentially contained in [18], in [19] and in [15]. They
concern product rules in the spaces H*'; let us start by recalling the classical product rules in isotropic Sobolev
spaces: if a and b are two tempered distributions, then for any d > 1,

d
V.S,t < 5, s+t> 0’ ”ab”H.ﬁLt——g(Rd) S Cs,t”a”Hs(Rd)Hb“Ht(Rd)a (11)

where the H® spaces are the usual homogeneous Sobolev spaces, defined by the norm ||ul| def 112 1)) e -

Furthermore, in the final section, we shall be working with bidimensional functions as well as tridimensional
functions, and in particular taking the product of such functions. We shall be in need of the following result,
whose proof can be found in [11] (in the case of periodic boundary conditions, but it is identical in the case of
the whole space):

Vs,t <1, s+¢>0, [labllgesesgay < Coellall g gy bl grecroy- (1.2)

The same results hold for inhomogeneous Sobolev spaces.
Now we shall prove the following product rule in our anisotropic Sobolev spaces.

Lemma 1. Let o and o’ be two real numbers, smaller than 1, such that o + o’ > 0, and let so > 1/2 and s be
such that s+so > 0; a constant C exists such that the follounng holds. Let a and b be two tempered distributions.
Then

llabll gro+or—1.0 < Cllallm e |8l grov.s + [lall zrove [1bll groso )-

Proof of the lemma. By definition of H?*, we have

lalges = 3220745 [ AR Ava(an, 20)[? dandas

2,k
= 2 [ 2 aga, ) e daa
k
SO we can write

(1.3)

_ —ks v
lallaes = {27 l10%al 2oy, e @ | 1 g -

Then we just have to write the paraproduct algorithm of J.-M. Bony (see [2]), in the vertical direction, which
reads
2(ab) = AL(T7b+ Ty a + R¥(a, b)),
with
TobE Y Spanyb and R'(a,b) S 3 Apaay b
[ K 3€{-1,0,1}

Let us state the following lemma, whose proof is obvious.

Lemma 2. For any s > 1/2 and any o € R, a constant C exmists such that for any function a,

lall Loo(r, 5, 1o w2)) < Cllall e
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Then we have, by the bidimensional product rules recalled in (1.1),

”S}c}aAzb”m(R,s (Hoto!=1) < l SZGHIJ*’"(RZ3 ;H) IiA‘ébile<m,3 ;Ho')

A

~ Ck2-—ks”a”]—10-50 ”b“Hu",sa

where cj, € ¢2(Z), according to Lemma 2. Similarly we have

IN

“Az'aNé'—jb“Ll(m,a;HHo’—l) ”Ak'a“H(st;H") | A% —jb“Lz(RzS;H"')

227K 49 ol g 18] o

A

Then Bernstein’s inequality yields
|AUAL QA )| aqr., roser—sy < B2 CHO4E lal oo [bl] oo
This implies that
|ALR(a, )| ey ety < €240 al] v Bl oo

and Lemma 1 is proved. O

2. ANISOTROPIC ENERGY ESTIMATES

We shall prove the following lemma, which is the core of the proof of Theorem 2.

Lemma 3. For any real numbers so > 1/2 and s > so, a constant C exists such that for any vector fields a
and b, with a divergence free,

(A% (a- VB)|ALD) 2] < Cdr2725(bll 3 o (llall ;3.0 VDIl 0w + llall 3, I Vbl o0
HIVaall gosollbll .. + IVhall o llbll y3.00) with Y di=1.
keZ
Proof of the lemma. Let us define
FF ¥ Av(h . b)) and  FY % A2 (a3850).

The terms (F|bi)z2 and (FY|bx) are estimated in two different ways. The reason why is that the term F}
involves only horizontal derivatives which can be compensated by the horizontal viscosity as in the case of the
usual Navier-Stokes system.
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Let us start by proving the result for F*. We have, using similar computations to those leading to Lemma 1,

def
Ar < ||AY (o - Vhb)”Lg(les;H_%(Rz))

