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LOCAL SOLUTIONS FOR STOCHASTIC NAVIER STOKES EQUATIONS*

ALAIN BENSOUSSAN! AND JENS FREHSE?

Abstract. In this article we consider local solutions for stochastic Navier Stokes equations, based on
the approach of Von Wahl, for the deterministic case. We present several approaches of the concept,
depending on the smoothness available. When smoothness is available, we can in someway reduce the
stochastic equation to a deterministic one with a random parameter. In the general case, we mimic
the concept of local solution for stochastic differential equations.
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1. INTRODUCTION

The usual approach to stochastic Navier Stokes equations is related to proving the existence of strong or weak
global solutions (namely in any compact interval of time), see references [1,2,4], and related papers. Strong
solutions are obtained in very limited situations. In general, one relies on a background deterministic theory
which is the variational theory, see references [7,8]. As in the deterministic case, one considers a Galerkin
approximation method, and by a fundamental property of the nonlinear term, it drops out in writing the energy
equality. Therefore estimates can be obtained. Compactness is then necessary to proceed. In the stochastic case,
the compactness holds only in spaces of probability measures related to the trajectories and not in functional
spaces related to the trajectories themselves as in the deterministic case. Nevertheless, this is sufficient to prove
the existence of weak solutions. An other approach to Navier Stokes equations is that of Von Wahl [9]. It relies
on abstract parabolic equations and obtains more regular solutions, but only locally (on a small interval of
time). Such solutions are also unique. The objective of this paper is to use such a deterministic background to
construct solutions to stochastic Navier Stokes equations locally. In cases, which to some extent are reducible
to the deterministic case (namely stochastic integrals of Ito type can be removed) then we can proceed in a way
similar to that of Von Wahl. A slight improvement is however used in comparison to the deterministic theory,
where solutions which are differentiable in time are possible. Because of the stochastic context, only solutions
which are holderian in time are possible here.

To treat equations of Ito type, we approach differently the concept of local solutions, in a way which is usual
in the stochastic context, for ordinary stochastic differential equations (see [5]). The method can also be used
to treat local solutions for deterministic equations, but it is not needed in the deterministic context. We show

Keywords and phrases. Navier Stokes equations, stochastic equations, abstract parabolic equations, Ito integral, local solution,
Ito equation, Stokes operator, Functional equation, Mild solution, Random time.
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that it fits perfectly to Navier Stokes equations of Ito type, and provides a result of existence and uniqueness
of a strong local solution.

2. FUNCTIONAL BACKGROUND

2.1. Notation
Let O be an open domain of R™ with regular boundary 8O. Let V be the space of infinitely differentiable

n-dimensional vector fields u(z) on O with compact support strictly contained in O, satisfying divu(z) = 0.
We call H the closure of V in (L?(0))", and denote by P the projection from (L2?(0))" into H. We also call
V = {uin (H}(O))", divu = 0}.
We consider the linear operator
Au = —PAuy
with
D(A) = (H*(O)"nV.

Note that A is a positive self adjoint operator in H and one has

(Au, ) = [julf?
Considering the fractional powers A7, with 0 <« < 1, one has the properties

D(A%) =V

D(A") Cc (H'(O))"NnH, 0<y<1. (2.1)

with continuous injection. Moreover

D(AY) = (HI(O)' N H, 0Sy<3,7#7 (2.2)

and
(H§mm”nﬂ<:Duﬂ,%<7<sgLs¢%. (2.3)

Also
(H%Km"ﬂH:DQULO§7<i. (2.4)

For the proofs, we refer to [9]. The operator A is called the Stokes operator, and — A generates an analytic semi
group, denoted by e~4t. More precisely one has the properties

A +A4)7H < ReA>0 (2.5)

Al +1°
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U oalep — c(6, M)e=% o1
e P R R N (2.6)
Note that if f € H and
Au=f
then there exists an element 7 € H!(O) uniquely defined up to a constant such that
—Au+ Dm = f.
The function 7 is called the pressure.
2.2. Auxiliary results
We first recall a useful result. We consider the integral
t
P(t) = / e A9 g(s)ds. (2.7)
0

We note CP([0, T); H) the space of functions of time with value in H, which are Hélder with exponent 3 , with
the norm

. lg(t) — g(¢")I
dllos = sup |(g()|+ sup ———
lollerqomm = b OIS0y = t1P

then we have the

Proposition 2.1. If g € CP([0,T); H), then one has
¥ € CY([0,T); H)n C°([0, T]; D(A))
with the estimate
T8
1%1l e (0,11, Eynco(o,11,0cay) < c(llglleoqo,ry,m)y + ”g”Cﬁ({O,T],H)F) (2.8)

where the constant ¢ does not depend on (3.

Proof.
Note first the formula

¢
Av(e) = [ 4e A9 g(s) - g(0) ds + g(6) - ¢ Ag(0)
0
The function g(¢) — e~4%g(¢) is clearly in C°([0,T]; H). Moreover

i |
[ 4e42g5) - g ] < 1o
0

Thanks to this estimate it is thus sufficient to prove the continuity in time of the function

[ 42906~ ) s
0
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But for 0 <t <T — h, one has

t+

t+h t h
/0 Ae= A0+ (g(s) — g(t + h)) ds — /0 Ae™ A9 (g(s) — g(t)) ds = Ae™40h=9)(g(s) — g(t + h)) ds

+ / t(Ae_A(”h’s)(g(S) — g(t+h)) — Ae™ A0 (g(s) — g(1))) ds.
0

The first integral is estimated by

hB
CF”Q”C"([O,T];H)-
In the second we write the integrand as
(7" — 1) Ae™*E=2) (g(s) — g(t)) — Ae™AE+M=9)(g(t + h) — g(t))
and for s < t , it is easy to see that it converges to 0 in H as h — 0. Moreover, thanks to the Holder continuity
of g, we can bound the norm of the integrand by a function of s not depending on h , which is integrable. One

may then apply Lebesgue’s Theorem to conclude that A (t) belongs to C°([0,T]; H) and

llgllcs qo,m1:1
llesqomspay < elllglicoqo,mym + == ).

Next one writes

B 1 —Ah _ t+h
w - /9 e M Adr g(t) + E—E—I)zb(t) - % / e” A=) (g(s) — g(t) ds.

Since ¥(t) belongs to D(A), we can pass to the limit in the right hand side, as A — 0, to obtain

P'(t) = g(t) — Ap(D).

Thanks to the previous estimate, we can conclude the proof of (2.8). a

Corollary 2.1. We have also
% € CP([0,T]; D(A'™")) (2.9)
with the same estimate as (2.8).

Proof.
One can write for 0 <t<T —h

t+h
AP (Pt + h) — 9(t)) = / AP AU g(5)ds + AV TP (e — Ip(t).

