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MATHEHATICAL MODELIJN G AND NUMER1CAL ANALYSIS
MODÉLISATION MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(Vol. 30, n° 7, 1996, p. 873 à 905)

CHEBYSHEV PSEUDOSPECTRAL-HYBRID FINITE ELEMENT METHOD
FOR TWO-D1MENSIONAL VORTICITY EQUATION (*)

Guo BEN-YU (!) Ma HE-PING (2), Hou JING-YU (2)

Abstract. — Chebyshev pseudospectral-hybrid finite element schemes are proposed for two-
dimensional vorticity équation. Some approximation results in non-isotropic Sobolev spaces are
presented. The generalized stability and the convergence are proved. The hybrid finite element
approximation provides the optimal convergence rate. The numerical results show the advantages
of the approach. The technique in this paper is also applicable to other nonlinear problems in
computational fluid dynamics.

Key words : Two-dimension al vorticity équation, Chebyshev pseudo spectral-finite element
approximation.

Subject classification. AMS(MOS) : 65N30, 76D99.

Résumé. — Des schémas pseudospectraux-hybrides de Chebyshev sont proposés pour l'équa-
tion de vorticité bi-dimensionnelle. On présente des résultats d'approximation dans des espaces
de Sobolev non isotropes. La stabilité généralisée et la convergence sont établies. L'approxi-
mation par éléments finis hybrides conduit à un ordre de convergence optimal. Les résultats
numériques montrent les avantages de cette approche. La méthode de cet article est également
utilisable pour d'autres problèmes non linéaires de la dynamique des fluides numérique.

1. INTRODUCTION

There is much literature concerning numerical solutions of partial differ-
ential équations describing fluid flows. The early work mainly concerned
finite-difference method, e.g., see [1,2]. Since the seventies, finite element
method has also been given much attention in computational fluid dynamics,
see [3, 4]. As we know, the accuracy of both the above methods is limited by
the given schemes. But the précision of spectral method increases as the
smoothness of genuine solution increases. Thus spectral method has been used
successfully in this field, see [5]. For instance Guo Ben-yu and Ma He-ping
developed Fourier spectral and Fourier pseudospectral methods to solve
periodic problems of two-dimensional vorticity équation, see [6,7]. For
semi-periodic problems, Fourier spectral (or pseudospectral)-finite différence
(or finite element) methods have been developed, see [8-14]. On the other
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hand, some authors provided mixed Fourier-Chebyshev spectral (or pseu-
dospectral) approximation to keep higher accuracy, see [15, 16]. But in fluid
dynamics, most of practical problems are neither periodic nor semi-periodic.
The domains are of complex geometry. Whereas the sections of domains might
be rectangular in certain directions. For example, the fluid flow in a cylindrical
container. To solve this kind of problems, it is natural to use Chebyshev
spectral-flnite element method, see [17]. But the calculation is quite compli-
cated, The purpose of this paper is to develop a new mixed method suitable
for non-periodic problems. By taking two-dimensional vorticity équation as an
example, we propose Chebyshev pseudospectral-finite element schemes, in-
cluding fully implicit and semi-implicit schemes, and Chebyshev
pseudospectral-hybrid flnite element approximation or usual mixed approxi-
mation. They are much easier to be performed than Chebyshev spectral-flnite
element schemes. In particular, it is easy to deal with nonlinear terms and
saves much time in calculation. Of course, we can also use full Chebyshev
approximation to solve this two-dimensional problem. But it is easy to
generalize this new approach to three-dimensional problems with complex
geometry. Besides the theoretical analysis in this paper sets up a framework
for such mixed approximation, which is very useful for other nonlinear
problems in computational fluid dynamics. The outline of this paper is as
follows. We construct the schemes in Section 2, and present the nurnerical
results in Section 3, which show the advantages of this method. Then we list
some lemmas in Section 4. Finally we prove the generalized stability and
convergence in the last two sections. The theoretical analysis shows that the
hybrid finite element approximation raises the accuracy and provides the
optimal convergence rate. It is concordant with the numerical experiments.