2
< 2; | AR (T2 8:b) + T3 ya* + R (a’, )| o g, 1k oy
=
< a2 ISR oo, 13 oy 1 VBN 22 ey 222
+ k27 NSEVRE oo, uay Nl 22 @)
T2 ALl e oy 186 VRl e

|k1—k2|<1
|k1—k|<No

< ex27 ([lall ;3,00 VRl 05 + llall 3.0 1 VAbI £r0.50)-
Finally, we have

(AR(@" - Vab)lbe) aces)) < Car2=22[bll 3., lall ;3,00 Vbl 0 + llall 3. [ Vibl oo ),

so the result is proved for the term (F}|by)r2. To estimate the term (FY|bx)r2, let us first use J.-M. Bony’s
decomposition in the vertical variable: we can write

Y(a®d3b) = FP'+FY? with
k k k
def
Fpl 2 Ay > Spi,(0sb)Aa® and
k'>k—No
def ) on
P2 =AY Z Sy, _1a303A%,b.
Ik ~k|<No

‘We clearly have

(2t bi) poqgey| < Cex27 %8|l 1 L IERY

whelE o, a4 gy

and Bernstein’s inequality, along with bidimensional product rules recalled in (1.1), yields

11 &
1M o, - ey S €23 3 1Sk+205bll gk gy 10 0%l 2o
k' >k—Nop

But it is clear that

k' (1-s)
Lz(st;H%(RZ)) <C2 ° “b"H%’s’

[| Sk’ +203b]|

SO

,1 L k'(1— 3
|\ Ey ||L2(Rw3;H_%(R2)) <c2: ) 2X079)Aua L2y lIBll ;3.0
k' >k— Ny
Here we are going to use in a crucial way the fact that a is divergence free: we have

330,3 = —divhah.

So, we infer that

IA

C27%||AL 830%|| L2 ms)
C27¥ | AY, divy aP|| L2 (o).

||Az'a3||L2(R3)

IA
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That implies that

|IF:’1|| C2% E 2k’(1—8)2-k’(1+30)ck1 IV ra|l go.50 ”b”H%'s
K >k—No

Ccr2™**||Vaall go.so Bl 3.0

_1 <
L2(Req;H™ 2 (R2))  —

IA

since so > 1/2.

Up to that point, we did not actually use the energy estimate, but only laws of product or Sobolev embeddings.
The estimate of the term (F} |b )2 will use in a crucial way the structure of the nonlinearity.

First of all, following a computation done in [5], we get that

(F2|bg)rz = (SP(a®)Osbi|br)r2 + Ri(a,b) with (2.4)
def v v v v v v
Ri(a,b) = D (1AL Sp_10%)0sA0blbe) o+ D ((SE — Sp_1)a®BsA}blby) 2 -
|k’ —k|<No Ik’ k| <No

Then, using an integration by parts, we infer that

1
(S (a®)3bk|br) 2 = —§(S£(3303)bk|bk)m-
Thanks to the fact that a is divergence free, we deduce that
(F?|bg) 2 = (beSpdivia®|by) 2 + Ri(a, b).

The term (bxSPdivia”|bg) 2 can be estimated as the term (F}*|bx) that appeared above. To estimate the term
([AY, Sp,_,a3)03AY,blbg) 2, we write that, for any function w,

(1A%, Sk —16%|w)(zh, z3) = 2* / h(2*ys) (S, _1a® (zn, z3) — S} _10°(zh, 25 — y3)))w(@n, T3 — y3))dys.

Writing a Taylor formula, we get that

(1A}, St _10®\w)(zh, z3) = /R o1 h1(25(y3)(Sp _1030%)(zh, x5 + t(z3 — y3))w(zh, T3 — ys)dysdt
x[0,

with h;(z) = zh(z). Thanks to the fact that a is divergence free, we get

(A% Sk 1@’|w)(@n, w3) = — / ha (2*(y3) (St 1 dive v*)(zh, 23 + t(z3 — y3))w(zh, T3 — y3))dysdt.

Rx{0,1]

Now, let us apply the rules of product of Sobolev spaces on R?; this implies that

(1A S210%10)Co22) 4 gy < C [ Iha(Z00) 11 v 0" o aman 6 23 = o)l s

From this, we deduce that

”([Az’ S,";',_las]w)(-, :ES)IILZ(RI:,;H_%(RZ)) < 02—’;”‘9’:'—1 divy ahlIL""(st;LZ(R2)) ”w”Lz(RZ;H% (®2))
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So we get

([Aqkj:a Sl‘g'—la’sla:ibk'lbk)Lz < ”Slg’—ldivhah"L°°(R,3;L2(R2)) X 2k _k“ka"L2(]1§13;H%(R2))”bk”Lz(R,s;H%(Rz))'

Finally, with Lemma 2 joint with the fact that |k’ — k| < Np, we infer
([AY, St -10°)93bir [bi) 2 < Cdi||Vhall groso 22|16 F1/2.0-

The term (SP— Sy _,)a®d3A, b can be estimated exactly as the term Fy"'. That concludes the proof of Lemma 3.

