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MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODÉLISATION MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(Vol 31, n° 5, 1997, p 615 à 641)

A KINETIC EQUATION FOR GRANULAR MEDIA (*)

D. BENEDETTO, E. CAGLIOTI and M. PULVIRENTI (*)

Abstract — We introducé and analyze a kinetic équation for a System of particles in one
dimension performmg inelastic collisions Such a System has been proposed as a microscopic
model for granular media

Résumé — On analyse une équation cinétique pour un système de particules à une dimension
sujettes à des collisions inélastiques Ce système est présenté comme modèle microscopique pour
les milieux granulaires

1. THE KINETIC EQUATION

One-dimensional particle Systems performing inelastic collisions have been
recently studied as a model for the time évolution of granular media [1-4]. The
main features of these Systems are the possibility of the occurrence of inelastic
collapses (namely infinitely many collisions in a finite time) and the tendency
of the system to clusterize, that is to create states of concentration of the
density, as sand grains over a shaken sheet of paper.

When the number of particles under considération is large, it seems natural
to apply the methods of the kinetic theory to understand the genera! behavior
of the system under suitable scaling limit s. In dimension greater than 1 it has
been proposed a Boltzmann-like Equation [5].

We consider a one-dimensional system constituted by N particles on the
line, colliding inelastically. Then we rescale suitably the degree of inelasticity,
as well as the total number of particles (which is assumed to diverge), to obtain
a kinetic équation for the one-particle probability density. Such a dérivation is
purely formai and will be presented in this section. Then, in the next section,
we start a rigorous analysis of this kinetic équation in an homogeneous regime.
We establish existence and uniqueness of the solution and détermine, in a very
précise way, the asymptotic behavior as the time goes to infinity. In Section 3
we approach the non-homogeneous problem and establish an existence and
uniqueness theorem for small times as well as a global theorem under suitable
smallness assumptions. The last section of the paper is devoted to gênerai
considérations. Most of the straightforward technicalities are confined in
Appendix.

(*) Manuscript received May 30, 1996
C1) Diparttmento di Matematica, Univemta di Roma trLa Sapienza** (Italy).

M 2 AN Modélisation mathématique et Analyse numérique 0764-5 83X/97/05/$ 7 00
Mathematica! Modelling and Numencal Analysis @ AFCET Gauthier-Villars



616 D. BENEDETTO, E CAGLIOTI, M PULVIRENTI

We now establish more precisely the model. Consider N identical particles
on the real line and dénote by xv ...,xN and by vv ..., vN their positions and
velocities respectively. The dynamics of the system is defined in the following
way. The particles goes freely up to the first instant in which two of them are
in the same point. Then they collide according to the rule :

u ' = v 1 + e ( v ~ v 1 ) , v \ = v - s ( v - Ü J ) , (1.1)

where v\ v\ and v,vl are the outgoing and ingoing velocities respectively and
e is a real parameter measuring the degree of inelasticity of the collision.
Notice that the total momentum is conserved in the collision, while the
modulus of the relative velocity decreases by a fixed rate for any collision.
Then the particles go on up to the instant of the next collision which is
performed by the same rule and so on.

Since the particles are assumed to be identical, the physics does not change
if we replace the law (1.1) by the following one :

v'=v -e(v -vx) , v[ = vx + e(v - u j , (1.2)

which is the same as Eq. (1.1) with the names of the particles exchanged after
the collision. It is of ten easier to do computations using (1.2), so that we shall
assume as collision rule Eq. (1.2) in place of Eq. (1.1).

The ordinary differential équation governing the time évolution of the
system is :

0-3)

Notice that e(v —vt) is the jump performed by the partiële i after a
collision with the partiële y, while ö(xi - XJ)\VJ - v\ =ö(t - thJ), being
t% the instant of the impact between the partiële i and j .

Let f/ = fiN(xv vv ..., JC ,̂ vN) be a probability density for the system. The
Liouville équation describing its time évolution reads as :

1' VV

~ XJ) dv,l<P( vj-v
l) / ( * i . vv •». *N> VNÏÏ (1.4)

w h e r e <p(v - v ) ~ ( v - v ) \ v - v \ .

M2 AN Modélisation mathématique et Analyse numérique
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A KJNETIC EQUATION FOR GRANULAR MEDIA 617

Proceeding as in the dérivation of the BB KG Y hierarchy for Hamiltonian
Systems, we introducé the j=particle distribution functions :

xv vv . . . ,%> vN) (1.5)

and integrating Eq. (1.4) over the last variables, we obtain the following
hierarchy of équations :

i , » / + i > - (1-6)

An inspection of Eq. (1.6) suggest the scaling limit e —> 0, N —» °° in such
a way that Ne —» 2, where 2 is a positive parameter. If j ^ have a limit (say
ƒ ) they are expected to satisfy the following (infinité) hierarchy of équations :

\ ' ,4ï ' */ ' v v ' J' '

Finally, if the initial state is chaotic, namely if initially :

fj(x1,v1,...,xJ,vj)=tif0(xi,vi),

then we expect that the dynamics does not créâtes corrélations (propagation of
chaos) so that :

f}{xv vv ..., Xp v3 ; 0 = O / ( ^ vt, t) ,

by which we obtain, for the one particle distribution function, the kinetic
équation :

(Bt + vdx)j{x,v) = -Xdb(Ff), (1-8)

vol. 31, n° 5, 1997



618 D. BENEDETTO, E. CAGLÏOTI, M. PULVTREMTI

where :

v <p(v - v ) j { v 9 t ) . (1.9)

In f acts products of solutions of Eq. (1.8) are solutions of the hierarchy (1.7)
as follows by a simple algebraic computation. Scope of the present paper is
a preliminary study of Eq. (1.8).