The norm of the integral in the right hand side is estimated by h®||g||co(je,7};r)- The norm of the second term
is estimated by h*||Av||co(jo,);) and the result follows. n
Note also the result, whose proof is obtained by similar methods.
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Proposition 2.2. If g € C°([0,T); H), then one has
¥ € C°([0,T); D(A*™9)),V6 < p

with the estimate, valid for 0 <6 < p

1 1
0 7. -y < anTP (= — 2.1
[1%1lcs jo,m;00a1-0)) < cllgllcoqo, )0 (p + 50— 5)> (2.10)

where the constant ¢ does not depend on p, or on 6. For § = 0, one should use the estimate
TP
[1¥llco(o,1);p(ar-r)) < 6||g||coqo,T];H)7 ' (2.11)
We then proceed with properties of the vorticity operator. The vorticity operator is defined by the formula
B(u) = P(u.Du) (2.12)

which makes sense at least for vector fields u such that u. Du € (L?(Q))". We want to prove the following
important result

Proposition 2.3. Assumen < 6. Let

0 < p < min (% %—%) (2.13)
then B(u) maps D(A'=P) into H and one has the estimate
[B(u) = B(v)| < c(|A'Pul + |AT0])| AP (u — v)| (2.14)

Proof.
Set v =1 — p, then

1>+ >max ! 1+n
i 24"8)

We first check that if
¢, 9 € (H?(O))"
then
¢.Dy € (L2(0))"
and
|6.DYl(r2(0)) < cldl(arzr (o)) | (E2r (0))n- (2.15)

Indeed, we can find ¢; such that

4 1 ~—
(1——)+<—<min<1,4 2).
n q1 n
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Therefore
1 S 2y
2¢q1 2 n
and
1 1 1 N 1 2vy-1
22 2 2q1 2 n

By Sobolev embedding, we then have

H*0) c Wh22(0)
H?(0) c L*®*(0)

but
|- Dbl (L2(0y)n < clPl(r2a (o)) [l w22 (o))

which implies (2.14).
Now we can assert that if

¢, ¢ € (H(O)"NH
then
|P(¢.D)| < [6.DY|(12(0p)n < c|dl(mzvoyynna ¥l a2 (0)rn B
and from (2.1) it follows
[P(¢.Dy)| < c|A7¢[|AT4|.

Then (2.14) follows easily. O

Remark 2.1. In [9] it is proven that
|B(u) — B(v)| < ¢(|Aul + | Av])| A" (u — v)] (2.16)
which is a less good estimate than (2.14). The improvement is minor in the deterministic context, although it

simplifies the proofs of [9]. More importantly, it is very useful for the type of equations we are going to consider
in the sequel.

3. LOCAL SOLUTION OF AN ABSTRACT PARABOLIC EQUATION

3.1. Setting of the problem and statement of results

We consider a function ¢(t) with values in D(A'~?) such that

¢ € CP([0,Ty); D(A'P)) (3.1)
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Note that the function
tP
o(t) = — sup |A1774(s)|
P 0<s<t
is continuous in ¢ on [0, Tp] and increasing. Let T be defined by

TZTo, if CO’(T()) S 1

T = min{0 < t < Toleo(t) > 1}, if co(To) > 1 (3.2)

where ¢ is some constant related only to those appearing in (2.14) and in (2.6). We shall designate by the same
notation ¢ such constants. We then state the following

Theorem 3.1. Assume (3.1), then there exists a unique z such that
z € CH[0,T); H)Nn C°([0,T); D(A)) 2’ + Az + B(z 4+ ¢) =0, Vt € [0,T] 2(0) = 0. (3.3)

Remark 3.1. If co(Tp) < 1, then we can take T' = Tp. So we can solve (3.3) globally on [0, Tp], provided the
data is sufficiently small.

Remark 3.2. In fact, if we cannot solve (3.1) on [0,Tb] , it means that there exists T° < Ty , which will be the
explosion time of [A!~?z(t)| on [0, Tp), namely

limt 1T |[A*P2(t)] = +o0 (3.4)

and the equation can be solved on [0, T],VT < T. Of course T' > T'. This will be apparent from the proof.

Proof of Theorem 3.1
STEP 1:
By definition of T', we have

co(T) < 1. (3.5)

We define a map from C([0, T]; D(A}~?)) into itself as follows

t
=T =~ /0 e A=) B(n(s) + ¢(s)) ds. (3.6)
Majorizing the norm of the integral, and using the properties (2.6), (2.14) we obtain the estimate
TP T°
sup |A1PC(H)| < S— sup |AMPn(t)2 + S — sup |ATPe(t))? (3.7)
0<t<T 2 p o<i<T 2 p o<t<T
with a convenient definition of the constant c.
Set
T 0 . 1—p - e 1-p 2
M* ={ne C°([0,T]; D(A"~*)),n(0) =0, sup |A'7Pn(t)] < e— sup |ATTPH(1)|°}.
0<t<T P o<t<T

Then, it is easy to check that 7 maps M7 into itself. We can proceed with the iteration

tnia(t) = — / A=) B(z,(s) + (s)) ds



248 A. BENSOUSSAN AND J. FREHSE

starting with z¢(t) = 0. By construction

sup |AM 7z, (1)) <cT7 sup |4 4(0)°

0<t<T
<
= T
and also
1- |AY P (2n41(8) = 2n(8))
|A P(zn+2(t) — Zn41 (t Tp / t — S)l P d

From these estimates, it follows, as well known, that
2, — z in C°([0, T}; D(A*?)).

The function z is the unique solution of

z(t) = — /t e~ A=) B(2(s) + ¢(s)) ds. (3.8)
0

STEP 2:
We prove here that

z(t) € C%([0, T}); D(A'=7)),6 < p. (3.9)

Indeed, the function B(z(t) + #(t)) belongs to C°([0, T]; D(A'~?)), so we can rely on Proposition 2.2, to obtain
the result.

%)%Satép 2, and the properties of B, it follows, taking account of the assumption on ¢, that
B(z+ ¢) € CMN[0,T]; H), A= min(3,0), V6 < p.
Using then Proposition 2.1, we deduce that
z € C'([0,T]; H)n C°([0, T; D(A))
and also
z € CP([0,T]; D(A*P)).

The proof has been completed. 0
Continuation Argument:

Suppose T < Ty, then we can extend a little bit the interval in which one can solve (3.3). Indeed, recall first
that

— p
sup |[A7Pz()] < c=— -
OSthl O < ey

We can write

2T +7)=e A7 2(T) + z21(7)
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and z; is the solution of
23+ Azy+ B(zy +¢1) =0, z(0)=0
with
$1(7) = e A7 2(T) + (T + 7).

So we get the same equation, with a new function ¢. It follows that we can define z;(7) on an interval [0, 6]

such that o°
P 1—
—[—+ sup |[ATPHT +7)|] < 1.
L + s [4PH(T + )

We can proceed in the same way, defining successively smaller and smaller intervals, in which the equation can
be extended. The process can be continued as long as |A'~#z(t)| can be bounded.

C

4. LOCAL SOLUTION OF A FUNCTIONAL PARABOLIC EQUATION

4.1. Setting of the problem and statement of results

We introduce now a functional dependence in the equation (3.3): replace ¢(¢) by ¢(t;y) as follows

¢(t;m) : C°([0,T); D(A' 7)) — C°([0, T); D(A' "))

o(t;m) : CA (0, T]; D(A*#)) — CP([0,T]; D(A')),8 < p (4.1
with the assumptions
|ATP(p(tm) — (s m2))| < k(t) Sup |AT2 (m(s) — n2(s))] (42)
l1#C;nllce 0,11, p(ar-ry) < K(T) + K(T)|Inllco(o,71:0(ar-+)) + E(D)|Inllce j0,11;D(a1-0)) (4.3)
in which
k(t) increasing, k(0) =0, k(t) — 0, ast — 0. (4.4)
We also assume
$(0;m) =yo € D(A'7), v (4.5)
Note that it follows from (4.2), (4.3), (4.4), that
[[6(;; Mllcoo,r1;00a1-#y) < K(T) + k(T)||nllcoo,11;0(a2-#))- (4.6)
The problem we are going to look at is formulated as follows
y(t) = 2(t) + 6(t;9) (4.7)
2+ Az+B(y) =0, 2(0)=0
and we look for solutions with the regularity
2€ CY((0,T;; H)n C%([0,T]; D(A)), ye CP([0,T}; D(A')). (4.8)

We shall prove the following
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Theorem 4.1. Assume (4.1-4.5), and that T satisfies

T° 2
c—p-(K(T) + D)+ E(MKET)+1)<1
B
c%(K(T) F1)2 4 KT)K(T) +1) < 1
then there exists one and only one solution of (4.7).