O

Remark 5. We are unable to estimate the term (F}|bk)r2(r,,;me(r?)), for any s # 0: that is due to the
fact that the estimate of (S¥(a®)d3bk|br) L2(R.,;H*(R?)) Which appears in (2.4) would lead to terms of the

type ([A%, 57 (a®)]0abk|bk)L2(s). We do not see here any way of recovering the vertical derivative of b be-
cause of the lack of vertical viscosity.

3. PROOF OF THEOREMS 2 AND 3

Proof of Theorem 2. 1t is obvious that for smooth initial data, smooth solutions exist (of course only for
short times); we shall prove a prior: estimates for such smooth solutions.

As it occurs in the classical Navier-Stokes system, global results for small initial data are easier to prove than
local results for large data. In any case, the proof relies strongly on Lemma 3 proved in the previous section;
let us start by deducing from that lemma the global part of Theorem 2. Applying the operator A} and using
an L? energy estimate gives, considering the fact that v, >0,

1d
=~ —lve(@®l22 + V|| Ve ()22 < (AY(v - Vo)|vg) 12,
2 di

where we denote by vy the term Ajv. So using the above Lemma 3 with s = sp and a = b = v, we get

1d -
5&"%(0”%2 + V| Vave(@)lIZz < Cdi2725ol2 ) | IVhol| oo (3.5)

Now multiplying this inequality by 22%%0 and taking the sum over k gives

1d

3 10O B0 + VIV40® 300 < ClI? 4

HT‘SO ||Vh’U”HO,30 .

An obvious interpolation inequality tells us that

10112 400 < M0ll£r0.c0 [ VR pro.so.-

350 —
So we infer that

1d
5 310 Fo.0 + VIIVRU(E) 130,00 < Cllo(@)llmo.so | VavliF0.0-
2dt

So, if ||vol| go.0 is small enough, the function [|v(t)(|%,,., decreases; more precisely, if

v
o)l zo.s0 < BYok
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then we get

|

\ v
@z + 5 1VR0 @000 <0,

[N
o

t

So, we get that, for any positive ¢,

l[v(®) 110,50 +V/ IVR0(¢) 170,00 42" < [lvol|370.0-
0

Now standard compactness arguments give the global existence result.

The proof of the local part of Theorem 2 consists in several parts, considering differently the high vertical
frequencies and the low ones.

The case of high vertical frequencies is treated thanks to the following lemma.

Lemma 4. For any so > 1/2, a constant C ezists such that for any smooth solution v of (N.Sy) on [0,T] x R3,
for any integer N, we have

11 =3 )0l om0y + 201 Va(Id =S5 )0l 2 (4009

T
< I =Sk )00l +C [ T0(OI, 30 [Vn0(0)nsodt.

Proof of the lemma. We just have to multiply inequality (3.5) by 22 and take the sum for k bigger than
N —1; we get

1d s -
sq | 2 Im®IEs ) +v X2 2 Vau®)lize < Cl@®I 4. IVAo(E) oo
k>N-~1 k>N-1
Then Lemma 4 follows by integration in time. O

Let us now consider the low vertical frequencies and high horizontal frequencies.
Lemma 5. For any sp > 1/2, a constant C ezists such that we have the following properties. Let M and N be
. d
two integers such that M > N, and let us define vp N ief (Id ——Sl'\l,I)S}(,v. Then

T
a2, 355 a0,y + 2l Vvt 13 050 < Cllvas,wis—ollgenso +C /0 [N /5.00 [0 (0| 10,00 .

Proof. Again by standard energy estimates, we have

1d .
EEHUM,N(t)H%Z+V||thM,N(t)||2L2 = (Fyrnlomn)rz + (Fignlvmn)re,  with
oy & (1d-80)S% (0" Vav) and
Fiy & (1d—85)S% (030s0).

