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L°°(L2) AND I 0 0 ^ 0 0 ) ERROR ESTIMATES FOR MIXED METHODS
FOR INTEGRO-DIFFERENTIAL EQUATIONS OF PARABOLIC TYPE

ZlWEN J lANG 1

Abst rac t . Error estimâtes m L°°(0, T, L2(0)), L°°(Q,T, L2(O)2), L°°(0, T\ L°°(fi)), L°°(0,T,
L°°(Q)2), flinR2, are derived for a mixed finite element method for the mitial-boundary value problem
for mtegro-difïerential équation

ut — div la\/u+ j fciV udr + / cudr > + ƒ

based on the Raviart-Thomas space V^ x Wh C H(div, Q) x L2(0) Optimal order estimâtes are
obtamed for the approximation of u, ut m L°°{0,T, L2(Q)) and the associated velocity p m L°°(0, T,
L2(Q)2), divp m L°°(0,T, L2(Q)) Quasi optimal order estimâtes are obtamed for the approximation
of u m L ^ T . L 0 0 ^ ) ) and p m L°°(0,T, L°°(a)2)

Resumé. Les estimations d'erreur dans L°°(0,T, L2(Ü)), L°°(0,T, L2(n)2), L0 0^,?1 , L°°(n)) et
Loo(0ïT, L°°(Q)2) avec Q sous espace de M2, sont obtenues par une méthode mixte d'éléments finis à
partir de la valeur initiale du problème sur la frontière de l'équation mtégro-differentielle

u± = div < a V u + / &i V u<^r + / ctidr > + ƒ

basée sur l'espace de Raviart-Thomas Vn x Wh C H(div, Q) x L2(Q) Les estimations d'ordre optimal
sont obtenues à partir de l'approximation de u, u% dans L°°(0, T, L2(O)), la vitesse associée p dans
L°°(0,T, L2(Q)2)j divp dans L°°(0, T, L2(O)) Les estimations d'ordre quasi-optimal sont obtenues à
partir de l'approximation de u dans Loo(0,T )L

2(a)) et de p dans L°°(0, T, L°°(O)2)
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1. INTRODUCTION

Let fi be a bounded domain in M2 with Lipschitz continuous boundary <9Q. For flxed 0 < T < co, we shall
consider the following int egr o- different ial équation of par abolie type:

ut{x,t) =div{a(x,t) v«(x,*) +/o6i(x , t , r ) v«(x , r )d r (x,i) e f i x (0,T],
+ JQ C(X, t, r)w(x, r)dr} -f ƒ (x, t), ^ -^

u(x,t) = 0, (x,i) G aO x [0,T],
ti(x, 0) = ito(x), x G fi,

where itt dénotes the time dérivâtive of the function ti, V16 dénotes the gradient of the function u, and divv
dénotes the divergence of the vector function v; a, &i, c, ƒ, and UQ are known functions.

Integro-differential équations can arise from many physical processes in which it is deficiency (the local
characteristic) of the usual diffusion équations (see, for example [1]). For linear or nonlinear integro-differential
équations, the standard finite element methods have received considérable attention and are well studied (see,
for example [1,2,6-8,15]). It is known that the mixed finite element method computes both the scalar (pressure)
and vector (flux) functions simultaneously with comparable accuracy, be it directly or through postprocessing.
Recently, mixed methods have been formulated by several authors and are well studied for second-order elliptic
problems, parabolic problems, and second-order hyperbolic problems (see, for example [3-5,9-14,16]). In this
paper, we shall study mixed methods to approximate the solution of the problems (1.1). In order to achieve this
aim, we assume that the problem (1.1) is uniquely solvable for any ƒ € C1(0,T; L2(Q)) and UQ G Hs(Cl), For
the function a, we assume that there exist constants co, ci > 0 such that 0 < CQ < a < c\. We also assume that
the functions a, &i, and c are smooth and bounded together with their derivatives. Hère and in what follows, we
will not write the independent variables x, t, r for any function unless it is necessary. Vectors will be expressed
in boldface.

For 1 < s < oo and k any nonnegative integer, let

kl < *}

dénote the Sobolev spaces endowed with the norm

l/s

\\Dqf\\Un)X

Kk\<k

(the subscript Q will always be omitted unless necessary to avoid ambiguity). Let Hk(fl) = Wk>2(fL) with the
norm || • \\k = || • 11̂ ,2 (the notation || • || will mean || • \\L2(Q) ° r II ' \\L2{Q)2)- We shall dénote by (•,•) the inner
product in either L2(Q) or L2(fi)2, that is (77, 9) — fQ ryödx or (v, w) = JQ v • wdx.