2. THE HOMOGENEOUS EQUATION

The mathematica! analysis of Eq. (1.8) is considerably simplified whenever
the medium is spatially homogeneous. In this case we have :

v9t) = 0 (2.1)

where :

f
j)=-ifr *f(v,t) . (2.2)

Here we set Â = 1, being X only a time s cale.
The most remarkable feature of Eq. (2.1) is the decreasing in time of the

momenta of the solution as expected by the dissipativity of the collision rule.
Namely, suppose ƒ=f(v, t) be a smooth probability density, solution to
Eq. (2.1). Then, for all p S* 1, we have :

j t J vpf(v, t)dv=pj vp~l(Ff) (v)dv

dv dv i / " 1 4>(v -v)f(v,t)f(v 9t)•'ƒ
vdv(Bp-l-vp-l)4>(ïi -v)f(v,t)f(ö ,t)t* 0 (2.3)

where, in the last step, we used the antisymmetry of <p.

Notice that vf(v,t)dv=po = const. Without loss of generality we shall

put in this section pQ = 0. As a conséquence :

j )(v-vf. (2.4)
M2 AN Modélisation mathématique et Analyse numérique
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A KINETIC EQUATION FOR GRANULAR MEDIA 619

Moreover, by (2.3), (2.4) and the Hölder inequality :

) ƒ ( » ) | » - w | 3 * £

\ / f V 2

) \ v - v |2J3/2 = -(2)3/2( j v2f(v) 1 . (2.5)
Denoting by T(* ) = \ dv v2f(v, t) twice the kinetic energy of the System, by

(2.5) we have that :

TJt) < -r_ V^^X o . (2.6)

The initial value problem associated to Eq. (2.1) is easy to solve in the
natural setting of the space of the probability measures with a suitable finite
momentum.

Dénote by M^ the space of all Borel probability measures in R and by :

(2.7)

equipped with the topology of the weak convergence of the measures, the
space of Borel probability measures of finite momentum of order 2p.

We can prove :

THEOREM 2.1 : Let /J0 e ^ 2 with

s ƒ
Then for any T > 0, there exists a unique measure valued function
fx G C( [0, T] ; Jf2) n C( [(0, T] ; Jf2p) satisjying the following proper-
ties.

(i) Denoting by V(v, t) the solution of the initial value problem :

= Ü , (2.8)

we have that :

j j . (2.9)
for all bounded continuous function u = u(v).

vol. 31, n° 5, 1997



620 D. BENEDETTO, E. CAGLIOTI, M. PULVMENTl

Moreover supp (jj(t)) c [- l/t, l/t}. In particular fi(t) e

(assuming only that T2 log < + °°j and

)v2"^-^. (2.10)

(ii) The solution fd(t) is continuons with respect to the initial data, that is,
if fdn —» fi then fdn{t) —» ju(t) (both convergences in the weak sense).
(iii) T2p(t) is decreasing in time and the kinetic energy T2(t) satisfies the
bound (2.6). As conséquence

lim fi{udv)^ö{dv) (2.11)

in the sense of the weak convergence of the measures.
(iv) If /J0 has a density, also jj(t) has a density (with respect to dv).
Moreover if fdQ(dv ) = fQ(v) dv with fQG C*(R) for k ̂  1, then

v, t) =f(v, t) dv with ƒ e Cl( [0, T];Ck-\U))n C( [0, T] ;
andf{t) solves Eq. 2.1 classicaüy.

Remark: From (i) we argue that fi(t) satisfies Eq. (2.1) in the foliowing
weak sense :

(2.12)

[u,t)= \n(dv,
* UT

where /u(u,t) = \ ju(dv,t) u(v) and u = u(v) is any smooth test funetion.
AT N

In particular if fi= 2 iVl* f() 2

1 = 1

The dynamics (2.13) corresponds to the time évolution of a System of N
particles (not spatially localized) performing collisions at random times.

The above theorem will be proved in Appendix.
The previous analysis achieves the problem of the asymptotic behavior of

the solution for t —» <*>. More detailed informations however, can be obtained
by a suitable rescaling. Indeed, since we know that the support of the velocity
concentrâtes around zero (see ï) in Theorem 2.1), it is natural to s cale the
probability distribution f~f(v>t) and define a new unknown g in the
following way :

M2 AN Modélisation mathématique et Analyse numérique
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A KEMETIC EQUATION FOR GRANULAR MEDIA 621

obtaining for g the following équation :

tdtg + g + dç(gG) + i d^g = 0 , (2.15)

where :

G = -<p*g.