The term F ;f, ~ 1s estimated easily, using the product rules given in Lemma 1. Using the law of product, we
have

1En, v (23 -3 oy < CI" (223l 113 gy VA0 (- 28) 2Ry
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As sp > 1/2, we get
HFI"l’I’N“L%RES;H*%(R?)) < C“UhHHl/Z,so IV rvl| gro.s0,
hence
|(Fpz,nloaa, ) 2@y | < Cllvll3/2,00 | VA 000 -

To estimate || F; vl we use the fact that v is divergence free: we can write that

L2(Rqy; H™ 3 (R2))
v = (Id —Sh)S% (85(v3v) + v divyo™).

The term (Id —S7;)S% (v divav™) can be estimated exactly as FJy . As to the other term, it is basic Fourier
analysis to observe that

Id -8} = 27M(1d —=S3) (x1(D)dr + x2(D)dz),
where x; are smooth, homogeneous functions of degree 0. Then it is clear that when M > N,

((1d =83 SR 05 (v*)|vm,N) fogsy S 10%0ll 2@ 2" M| Vhoar,nll L2 ges)
< ClolFszee IVivm,vll oso
< ClolFarze IVavll oo
So finally
(Fm,Nvm ) 2ws) < Cllvl Gz I Vavll oo,
which proves the lemma in an obvious way. (]

Let us conclude the proof of the local existence part of Theorem 2. Let us observe that vp is in L%(R3), so
we have the basic L? energy estimate

o35 +2v [ 1930 3aa < foolta
0
So it is obvious that
1K SErv o0 + 20 [ IVRSK S’ < CEMNT g
So using an interpolation inequality and Lemmas 4 and 5, we infer that

@NIVIZ, 3,00, + 2 TR0IE 1100y < C(10d =S50 o

+ 1531 =Sk ol + 22V wnls + [ oy 0@l ouudt).
0

H?2%0

So we deduce that

1 v
VIR, prbsay + IV RO 000y < O (1114 = SR ollro.

. c
+ (18X (1d =S )vol 30,00 + 2°M 22N T o172 + ;|Iv|li%(H%,so))'

Then choosing first an integer IV such that

1(Id = SR )voll Fo.00 < 7,
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then an integer M greater than N such that
[1S% (Id =S} )vollzro.0 < 1,
and finally a strictly positive real, number Ty such that
22M 2N Tlvg||72 <,

we obtain that, for any T < Tp,

1 C
VAol VIRl om0y < On + ]

Ly(HE*0) L b0y
So, for any positive real number 7, a positive real number T; exists so that

vEII2, o A VRl 2 oy S
L4, (") ROllLE, (HO0)

That yields the result, and proves Theorem 2. ]

Proof of Theorem 3. Let us start by proving the propagation result stated in Theorem 3, considering v € H%*,
with s > sg; we just have to follow the computations leading to the global existence result with data in H?%,
We have, as for (3.5) and using also Lemma 3,

d -
a—tllvk(t)lliz + U Vrve)lZ2 < Cdr2 o]l g0 (Ivll 3. VR0l oo + 1[0l 3,00 I VR 2006),

S0

1d C C
33 IO N5os + VIV @0 < l0ll5 5 ool + — 1 VavlIF0m0 [Vl

By integration, we find that

c [* c [T
012 5 0.y + 270123 100y < 5P (,7 | @t + S [ 19000 dt) .
So we find that the life span of the solution is controlled by the following norm:

T T
T <400 = / o)/ mg it + / IV 00(8) 20,00 4 = +00.
0 0

Now we are left with the proof of the uniqueness of the solutions when s > 3/2. So let v; and vy be two solutions
of (NSp), with initial data v, such that

3
vie {1,2}, wi e L>([0,T), H>*)nL*([0,T],H"®), s> 3

) def
and let w = v1 — vy. We have

Oyw — vApw + vy - Vw +w - Vg = —Vp,



326 J.-Y. CHEMIN ET AL.

hence using Lemma 3 and interpolation inequalities, we can write

(1 Volw)gos < C(IVvtlloes wlfmes + lorllzsszsms [l ovzams [ Vawlloo-2)
< (IVnerlmosns llwll o [ Vaw] o
ol s ol oo Vol e )
< S19n0lorms + S (1908 s + Jgl01 s ) ol