Let V = H(div; fi) = {v G L2(fi)2 | divv G L2{n)} normed by ||v||v = ||v|| 4- ||divv||, and let W =
Let x b e a normed space with the norm || • ||x. Lq(0, T\ x) dénote the space of the maps of [0, T] into x

define the following norms for 1 < q < 00 and suitable functions v : [0, T] —> x '•

\\v\\Li(OtT;X) =

Take Cfc(0, T; x) to be the space of &-times continuously differentiable maps of [0,T] into x> a n d endowed with
the norms || * ||L^(O,T;X) ^or 1 — Q < °°-

For q = 00, the usual modification is made.
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To formulate the weak form of (1-1) appropriate for the mixed method, let

= — a S/ u — I b\ V U(^r ~~ I

and set
a(x,t) = a~1(x,t), b(x,t,r) = a(x,t)&i(x,£,T),

/3(x, t, r ) = - V 6(x, t, r) + a(x, t)c(x, t, r).

Then, the problem (1.1) can be written in the mixed form of the first order system:

ut + divp = ƒ, in O x (0, T\,
ap + vw + /o

tv(5tx)dr +/0*/3wdr = 0ï in Ox(0,T], (12)

u = 0, on fflx [0,T], ^ * ;

u(Ö) = UQ, in O.

The weak form of (1.2) [or (1.1)] is obtained by seeking a solution {p, u} : [0, T] —> V x W such that

(ut,w) + (divp,w) - (ƒ, w), Vw e W, 0 < t < T,
(op, v) - (u + /o 6udr, divv) + ( Jo* ^«dr, v) = 0, Vv e V, 0 < t < T, (1.3)
tt(O) = Ï40.

In order to define an adequate finite element approximation procedure for {p,tA}, we consider the finite-
dimensional subspace V^ x Wh o f V x i y associated with a quasiuniform partition Th of ü into triangles
of diameter not greater than h (0 < h < 1). The boundary éléments of Th are allowed to have one curved
edge. We choose V& x Wh as the Raviart-Thomas space [5,11,12] of index k > 0 and introducé the L2-
projection ph '• W -> FFft,3 and the Raviart-Thomas projection TT̂  : ff1 (O)2 —>• V^, which have the following
useful commuting property:

div o7Th = pho div : JEf^fi)2 -^ Wh, (1.4)

These projections have the following approximation properties [5,11,12]:

\\w - Phtü||_a < ch'+fl|M|i, 0 < ï, s < fc + 1, (1.5)
z <fc + l5 l < g < + o o , (1.6)

< fc + 1 , l < g < +oo, (1.7)g \ \ \ \ l i q i

||div(v - 7Tfcv)|| < chz|jdivv||i, 0 < l < k + 1, (1.8)

Our continuous-in-time mixed finite element approximation to (1.3) is defined by the determining of a pair
{Ph,uh} : [0,T] -^VhxWh such that

(uhiUw) + (divph5iü) = (ƒ,«;), Vtw G Whî 0 < t < T,
, v) - (uh + Jo 6uhdr, divv) + (Jo' ̂ U hdr, v) = 0, Vv G Vfc, 0 < t < T, (1.9)
) () () ()

where p^(0) and û^(0) are defined in (3.1) for t = 0.
We shall establish the existence and uniqueness of the solution of (1.9) in Section 2; moreover, we shall show

that the différences u — Uh and p — pa are of optimal order in L°°(0, T; L2(ft)) and I/0 0^, T; L2(O)2), and are
of quasi-optimal order in Loo(0,r;Loo(O)) and L 0 0 ^ , ! 1 ; ^ 0 0 ^) 2 ) in Section 4. In order to obtain the above
error estimâtes, we shall define a generalized mixed elliptic projection associated with our équations and study
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the error estimâtes of the generalized mixed elliptic projection in Section 3. In Section 4, we shall also show
the optimal order estimâtes in L°°(03T; L2(O)) of div(p — p^) and (u — Uh)t*

In this paper, e will be used to dénote various positive constants and combinat ions of positive constants that
are independent of h and t uniess otherwise stat éd. In the remaining sections, r will be a fixed integer.