Changing now the time scale by putting % = log t> we finally obtain :

O (2.16)

where the dot and the prime dénote the derivatives with respect to % and v
respectively.

For sake of simplicity we have assumed that ƒ (and hence g ) are absolutely
continuous. The gênerai case can be handled easily by considering Eq. (2.16)
in a weak sensé (see the above remark).

We are now interested to the asymptotic behavior of g(t) as t —» <*>, (From
now on we shall use again the symbol t for the rescaled time instead of
T ) . This will explain us the way how the true solution approaches the
distribution S and we shall find an universal behavior.

We first notice that, according to Proposition 2.1 ail momenta of g(t) are
uniformly bounded. This allows us to introducé the following functional :

l ) ? . (2.17)

An easy computation shows that :

2 (2.18)

Hence we are led to consider the set f = ( j e ^?2\À(g) = 0} as good
candidate to describe the asymptotic set of g(t). First we characterize the set

PROPOSITION 2.2 : If g e y* then .-

with at ^ 0 and S «, = 1-

Proof: Consider the function :

H(O = £ - ^ > * 0 ( O . (2.20)

vol 31, n° 5, 1997



622 D. BENEDETTO, E. CAGLIOTI, M, PULVIRENTI

If g G y~ then H = 0 on the support of g. Notice that H is two times
differentiable a.e. and :

= 1 - 2 ƒ | ? - £ | » ( < £ ) (2-21)

= 2(m + ({ ) - m" ( O ) a.c (2.22)

where #n~ ( f ) = g(d^) and m + (£ ) = g(d%). Hence JET' is deereas-

ing. As matter of facts there are two possibifities : either
(i) H has at most three zéros, or
(ii) the set / = {£ : H(Ç) - 0} is a closed interval.
In case (i) the proof is achieved since the support of g consists of a set of

points whose cardinality does not exceed 3.
Consider now the case (ii). We have necessarily g(Wl) = ö so that the

support of g is contained in L On the other hand, since H" ~ 0 in the interior
of /, by (2.18) the support of g must be confined on the boundary of / so that
g is a convex combination of two S. D

We now show that *¥* is asymptotically approached by the solution. We
assume, now and in the rest of the section, that the initial condition

PROPOSITION 2.3 : The cluster points of g(t) (for the topology of the weak
convergence of the measures) are contained in 'V.

Proof: Let AM = lim A(g(t ) ). Since the functional À is weakly continu-
ous (the momenta of g(t) are unifonrüy bounded) we have that any cluster
point g = lim g ( tk ) satisfies :

i(/)=limi(ö((t)), (2.23)

for some diverging séquence tk.
Suppose now that À(g* ) < - B < 0. By the control of the momenta we

can easily show that :

|A(0(f + a ) ) - A ( 0 ( O ) | = o ( * ) . (2-24)

Hence :

+ s)) * À(g(tk)) - o(S) *S - § (2.25)

M2 AN Modélisation mathématique et Analyse numérique
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A KMETIC EQUATION FOR GRANULAR MEDIA 623

for k large enough and ô suffieiently small. This makes impossible the
convergence of the intégral :

[- dtA(g(t))=A(g(0))-Aûo. (2.26)
Jo

Therefore Â ( g* ) = 0. D
We now can outline more precisely the asymptotic behaviour by establish-

ing a more detailed (and universal) description of the limit (2.11). To do this
(see Theorem 2.2 below), we first need a preparatory Lemma which will be
proven in the Appendix.

We set :

*y = 1/5 \ u fi/r v) *y f2 27^

where

2 2
i= 1

and

^3 = E a , ^ ' ".>0- (229)
3

2.1 : If g E f"3 and g = 2 « t % W ï ^ ^i < ̂ 2 < ̂ 3 then :

max ( a p a2 ) < 2 • (2.30)

If g E -r%then:

g = g^ = jn5fi_1 +(1 — JU) ô^ (2.31)

for/je (0, 1).
We now prove :

THEOREM 2.2 : Suppose g0 E L ^ R ) . Then :

üm fl((f)=5<5_I + 5<5i (2.32)

m ^ e sensé ofweak convergence of measures.

Proof; For a given initial condition gQ dénote by <$ a i^ the set of the
cluster points of g(t).

vol. 31, n° 5, 1997



624 D BENEDETTO, E CAGLIOTI, M PULVIRENTI

We first prove that

% n TT3 = 0 . (2.33)

The idea of the proof is that if g e ^ and g = 2 a
t S& with

£L < f2 < £3, then ff(£2) = 0, / / ' ( ^ 2 ) > 0 s o t h a t H i s a répulsive field
in £2 and hence cannot attract mass.