But with Lemma, 1, we can write that

I(Az(’wh . Vh02)|’wk)‘ S 02_2k(s_1)dk”w“i1%,8_1 ||th2HHo,s_x

and
(A (wPd302) wi)| < C27 Vil 3., ]l oo llvall 3..-

It follows that

d v
a;llwll?qo,s—l + || Vawloo-1 < I Vawl}o.s-s

C 1
+= (nvhvlnim,s_l + | Vhval3 2.1 + ;(llvl I 32/2,0-1 + ||v2||§,l,2,s_1)) (|w]| 051

The result follows by time integration, and Theorem 3 is proved. O

4. THE CASE OF ROTATING FLUIDS: PROOF OF THEOREM 4

In this final section, we are going to prove Theorem 4. We shall in fact prove a more precise result that
stated in Theorem 4, and in order to do so, we need to introduce some notation. We shall consider the following

rotating fluid system:

1
(RF®) { Ov — vARY — v, 03v +v - Vo + Jvxes = —Vp
Vt=0 — Vo.
The elements of the kernel of the operator Lv def P(v x e3), where P is the projector onto divergence—free

vector fields, are bidimensional vector fields; so it is natural to introduce the solution of the bidimensional
Navier—Stokes equation:
{ O —vARu+4-Va = —Vp
ﬁ'|t=0 = o,
where %g is a bidimensional, divergence—free vector field.
Finally in order to state the following theorem, we need to introduce the solution to the free wave equation

associated with (RF*®).

1
2
Oww, — vApw, —v, 05w, + “We Xe3 = -Vp,
divw, = 0
wF‘t:O = Wo.

We shall prove the following result.
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Theorem 6. Letv > 0 and v, > 0 be two real numbers. Let vg = tig+wo, where g € L*(R?) is a bidimensional
vector field, and where wo € H®®, with s > 1/2. We suppose both fields are divergence free. Then there
exists €o, independent of v, , such that for € < ey, there is a global solution to the system (RF*<), bounded
in L®(R*, H%*) N L3(R*, HY*). Moreover, if s > 3/2, then the solution is unique. Finally when ¢ goes to
zero, v satisfies

v—a—w, —»0 in LPR', H*)n LXR*, H*).
The proof of that theorem mixes the results obtained in the previous sections with anisotropic Strichartz
estimates on w,, in the spirit of [6]: let us define

F (45, 5) () el S g (e).

We have the following estimate.

Theorem 7. For any vector field f we have, for any p € [1, 0],

: 12y . R B B
185 ALAS, Fllig ez, S G2 min (1, (e2%) 5230 H ) ATAL Fl 2 e (4.6)

Proof of Theorem 7. We follow exactly the same lines as in [6]. For the convenience of the reader, we present
here a self contained proof. Like all Strichartz—type inequalities, (4.6) is the consequence of dispersive estimates.
Writing

~ . € 'y ~
Ane(1,0,0)f & 1 (TR Fgy)
we have the following dispersive lemma.

Lemma 6. There exists a constant C such that the following holds. For any function f, we have

|ABAY A (7,6,0) | 2, < Cmin (1,7 215=H) 9236082 | 7).,
ThE3

Th,T3

(4.7)

Proof of the lemma. Let us define

£ o— ixh -EntiTod —01Enl? o—j
Lk(r,0,0,60) & p274e) [ ool o g, ag,.
R

Then we have
~, _Ao2k
1A A A (r,0,0)Fll e, < Cem L0, Yaee 1 F s

Th,T3
where we have used a Young inequality in the horizontal variables, and Holder’s inequality in the vertical
variable, associated with Plancherel’s formula.

Now all we need is an estimate of I x(7,6,-,-) in L:’:‘Z: we can write

Lk (1,0, 2h,63) = 22T 1 (7, 2250, 2% 2, 275 ¢3)

with
~ def i -¢! 41__£3__‘ 2 o
Trtrin ', @) & olca) [ e <Ol o2 316,)) g
R

So we shall integrate by parts in the following integral:

8(Cr, ) % / B0 5010, de.
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Let us introduce the operator £ defined as

1 . . (s )
Va, Loa=-———-F— (a—ia(()0,a) with «(¢) =0, (— ;
1-+—TO[2(C) ( (C) <: ) (C) ¢ |C|
An easy computation yields
c(ez‘r%) — ei’r%
which implies immediately that
®(¢1,¢3) 2/6”'% 'L (6—7”4"'2990(”) d¢a.
R
But we can compute, for any function ¥,
1 - Ta? i
¢ - = S S
L) = (g~ 1060) sz ) WO — s, ¥(0),

so using the fact that ¢ is in a fixed ring of R® and that ¢ € D(R), we get after elementary computations

ltﬁ (e—'nléhiZ(p(Qk—leh,))] < @E(__l) —lenl®

1+7¢2¢3
It follows that
ITonmm s Gl < Ce=C7|lo(cy) min(25-2,1)— 92
viits |¢2|SC22 - 1+76G |,
< Ce 77 F min(277%, 1)]|0(C3)¢5 || oo
< Ce"C"T_%min(Qj_k,l).