Proof of Theorem 4.1

STEP 1:
We prove uniqueness. Note that from (4.9), one has

E(T) < 1.

Consider two solutions y*, z! and y?, 22. Set

‘We have

5t) = / A=) (B(y!(s)) - B(y*(s))) ds

§(t) = (t) + ¢(t;y') — B(t;4%).
Setting

6(t) = sup [g(s)]
0<5<¢t

we deduce easily the estimate

(1= k(T))B(t) < c/t 6(s) ds

and thus the uniqueness follows.

STEP 2:

We define a map from C?([0, T]; D(A'~*)) into itself as follows. Pick n € C#([0,T]; D(A'~*)) such that

sup |A'Pn(t)| < K(T)+1
0<t<T

then it follows from (4.6) that

JSup | AP g(t;n)| < K(T) + k(T)(K(T) +1).

We next have from (4.9)

c%(K(T) + k(T)(K(T)+ 1)) < c%(K(T) +1)2<1

and thus also

E AP p(t: <1
c— sup [A7P¢(t;n)| < 1.
P o<t<T

(4.9)

(4.10)
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Therefore we can apply Theorem (3.1) to assert that there exists a unique solution
x € C*([0,T; H) N C°([0, T}; D(A)) N C*([0, T]; D(A'~*))

of
X' +Ax+ B(x+é(t:n) =0, x(0)=0.
We then set
¢(t) = x(t) + (t;m)
which belongs to C#([0,T]; D(A'~*)). The map is the following

T(n) =¢.

From Theorem 3.1, we can assert the following estimate

TP
sup [A'Px(t)| < c— sup |A'TPo(t;m)[%.
0<t<T P o<t<T

Recalling previous estimates, it is easy to convince oneself, that thanks to the choice of T', one has

sup |A'TPC(t)| < K(T) + 1.
0<t<T

Thus considering the set
MT = {n € C?([0, T}; D(A*™*))| n(0) = wo,

sup |A'"Pn(t)| < K(T)+1}
0<t<T

we see that 7 maps M7 into itself.

STEP 3:
Consider the iteration

y*H(t) = T(y*)()
or more explicitly

yErL(E) = 25T () + o(t; %)
(ZFYY + AZML 4 B(yFt) =0, ZFYH0) =0

with
y°(t) = vo.
We deduce

H3(s) - 2 11(9))

(t—s)—+ ds

AP (0) = 2 0] < (@) +1) [ AT

AP (@(s; 95 — ¢(s;9F))|

+e(K(T) +1) /0 |

(t—s)l—r

ds.

251

(4.11)

(4.12)

(4.13)
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So one is led to an inequality of the form

_b(s) tg(s)
0(t) < a,/ G5 ds+a/0 (t—_—s)lTpds (4.14)
which implies
0(t) < K'(T) / zt—%;ds. (4.15)
Therefore we can write
O N ) e (1.10)

and thus also

AP 2(0) O < AP0l — oty + () [ ATEEE S g, g

Using the assumption (4.2), and setting
¢*(t) = sup |AP(y*H(s) — y*(s))]
0<s<t
it easily follows from (4.17) the inequality

¢H(L) < K(T)[9"(t) + K'(T) /Ot qu—k(‘?)— ds].

— 8 ) 1—p
An iteration shows that

#(6) < ((1) K" (T).
Thus

OitslngAl"’(yk“(S) —y* ()l < (R(T)*K"(T).

Since k(T') < 1, the series converges and thus
y* — y in CO([0, T]; D(A'™7)). (4.18)

STEP 4:
We prove here an estimate with respect to the Holder norm. Going back to the functions yx,  associated with
7, and recalling the estimate (2.8) in Proposition 2.1 and Corollary 2.1, we can assert that

T8
”X”CP({O,T];D(Al—P)) < C“B(C)HCO({O,T];H) + CFHB(C)”CL’([O,T];H) (4-19)

therefore also

T8
lIxlce(o.71:0(ar-2)) < ellClZo o7, D ar-ry) + C'ﬂ—l|C|Icﬁ([o,T];D(A1~v))||C||c°([0,T1;D(A1—P))- (4.20)
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We can replace in the left hand side ||x|{ce(j0,7);0a1-¢)) bY liXllcs(o,11;0041-0))
Finally, using (4.3) we deduce

l1¢llos o,115p(ar-0y) < K(T) + K(T)|[nllcogo,mipiar—+y) + E(Dnllesqo,ripar-+y) + cll¢l|Zoo.r3;0(a1-0))
T8 )
+ ‘5 liClles o, pear—e)y i Clleogo,13;0(a1-0))- (4.21)
We know that
[Inllcoo,m;pear-»yy < K(T) + 1= |[Cllcoqo,m;par-+y < K(T)+1
hence from (4.21), it follows
lICHeso,m;par-eyy < K(T) + K(T)(K(T) + 1) + k(T)|nllcs 0,71, D(a1-#))

B
+e(K(T) +1) + c%|xcl|ca<[o,T];D(Al—p>)(K(T> +1). (4.22)

Therefore we arrive at

T8
(1- CF(K(T) + IMKlleso,rypear—eyy < K'(T) + K(T)Inllce o,11:0(a1-0))

or
l¢les o, 1y:p(ar-eyy < K" (T) + K (T)|Inllcs (o,11;D(A1-+))
where in particular
k(T)
(1 - (K (T) + 1))

From (4.9), we have k'(T') < 1. Applying this relation to the sequence y*, it follows

K (T) =

1" s 0,11, pcar-0)) < K"(T) + K (T)|ly"llcs (0,7, D(a1-0))

from which it follows that
l*llcs 0,11;Dar-0y) < C.
Therefore the limit y belongs also to C#([0,T]; D(A'~*)). The proof has been completed.

5. STOCHASTIC EQUATIONS

5.1. Model with external noise

We consider a probability space €2, A, P, a filtration F* and an 7t m—dimensional Wiener process w(t). Let
g(t) be an adapted stochastic process, with values in (D(A?))* such that

/ 1
AP g()ye LY([0,T);H), as. ,0< 0, p—p' > rh (5.1)
Consider next a stochastic process G(t), with values in (D(A% ))™, such that

/ 1
A7G() € 1770, A, P, L®(0,T; H)), p+e' > o + % - (5.2)
Let finally

Yo, F° measurable with values in D(A'™%), po < p. (5.3)
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We then define the stochastic process
¢ t
B(t) = e Ay +/ e A=) g(s)ds +/ e~ A=) G(s)dw. (5.4)
0 0
‘We state the following
Proposition 5.1. With the assumptions (5.1-5.3), the process ¢(t) has a.s. trajectories in C?([0,T}; D(A'~?)),

with
1 1 1
< 5 : ot - )
B<p—po, B<min(p—p oPte o 5) (5.5)
Proof.
STEP 1:
Writing
1
A1~p(e—A(t+h) _ e_At)yo — _hp*po(/ Rl—p+po gA1—p+po,—AhT dT)Al"”"e—tAyg
0
it follows
|AT P (e7A0FR) — = Aty | < chPmPo| AT POy
hence
e~ Atyy € CPP ([0, T]; D(A™*)).
STEP 2:
Set .
X)) = / e—A(t_s)g(s) ds
0

then

t+h

AVP(X(t+h) — X(t) = AP / e~ AtTh=3)g(5)ds + AV P (e~ AP — D)X (2).
t

Write

t+h t+h ’ /
e [ A g(as = | [ At A 4 ) a

_p’
3 A= g(s)

t+h
= c/t G+ h=syere 88

and from Holder’s inequality we get

1
< k77 75 ||gl| Le(o,1y; 1)
Turning to the second integral, we pick any 8 < p— p’ — %, and write

1 t
|ATP(e=Ar — D)X (t)| = h6|/0 R1=F AL-Bg—ART dT/ AL=PHP B At=9) A=F' g(5) ds|

0
t Al
P |4~ g(s)|
= ch /O (t — s)l—ptr 4B de.