2. THE SCHEME

Let ^ = ( - 1 , 1 ) , Iy = ( 0, 1 ) and Q = Ix x Ir The boundary of
Q is denoted by dQ. We dénote the vorticity, stream fonction and kinetic
viscosity by £(•*,>>,£), y/(x,y,t) and v > 0 respectively. f(x,y,t) and
£0(jt, y) are given functions. Let dz = —, z — x,y,t. We consider the
following two-dimensional vorticity équation

vV2Ç=f, ( x , y ) e Q.te ( 0 , 7 1 ,

( x , y ) e Q,ts ( 0 , T } , (2.1)

[ç(x,y,0)=Ç0(x,y), (x, y) G Q kj dQ ,

where / ( â, y/ ) = 3 £, ô w — d £ d y/. Assume that the boundary is a fixed
non-slip wall, and so y/ = 0 on dQ. For simplicity» we follow [18] to let
£ = 0 on 8Q also. The existance, uniqueness and regularity of global solution
of (2.1) is discussed in Theoremó.10 of [18].
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Let A^bea positive integer. Dénote by 3?N the set of all algebraic polyno-
mials of degree less or equal N, defined on ïx. Let

VN{Ix) = {u(x) e PN{Ix)lu(- 1 ) = u( 1 ) = 0} .

Let co(x) = (l -x2)~l2 and

L2
œ(lx) = {u(x)Iu is m e a s u r a b l e on Ix and || u\\w l < + « = } .

A l s o de f ine

couvdxdy,

~ {M(JC, y)lu is measurable on Q and || u\\œ < + <»} .

Let xh be a class of regular décomposition of ƒ with the grid points yt and
subintervals 11 = ( ^ . j , ^ ) , 1 ^ / ^ Af, where

Suppose that rft satisfies the inverse assumption (see [19]). Let

h= max I ^ - ^ . J I and h= min | y, — 3̂ / _ 11 -
1 « / « Af 1 ^ / î£ A/

Then T is bounded above by a positive constant independent of h. Let

= VN{Ix) y y

Now let x(j) and o>(7) be the nodes and weights of Gauss-Lobatto intégra-

tion, Le., xU) = cos-^ for 0 ^ j ^ TV, com = com = ̂ , and

co(7) =jj for 1 ^ j ^ TV - 1. It is well known that for any

1 N

œ(x) g(x) dx=^ œU) g(xü) ) . (2.2)

vol. 30, n° 7, 1996
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The discrete inner products and norms are defined as

7 = 0

U)u(xu\y)v(xa\y)dy, || « | | ^ „ = (u, u)N h a .

Let Pc: C(Ix) —> &N(ÏX) be the interpolation operator, i.e.,
Pcu(xu)) = u(xu)) for O^j^N. Let lfh: C(Iy)-> Sk

h(Iy) n Fi\ly) be
the piecewise Lagrange interpolation operator of degree k over each 7r For
function u(x, y), we still use the notations Pc u and FIk

h u.
Let x be the step size of time t, and

For simplicity, we dénote w(;c, )>, 0 by w(O or u usually, and let

Û(t) =}j(u(t + T) + U(t - T)) , ^

Now let rj and 0 be the approximations to £ and ^ respectively. For
approximating the non-linear convection term in (2.1), we introducé

Al s o let

Let /: > 1 and A = 0 or 1. The Chebyshev pseudospectral-finite element
scheme for solving ( k \
all t e /? such that

pp
scheme for solving (2.1) is to find rj(t) e Wk

N h(Q) and <p(t) e Wk
N

+
h\Q)for

(2.3)
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where PN h : L
2
œ{ Q ) -^ Wk

Nh{ Q ) is the L2
œ{ Q )-orthogonal projection and

Scheme (2.3) is a fully implicit scheme, but it is much easier to be
performed than the corresponding Chebyshev spectral-finite element scheme.
Another scheme, which deals with the nonlinear term explicitly, is to find
rj{t) e Wk

Nh(Q) and <p(t) e Wk
N

+J{Q) for all i e RT such that

^ A 0
(2-4)

We shall analyze the generalized stability and the convergence for schemes
(2.3) and (2.4) in the last two sections.