2k _ 1

AT AL A (7,0)fll 2, < Ce™ OB =002 92k min(29F, )7 I1£llz2z, - (4.8)
Now to conclude to (4.7), we note that by Sobolev embeddings,

_ 2k _ 2
|AhAv apl(Ts 0, 0)f||Lgc’, 2 < 99 e—C02 co2 -‘l”AhA Flize
< 02236—092% —C§2% |]AhA f”L‘ 2
which with (4.8) implies that
AL AL A e (7, 6)fll ez, < Ce —C02% —C62% 92 i (-2'1 Kl 1) IF N2z, -
T Ih x

The lemma, is proved. O

End of the proof of Theorem 7. To prove the result, we are going to use duality arguments, based on the
anisotropic estimate (4.7). In the following, we shall call

BE{¥ e D®?), ¥ g prp.,, <1} (49)
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The following set of equalities is standard:

h AV A€ _ . A€
1AF AR AL e fl ez, = sup /R <84 (O, T() > dt
= sup (2r)73 f p(27)g))e "t el = 8 Ty T(2, £) dede
veB R+ xR3
= sup (2m) %) / Fi©) T, (e, e E 20 65 qyqe
veB iy JRTxR?

where we have defined f;x = AFA}f and W, x = APA}T. So it follows that

A€ -3 , —it B —vt|Enl?—v, tE3 G
IIAJAu,nfllLlT(Lms)sig @m) 72> I £kl /]R TR v, (8, €) dt

k<j L2(R3)
But we have 2
[ et g ) ar
R+ ’ L2(R3)
.t & —~ s =
_ / e—«zgﬁ—uﬂéhﬁ—yvté‘g ‘Ilj,k(t, 5)615%-us|£h12_uvs§§ ‘I’j,k(S,g) dtdsd¢
(R+)2xR3
g7 217kl ; 023
< / 1%, k(5 M e 115kt Mo min |1, ——— ) 22077 (+927 qyqs. (4.10)
(R"’)2 Tp,T3 T} T3 ]t __ Slng—

Then we just need to notice that
—v(t+ 2J -v
/ ﬂ dtds = 239 / ﬂ_ dtds,
®+)2 |t —s|? ®+)2 |t —s|z
and that o
/ 2 s = 2
(R+)2 14

50 (4.10) yields finally
v pE . Lo lizkl g v
I[A?AkARFfHL}F(L;‘;L’?%) < C, min (1, (e2%)1272 ) 277 | AP AL £l 22z
But by Sobolev embeddings and energy estimates, we have
IAFALAS flls e,y < CENATAL | 22ms),

and the theorem is proved by interpolation.

|
Proof of Theorem 6. The proof is going to use Theorem 7 proved above. Such an estimate is best used when
the horizontal and vertical frequencies of w,. are fixed, and it is possible to do so for the following reason: it is
clear that, as w, satisfies a linear equation,

lim  (Id—S%)Sk, (1d—S%.)S% w, =w, in H%, Yo,o'. (4.11)
N,Na—*—(x) 3 3
N',Né—v—}—oo
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So for any 1 > 0, there exist integers N, N, N3, N such that

Il’wF — Wy, ”Lcc(R+’HO,s)nLZ(ZR-{»’Hl,s) <mn, (4.12)

where we have noted

f v v
wrm % (1d —8%) Sk (1d ~S%,) S wp.-

Then (4.6) becomes simply
e [1,00), Nwelliprsma,) < Coe/ Pl 2y, (413)
where here and in the following, we have written C, for any constant depending on N, N’, N3 and N3, such

that (4.12) is satisfied.