2. EXISTENCE AND UNIQUENESS

In this section, we shall demonstrate the existence and uniqueness of the solution of (1-9).
In fact, if Vh = span{#i, # 2 j • • • ? ^m} and Wh — span{<^i? <p2, • • • , ̂ n} ? let

J = l 1=1

where a3(0)}j = 1,2, • • • ,m, and A(0),i — 1,2,- • - ,n, are known by the solvability and uniqueness of (3.1)
which has been demonstrated in Section 3, and let

f (t) =
A = (akz)nxnj B = (6fcj)nxm, C(t) = (%(t))mxm , D(t,r) = (dh(t,r))mXrh.

Then for 0 < t < T, (1.9) can be written as

f Â&(t)+Ba(t)=f(t)t _ ( ,
\ C(t)a(i) - BT(3{t) - fQ D(t,r)/3(T)dT - 0, {' }

where A and C(i), 0 < t < T are positive definite matrices. It is easy to see that (2.1) is actually a System of
integro-differential équation of Volterra type. Prom the positive definiteness of A and C(t),Q < t < T. we see
that the System (2.1) with the initial value a(0) and /?(0) possesses a unique solution {a(t),(3(t)}. Consequently,
the existence and uniqueness of the solution of (1.9) has been demonstrated.

3. A GENERÂLIZED MIXED ELLIPTIC PROJECTION

In the study of mixed methods for par abolie problems, we usually introducé a mixed elliptic projection
associâted with our équations. Modifying this idea according to our integro-differential équations, we define a
map {phjüh} : [0,T] -ï V& x Wh such that

(div(p - Ph),w) = 0, Vtü € Why 0 < t < T,
(a(p - Pft), v) - (u - uh -r JQ b(u - üh)dr, divv) -f (Jo* (3(u - üh)dr, v) =0 , Vv G Vh, 0 < t < T.

(3.1)
Before collecting the results of the error analysis of üh and p^, let us demonstrate the existence and uniqueness
of the solution of (3.1). Since (3.1) is linear, it suffices to show that the associated homogeneous System has
only the trivial solution, which is

Vw G Whj 0 < t < T,
, v) - (uh + /0* bûhàr, divv) + (/0* Pühdr, v) = 0, Vv G Vhi 0<t< T.'t L-~: j _ j - \ i / f̂  Ö ~ j _ _ _ \ / \ u/„_ , - i r rs. ^ j. ^ rn \Q.Â)

Choosing w = divp^ and v = p^ in (3.2), then we have divp^ = 0 and

jPühdr,phj < cj



MIXED METHODS FOR INTEGRO-DIFFERENTIAL EQUATIONS 535

which implies that

•f
Jo

(3-3)

On the other hand, from [12] we know for V^ x Wh that there exists a positive constant c independent h such
that

\\v>h\\ < c sup —jï̂ —ïj , Vwh G Wh. (3.4)

Hence from (3.4) and (3.2) we have

Kil < c sup K^^nJ < cdlPhll + fo ||üh||dr). (3.5)

Combining (3.3) with (3.5),

\üh\ <c f \\üh\\dr. (3.6)
Jo

Using Gronwall's lemma, we have from (3.6) and (3.3) that \\üh\\ = 0, and ||p^|| = 0. Hence üh = 0 and p^ = 0.
So, the existence and uniqueness of the solution of (3.1) has been demonstrated and {ph-,^h\ in (3.1) is well
defined.

Now, let us study some properties of {p/i, üh}- Let pi = p — p^, u\ = phU — ü^, and U2 = u — PhU.
First, we consider the properties of {f>h> üh} when b = b(t^r) in (3.1). Note that b = b(t,r) andph(bu) = bp^u,

then we rewrite (3.1) as

(divpi,u;) = 0, VtüGWh, 0<t<T,
t ( / o

t /3(ni+^ 2)dr ,v)-O, V v e V h ) 0 < t < T. l ' }

Lemma 3.1. Ifpi,ui, and u2 saüsfy the relation (3 7), and assume that Q is 2-regular (see the définition of
2-regulanty m [5], p. 42), then for all 0 < t < T, there exists a constant c > 0; independent of h and t, such
that

Kil < c jftllpiH + fc2-*"||divPl|| + j (h\\u2\\ + K l l - i ) d r | ,

where for k = 0, Sko = 1; k > 1, öko = 0-

Proof For ip G L2(Ü), let 0 G H2(Çt) D H^(ü) be the solution of

div(a \j<p) =ip in H, <j> = 0 on ôfi. (3.8)