3. NUMERICAL RESULTS

In this section, we examine the numerical performances of scheme (2.3) and
(2.4). We take the following test functions

y/(x,y,t) =Ae~Bt(x2- 1) (x2 - 5 ) sin ny ,

We use Chebyshev pseudospectral-fmite element schemes (CPSFE). The
interval ƒ is uniformly partitioned with the mesh size h ~ l/M. For
comparison, we also consider the bilinear finite element schemes (FEM). In
this case, the domain is divided uniformly into rectangular subdomains with
the length hx = 21 N in x-direction and hY = l/M in y-direction. For
describing the errors of numerical solutions, let

lx = jjc. /xj - c o s ^ , 1 ^ j ^ N - 1} , for CPSFE,

Ix = {x. /Xj = - 1 + jhx, 1 ^ 7 ^ Â* - 1} , for FEM,

/v = {y. /y. =jhY, 1 ^ j ^ M - 1} , for CPSFE and FEM

vol. 30, n° 7, 1996
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and
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E(u(t)) =

\u(x,y,t)-vUy,t)\2\
1/2

x e Ix y e Iy

\

2 2 l«('.y.O|3
je e /T y e /v

where a = £ and f = rj, or w = ̂  and v = <p.
In calculations, we take A = 0.5 and B = 0.4. For scheme CPSFE, we take

Jfc= 1, Af= 10 and TV = 4. For scheme FEM, we take TV* = 10. Besides,
T = 0.005. Firstly, we use semi-implicit scheme (2.4) with 1 = 0. The
numerical results comparied with scheme FEM are shown in Table I and
Table II. We find that the scheme CPSFE gives much better numerical results
than the scheme FEM. The high accuracy is obtained even for relatively small

Table I. — The errors of scheme (2.4) and FEM, v = 0.001.

Scheme (2.4), X = 0

t

0.5

1.0

1.5

2.0

2.5

E(i(t))

0.2220E-03

0.3886E-03

0.6387E-03

0.9341E-03

0.1295E-02

E(W(O)
0.6736E-02

0.6932E-02

0.7174E-02

0.7485E-02

0.7838E-02

Scheme FEM

E(i(t))

0.3836E-02

0.8192E-02

0.1352E-01

0.2007E-01

0.2806E-01

E(¥{t))

0.1180E-01

0.1619E-01

0.2154E-01

0.2805E-01

0.3597E-01

Table II. — The errors of scheme (2.4) and FEM, v = 0.0001.

Scheme (2.4), A = 0

t

0.5

1.0

1.5

2.0

2.5

£(É(0)
0.1862E-03

0.2923E-03

0.4843E-03

0.7001E-03

0.9625E-03

E(y/(t))

0.6684E-02

0.6824E-02

0.7000E-02

0.7230E-02

0.7484E-02

Scheme FEM

E(i(t))

0.3925E-02

0.8380E-02

0.1390E-01

0.2064E-01

0.2895E-01

E(H0)
0.1186E-01

0.1635E-01

0.2184E-01

0.2856E-01

0.3678E-01
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N. Table III and Table IV list the numerical results of scheme (2.4) with
X-\. They teil us that the Chebyshev pseudospectral approximation with
hybrid finite element approximation provides better numerical results than
usual mixed Chebyshev pseudospectral-finite element method. Table V and
Table VI show the numerical results of implicit scheme (2.3) with X — 1. The
numerical results is nearly the same as those of scheme (2.4) with A = 1. The
numerical experiments are concordant with the theoritical analysis in the last
two sections.

Table III. — The errors of scheme (2.4), v = 0.001, X = 1.

t

0.5

1.0

1.5

2.0

2.5

E(£(0)
0.5933E-04

0.1054E-03

0.1631E-03

0.2393E-03

0.3343E-03

E(y{t))

0.5821E-02

0.5858E-02

0.5902E-02

0.5956E-02

0.6012E-02

Table IV. — The errors of scheme (2.4), v = 0.0001, X = 1.

t

0.5

1.0

1.5

2.0

2.5

E(i(t))

0.4092E-04

0.5033E-04

0.5506E-04

0.6132E-04

0.1030E-03

E(v(t))

0.5794E-02

0.5799E-02

0.5804E-02

0.5812E-02

0.5818E-02

Table V. — The errors of scheme (2.3), v = 0.001, X = 1.

t

0.5

1.0

1.5

2.0

2.5

E(i(t))

0.5842E-04

0.1060E-03

0.1629E-03

0.2393E-03

0.3340E-03

0.5820E-02

0.5858E-02

0.5902E-02

0.5956E-02

0.6021E-02
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Table VI. — The errors of scheme (2.3), v = 0.0001,

t

0.5

1.0

1.5

2.0

2.5

0.4098E-04
0.4949E-04

0.5369E-04
0.6038E-04
0.1010E-03

Eiwit))