Using again Holder’s inequality we get

|42 (e 4" = DX ()] < ch®||gl| oo,z m)-
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So X(t) is a.s. Holder with exponent < p—p' — _.

STEP 3:
Set

t
Y(t) = / AlPe~ Al G(s)dw.
0
Then, we are in the framework of Appendix 1, with
®(s) = A¥PG(s)

and
AP®(s) = AP7PG(s) = AT G(s)

with 8 =1 — p—¢€’. Applying Theorem 7.1 of Appendix 1, we get immediately that Y(¢) is a.s. Holder with

exponent strictly smaller than p+¢' — § — &.

The proof has been completed. O

It is thus possible to take in equation (3.3), the stochastic process ¢(t). Then

y(8) = 2(t) + 6(2)

is the mild solution of the stochastic equation
dy + (Ay + B(y))dt = g(t)dt + G(t)dw, y(0) =yo (5.6)

and is defined as an adapted process, with trajectories in C#([0,T]; D(A!'~*)), with 3 as in (5.5). We can take
as minimal interval of definition the stopping time 7" such that

P
T = inf{t|c— sup |A'"P¢(s)| > 1} (5.7)
P 0<s<t
provided, of course, that the assumptions (5.1),(5.2)hold for any compact interval.

5.2. Model with smooth functional dependence

We introduce now a stochastic process ¢(t) with functional dependence, namely

. :e—-At te—A(t—s) s)ds te—A(t—s) s)dw. .
B(tim) = e~ Atyo + /0 g(m)(s) ds + /0 G(n)(s)d (5.8)

The functional dependence is assumed to be smooth, which means that we are able to perform an integration
by part in the stochastic integral, so that we have, in fact

o(t5m) = Ao + /0 e~ At=D(n)(s).w(s) ds + G(m)(t).w(t) (5.9)
with the definition

L(n)(t) = g(n)(t) — AG(n)(t) — G(n)'(t) (5.10)
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with the assumptions

Jsup [AY=G(n) (1) + |AT*G(n)(0)] < K + K sup AT(t)], e<p (5.11)
A= (C()(®) ~ Tm)(E)] < K sup [412(m(s) — ma(s)) (5.12)
[AP(Gm)(2) — Clm)(E)] < K sup |4°2(ms(s) = m(s)) (5.13)

JSup |A¢g(0)(¢)| < K. (5.14)

The constants may depend on ¢, 3, but not on 7. Set
B<p—e (5.15)
and assume
Yo € D(A~PHR), (5.16)

We then state the

Lemma 5.1. We have the following consequences of assumptions (5.11-5.14)

sup [A'°G(n)(t)] < K + K sup |A'"Pn(t)| (5.17)
0<t<T 0<t<T
sup |[AT°T'(n)(t) < K+ K sup ]Al_”n(t)| (5.18)
0<t<T 0<t<T
sup |A™g(n)(t)| < K + K sup |A'Pn(t)]. (5.19)
0<t<T 0<t<T
Proof.
Since

G(n)(t) = G(m)(0) + /; G(n)'(s)ds

then (5.17) is an obvious consequence of (5.11). Since p > €, we also have

sup [ PG < K+ K sup |APn(t)]. (5.20)
0<t<T 0<t<T

Now
ATT(0)(t) = A™%g(0)(t) — AT °G(0)(t) — A™°G(0)'(¢)
and using (5.14), (5.17), (5.11), we have

sup |[ATT(0)(t)| < K
0<t<T

which together with assumption (5.12) implies (5.18). Using (5.17, 5.18) with (5.11), we obtain (5.19). The
proof has been completed. a

Lemma 5.2. For the the process ¢(t;n) defined by (5.9) the assumptions (4.2), (4.3) are satisfied with the
following values of k(t), K(T)

K(t) = K'(1+47°) sup fu(s)] (5.21)
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K(T) = c|lyoll par-r+sy + K'l[w]lcs qo,1y,rmy + K'[TP757P + TP |w|| o o,7y;rm) (5.22)
where ¢, K’ are constants, with K’ depending on (3, p, €, but not on T.
Proof. Let
t
vt = [ eI E) () ds
0
then from the definition (5.9) we can write
lo(s Mllce o,m;pcar-0y) < lle™*Yolles qo,r:pa1-0y) + [[¥llos o, 13:0(a1-0y) + IGM)(Dw()l|cs (o,11;D(a1-0)) -

The first term is estimated by c[|yo||p(a1--+s). To estimate the second one, we rely on Proposition 2.2, see
(2.10), applied with

g=A"T(nw, 6d=0
and p changed into p — £. We can then assert that

19l 10,1430y < el AT (m)-wllco o,23,m TP~
where ¢ depends here on 3, p,e. Hence
[1¥llcs (0,73 D(a1-0)) < CI|A—€I‘(77)”CU([0,T];Hm)H’LU“CO([O,T];Rm)TP—s—ﬁ.

Next

I|G(77)(-)w(')iiCﬁ(iO,T];D(A“P)) < HG(’I])IicO(;;o,T];D(Al—P))Hw!lCﬂ({O,T];R’")
+ IGMles qo,r;pear-eyyllw

Co([0, T, R™)-

But, as easily seen

G les o,1,p(a1-)) < T PG (M)l oo 0,7y, D A1-))-
Collecting results, and recalling (5.11) and Lemma 5.1, we obtain the value of the constant K(T"), to verify the
assumption (4.3). In fact, there is no term involving explicitly ||n{|cs (o, 7);p(a1-#))- :
Let us now check (4.2). It is an easy consequence of the assumptions (5.12), (5.13). We obtain the value (5.21)

for k(t). The properties of the Wiener process imply that a.s. k(¢) is increasing, vanishes at 0 and tends to 0
ast — 0.

The proof has been completed. So we can state the following;: a

Theorem 5.1. We assume (5.11-5.14). Then there exists one and only one mild solution of the stochastic
Navier Stokes equation

dy + (Ay + B(y))dt = g(y)(t)dt + G(y)(t)dw(t), y(0) = o (5.23)

on the interval [0,T], where T is the random time defined by the first condition (4.9), where k(T'), K(T') are
defined by formulas (5.21), (5.22). The trajectories of the process y belong a.s. to CP([0,T); D(A'=?)) with
B<p—e.