Then we have ||^||2 < c||^||. For 0 < t < T, using (1.4) and (3.7),

i, div(a V 0)) = («i, div(?rh(a y( ( (( ))) g

= (api + fQp(ui+u2)dr,7rh(a y (̂ )) - (/0* 6widr,div(7rh(a V </>)))•

Noting that a = a"1 and (1.6-1.7) together with (3.7)

- a V </>) + (pi,

< c||pi||[|7r/l(ay 0) - a v 011

pilDll^l la

(3.10)
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rt

Jo
<\\ f

JO

<c f
Jo

<cf
Jo

V

sup
2

f
Jo

<c fwmWdrUl (3.11)
Jo

( ƒ /3u2dr, 7Th{a v (f>)) = ( ƒ Pu2dr, 7rh{a V 4>) ~ a V </>) + ( / jS^dr, a v 0)
Jo Jo Jo

< c /VlKII + IKII-i)dr|| vAlli

V.||. (3.12)

- ( ƒ 6tiidr, div(nh(a y </>))) = - ( /
Jo Jo

<cf |K||dr||^||. (3.13)
Jo

Combining (3.9-3.13), we have for 0 < t < T that

Using Gronwall's lemma, we have

||«i|| < c | / i | |pi | | + ft2-**°||divpi|| + ƒ (fc||u2|| + | |«2||-i)dr| ,0 <t<T.

The proof is complete. Ü

Using Lemma 3.1, we have the following theorem:

Theorem 3.2. Let {p,u} be the solution of (1.3) and {f>h,üh} be that of (3.1). Assume that {p,"u} is suf-
ficiently smooth and that ft is 2-regular. Then for 0 < t < T, there exist constants c > Q} independent of h
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and t, such that

ÏÏPhU - üfcH < chr+1-5*° | | | p | | P + ƒ \\u\\rdr\, 1 < r < k + 1,

||div(p - ph)|| < chr||p||r+1, 0 < r < k + 1,

||r + J0(||p||r-l

r_i + ||u||r + Jo ||u||r-ldr}, k > 1,

u - ühlkoo < chr I ||p||P + ||«||PiOO + ƒ | |u| | rdrI , fc > 1, 2 < r < k + 1.

Proof, For 0 < t < T, the proof proceeds in three steps:
(i) We consider the estimate ||div(p — p^)||. Noting that (3.7),

(divpijdivpi) = (divpi5div(p -
< ||divpi||||div(p-7r/lp)||l

then we have from (1.8) that

l|div(p - pfc)|| - Hdivpill < chr||p||r+i, 0 < r < k + 1. (3.14)

(ii) We consider the estimâtes \\phU — üh\\ and ||p — p^||. Choosing v = Tr̂ p — f>h and w = divv in (3.7), and
noting that (1.4), we have d i v ^ p — ph) = 0 at first. Hence

^ - Ph\\2 < (a^hP - Ph),Khp - ph)

0

< c ƒ (| |ui | | -f | |u2 | | )dT + | |p - 7Thp\\j \\irhp - p ^ | | .

Noting tha t (1.6-1.7), we have

hhP-Ph\\<cUr(\\p\\r+ f | |u||rdr)+ f | |u i | |d r | , 1 < r < k + 1,

and so

l | p - P * l l < c { / i r ( | | p | | r H ^ | | « | | r d r ^ + / | |u i | |dr | , l < r < f c + l . (3.15)

Combining Lemma 3.1 and (1.5) together wit h (3.14-3.15), and using GronwalPs lemma, we have

WPhU - üh|| = |KH < chr+1-5*° (||p||P + f \\u\\rdr\ , 1 < r < fc + 1, (3.16)

l lp-pJI^IImlKl ^{llpIh + ̂ dlpIh + WOdr}, fc = o,
IIP PfcH » P 1 » - | c h ' - { | | p | | + / * ( | | p | | 1 + | | u | | P )dT} , fc>l, 2 < r < * + l .
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(iii) Now we consider the estimâtes \\u — üh\\ and \\u — ü^||
When k = 0, we have from (1.6) and (3.16) that

< \\u-phu\\ -f [|ui|| < ch I [|p||i + ||u||i + / ||u||idr .
V Jo J

• f Nli
Jo

When k > 1, we have from (1.6) and (3.16) that,

||u - üh\\ < chr f ||u||r + ||p||r-i + f IMIr-idr) , 2 < r < k + 1.