Consider the characteristics problem associated to Eq. (2.16), namely :

V(Ct)=H(V(Ç,t),t), V(£0) = 0f (2.34)

and the special (time dependent) point £ 0 ( 0 which separate exactly the
masses, that is :

Then (see 2.22 and 2.23) fo(f) is a maximum point for H\ . , 0 - Moreover
£0 is carried by the characteristics :

VU0,0 = £0(0, (2.36)

because, if not, it would be a mass flow through £ 0(0- Moreover the
characteristics are fully ordered in the sense that V(ÇV t) < V(c^2, t) if
f x < Ç2- Finally we note that the characteristics are differentiable with respect
to the initial conditions and that :

a< V({, 0 = exp \dsH\ V(f, *) ) . (2.37)
i/O

Therefore, since H'( V(Ç,t)) is increasing in Ç, for £ < £(0) , we have that :

if f ! < <?2 < <̂ 0.
Assume now that, for some diverging séquence {tk}, we have

lim g(tk) = g^ e f̂ 3. Let £1 < f2 < ĉ 3 end a1? a2, a3 be the support and
the masses of g^. Due to the full ordering of the trajectories, we can outline
two points tjl and rj2 and three régions ^ = ( -00 ,1 ;^ , Ï2= (fjlrj2),

(2.39)

In particular, by (2.30) Ç0(t) ->

M2 AN Modélisation mathématique et Analyse numérique
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A KÏNETTC EQUATION FOR GRANULAR MEDIA 625

Taking now two points r\\ e Iv rf2<= l2 with r{2 < ÇQi we have :

t) VW2,t)-V(fi'vt)

by (2.38). On the other hand the left hand side of (2.45) converges to zero,

while the right hand side converges to which is strictly positive. This

contradicts the assumption and (2.38) is proven.

The next step is to prove that

(2.41)

Indeed this can be proven by using the same argument as before. Suppose
that:

for some séquence {tk} and some JU & 1/2. Then there exists tj such that
V(£, *fc) -» ji - 1 for £ < ?/ and V( £, ffc) —» /i for Ç > rj. Suppose also that
£0 < tj (otherwise use the forthcoming argument on the right part of the line).
Choosing now two points ?fl and TJ2 such that rjl<tj <t}2< £0, we have :

- V(fJ2, tk) V(V2, tk) - V(r,v tk)

" * 1 - 1 ' ( }

but also that the left hand side of (2.43) converges to zero while the right hand
side converges to (^2~~^i)~ > ^ - Hence (2.41) is proven.

The last step is to show that ÔQ £ <ïï. Indeed suppose that
lim g(t) =S0. Then, since %0(t) -> 0, H'(Ç(t)) -» 1, we find a contradic-
tion, because H\^{t),t) must be definitively négative to attract all the
trajectories. So the only possibility we have in order that <î0 e ^ is that
g(t) has at least another cluster point in i^2 which cannot fail to be
1/2 ô_ m + 1/2 ôm for the previous step. By the explicit analysis of "V2 given
by (2.31), we compute the values of the functional A finding A(SQ) = 0 and

A( 1/2 <S_ 1/2 + 1/2 Sm) = - À . Therefore by the monotonicity of

A(§(t)) we conclude that there is a unique cluster point given by the two
symmetrie S. D

vol. 31, n° 5, 1997



626 D, BENEDETTO, E. CAGLIOTI, M. PULVHŒNTI

Remark : The proof of Theorem 2.2 works as well for initial measures
g0 enjoying the property that there exists a point £0 such that
m ( ̂ o ) = ^ an<* ^o *s a continuity point of m~ . For instance if

J£ &i<>p then it must exists an index i0 for which :

2><=è- (2-44)
* = î

It can also be proven that, whenever condition (2.44) f ails, the asymptotic
behavior can be anomalous. Indeed the cluster set for such initial datum may
not include the two symmetrie delta, but only the stationary solutions of
Eq. (2.16) consisting in three delta and the asymmetrie two delta described in
appendix.

3. THE INHOMOGENEOUS EQUATION

We start by establishing a local theorem which will be proven in Appendix.

THEOREM 3.1 : Consider the initial value problem associated to Eq. (1.8)
with a non-negative initial datum f0 e C ^ R x R ) , / o e L^ix^v) and
VfQ e Lj^x, v ). Suppose also that supp / o c R x [-77,77]. Then there exists
T > 0 depending on \\fQ || ̂  and \\ VfQ || L , and a unique (classical) non-
negative solution ƒ e Cl{ [0, T) X M x [-1/ , 17] ) to Eq, (1.8).

Natural questions arise :

(i) Do weak solutions exist globally in time ?

(ii) Can occur singularities in a finite time and if it is so, can the solution
concentrate (that is the production of a component of ö type in the x,
f-space) ?

(iii) If there are many weak solutions, do a criterion (like the entropy
conditions for the conservation laws) which select the physically relevant
solutions exist ?