Proof.
It is a direct application of Theorem 4.1. A mild solution is a solution of the integral equation

y(t) = e Atyo — /0 e At B(y(s))ds + /0 e~ A=) (g(y)(s)ds + G(y)(s)dw(s)). (5.24)
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Setting

B(t:y) = e~ Atyo + /0 e 409 (g(y)()ds + G(y)(s)du(s)) (5.25)
and considering

z(t) = y(t) — o(t; y) (5.26)

we are in the framework of Theorem 4.1. Thanks to Lemma 5.2, all assumptions are satisfied. We do not need
to use the second condition (4.9), because there is no dependence in ||7||cs(o,7);p(a1-+)), in the condition (4.3).
The proof has been completed. a

Example
Suppose we take

g(m)(t) = g(n(t)) (5.27)
1 % _a t—s
e = 5 [ e #Io(n(s) ds 529
and we assume the following properties
|A=¢(g(m) — g(12))] < K|A™?(m — n2)| (5.29)
A (o(m) = o(m))| < K|A™#(m —mp)l, & <e (5.30)

then the assumptions (5.11-5.14) are all satisfied. In fact, (5.30) is more than necessary. It was made in order
to verify (5.11). That is to say, to estimate A'=¢G(n)’(t). This last assumption was a compromise in order
to estimate at the same time A'~°G(n)(t), needed to estimate A~°T'(n)(t), and A'~PG(n)’(t), used to check
that that G(n) belongs to CP([0,T]; D(A'~?)). Here, because of the form of G(7), in particular thanks to the
presence of the operator the semi group e~ 4! in the integral, we can verify more directly the conditions of
applicability of Theorem 4.1. It is enough to replace (5.30) by

|4 (o(m) — o(m))| < K|A'™(m —mp)|, € <e (5.31)
and we state the following

Theorem 5.2. We assume (5.27, 5.28, 5.29, 5.31). Then there exists one and only one mild solution of the
stochastic Navier Stokes equation

dy + (Ay + B(y))dt = g(y(t))dt + (é— /0 e 2 (=g (y(s)) ds)dw(t), y(0) = yo (5.32)

on the interval [0,T), where T is the random time defined by the first condition (4.9), where k(T), K(T) are
defined by formulas (5.21, 5.22). The trajectories of the process y belong a.s. to CP([0,T); D(A~F)), with
B<p—ce.

Remark 5.1. The model (5.32) can be seen as taking account of the memory of the state y(s),s < t, with

a discount factor. It is convenient to use as a discount factor, the semi group related to the operator A. As
a — 0, we recover A~ a(y(t)).
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6. FORMULATION OF A LOCAL SOLUTION

We formulate in this section the problem of finding a local solution for a stochastic Navier-stokes equation.
We consider a process y(t) with values in D(A'~?), such that

o tnaM o
y(EA UM) =g~ Atha _/ e Althe ‘S)B(y(s))ds
0

t/\aM t/\aM
+ / AT =) 04 (5))ds + / AN =IG(y(s)du(s), VM (6.)
0 0
where
oM =inf{0 <t <T:|A'"Py(t)| > No+ M} - (6.2)

We make the following assumptions. There is given an underlying probability system £2,.4, P, with an m
dimensional Wiener process w(t) , and let

F' = o — algebra generated by w(s),0 < s < ¢.

The operators A, B are of course those of Section 2.1 and (2.12). We assume in addition that

|A™ (g(u) — g(v))| < K|A* P(u—v)], 0<p <p (6.3)
7 N . 1
|A% (G(u) — GW))| < K|A' P(u—v)|, 1>€ +p> 3 (6.4)
and
Yo is deterministic |[A'™Pyo| = Ny < oo. (6.5)

Our objective is to prove the following

Theorem 6.1. We assume (6.3, 6.4, 6.5), then for each T we can construct an increasing sequence of stopping
times o™ < T, and a process y(t) defined on [0,5), where

& =1oM.

The process y(t) is adapted, is a solution of (6.1,6.2), has a continuous modification with values in D(A'~?),
which is Hélder with exponent strictly smaller than min(p — p',&' + p— 3). The solution is unigue in the sense
that two solutions y(t),y*(t) verify

a.s. y(t) =y*(t), Vt < &.
Moreover, if 6 <T, then
(ATPy(t)] T oo, ast 1.

Proof.
We begin by constructing the process y*(¢) which is the solution on any finite time interval [0, T] of the equation

y'(t) = e Myo - / t e A9 By 1 (y' (s))ds + /0 t e 4"9g(y* (s))ds + /0 t e 479G (y (s))dw(s).  (6.6)

0
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We use Appendix 2 to solve this equation, see Theorem 8.1, and (8.1) for the definition of By,+1. Note that
condition (8.7) holds for 7 = +co. So we know that there exists a unique process y*(t), defined on any interval
[0,T], which has a continuous modification with values in D(A'~*), which is Hélder with exponent strictly
smaller than min(p — p’, &’ + p — ), and satisfies (6.5). We then define the stopping time

ol =inf{0 <t <T||A"Py}| > Ny + 1}. (6.7)
One has
|AY Pyl (0h)] < No +1 (68)
and we set
Yor =y (). (6.9)

Using again Appendix 2, we look for y2 to be the solution of

) t
y*(t) = Ele 4077 ) g | 7] — / Uysp1e” 2 By ya(y2(s))ds
0
t t
+/ HsZaxe_A(t_s)g(yz(s))ds+/ ]IsZale_A(t_s)G(yQ(s))dw(s). (6.10)
0 0

The process y? is well defined on any finite interval of time [0, 7], and enjoys all the properties stated for y?
except that the continuity and Hélder continuity hold for

y*(t) = Ble™ A you | 7).
We define the stopping time
o? =inf{0 <t <T||A*Py?| > Ny +2} - (6.11)
and set
Yo2 = y2(c?). (6.12)

In general, suppose we have defined y*,o*,y,«, then we define y**! by solving the equation
k+1 —A(t—o®)t 1) t —A(t—s) k+1
y*7(t) = Ele Yor | F*| — I>,xe Bng+r+1(y" T (s))ds
0

t t
+ / L5 e A=) (g5 (5))ds + / s pee ACIG(y 1 (s))du(s) (6.13)
0 0
and we set

o*tt =inf{0 <t < T| |A'PYFTH(E)| > No + k+ 1} (6.14)
Yok+1 = yk+1(0'k+1). (6.15)

We have constructed the sequence of stopping times o*. We then construct the process y(t) as follows

y(t) = y*T1(¢t), Vt € [o*,oFF]- (6.16)
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Let
& =10o".

The process y(t) is defined on [0,&). It is a continuous process, since on a switching point ¢*, whenever o* < T,
one has

y(0*) = y*(0%) = yor = yF 1 (c").

It is also Holder continuous, with the same exponent as the processes y*. Clearly, by construction,
of =inf{0 <t <T||A*Py(t)| > No + k} - (6.17)
Let us check that the equation (6.1) is satisfied, with M = Ny + k. Note that, for 0 < s < o?, one has

Bro+1(y'(s)) = B(y'(s)) = B(y(s))

and thus one has
tAc!
YEAGY) = e yy = [ e A9 By (s))as

tAo?t tAct
+ /0 e AGRT =3) o (0(5))ds + / AN~ Gy (s))du(s).
0

In particular,

1 1 1

y(0)) = yor = 47" go — /0 e A IB(y(s))ds + [ e A Igly(s))ds + / A=) G(y(s))du(s).

g g
0 0
Similarly, one has, for t A 02 > o,

tAG?
y(t A 0.2) _ e—A(t/\ag—al)y(71 _/ e_A(tAUZ_S)B(y(S))dS
ol
tAc?

tAo?
+/ e~ Althe _s)g(y(s))ds—l—/ e“A(t/“’z“s)G(y(s))dw(s).