0.5794E-02

0.5799E-02
0.5803E-02
0.5812E-02
0.5818E-02

4. SOME LEMMAS

For error estimations, we need some notations and lemmas. Firstly we
introducé some Sobolev spaces of functions defïned on Ix, with the weight
co(x). For any integer r 5= 0, set

1/2
m,a>Jx

For any real r > 0, the space Hr
œ(Ix) is defined by the complex interpolation

between the spaces H[^\lx) and H^] + l(Ix). Furthermore,

CQ(IX) = {u(x)/u is infinitely differentiable, and has a compact support in Ix).

Dénote by Hr
0 œ(Ix) the closure of CQ(/ X ) in Hr

œ(Ix). Besides L~(IX) is the
space of essentially bounded functions with the norm || . || w 7.

Next, let B be a Banach space with the norm
. Deflne

and I be an interval in

L2(/, B) = {u(z) : / —> B/u is strongly measurable and II w||L2 ;̂ B^ < 00} ,

= {w(z) : / -> B/u is strongly continuous and || u | >}

where

\u(z)\\2
Bdz)1/\ l M l l c< / ,20 = m a X

ze I

M2 AN Modélisation mathématique et Analyse numérique
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For any integer s ^ 0, deflne

H\I,B) = {u(z)f\\u\\H.UtB)< 00}

equipped with the semi-norm and norm

( * 2 Y /2

\U\H\LB) = K"Hl.2</.*> > H M H *'(ƒ,*) = ( 2 \U\2H'"aS) 1 •
\m = 0 /

For real s S= 0, the space H\I,B) is defined by the complex interpolation
as before.

We now introducé the non-isotropic space

Hr
w\Q) = L\ly, Hr

œ(Ix))r^ H\Iy,L
2

œ(Ix)), r, s ^ 0

with the norm

Also let

Mr
œXQ) = Hr

a>
s(Q)nHs-\ly,H

l
œ(Ix))nH1ay,H

r
m-1(Ix)), r, s > 1

Xr
œ\Q)=Hl(Iy,H

l
w(Ix))n H\Iy, Hr

a
+l(Ix))

nHs+l(Iy,H
r
œ(Ix)), r,s>0

Their norms are defined in the way similar to || . \\Hr^Qy Furthermore let
Hr

0
 s
œ(Q) be the closure of C^(Q ) in Hr

œ\Q ). If r = s, then
Hr^(&)=Hr

û)(Q), H^r
œ(Q)=Hr

0co(Q) and dénote their semi-norm and
norm by | . \rœ and || . | | rû j respectively, etc. Moreover we dénote by
Lp

œ(Q) and W"^P(Q) the weighted Sobolev spaces. In addition we dénote by
LT(Q) and Wq'™(Q) the usual Sobolev spaces of essentially bounded func-
tion with the norms || . Ĥ  and || . || ^ etc.

vol. 30, n° 7, 1996
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For simplicity of statements, we dénote throughout this paper by c a positive
constant independent of h, N, x and any functions, which may be different in
different cases. Let P°N : L2

œ{Ix) —» VN(IX) be the orthogonal projection. Then
for any u e Z,*(/x),

Besides, let PN be the truncated Chebyshev projection. It is shown in [5] that
for any u e C(IX) and v e ^N(IX),

(4.2)

If in addition M e Hr
w{ Ix ) and r > x> then

K"."^. ,»-(«.«')„, , , , ! « C A T I K I I ^ / J M I « „ , / , . (4.3)

Moreover for any u e L2
m(Ix) and v e n\mUx) (see [20, 21]),

(4.5)

If M, Ü e &N(Ix)xL\ly) and «v e ^ 2 A ,_ , ( /Z) for y e /3„ then by (2.2),

Let P°h : L
2(Iy) -> S*(/y) be the L2(/^)-projection, then for any u e L2(Iy),

(P°hu-u,v)L,(ly) = 0, VveSk
h(Iy).

Let PN h = P°N.Po
h = P°h. P°N. Then for any u e L2

a(Q),

(PNhu-u,v)w = 0, W e Wk
Nh(Q).