Let us recall the following classical estimates on the bidimensional Navier—Stokes equation, and on linear
parabolic equations: we have

t
VE>0, [|a(t)|Fagey + 2v /0 VRt 2gay dt’ = [[Gol|32(Rays (4.14)

t
and Vit > 0, ”wF (t)“ilo’s + 21// "Vth (t/)”%IO,s dt’ = ”wOHiIO'S' (4‘15)
0

Now if we define w & v — 7 — Wy ., it is enough to prove that w is unique, and goes to zero in L®°(R*, H%*)N
L%(R*, H%*). The function w satisfies the following equation:

6

Grw — vARw — v, 83w + %w x ez =—Vp+ Z F; (4.16)
i=1
with
R def —w - Vw
Fy def —4-Vw—w-Va
F3 def —w, . - Vw
Fy Ly Vwg .
Fl ¥ _diva(u?  @*) - diva(@oh ) - diva(w! w? )
F ¥ @0l w8t —dwl wd ).
and

Wjemo = (1d —(1d —S}) S} (1d —sga)s,vvé) wo.
Note that, according to (4.11), we have

Vn>0, 3(N,N’,Ns,N}), |wpeollgo- < 7. (4.17)

The uniqueness result follows simply from Theorem 3, since the skew—symmetric term %w X e3 does not interfere

in the energy estimates. So let us prove that for € small enough, there is a global solution w to equation (4.16),
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which goes to zero in L®(RT, H%*)NL2(R*, H"*). The proof will use estimates proved in the previous section,

as well as the Strichartz estimate proved above.
First, using Lemma 3 proved in Section 2, we get

(A% (w - Vw)|Afw) p2@ey < Cde2” 25 ||wl| G /.6 | Vnw]| o
Using the interpolation between H%* and H»®, and taking the sum over k, we get
(Filw)go.s < Cllwlgo.s || Vawl|Fo.s-
Now, let us estimate (Fz|w)go.s. Since @ does not depend on the third variable, we have

(DY@ Vo) Ajw) 2@sy = (@ VALW)ALw) L2 s)

—% /11&3 div p@"|AYw|? de,
so as H'/2(R?) is embedded in L*(R?), we get
(A% (@ V)| AR w)L2ge)| < ClIVaal 2@e) | AR w22 r, /2oy
By interpolation between L?(R?) and H!(RR?), that yields
V(5 v c =112 v 2 v v 2
[(AR(E - Vw)|Afw) r2msy| < ;thul|L2(R2)”Akw“Lz(Ra) + 1_6||VhAkw“L2(R3)7
and multiplying by 22** and summing over k, we get finally
~ c 112 2 v 2
(@ Volw)gos| < SNV . + 15| Vrwlko..
Moreover, we have
(A (w - V)| ARw) L2 re)| < C”Azw“i?(gzs;h{lﬂ(w))”Vhﬁ”L?(R?)a
so similarly
- c N2 2 v 2
(w - Valw)go.| < ZIVrElL2 @) wllEo.s + 16l Vawlizo.s.
So, putting estimates (4.19) and (4.20), we get that
(Ehw) o < I3y el + LIV
afw)ros] < Z IVl 0l fos + 2 Vhwlbo.

In order to estimate the term (F3|w)go.s, we use Lemma 3 proved in Section 2, which yields

(4.18)

(4.19)

(4.20)

(4.21)

(A% (W, - VW) ARW) L2 @) | < Cde27||w]| graszs X (|wgom 5125 [ VWl os + Wl /s | Vawg,, ll5r0s) 5

which in turn implies that

v C
|(Fslw)pgo.s| < Elivh'wll%o,s +- (1w p o W s2,s w22 2,0 + w1 Z0,0 I VAW 3010 ) -



332 J.-Y. CHEMIN ET AL.

So finally, by interpolation, we infer

) v C
|(Fsw) gro.s | < < | Vawl|Fo,s + —Ilwilyos S lwell3pr2s + 1Vewe,, o ) - (4.22)
8 1%

Moreover, we can write

[(Falw)po.| = [(w-Vwg, |w)go.|
< (zn.2) . .
< /Rz |<w($h, ) Vwg, (@h, Yw(zh, ))HS(RI3) h
S D [N - N PRy
R
< wllros Vg, | oo r2; 10 (Ray ) -
But the spectral localization of w,.,, implies that, for any 7, a constant C;, exists such that