We now use the following "inverse estimâtes": For 2 < v < 0,

\\phu - üh\\ot$ < ch^~i \\phu - üh||o,i/- (3-17)

Then we have from (1.6) and (3.16-3.17) that,

f ff \
\\u - v>h\\otoo < c h r ( l | w | | r ) 0 o 4 - | | p | | r + / | | u | | r d r I , 2 < r < k + 1 , k > l .

\ Jo J
The proof is complete. Ü

Theorem 3.3. Under the conditions of Theorem 3.2. Then for 0 < t < T, there exist constants c > 0;

independent of h and t, such that

||div(p - Ph)t\\ < chr | |pÉ | |r+i, 0 < r < fc + 1,

+ IM|i 4- ||p||i + Jodlplli •+- ||u||i)dT}, fc = o,

(u-ü)\\<{ ^ I I P t H i + ||«t|fi + N l i + IIPIII + /o (llPlti + ll«lli)d-r}, fe = 0,
fi _i + |Ju||r)dr}ï k > 1, 2 < r < f c + l .

Proof. We differentiate (3.1) to obtain

(div(p - Ph)t,w) = 0, \/w G Wh, 0 < t < T,
(a(p — Ph)*, v) — ((u — üh)u divv) = (b(u — üh) + Jo bt(u — ü/l)dr, divv)

-(/3(u--£&) + / o
t A ( ^ - ^ ) d r + a t (p -p / l ) ,v ) , Vv e V^, 0 < t < T.

(3.18)
Choosing IÜ = d i v ^ p — p^) t in (3.18) and using (1.4), we have

||div(7T^p - Ph)t\\2 = (div(p - f>h)t, div(?r^p - ph)t) = 0,

hence
div(7r/,p - ph)t = 0 (3.19)

and
||div(p - p^tH = ||div(p - irhp)t\\ < chp||p*||r+i, 0 < r < k + 1. (3.20)

Noting that (3.18-3.19) and using the e inequality, similar to the estimate of ||TT^P - p^|| in the proof of
Theorem 3.2, we have

- Pfc)t|| < c (||(p - 7rhp) ƒ ||u - üfclldr + ||p - pfcll) . (3.21)
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Let ip G L2{9) and (f) e H2(ü) n ^ f O ) satisfy the relation (3.8), then ||</>||2 < c\\ip\\ and

((u - üh)t, tp) = ((phu - üh)u div(a y $>)) + ((u - phu)t, t/?). (3.22)

Noting that (1.4), (3.18), and (3.21-3.22), similar to the proof of Lemma 3.1, we can also have

ll(u-û/i)t|| < c{\\(u

Combining (1.6-1.7) with Theorem 3.2, we have from (3.21) and (3.23) that

+ ||u||i + HPIII + /n(||p||i + ||w||i)dr}, k = 0,fn - 5 ï IK /
P p ^ t n - \ ch r{||p|| + H + | | p | | + / t ( | | p | | 1 + ||«||r)dr}, * > 1 , 2 < r < *

( u - ü ) \ \ < i ch^l|pt|11 + II"*!'1 + II"!!1 + HPII1 + / o d l p l l i + l l u l l i ) d r } ' k = o.
V h ; t l l - \ c h r { | | p | | + | | U | | + | | U | | + | | p | | + / t ( | | p | | 1 + ||n|| r)dr} ! fc>l, 2 < r < f c

The proof is complete. D
Differentiating (3.18), similar to the proof of Theorem 3.3, we can also show by the results of Theorem

(3.2-3.3) that the following theorem holds and we omit its proof.

Theorem 3.4. Under the conditions of Theorem 3.2. Then for 0 < t < T, there extst constants c > 0;

independent of h and t, such that

||div(p - Pfc)«|| < chp||Ptt||r+i, 0 < r < k + 1,

f allx + Hptlli + Htitlli + HPIII + \\u\\x + fi(\\p\\i + l h l | i ) d r } , fc = 0,
- Ph)tt|| < < chr{||p t t||r + ||Pt | | r + \\ut\\r + ||p||r + ||u | |r

l + IO(\\P\\T-I + ll«||r)dr}, k > 1, 2 < r < k + 1,

ct{||Ptt||i + Iktlli + llPtlli + ||«t||i + HPIII + IMIi + JodlPlIi + ll«||i)dr}, k = 0,
(u - üh)tt\\ < \ chr{||ptt||,. + ||utt||r + | |p t | | r + ||ut||r + HPII,. + ||u||r

l l + IM|r)dT}, k>l, 2<r<k + l.