We do not know how to answer to these questions even at a heuristic level.
The only extra a-priori information we have on the solution, is a reverse
//-theorem, which describes the obvious tendency of the System to concen-

•ƒ•trate. Namely, defining H(f)= dxdv(flogf) (JC, V, t), then:

# ( ƒ ) = J dxdvdv \v~v \f(x,v9t)f(x,v , 0 ^ 0 . (3.1)

M2 AN Modélisation mathématique et Analyse numérique
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Unfortunately Eq. (3.1) does not seem to exclude or guarantee the concen-
tration feature in a finite time. However if X is sufficiently small comparcd
with the size of the initial condition^, the dispersivity of the free flow allo w s
us to prevent singularities. Indeed we can prove :

THEOREM 3.2 : Suppose fQ with compact support and
il/o il + il Y/o II = a < + °°' SupPose a^so tnat & < l 0 where ÀQ dépends
on a and the diameter of the support off0. Then there exists a unique classical
global solution to Eq. (1.8). Moreover there exists a constant Cs depending
only offQ and 1, such that :

(eSupM) \\f(t)|L + II BJ{t) IL « C, (3.2)

c ( i + O . (3-3)

^ T Ç Ï . (3-4)

(here p(x, t) = I dv f(x, v^ t) is the spatial density).

Notice that inequalities (3.2), (3.3) and (3.4) are those satisfied by the free
transport solutions.

Proof: We assume that there exists a classical solution ƒ=f(x, v, t) to
Eq. (1.8) with the same regularity in Theorem 3.1 and we shall prove estimâtes
(3.2-5). After this it is straightforward to construct such a solution by means
of the usual fixed point argument.

Let us introducé the characteristic system :

X(x, v, 0 = V(x; v, t) , V(x, v, t) = AF(X(x, v9t), V(x, v, t)y r)((3.5)

X(x,v,0) = x V(x,v,0) = v. (3.6)

Since f0 has compact support, there exists a square Qo = [— L, L] in
which this support is contained. Consider its time évolution under the action
of the free flow :

Q(t) = {(x+vt,v)\(x,v)e ö 0 } . (3.7)

We shall show that the support off(t) is contained in Q(t). This is equivalent
to show that, denoted Z(x, v, t) = Z(x5 v, t) - V(x, v91) r, we have

v,t),V(x,v,t))e e o i f ( x , ï > ) e Qo .

vol. 31, n° 5, 1997



628 D. BENEDETTO, E. CAGLIOTI, M. PULVIRENTI

By définition :

î (x , v91) = - «F(X(x, v, t) + V(x, v91) u V(x, v, t), t)

V(x, v, t) = F(X(x, v, t) + V(JC, t>, O r, V(JC, v, t)91) . (3.8)

By a direct inspection, if supp ƒ( . , f ) c: Q(f ), for (x, t> ) € ö 0
 :

F(L + vt, v,t) ^ 0 F(JC + t?f, L, O ^ 0

F ( - L + vt, v9t)& 0 F(x + vt, - L, t) ^ 0 ,

then (X, V) eannot exit from Qo. Then supp ƒ( . , t ) e ö(?) for all time.
Introducing now the function :

±yiftlz2 (3.9)

it follows that the sections S(x, t) = {v\(x, v)eQ(t)} satisfy meas
S(x, t) ^ h(t). This allows us to establish the following elementary esti-
mâtes, for (x, v) e Q(t).

\F(x,v,t)\ ^ IWOIL 0(5 -» )d5 ^ ILtfOlL ^2ö?e
vS(x,t) Jo

= | HA O IL *( O 3 - (3.10)

similarly :

But also :

| d p F ( x , i ? , r ) | = 2 I |i; - t ? | f(x,v ,t)dv ^ 4 M O 2 1 1 / ( 0 I L , (3-12)

and

h{t) | | B

(3.13)

| , . (3.14)

M2 AN Modélisation mathématique et Analyse numérique
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We now estimate ƒ( t ) and its first derivative and, to this end, we write
Eq. 1.8 in the following form :

dtf+vdJ+XFdJ=XA

dtdxf+vd2J+AFdvdxf=XB

dtdvf+vdxd,f+ÀFa2J=to (3.15)

where

D = -(dJ+2dvfdvF+fd2
vF). (3.16)

Equations (3.15) have to be understood as time derivatives along the charac-
teristic curves. For instance for the first équation we have :

< 3 .n ,
where in X(t), V(t) we skipped the dependence of the trajectories by the
initial data for notational simplicity. Note that in this way we avoid the
dependence on the second derivatives of ƒ(?)> s o that we can work in a C
setup only.

We now estimate A, B, D. By (3.12), for (x, v) e Q(t) :

| | - (3.18)

By (3.11) and (3.14):

\B{x,v,t)\ ^IfcCO'llMOLIIô^OIL + SMO^IAOlLIla^OIL.