We now turn to list some lemmas. Hereafter let s = min (s,k+ 1 ) . In
some lemmas, we require that there exist positive constant c, and c2 such that

C]N ^ \ ^ c2N . (4.8)

M2 AN Modélisation mathématique et Analyse numérique
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LEMMA 1: If u e C(Ix)xL2(Iy) and ve 0>N(IX) x L2(/>t), then

m addition u e Hr
œ°(Q) and r > ̂ , tfzerc

This lemma comes from (4.1)-(4.3).

LEMMA 2 : For any u e W^ A (ö ) w/r/i k ^ 1,

Proof: We have from (4.7) that

Then by integrating by parts and (4.6),

LEMMA 3 : (Lemma 5 of [17]). For any u e W^ h(Q) with k 2= 1, we have

Iw Iloo ^ c ( T ) Hwllco' Moreover for any u e H^Q), we have

h
LEMMA 4 : (Lemma 2 of [17]). Let u e Hr

0^(Q) n Hr
œ

s(Q) with
0 ^ r ^ 1, 5 ^ 0 , or we Hl

0co(Q) r^Hr
œ\Q) with r > 1, 5 5= 0.

LEMMA 5 : ƒƒ MG //^(/}„ HrJ<Ix)) with r > ^
^ 0, /

; We have from (9.5.20) of [5] that if v e HrJIx), r>~ and
0 ^ a ^ r, then

^ - ^ c ^ l l a ^ / ^ ^ 2 0 " ' ^ ! ! ^ , ^ (4.9)

Thus the conclusion follows.

vol. 30, n° 7, 1996
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Remark 1 : If in addition r > «, then

We also have

LEMMA 6 : ƒƒ M e Hr
œ

s(Q), - + -<2 and k > 1,

\\u- n\Pcu\\„^ c(N~ r + h')\\u\\H,AQ).

Proof: We follow the method in Section 9.5.3 of [5]. Set Io = (0, 2 n ) and

Let Pc : C(I0) —> V"̂  be interpolation operator such that

, 0 , = - ^ , j = 0 , l 2JV.

We make use of the transformation v(x) —> v (0) = u(cos 0) . Then
P c y = P c ü . Furthermore by using the mapping w(#, >?) = w(cos ö, y) for
( 0, ̂  ) e Io x Jy, we have from [5] and the error estimation of Fourier
pseudospectral-finite element approximation (see [22]),

c(AT r+ /!*") l l û l U ^ ^ , , *£ ciNT' + h*) \\u\ Hr:/(a).

Let aw( M, u ) - ( Vw, V( cof ) )L2(r3). In order to obtain optimal error
estimation, we introducé the projection P*N h : H

]
ö œ(Q) —> Wk

N ft( i2 ) such that
for any u e Hl

Oa}(Q),

Wk
NJj(Q) ,

and the projection P^ h : 7/Q ̂ (fi) -> Wk
N h(Q) such that for any

M2 AN Modélisation mathématique et Analyse numérique
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LEMMA 7 : Let (4.8) hold and k & ï. If u e Hl
Oa){Q) n Mr

œ\Q) with r,
s ^ 1, then

l l « - ^ f A « t . a , ^ ^ ^ " r + A ' " ' ' 1 ) H « W ( O ) . Ai = O , l , (4.10)

l l « - ^ . * « I U a , ^ ^ ^ " r + * ' " ' / i ) l l « l l ^ ( f l ) . ^ = 0 , 1 - (4.11)

Proof : The first conclusion is Lemma 3 of [17]. We now prove the second
•©ne. Fkstly, we have from Lemma 2, (4.7) and the définitions of P*N h and
Pc

Nh that

I la, « 4

- 4 aNtKa{P*Nthu, Pc
N,hu-P*Nhu)

P*N, H « ) )w. *. „ •

It is shown in [20] that for z, v e &N(IX),

where ^ ( ^ ) is the Chebyshev polynomial of order k, c0 = 2,
c = 1 (k ^ 1) and

zt = :

Let "o be the identity operator. Then

vol. 30, n° 7, 1996
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The above inequality and (4.10) lead to the result (4.11) for /J = 1. Next, we
prove the result for fj = 0 by a duality argument. Let g = u - PC

N hu and
ug e H]