Secondly, we constder the properties of {f>h, üh} when b = 6(x, t, r) m (3.1) and have the following Theorem.

Theorem 3.5. Assume that b = 6(x, t,r) and that the conditions of Theorem 3.2 hold. Then for 0 < t < T,
there exist constants c > 0, independent of h and t, such that

where 0 <r<k + l, and for k > 1, 2 < r < k + 1,

\u-uh\\ < chr \ | | | | | | | | / | | | |

\f2 A l + N|r)dTi, J = 1, 2,
)

lu\\r)+ A
L=0

3 3-1 ft •]

Y, \\Dlp\\r + J2 WDlUWr + / dlPllr-l + ll«llr)dr J = 0 , l , 2 ,
U=0 ^=0 J° )
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for fc = 0,
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ch

\\D{{u - üh)\\ < ch + ||£>ï«||i) + + ||ti| |i)dr| , j = 1,2,

, 1=0

j = 0,1,2.

Proof. We know the results of Theorem 3.3-3.4 hold in the case of b = è(t, r) by the results of Theorem 3.2
and (3.1), then for Theorem 3.5 it sufHces to prove the results Theorem 3.2 hold in the case b = 6(x, i,r). In
f act, (3.1) can be rewritten as

(divpi,<u;)=0, , 0<t<T,)
(api, v) - (ui + £ buxdr + JQ

£ bu2dr, divv) + (/0* /3(Wl + u2)dry v) = 0, Vv G Vhï 0 < t < T.
{ * j

If we take v = TT^P — p^ and w = divv in (3.24) and (3.7), noting that div(?ThP — Ph) = 0, then (3.24) is the
same with (3.7). From the proof of Theorem 3.2 we need only prove the result of Lemma 3.1 holds in the case
b = 6(x, t, T).

Comparing (3.24) with (3.7) we can find the différence of (3.24) and (3.7) only in the term (Jo fci^dr, divv),
so the right hand side of (3.9) has another term (Jo 6u2dr, div(?r/l(a V <f>)))- Since

= / (6 - p°hb)u2dr,div(7rh(a v $)) + V ( / (p°hb)u2dr,div(7rh(a y </>))

where p°& is the interpolation of b and a piecewise constant function on the éléments of Th- Then we have by
the properties of the operators p°, ph and TT̂  that

/
Jo

bu2drydiv(nh(a ch (3.25)

(3.25) together with the proof of Lemma 3.1 imply the result of Lemma 3.1 holds in the case b — ö(x, t, r). The
proof is complete. O

4. CONTINUOUS-IN-TIME MIXED FINITE ELEMENT APPROXIMATION

In this section, we will first use the generalized mixed elliptic projection {phiüh} to dérive the optimal
L°°(L2) error estimâtes and then use the projection {ph.üh} together with the regularized Green's functions
defined by Wang in [16] to dérive the quasi-optimal LOO(LO°) error estimâtes for the continuous-in-time mixed
finit e element approximation.

Theorem 4.1. Let { p ^ } be the solution of (1.3) and {p^,w/i} be that of (1*9). Assume that for 1 < r <
fc + l ,p € L°°(0,r ;# r( l / )2) ,p t G L2(0,T]Hr(n)2)} u,ut € L2(0,T; iF(tt)) and that tl is 2-regular, Then for
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0 < t < T, there exists a constant c > 0 independent of h and t such that

541

(J\< Cl/ | ||p||r + (J\\\utfr + llptll? + \\U\\1 + ||P|£)dS)

Moreover, if in addition u e L°°(0,T; Hr(Q)). Then

\\u - llPtll? + ||«||

Proof. Let u~uh = (u-üh) + {UH - uh) = u3 + U4 and p - p^ = (p - ph) + (ph - ph) = p 3 + P4* Then for
0 < t < T, form (1.3) and (1.9) together with (3.1), we see that

, v) = 0, VvGV, .S ' t ' f

With the choices v = p4 and w = u4 + JQ ph(bu4)dr in (4.1), we see that

f* \ ( f% \ f f* \
• ƒ ph(bu4)dT + ap4 -f ƒ /3u4dr,p4 = — [ u3 UU4 + ƒ p^(6w4)dr .
Jo / V Jo / V ' Jo /