VW [l Lo ®2; 2 (Rey)) < Crllwe, |l o2

Tp z3
so finally
|(Falw)gos| < Cyllwg, llpgo2 llwllo.s- (4.23)
To estimate |(Fs|w)go,s|, let us write that

|(Fs|lw)pos| < [1F5]la-1 | Vaw] go.s

IA

C v
=N Fsl[3 1 + I VawlFo.s-
v 8

”F5“§I_1r9 S C(”wF,mﬁ”%JOvs + ”wF,mwF,m ”%10'3)‘

As the Fourier transform of w,, , has its support in the vertical frequencies included in the ball of radius N3,
we have

2 _
1Fsllf-1s < CNg™(llw, @l Z2@e) + 1Wem e [ 12@s))

128 2 2
CNs (”u|lL2(R2)“me”Lwhy,zzs + ”wp,m”l,gf,om”wp,m”,;g;;?zs)

IA

Using again the spectral localization in the vertical variable and the energy estimate of the free rotating system,
we get that

IN

e m 17 2,00

313

CN3llwr,. 122 @s)

IA

CN3llw,, . 122 gs) -

So, using now the energy estimate in the 2 — D Navier-Stokes equation, we get that

2 _
1 Fsld-s.e < ON3* (ol Zageey + Nl Waesy) w2 -
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As in all that follows, let us denote by C;, any constant depending only on 7 and on the initial data %g and wvp;
we can rewrite the above estimate as

v
[(Fslw)pro.e| < Cpllwe 72+ 2 [IVawl|go.e (4.24)
ThHT3 8
To estimate |(Fg|w)go.s|, let us write that

|(Felw)mo.s | < | F|pro.e [Jwl| mro-s.

Using again the spectral localization in the vertical variable of w,, , , the energy estimate in the 2 — D Navier-
Stokes equation and the energy conservation for free rotating system, we get that

1
| Foll ro.s < CN;QSH(H%HL?(W) + N3?|w,,,, HLZ(Rs))HwF,m | peo2 -

Thi*3

As above, this can be written as

[(Fslw)mo.s| < Cpllwy, |l pgoz, 1wl so.s.- (4.25)

6
An energy estimate in H®® on equation (4.16) yields, writing F' def Z Fj,
j=1
1d
2dt
So using (4.18) and (4.21-4.25) yields

lw® 0.0 + VIVaw®)lFo.e = [(F®)w(t)) o |-

—;—%Ilw(t)llﬁo,s + V| Vaw(t)zo.s < (1) w(t)l[Fos + Gn(t)

+ (5 + @l (14 L wO)l0-) ) 19500 o
with

Go(t) & Cpllwenlms +Callwpnllzz, (@)l and

ZTh,T3
def C
v

_ C
(nvhu(wnim FIVh0 Ol + 510 O, +Collg Ol 5 ) .

Th®3

Note that according to (4.14), (4.15) and (4.13), the function @ is in L}(R™) and

cr2,_ C
#zxey < ( 2m0ls + ool (1-+ ol ) + ol iz ). (426)

Let us fix n such that

v

< Z.
— 16

Let us consider the supremum 7* of the set of the real numbers T such that

OOl (1+ () .- (4.27)

Vi< T, Clhw(t)lmo. (1+ %uw(tngm,s) <% (4.28)
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As long as the above condition (4.28) is satisfied, we have

1d

551w Or + S1Vh0®) 0. < 8O0 + Collwe B +Collwp,llza,

Let us define

@(t) 2 w(t) exp (- /O t @(t’)dt’) .

We have

14, v -~
5 T O + S IVAB O < Itpemol o + Callwn|2mn + Cpllun iz

So by integration, we get, for any t < T*,

150 s + 5 [ 198 o0t < Jotemallios +Cn [ (lopn@Egn, + Colpn @iz, ).

Th,®3

From now on, we shall use the Strichartz’ type estimates. Using the estimate (4.13), we get

t
Co [ (nn @z, + Collw, )52, )t < Cole)

where Cy,(€) is a function of € such that, for fixed 7, liH(l) Cy(e) =0.
E—

So finally
H~7\n2 v [t e ~reIN12 1) -l na ~ 1N
WAL) || go,s T 5] VAW )|l go.s Al = |[Wi=0l|go,s + LplE),
0
hence
1 nz LV /'t ~rIN|12 ! 1 n2 rt ! !
llw(®) 0. + 5/0 IVAW(E M o0.+dt" < (lwje=ollzro.e +Cn(8))exp/ ®(t') dt’,
0
and the theorem is proved using (4.26). O
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