Q w( £2 ) be the solution of auxilarly problem

g ^ „ (4.12)

It is easy to see that ug satisfies

(-V2(ugœ)=gœ, (x,y)e Q,

\ugco = 0, (xyy) e dû . ( 4 ' 1 3 )

Let Ç(x) = co~ l(x) and define the spaces L*(Q), Hr^(Q) and the norms
|| . ||c and || . || r C in the way similar to Hr

œ(Q) and || . | | r a j , etc. We shall
prove that

\\ugco\\2C^ cHflMIç^lIf lJ lL. (4.14)

To do this, let <pt m = sin ln( —y^ J sin mny and

2 lmt.m AT 2
Um=\ l, m = 1

Then \\gco - gN\\c ^ \\ga> - gN\\L\Q) -> 0, as Â  -> oo. Next, let uN be the
solution of problem

f- V2 uN=gN, (x,y) e Q ,

{ (415)

By multiplying the above équation by u^ and integrating by parts, we get

( dxuN, dx( « / ) ) L , W + II dyuN II \ ^ II gN || c || «w || c .

It can be verified that

(dxuN> dx("/))LHo) = IId*uNWl + ̂

and so HM Ĥ 1 C « c\\gN\\(. Moreover by (4.15),

? 2 dyuN),dx(dyu,j:))LHQ)= \\gjl

M2 AN Modélisation mathématique et Analyse numérique
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and thus by an argument as before, we obtain

It is an easy matter to note that {uN} is a Cauchy séquence in H^(Q), which
tends to u*. Therefore,

Clearly, for any v-e Hl
Q ((ü),

\ ( Q ) = lim ( V M ^ V ( Ï ; C ) ) L 2 ( Û ) = lim (g„,v)c= (ga>,v)c.

Hence we know from (4.13) that u — ugœ. Thus (4.14) follows. Furthermore
we have from (4.12) and the définition of PC

N h that for any v* e Wk
N h(Q),

- a « , ( ^ . * « . » * ) | ^ c A , + cA2 (4.16)

where

= \\u-Pc
Nhu\\lJ(ug-v')œ\l(,

It is a very technical argument to choose v suitably. To do this, we follow the
method in [23]. Let

UN(Ix)= {u/Çu

and dN : L*(IX) -> t /^(/x) be such that

We have from Lemma 4.4 of [23] that

Also for u G Hl
0 c ( / x ) , we define dx

Nu by

dl - f a
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As in Section 4 of [23], it can be shown that (dl
Nu e VN(IX). Let

(u(x')-d1
Nu(x'))dx'.

Then

1 f1 2 3
Since the last term equals —~ G CÜ djc,

z J

Next we define dh : L
2(/v) ^ ^"^Z^) such that

(u-dhu,v)L2{/) = 0, VvtE Sk
h~

l(Iy).

We have

Also for u e Hl
Q(Iy), we define

Jo dy

It is easy to see that d\u{\)-0 and d^ u e S*( ƒ ). Let
Çy

g = u- dhu and G= g ( / ) d/. We have
Jo

\
Jo

\u-dlu\\lHn= \\u-d\u)g dy
Jo

ch\\u\\uly\\g | | L U ) .
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Thus for any u e H]
Q(Iy),

Now we choose

v*œ = dl
Ndl

h(ugœ)=\ dNdhdxdY(u co) dxdy .

Then v* e Wk
Nh(Q) and

dx(v* co) =dNd\dx(ugœ) , dy(v* co) = dhd
l
N dy( ug co) .

Therefore

- dN) dx(ugco)\\^+ \\dN{0 - d\) dx{ugœ)\\c

Thus we have

Furthermore,

A2 ^ | ( ( « - Pw_ , ) a/^,A «, CO,(»* a>) - dNdh dy(ugco)))J

Recalling the définition of £ and substituting the above two estimations into
(4.16), we obtain the result (4.11) for ^ = 0.

LEMMA 8: Let (4.8) holà. If u G Hx
Qm(Q) n H\ly Hr

œ(Ix)) with r,
s > 1/2, then

If in addition u e X ^ ( ö ) with r, s > 1/2, then
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Proof : The results can be got in the same way as in the proof of Lemma 6
of [17].