,*, «4

Since
d / t% \ ( f \ ( ff

àt\'Jo J V 4'* Jo / V Jo
we have from (4.2-4.3) that

1 Cl ,, i , o _ i H . . o 1 Cl

' + c IIP4II

= ~3T W4, / Ph(bu4)dr + U4,ph(bu4) + /
^ \ Jo / V Joa f3u4dT,p4 ) ~ { us,t,u4 + ƒ p/l(6u4)d

/ \ Jo

< ~ T : ( ^ 4 , / p/l(6w4)dr ) + c ( | | u 4 | | 2 + / ||w4||
2dr 4-

& V Jo / V Jo

Integrating with respect to t from 0 to £ and noting that u4(0) = 0, then we have

Using Gronwall's lemma, we have from Theorem 3.5 that

a t x 1/2 / rt 1

||U3,t||
2dSj < c^ U Y^iWDluWl + \\DiP\\2

T)ds

1 / 2

l ' }

(4.2)

(4.3)

(4.4)
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In order to estimate ||p4||, we differentiate the second équation of (4.1) to obtain

(ocp47t + <2ÉP4Ï V) — ( U4tt + bu4 + / btu^ór, divv 1 4- ( /3w4 + / /3tW4dr, v ) = 0, Vv G VV (4.5)
V Jo J \ Jo J

Taking v = P4 in (4.5) and w = u^t -^Phipu^) + Jo Phiptu^àr in the first équation of (4.1), then similar to the
estimate of ||?X4||, we have

a t x i / 2 / ft i \ 1 / 2

||n3,t||2d5j < chr U J2(WDlu\\r + P?Pllr)^ j . (4-6)
Theorem 3.5, (4.4) and (4.6) complete the proof of Theorem 4.1. •
Theorem 4.2. Let {p,n} be the solution of (1.3) and {ph>Uh} be that of (1,9). Assume that for 1 < r <
k + l9{p,u},{pt,ut} e L°°(0,T;irXn)2) x r ^ T ; ^ ) ) , {ptt,M e L2(0yT;Hr(Ü)2) xL2(0,r;

Î7 i<s 2-regular. Then for 0 <t <T, there exists a constant c > 0 independent of h and t such that

/
V0

 î=o

Moreover, if in addition divp S L°°(O,T; Hr(iî)),p e L°°{O,T;Hr{Q)2). Then

||div(p-Pfc)|| < ctfl^WDluWr + WDlpWr^ + WDlumr

ï«n;+pïPii;)da

Proof We differentiate (4.1) to obtain

{ (u4,tt, w) + (divp4)t, w) = -(w3,«, ̂ ) , Vit; e Wfc,

(ap4,t + Oftp4, v) - (u^t + to*4 + JQ fetW4dr, divvj \J3uA + /0* A ^ d r , vj =0 , Vv G Vfc.

where P4(O) = 0 and ^4,t(0) satisfies the following relations

(u4,t(0),™) = -(u3,t(0),™), VweWh. (4.8)

Taking w = ^4^(0) in (4.8), then we have
IKt(0)|| < ||«3,t(0)||. (4.9)

Now, let us choosing w = u^t + Ph(bu4) + Jo Phi^t^àr and v = divp4)t in (4.7). Noting that u4(0) = 0 and
(4.9), similar to the estimate of ||u4||, we have from Theorem 3.5, (4.4), and (4.6) that

[ ^ ^ I I ^ + \\Dlpfr)ds ) 1 • (4.10)
° i=0 I
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From (4.1), (4.10), and Theorem 3.5, we have

||divp4|| < ||it4,t|| + \\ustt\\

< ch' { E (\\Dlu\\r + |lDÎp||r) + E (\\Dlu{Q)\\r + ||öÏp(0)||r) , ,
U=o %=o (4.11)

•n
Theorem 3.5, (4.11) and (4.10) complete the proof of Theorem 4.2. •

We now consider the LOO(LO°) error estimâtes. For this purpose we first introducé two pairs of regularized
Green's functions at z e ft by (see [16])

*i + V^i = 0 in ft,
divGi = 6% in ft, (4.12)

Ai = 0 on Sfi,

and
~ "̂  in ft,
divG2 = O" in ft, (4.13)