(3.19)

By (3.12) and (3.13)

\D(x,v,t)\ ^ Hd./COIL+^MO'llAOlLIia./COIL- (3.20)

By Eqs. (3.15) and (3.18) we can write :

f(X(x, v, 0, VU v, 0 ) =/oU i>) + A Î^h{sf\\f(s)\\l (3.21)
Jo

vol. 31, n° 5, 1997



630 D. BENEDETTO, E. CAGLIOTI, M. PULVIRENTI

from which, defining 3 — sup [[/(OU» anc* y2 = I h(t) dt, we get :

* « ll/0IL + 4Ay2<f (3.22)

and hence :

<5<2||/O |L (3.23)

provided that :

Moreover by Eqs. (3.15) and (3.20) :

h(t)\(dvf)(X(x,v,tlV(x,v,t))\ * L\dvf0\ + Xh(t) ïds(\\dxAs)\L)

Jo

+ 12 h( s )2 || ƒ( $ ) IL II dv ƒ( s ) IL . (3.25)

We now set :
t / j \ tl -j /y y.\ II rt | | "\ ^ | | /Q ^ / ^ \

and from (3.25) and (3.23) we obtain :

« « LII Bv f0 IL + 2 ALjff + 24 X || ƒ„ | | . « ^ , (3.27)

after setting :

sup h(t)\ dsh(s) = y, . (3.28)

For:

we have :
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After having estimated a in tenus of j$ we conclude by setting (again from
(3.15) and (3.19)):

fi * H dxfo 11 oo + ~5 Ây2 ap + 16 Xy2 §fQ || ̂  0 . (3.31)

Inserting in (3.31) estimate (3.30), we can solve with respect to /?, provided
that X is sufficiently small. This proves (3.2) and (3.3) of Theorem 3.2.

We conclude with the proof of (3.4) :

Js(x,t

4. MUMERICAL SIMULATIONS AND ADDITIONAL REMARKS

In this section we consider some simulations performed to see if and when
an homogeneous behaviour is realized for the partiële System. We consider
iV=1000 particles in the box [ - 1 , 1 ] with an homogeneous initial
condition (i.e. the velocity and the position of the particles are randomly
extracted with a uniform distribution in [- 1, l ] 2 ) for different values of
X. The collisions with the wall are inelastic : if a partiële hits the wall with
velocity v then it is reflected from the wall with velocity - (1 -2E) v. For
X sufficiently large (for example if X = 4 ) the system exhibits an inelastic
collapse after a certain time.

For X sufficiently small, for instance X = 0.5, we can distinguish two
different regimes.

In the first regime, that is up to about Nc = 5 • 106 collisions, the
homogeneous behaviour is qualitatively fulfilled. In fact, as time goes on, the
gas remains spatially homogeneous, while the velocity distributions support
concentrâtes as f , and the rescaled distribution goes toward a two peaks
distribution. In figure la it is plotted the phase space density after 5.4 • 106

collisions and in figure lb is given an histogram of the velocity density.
After this, for a larger number of collisions, the homogeneous situation

seems to break down and corrélation between the partiële beeomes important.
In particular the gas looses also its spatial homogeneity. In figure 2 it is plotted
the Kantarovich-Rubinstein distance between the computed rescaled distribu-
tion and the two peaks distribution è [<5( ü ~~ 2 ) + ^( r + 5 ) J '

This results are in agreement with what found by Esipov and Poshei [5] who
proposed (and discus s the validity of) a Boltzmann Equation in order to
describe an inelastic gas of particles in dimension greater than 1. In particular
they fmd that, in the homogeneous case, it is expected a universal behaviour
of the velocity distribution (not gaussian) but that the homogeneous descrip-
tion is numericaily uns table at very long times.
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X = - 1 - t X = 1

Figure la.

N

Figure lb.

Coming back to the one dimensional case and to the kinetic équation (1.8)
what we can conclude ? In our opinion, at least for X small (we shall come
back on this point later on) the kinetic équation is a good description of a gas
of inelastic partiële in the kinetic limit under considération. In fact also if, after
a certain time, the homogeneous behaviour breaks down because of the
corrélations becomes important, it seems reasonable that such a critical time
tends to ^ as iV^«>. This obviously does not means that the kinetic
équation (1.8) is able to characterize the asymptotic behaviour of a gas of N
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d=.293

d=0

U=0 U=8-10

Figure 2.

particles. Hère we want only to stress that the universal two-peaks distribution
(instead of a Maxwellian) as asymptotic behavior for the homogeneous case
could be important when trying to model a gas of inelastic particles by means
of hydrodynamical équations.

In ail cases it seems difficult to provide a rigorous proof of the validity of
the kinetic équation (1.8) under the scaling limit we have formally considered
in Section 1, for a given arbitrary interval of time.

Finally, once more, we want to outline the problem of the global existence
of the solutions for Eq. (1.8). This problem seems to be strictly related to the
problem of the existence of the dynamics for N particles in the kinetic limit.
In partieular fixed N let us define EC(N) as the minimum number of particles
required to have an inelastic collapse, and 1C(N) = Nec(N). In the paper by
Bernu and Mazighi [2] it is suggested that, as N -> «», ec behaves as j-j. If this
is true, in the kinetic limit it would be possible to define a critical values of
A, A, that separate the two different behaviour. Nevertheless Me Namara and
Young [1], on the basis of the analysis of a partieular model, suggest that the
minimum number of particles Nc in order to have a collapse for a fixed
value of E, behaves asymptotically as ^ = - l o g ( - J . In this case

- J therefore it would diverge as N -> <». Then we would
expect that the Kinetic équation admits a global solution for any values of
X since the concentration is unexpected at a finite time. The problem of
characterizing rigorously XC(N) is, as f ar as we know, open.
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NOTE ADDED IN PROOF

After this work was completed we knew that Eq. (2,1-2) has previously
considered from an heuristic point of view by S, Mc Namara and W. R. Young
in the paper « Kinetics of a one-dimensional granular medium in the quasi-
elastic limit », Phys. Fluids A 5 (1) p. 34-45, 1993 and by Y. Du, H. Li and
L. P. Kadanoff in the paper « Breakdown of Hydrodynamics in a One-
Dimensional System of Inelastic Particles », Phys. Rev. Lett 74 (8) p. 1268-
1271, 1995.