1 ol

Combining the above two relations, and using Proposition 7.1, we obtain
g
2 tAc? 5
y(t/\ 0_2) — e—At/\a Yo _/ e—A(t/\a _S)B(y(s))ds
0

tAo? , tAG2 )
+ /0 e AUAT=5) g4 (s))ds + /0 A=) Gy (5))du(s).

This can be carried over to obtain (6.1).

Let us show the uniqueness. Indeed, consider two solutions y(t), ¥*(t), and let o*, o**, be the corresponding
exit times

of = inf{0 <t <T||A*Py(t)] > No + k}

o™k =inf{0 <t < T| |A*~Py*(t)] > No + k}.
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We can write

tAc®AG*F
* x * — k *k _ *
T = AT AT =) (B (4(5)) — Brgsi(y7(s)))ds

thoFA*E

+ / T e A AT 9 (4 () — g(y7(s)))ds + / e A=) (G (y(s)) — Gy (5)))dw(s).
0 0

For t < T3, sufficiently small, we can proceed with a contraction argument, as in Theorem 8.1 of Appendix 2.

This will prove that
y(t Ad* Aa*F) = y*(t Aok Ao®F), te [0, Ty
The argument can be reproduced on [T3,2T3], and so on . So we obtain

y(tAc® Aa*F) = y*(t Ad® Ao™F), tel0,T).

Necessarily

O'k — a_*,k
and

G =0o*.
From

y(t Ao®) = y*(t A o®)
and t < &, we can let k¥ — oo, and obtain, from the continuity of trajectories

y(t) =y* (), as.
Finally, assume & < 7', then ¢* < T, which implies
|AY=Py(a®)| = Ny + k.

Therefore
|A*~Py(t)| T oo, as t 1 6.
The proof has been completed.

7. APPENDIX 1

We are concerned here with the study of the stochastic convolution

Y(t) = /0 t e~ AC=9) B (s5)dw(s)

(7.1)

where ®(t) is an adapted process such that A=P®(t) belongs to H for 0 < 8 < £, so with values in (D(AP))*.

We shall make the following assumption

1 1
E sup |[AP®(s)]*" < 400, B+ o <3 f>20,7r>0

0<s<T

so in particular
r> 1.

(7.2)



LOCAL SOLUTIONS FOR STOCHASTIC NAVIER STOKES EQUATIONS 263

We follow here Da Prato, Zabczyk [3], with some complements. One of the difficulties in studying the process
Y (t) is the dependence in ¢ inside the integral. For any fixed t, it is an ordinary stochastic integral , but moving
t forbids to apply the standard properties of stochastic integrals. For example Y (¢) is not a martingale. We
begin by checking the following estimate

Theorem 7.1. With the assumption (7.1), then one has

E|Y(t) - Y ()| < C.(E A8 (g)ry (B yer D (7.3
t) — "< C.(E s - 4 " , 0<s< -
(0 =Y < (B sup [400(0) ") () iy )
for any € such that

1 1

and the constant C, depends only on r. The process Y (t) has a continuous modification which is Hélder with
any exponent strictly smaller than % - B - % Moreover, for any € as above, one has also

1 1 X
P 5—Bsinme

_2_1,_:
E sup |Y(t 2T> <C, (E ABB(0)* - —
( ogltlgT' ) - sup.| (@)l (1-2(e+B)2(2er —1)' "=

0<o<T

(7.5)

Proof.
Proof of estimate (7.3):

Take 0 < s < t. We can write

Y(t)-Y(s) = /t e~ At=0d(g)dw(o) + (e~ At — )Y (s).

s

By the norm inequality
¢
(EY (£) — Y (s)/*)% < (E| / e A B(0)dw(0) ) + (Bl(e” 407 — DY ()"
S

and by the Burkholder-Davis-Gundy inequality, see I. Karatzas, Shreve [6] one has

t % s 2—1,:
<C, (E(/ |e—A(t—a)<I)(U)|2 do)r) +C, (E(/ |(6~A(t—s) _ I)e—A(s—a)q)(o)P da)r)
s 0

=1 + L.
In I;, we write
e At P(0) = APe= A=) 4P (o)
and thus, by using the estimates on the semi group,

t | A-B®(o) 2 P

<G (B s a-sa)r)” =
s<o<t (1-28)2
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which we may also majorize by

-B o 127 (t - S)Etjﬁ(e_rﬂ)
nL<a, (E sup |4%(0)| ) T

with any ¢ satisfying (7.4).
We turn now to I,. We first write

1
(e 409 _ e A6~ d (o) = (t — s)/ dfeA9(=5) A=A~ p (o)
0
1
— (t _ s)e/ dg(t . S)l—ee~A9(t—s)Al—eAse—A(s—a)(b(a)
0

and thus
|(6_A(t_s) I)e A(s— 0)@(0.)[ <C(t ) lAE —A(s— a)(I)(U)l
Thus

L, <C, (t ‘65)6 (E( /0 ) |Afe= A=) ®(0)|? dg)T> ” )

Introducing the term A~# as above, we obtain

<o =8 (E(/Os 'A_ﬁ‘?ﬂﬁ_do) )%

(s — 0)2(=+B)

and finally

L 1
- 27 t— s € t§~(5+@)
L <C, (E sup [A"P® (o )|2) ( c) — — T
0<u<i £ \.L—Q(E—r,u))Z
Adjusting the constants we get
2 (t — s)E 13— (e+8)

L+L<C.(E AP 2T> T
1S <oi‘i‘;t' @) e (1-20e+0)}

The estimate (7.3) follows immediately.

We then use the Kolmogorov-Centsov Theorem, see [6], to conclude that Y (¢) has a continuous version which is
Holder with exponent strictly smaller than e — 5—, and therefore any exponent strictly smaller than s—pB- 51;
is fine.

We turn now to estimate (7.5). Again the difficulty is that we cannot use the usual martingale estimates. One
way to proceed, following Da Prato, Zabczyk [3] is to make use of the identity

t
il —_ _ )1 _ —€ < 1
sin e /U (t S) (S U) dS, Yo = t, O<e<l. (76)

Then we can write obviously

Y(t) _ S e

i3

/t e—A(t—0) [/.t(t —8)¢7 (s — 0) "¢ ds]®(0)dw(o)
0 s
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and from Fubini’s Theorem we derive the formula

Y () = SnTe / t(t— 5)° lem A=)y (s) ds (7.7)
T Jo
with
U(s) = /s(s —0) e A6 B (0)dw(o). (7.8)
0

We can then derive from (7.7), making use of Holder’s inequality

(E up JY(t)l”)ﬁ <, 2o <E / Tl\P(t)l2rdt) =
0

0<t<T T (2re — 1)1~ 2

§

recalling the condition 2re > 1. Next, we have
t

B|U(t)? = B / (t — 0) e A= B(o)dw(o)|2"
0

<C,E (/t(t — 0) "% |e At p(0))? do>

L 1ATP®(0))?
<C, E(/ | )2(54)»|[3) do)”

T

r(1-2(c+8))

—B 2v_~* 00000
< CTEOSSEI;T |A™"®(0)| (1-2(c+PB))"

and then
/T gt < 0. AP Do) Tr(1=2(e+6))+1
E U(t)|“"dt < C.E su - o) ——————
p PO d<GE op T =26+ By

Collecting results, we obtain easily (7.5). The proof has been completed. O
It is important for the following to introduce random times, with respect to the filtration F* generated by the
Wiener process in relation with the process Y (t). More precisely, let 7,7 be two random times such that