A2 = 0 on öft,

where Ô± and 5^ a r e the regularized Dirac functions at z G ft satisfying

Choosing right point z respectively can yield (see Eq. (3.4) in [16])

l|v||o,oo<2|(v,a$)|. (4.15)

Let {G1}, A^} e Vfc x Wh be the mixed finite element approximation of {Gi, Ai} and {G2, A2} G ~Vh x Wh be
that of {G2 , A2}. Wang proved that (see Eqs. (3.14, 3.20, 3.12b, 5.44) in [16])

(4.16)

(4.17)

(4.18)

(4.19)

Prom (4.18=4.19), we have

\lnh\i). (4.20)

Theorem 4.3. Let {p, u} be the solution of (1.3) and {ph,«h} be that of (1.9). Assume that for 1 < r <
k + l,{p,u} & L°°(0,T;Hr(tl)2)x L°°(0,T;Wr'°°(Q)), {puut},{ptt,utt} E L2(0,T;Hr(Cï)2)xL2(0,T;Hr(Q))
and that Q, %s 2-regular. Then for 0 < t < T and 0 < h < 1/3, there exists a constant c > 0 independent of h
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and t such that

Z. JIANG

||u|k= (J \\ut\\
2
r+\\pt

Moreover, if in addition {p t )u t} € x L°°(0,T;ir(f2)), p G

1 ||r + | |p t | | r + \\u\\rtOO 4- \\p\\r,o

di«ttii? + iip«n? + K I I ; + lip*»? + II

r + ||pt(O)||P

1/2 ^

Proo/ For 0 < t < T, we have from (4.12) and (4.1) that

+ ƒ Pfc(&W4)dr,<yi j = f u 4 + ƒ pA(6u4

= U 4 + / p f c ^ ^

= f w4 + / bu4dr,

= (ap4, Gf) + (ƒ

<

which, combining with (4.14), yields

0,oo

hence

<

< C

ƒ
«/O

-f ƒ
0,oo II «/O 0,oo

Using Gronwall's lemma, we have

1/2 >

). Then

(4.21)



MIXED METHODS FOR INTEGRO-DIFFERENTIAL EQUATIONS 545

Noting that divG§ = 0, we have from (4.13) and (4.1) that

= (p4> a(G2 - G&)) + (ap4 , G$) + (p4,

= -(divp4, Aj) - (f /3u4dT, G

= ((« - uh)u A$) - (f Pu4dr,

< C\\(U - OtllllA^II + C f ||u4||o,oodT||G£||o,l,

Jo

which, combining with (4.15) and (4.21), yields

||P4||o.oo < c | | |(« - ^)t||||A2
h|| + J\\\p4\\ + ||«4||)dT||Gf ||||G*||o,x} • (4-22)

On the other hand, (3.1) can be rewritten as

ƒ (div(7Tftp - pfc), w) = 0, ' Vw e Wh,

j (a(p - p/i), v) - [phU - üh + Jo* 6u3dr, divv) + ^/0* /3u3dr, v j = 0, Vv € V h .

Similar to the proof of (4.21) and (4.22), we can also have from (4.23) that

HPfcU - üfc||o,oo < c | (||p - phll + ƒ llualldr) ||Gf || + ƒ ||u - Phuh^dA , (4.24)

IkfcP - Pfclkoo < c (||p - ffkpllo,,» + ƒ ||w3||o,oodr) ||G5||O,I. (4.25)

Noting that (4.21, 4.4, 4.6, 4.16), we have

a t v 1/2

(KII? + ||tt||? + ||pt||? + ||p||?)drJ . (4.26)

Combining (4.22) with (4.4, 4.6, 4.16-4.17, 4.20), and Theorem 4.2, we have

IMkoo < chr(l
=o (4.27)

ï«(0)||r + \\Dlp(0)\\r) + (j* ix\\Diu\\2
r + \\Dip\\ï) dr)^} •

Combining (4.24) with Theorem 3.5, (4.16), and (1.6), we have

IMkoo < ch" (||w|k,oo +/o ll̂ H ôod-r) +0^1111^1* (llpll. + JO(IKIU-I-IIPII.)CI^) . (4.28)

Combining (4.25) with (4.28), (4.17), and (1.7), we have

llpslkoo < ch^llpll^ + lln/i^llpll^oo + ^IHI^d^+l lnhl t /^IHI . + llpll̂ dT). (4.29)
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(4.26-4.29) complete the proof of Theorem 4.3. •

The author thanks the référées for some useful and helpful suggestions.
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