APPENDIX

Proof of Theorem 2.1

The proof of the existence and uniqueness of the pair (n(t), V(t,v)) (see
(2.8) and (2.9)) for an initial datum /LIQ with compact support, is straightfor-
ward.

Indeed suppose that /uQ has support contained in [-vQ,v0]. Then there
exists v + ( 0 ) = inf{f |/io[( v, + oo )] = 0}. It is easy to realize that,
denoting by V+ (t) the solution of (2.8) with initial datum v + ( 0 ) , we have :

,t)\d -V+(t)\2 =

-T2(t)~V+(tf^-V+(t)2. (AA)

Therefore, noticing that V+ (?) > 0 by the conservation of the momentum,

V*(t)^ s g i . (A.2)
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Introducing V~ ( t ) the left extreme velocity, we find an analogous bound and
conclude that :

i , (A.3)

With these a-priori estimâtes we see that F(v, t) is bounded and Lipschitz
continuous in v, uniformly in t and v on the support of juidv, t). This allows
us to construct a global, unique solution, by the contraction mapping principle
(for instance in the space of the probability measures equipped with a suitable
metric, equivalent to the metric of the weak convergence of the measures).

For fiQ with T2 log( 0 ) < + <», we can obtain a solution as limit for
n __» 4.00 of the solutions fiN( t ) with initial data

J
Indeed the associated trajectories Vn(v, t) are bounded and equicontinuous

on the compact sets of v and t. In facts the force F is bounded and continuous
in jti with respect to the week topology for the measures, if T2iog is bounded :

\F(v)\ ^ J \v -v\2v(dv ) ^ T2+v2 (AA)

and

Zi21og

I,\u\<K
-v) , (A.5)

because T21og(t) = \ fi(dv,t)v2(l + log ( 1 + |i;| ) ) is decreasing in time.

Moreover F( . , t) is uniformly Lipschitz continuous in v, for t e (S, T] for
any S > 0, as a conséquence of (A.2). This allows us to show that, passing
to subsequence if necessary, the limit of (Vn, f/1) satisfies (2.8) and (2.9).

Now we prove the uniqueness to achieve statement (i) of Theorem 2.1.
Notice that

F ( Ü , 0 = - ^ 2 ~ j V(dv ) ü 2 + 2 f ju(dv )(v-v f ^ v2 + T2 . (A.6)

vol. 31, n° 5, 1997



636 D. BENEDETTO, E. CAGLIOTI, M. PULV1RENTI

The last inequality is conséquence of the bound :

I jj(dv , 0 ( v - v f =£ [ j u ( d v , t ) v 2 . (A.7)
iv Jv

Using now the same argument leading to (A.2), we argue that the support

of ;u( t) is contained in - ( \/1T2 + y Y y/2 T2 + y L

We now improve (A.7) by showing that there exists k > 0 such that, if
v ^ k then

F(v,t)^-v2. (A.8)

In other words, we have to show that :

0 ^ 2 < 0 . (A.9)

This is in f act obvious by the previous property on the support of jn(t) if
t > 0 and v is suffïciently large. On the other hand, by the inequalities :

fx(t) ^ - 2 T2(t) , (A.10)

we have :

T2(t) > (^(O)2 > (^(0) - 2 72(0) tf

2 T
2 i , , - ^ ^ Z i 2io g

for t ^ ^ ^ /rix. Since we have also that :

•ï
Jv

we conclude that :

,t)v2

for f < tx and i; > k with a suitable ^ and k chosen accordingly.
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For t ^ tx one can choose an even larger k (namely
k > y/2 T2( 0 ) + 2!îx j for which t; is outside the support of ju and the
identity :

/u(dv , t ) v 2 = <

holds.
Thus (A.8) is proven. From this fact follows that :

Now, let us assume that fi(dv, t) and p(dv, r) , are two continuous solutions
with the same initial datum JJ0 ; let us dénote by Vt( v ) and Vt( v ) the
corresponding flows, and Ft = - 0 * /LI( . , t) and Ft - - 0 * ft( ., t).