OS%STSTO

where Tp is deterministic. We want to consider the quantity

Yir= /_T e A=9%(s)dw(s) (7.9)

where the difficulty stems from the presence of 7 inside the integral, and not just as an end point of the
integration interval. Setting

D7, (s) = Lrcs< O(s) (7.10)

we know that ®: .(s) is still an adapted process, and we may try to mimic the usual stochastic integral by
setting

Yz . =/ e AT)d  (s)dw(s) (7.11)
0
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but the process e~ A("~%)®: _(s) is not adapted. So (7.11) cannot be defined as a stochastic integral. Of course,
since the process Y (¢) is well defined, we can still consider

t
V() = / e A (s)dw(s) (7.12)
0
which is perfectly well defined, and then set, as a definition
Vi (W) = Y(7)(w)- (7.13)

But, this definition is not sufficiently convenient, as it cannot be expressed as a stochastic integral. In this
context, formulas (7.7), (7.8) are very useful. In particular, we have

. T
Vi, = su;:rs / (1 —5) e AU =90. (s)ds (7.14)
0
with
S
Vrr(s) = [ (s 0) % A=0s ,(0)du(o) (7.15)
0

and (7.14, 7.15) make perfect sense. Note that, among other things,
SAT
Uz, (s) = / (s — o) e 46~ d(g)dw(o) (7.16)
SAT

and the random times appear only as end points of the integration interval. The formulas (7.14, 7.15) will
provide the convenient definition of Y -, although we shall keep the writing of the right handside of (7.9), since
it is not only mnemonic, but also compatible with the manipulations that we expect from such a writing, as we
shall see now. In particular, we want to check the

Proposition 7.1. The following formula holds
T+To T T+T0
/ e~ AT +10-) B (5)du(s) = e~ AT / e~ A=) (5)dw(s)+ / AT B()dw(s).  (7.17)

Proof. We first notice that, by using standard properties of stochastic integrals, if we define for deterministic
numbers 0 < ¢ <t

sAt

U(t,t,5w) = / (s —0)ce A8 (0)dw(o) (7.18)
then we have a.s.
Vs o (5) () = U(FW), T(w), 55). (7.19)

We next take note of the relation, valid for any 0 <t <t,and t; > 0

t+io t
/ (t +to — 5)° Le AT =N(F ¢, 5;0) ds = e~ Ao / (t — 5)°"te ™ A=DY(F ¢, s;0) ds. (7.20)
0 0
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Indeed, expressing the left hand side of (7.20) with (7.18), we have

t+to .
/ (t + 1o — s)Le A=) (f ¢ 5;w) ds =
0

267

t+to s
[ e to—s)tenatrona [ (s - 0t Ao 0(0) e, o du(o)] ds
0 0 -

and using Fubini

t+to t+1o
= [ et [Ttk to )7 (s - 0)77 ds](0) gy cyduo)
0 o -

— e~ At /Ot e Alt-9) [/at(t ~ )7 (s — 0) 7 ds]®(0) Ly pdw (o)

where we have used the fact that the integrand vanishes, for ¢ > ¢, and of the identity (7.6). So (7.20) is

obtained.

In replacing, for any w, t by 7, t by 7, and t¢ by 7, where 7o is another random time, and recalling (7.19), we

can write
T+70 T
/ (1470 —8) e ATHT0=9) g, (5)ds = e~ A0 / (1 —8)5 e A=W, (s)ds.
0 0
Now, to check (7.17) means

—A
Y‘F,T—f—'m =€ TOY?,T + YT,T+10

or from (7.14)

T

T+To
/ (t+ 10— s)a_le_A(T+T°_s)\II;,T+TO (s)ds = e~ 4m / (r— s)e'le_A(""s)'Il;,T(s) ds
0 0

T+70
+ /0 (t+70— s)e‘le_A(T+T°_s)\Il.,),-+To(5) ds.

But it is easy to check that
\Il‘l",'r+7'g - ‘I,'r,‘r+1'o = \I"F,T

and thus (7.23) amounts to (7.21) and thus is proven. The proof has been completed.
We can state also the somewhat natural

Proposition 7.2. The variable Yz , is F™ measurable

Proof.
Let B be any Borel set of H. We must check that

{Ys, e B}n{r<t}cF.
However considering formula (7.14), if 7 < ¢, we can also write

sin e

Y‘T’,‘r =

¢
/ (r— s)e_le_A("_s)\Il;,T(s)]IKT ds

™ 0

(7.21)

(7.22)

(7.23)

(7.24)
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and the integrand is, for each s, ¥ measurable, hence also ! measurable. Therefore the integral on the right
handside is F* measurable. Hence (7.24) is obtained. The proof has been completed. 0
Now from (7.13), we can write
ElY;,|” <E sup |Y()|*
0<t<To
and making use of (7.5), we obtain

P 3-8 .
(¥ ) <00 (B s 14020 ) Is L SITE L (r95)
' F<a<r (1—-2(e+p8))z(2er — 1)t~z ™
Consider finally the process
tAT
Y(EAT) = / e~ AUAT=9) g (5)du(s) (7.26)
0

where 7 is a random time. Then we have the

Proposition 7.3. The process Y (t A T) has a continuous modification which is Holder with exponent strictly

1 1
smaller than 5 — 8 — +.

Proof. Let 0 < s < t, we know from Proposition 7.1 that

tAT
YEAT)=Y(sAT)= / e~ AT G (g)dw(o) 4 (e" AT _ )Y (s A T).

AT

By the norm inequality, we can write
) tAT ) .
(ElYtAT) =Y (s AT)*)2r < (B / e AUNT= P (5)dw(o)|?) 7
SAT
+ (E|(e~ACAT=SAT) _ DY (s AT)P") 3 = Ty + I

We can write, using (7.6)

tAT : AT
/ e~ AT (0)dw(o) = rs / (tAT—0) e ACAT-OT . (0)do

SAT n SAT
with .
Yar(6) = / (0 — 0) EUspr<oe” A0~ E(0)dw(o).
From Holder’s inequality, we derive ’

Il S CrSlnﬂ,E (t - S _W < / I‘Ils/\'r |2T d0>

T (2re — 1)17

Next

r

6
E|¥r.(0)]* < C.E (/ (0 — o) % |e= A0~ P ()2 da)
0

0 - 2
|A=P®(0)]| r
< CTE(/O @ —oyerm 9)
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<C.E sup |A-P(o)rr LT
su o —
e AL —2(E+B)r

and then
$r(1-2(e+8))

i
9 < - 2r _ - .
B [ e O a0 < CF sup 140000 ¢~ )5 5 e

Collecting results, we get

in e R N\ B
n<cinre (Eos) (E sup |A“%(o):2’"> -
T (2re —1)17% \ 0<o<t (1-2(+p9)):

We turn to I, which we express using

. SAT
(e—A(t/\‘r—s/\'r) B I)Y(S A T) _ s mwe / (S AT — 9)s=1(e—A(tl\T—sA7—) _ I)e—A(s/\T—G)\I,(e) de
T 0
with
%
() = / 0 — 0) === d(0)dw (o).
0

Then

sinme (t — 8)¢

) AT 3 _ pe—e'—1
/0 (s AT —0)F <~ W(6) db.

1, —AENT—SAT \ A -
(e AT Y (s A7) < o =

Using Holder’s inequality we obtain

21_7- £— 8 __1:
I(e—A(t/\‘r—s/\T) _ I)Y(S /\T)' < SlIl7T€ (/ I\IJ !21“ d9> S 2
' (2r(e — ') —1)173F

It follows that

¥ e—e'— 2
I < sin e ( ( / 50 |2"d6> s
™ @re—e) -1 %

Also

6 8 2 "
' 127 lA @(U)
Ew()”" <C.E ( md

which, combined with the previous estimate, yields

- AT 5 1-B-¢'
L <C, sine (¢ ,S) (E sup |A‘5<I>(a)'2r> i i i
™ € 0<o<s : (2r(e —¢’) — 1) (1 —2(e+ B))2

Adjusting the estimates for I; and I, we obtain easily

pr1—-28-2¢'

5 - 2.,.‘.’
EY(inT) - Y(san? < (R EZ9™ 5 G 14-Ba(0))

0<o<t (2r(e —¢) —1)21(1—2(e+0))"
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Let then pick

1 1
5<§*,{'3——
r
and choose ,&’ such that
L B>e>¢€ 4 ! ><5+1
- — e>e + — -
2 - 2r r

then from the Kolmogorov-Centsov Theorem again, we obtain the desired property. The proof has been com-

pleted.

8. APPENDIX 2
8.1. Statement of the problem and results
We consider a Lipschitz bounded approximation of the vorticity operator B, as follows
B (u) = B(u) Mg a1-puj<ny + (M + 1 — |AY Pu) Mg ar-ouj<mr1})
then as easily seen

c(M +1)?
(M +1)?|AP(u —v)|.

|Bu (u)] <

| B (u) — Bu(v)] <
We next consider functions g(u), G(u) defined also on D(A~Pu), satisfying

A7 (g(u) — g(v)] < K|A™P(u—v)], 0<p <p

7 N 1
|4 (Gu) — GW)| < KIA P (u—v)], 126 +p> -

Let us consider a probability system €2, A, P, with an m dimensional Wiener process, and let

F' = o — algebra generated by w(s),0 < s < t.
Let 7 be a random time, with
7 < Ty deterministic.
We consider a random variable
yr is F™ measurable , (E|A'?y,|?")% < oo
with
e+p> ! + 1.
2 2r
We are interested in the following equation

t
y(t) = Ele™ At~y |74 - / Te>re A=) By (y(s))ds
0

t

t
+/O IISZTe_A(t“S)g(y(s))ds+/0 >, A G(y(s))dw(s)

O

(8.1)

(8.2)
(8.3)

(8.9)
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We want to prove the following.

Theorem 8.1. We make the assumptions (8.1, 8.4, 8.5, 8.6, 8 7, 8.8), then there exists a unique solution of
(8.9), such that

(B, s 142 ) " < 0L+ M)? + (B1Ayr ) ¥ (8.10)
0<t<LTy
and

y(t) s an adapted process, y(t) — E[e‘A(t_")+yT|ft]

has a continuous modification wath values wn D(A'~P), which 1s Hélder with ezponent strictly smaller than

min(p — p',' + p— 5 — 3)-

Proof. Let for T' < Ty, Hr be the Banach space of processes z such that

1

Il = (B sup_ 14207 ) " <o,
0<t<T
Consider for { € Hr, the map
t
2 =T(() = Ele™ 47y, |FY] - / > re~ A9 By (((s))ds
0

t t
+ / Mesre A0)g(¢(s))ds + / L;>e~ 479G (((s))duw(s).
0 0
We first check that z € Hp. Indeed, from martingale properties

Eoi‘t‘ETlAl—pE[e-A“‘ﬂ*yfiftnzr < CLE|E[AYPe= ATy, | FT)j2r

< CTElAl_pe—A(T_T)+yTl2T~

Therefore
1

2r L
(E sup ]Al_pE[e_A(t—T)+yT|ft]l2T> < Cr (E1A1—pyT“2r) 7
0<t<T
We note that
t TP
sup IAl"’/ s> e A=) By (¢(s))ds| < e(M +1)2—.
0<t<T o P
We next have

t

t
E sup | [ s>, A*Pe=Al=%g(¢(s))ds|> = E sup |/ >, AP e~ A=) 4= g(((s))ds|?"
0<t<T Jo 0<t<T Jo

t 1+ |APL(s)]
<KE = ds)*"
SKE sup (f, T—syere 99

TP—¢' . 2
< KE[——(1+ sup |ATP{(8)]))*".
p=p 0<t<T
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Therefore, from the norm inequality, we get

t P p—p' 3
(E sup | 1132,Al‘pe_A(t_s)g(g(s))ds[zr) < K:_ g <1+ (E sup IAl'Pg(t)|2T> ) .

0<t<T Jo 0<t<T

Finally, setting
t
Y(t) = / Mg, A Pe A=) G(¢(s))dw(s)
0

and
B(s) = Wy, A" PG({(5))
we are in the situation of (7.1, 7.2) of Appendix 1, with

B=1—-p—¢.

Hence, applying estimate (7.5), we obtain

1

e , ) a7
(E sup |Y(t)|27> < CrpeTPTe 3 <E sup |A® G(C(t))l'”)
0<t<T 0<t<T

< Crp e KTPHE 3 (1 + <E sup [Al"’C(t)I2’> ) :

0<t<T

Hence z € Hr.
Let us show that 7 is a contraction. Indeed, pick ¢!, ¢?, and

2 =T(Ch), 22 =T(¢?).
Then we have
(8)) — Bar(¢*(s)))ds
¢ t
b [ Mo A (5) — PN + [ Ty MG 9)) — G5 duls).
0 0

Hence, it follows

S

(E sup IAI"’(zl(t)—ZQ(t))lz’)ﬁ < (E sup | tuszTAl-ﬂe-A<t'S><BM(<l(s))—BM(cz(s»)dsF’)
0<i<T 0<t<T Jo

L
27

+ (E sup [/0 IIszTAl"’e‘A“‘s)(g(Cl(S))—9((2(8)))d$|2">

0<t<T

¢ =

; (E sup | / s, A PeAE=9(G(¢H(s)) - G(&(s)))dw(s)lzr)
o<t<T Jo

=T+ IT+1III.

Then from the assumptions

T+ 1 (E sup |A1-P(cl<t)—c2(t))i2r)?
p 0<t<T
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Similarly

TP—>p
1< e X (B sy 14000 - Clap)
p—p \ osi<r

-

Then, using again Appendix 1, with

B(s) = Wi A7 (G(C(5) — G(¢*(5)))

and the same value of § as above, we obtain

0<t<T

1
I11 < Cy p o KTPH 3 (E sup |A1~P(c1<t)—c2(t>)|%) i

So we have obtained

lllz1 — 22llr < CT?|[1G1 — Calllr

where 1
d=minp—p,p+e — 3

and C depends on all constants p, p’,&’', M, K, Ty. Taking T such that

CT? <1

we obtain that 7 is a contraction in the space Hr. Hence, we obtain a unique solution of (8.9) in Hy. We can
extend such a solution a finite number of times to get a solution y in Hr,, which is necessarily unique.
Applying the first part of the argument with ( = y, we obtain easily

liyillr < CI( + M)? + (BIA#y, [27) %]

where the constant C depends on p, p’,¢’, K,To. We can proceed in the same way, to evaluate a bound on
intervals of time of length 7', and derive the estimate (8.10). The last part of the statement follows immediately
from the formula (8.9), applying Theorem 7.1, with the adequate value of 3, and estimating conveniently the
integral with g. The proof has been completed. O
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