By the définitions :

\Vt(v)-Vt(v)\ ^ \tds(\Fs(Vs(v))-Fs(Vs(v ))\

Denoting by ö(v, t) = \ Vt(v ) - Vt(v ) | , and by c any constant depending
only on /uQ, from the définition of F :

»,s)JJ O(|» |+max(Vs(t;),Vi(u))),

then, using (A. 15) :

In a similar way, we obtain :

+ c \ v ( d v , s ) , t - , S ( v , s ) .
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Applying the Gronwall Lemma to the collection (A.17)-(A.19), we have :

v\ tf £<fr(( l + ! J ^ i j ) JKdv ,s)ö(i , s)

(A.20)

f 1 + M
Setting A(v, t) = vo(dv) , . .<5O, 0> fixed T > 0 and denoting by

d d i l T hc any constant depending only on T, we have :

A(v91) ^ c ]dsA(v,s) J

Even if r 3 ( 0 ) = + °o, we have that

_ ( 1 + 1^ I ) 3

v ) L ̂

+ \v

Then we can use the Gronwall Lemma in (A.21) so that A(v, t) = 0, i.e.
V(v, t) = V(v, t) juQ - a.e. Then the solution is unique.

The continuity of the solution with respect to the initial datum can be treated
in the same way. Therefore we proved (i) and (ii).

Let us now discus s the properties (iii) and (iv) for the solutions.
Let jjo(dv) be a measure with T2log< + °o and V(v,t) be the unique

corresponding flow. Notice that, thanks to (A3), |V(i; ,r) | < l/t. Therefore

T2p = vo(dv ) V2p(v, t) is finite for t > 0. Proceeding as in (2.3)-(2.6), (in

the weak form), we obtain that T2p decreases if p ^ x, and that T=T2

vérifies the bound (2.6). As conséquence :

\ /Li(dv,t)y/(v)~y/(ö)

,7X0)2
(A.22)

Taking the limit for t —» + » , we prove (2.11).

M2 AN Modélisation mathématique et Analyse numérique
Mathematica! Modelling and Numerical Analysis



A KINETIC EQUATION FOR GRANULAR MEDIA 639

If /uQ( dv )=fQ(v)dv, with fQ E C* ( R ), by the continuity of V(v,t) with
respect to V(v, t) with respect to v, it follows that /n(dv, t) is a absolutely
continuous with respect the Lebesgue measure with density denoted by
f(v,t).

The regularity of ƒ(>, 0 follows by the f act that if
/ E C ( [ 0 , o o ) ; C

f c W ) then F E C( [0, ~ ) ; C* + 2 ( R) ),
Ve C([0,oo);CA + 1( lR)) . Moreover dv(fF) E C( [0, « ) ; Cfe ( R ) ) then
ƒ E Cx( [0, oo) ; C*"1 ( R ) ) and solves classically Eq. (2.1).

Proof of Lemma 2.1

By direct computation g(dÇ) s i^2 iff

f i l ft (A.23)

where fie (0, 1 ). Moreover g(dÇ) E ^ 3 iff

(A.24)
l — 4 fii fij 1 — 4 fii jti3 \ — 4 ji}

1
w n e r e JMJ , JMT *= i ŷ,,-%

Proof of Theorem 3.1

Let us start by showing the following a-priori estimâtes for regular solutions
of Eq. (1.8).

We suppose that, initially sup f(x, v) = 0 for some rj > 0. Suppose
x i\v\>fi

also that \\fQ || TO, || V/O IL < + ». We claim that there exists T > 0 and
C > 0 , depending on WfJ^, ||V/0|L and f;, such that | | ƒ ( . , . , f) IL,
I | V / ( . , . , O I L < C for t^T.

Indeed let

ü, t) = AF(X(JC5 t;, r), V(JC, u, f ), O ,
(A.25)

where

1)(v -v)f(x,v , r ) , (A.26)
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and let

/axx dvx\ / o i \
T( r v f} = \ \ A( Y v t} — l 1

(A-27)

Sometimes in the following, we shall not speeify the dependence of X, and V
on x, v, t for sake of notational simplicity.

By (A.25) and (A.26) it follows that

\Xi Vjty = „jr \Xj Vj t)A(X9 V, t) (A.28)

det/(x, ï), f) = ,

From Eq. (1.8) and (A.24) it follows that, for any test fonction
y/ e Co (IR2) :

f f
ys(x, v)f(x, v, t) dxdv = y/(X(x,v,t),V(x1v1t))fJx,v)dxdv, (A.29)

and then :

, v, O, vu v, /), o =ƒ„(*,»)«- J^«*'.'>.vu».o.o. (A-30)

Taking the gradient with respect (x, v ), we have :

(Vf) (x(t), v(O) =
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First we observe that, by virtue of our assumption on the compactness of the
support of/in the v variable, such a support can only decrease in time. Namely
if v>tj, F(x,v,t)<Q and if v<-tj, F(x,v,t)>0. Then :

\v-v

||VtrA(x,i>,OII =S

|| ƒ- *(*, i;, 011 ^ e " + e ]ƒ"**'>•- . (A.32)

Using (A.32) in (A.30), (A.31) :

IIA0IL+ II VA 0 IL « (H/oL+ | |v/ jL)ecJo* ( I W i ) I L + | V^ ) I L ) , (A.33)

which implies

(I/o IL +11% IL

ü - (A'34)

With this a-priori estimate is not difficult to construct, via the standard itérative
procedure, a unique solution in Cl( [0, F] x R x [- ?/, tj] ) for the initial
value problem.
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