LEMMA 9 : If u, v e Yr^ô(Q) with r, s 2= 0 and ö > 0, then

II »*ü II HÏ\O) ^ c II u II y£*'(fl) II y II rs>'-'<û) -

Proof : We first assume that r and s are integers. Then

< (̂ uv) = udrv + r dxudr~ l V + - + v dr
xu ,

and so by embedding theory,

^ c || u || H^s(/y Hli] +r\Ix))r, L2iIyt HU/x)) II Ü || Wi+, (A H Q l + H

For real r ^ 0, we can get the same result by using the interpolation of
spaces. Similarly

LEMMA 10 : If u e L ^ ( f i ) and v e Hx
Oai(Q), then

Proof : We have from (4.4) that

\(u,dx(œv))LHa)\ « 2 f I|«IL.<,M,,„,,,dy « 2 | | « | | Jü | ) i ( O .
t/0

LEMMA 11 : If u, v e Hx
Qœ(Q) and z e W l j~(*2),

Proof: We have

Then the conclusion follows from Lemma 10.
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LEMMA 12 : If « e &>
2N(IX^

 then

Proof : Let Tk( x) be the Cheby shev polynomial of degree k,
= cN = 2 and cn = 1 for l s S n ^ W - 1 . By (2A19) of [5],

». m^o , | 0 > otherwise.

Let

2N N

m = 0 n = O

Then

and w^ = w .̂ Denoting that cn = cn(n ^ N) and c^ = 1, we have

LEMMA 13 : For any w, v, ^ W^ A ( ö ) arcJ ifc ̂  1, we have

\(Jc(u,z),v)Nhœ\ ^ c l l u l l j z l ^ j i ; ! ^ , (4.17)

\{Jc(u,z\v)NhJ ^C\\U\\LUQ)\Z\W];AQ)\V\XW (4.18)

Proof: For any fixed yy dxPc(u dyz) e 0>N_l(Ix). Hence by (4.7),

where
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From Lemma 10 and Lemma 12,

Similarly, from Lemma 1,

\D2\

Then the flrst conclusion follows. We can dérive the second one similarly by
using Cauchy inequality.

LEMMA 14 : Let g e éPN(Ix) x L2(Iy) and we Wk
N h(Q) be the solution

of

^ , W < (4.19)

If (4.8) holds, then

Proof : By putting v = u, we have from Lemma 1 and Lemma 2 that

Now we prove the second conclusion. We define Pu e Wk
N h(Q) by

(Pu,v)co = (u,v)Nhm, \/v<=Wk
Nh(Q). (4.20)

Then we have from Lemma 1 that

\\Pu\\l=(Pu,Pu)(û=(u,Pu)Nh(o^2\\u\\JPu\\o).

So that || Pu || œ =S 21| u || w. Set g* = PPh g.hetüe Wk
N h{Q ) be the solution

of

(4.21)

and u e Ho m(Q) be the solution of
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Obviously ü = PN hu . Moreover by Lemma 9 of [17] (A similar result is
given in [23]),

H K I I I » ^ c l l 0 * I L ^ c\\g\\a.

Using Lemma 3, we have

M l . , . » 8 5 I M - « I !./,.«, + N i . , . »

" - « l i . « + \a\\.P.a-

By (4.19H4.21), aN h w( u, v ) = aj ü, V ) for all » e Wk
Nh(Q). So from

Lemma 2 and [20],

= catô(M, u-u)- caNh w(ü, u-ü)

= c( dyü, dy( u - ü ) )ü) - c( dvw, Ôv( u-ü))N_ h M

= c\«-d-PN_1)dyü,dy(u-ü))J

u — u

Therefore,

Next we introducé Ph : L
2 ( / v ) -> S^(/v) n / / ' ( / v ) defined by

( P , w - U,V)L2(I) = 0 , Vy e ^ ( / v ) n / / ]

Then for any u e //A '(/v) (see [13]),
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Thus we have

I U\ W];,'\Q)

U-ô-PNPh)Byu\\w)+\\PNPhc>xu\\L,,(Q)

By Lemma 7, (9.5.7) of [5] and Hx
œ(Q)^ L'^(Q) for p < <*>, we get

\ a \ w l . „ w « c | | « * | | 2 i C 0 + c ( | | P A a / 1 | I i C 0 + l | P A a / | | l i C 0 )

which gives the second conclusion. We can dérive the third one in the same
way. Indeed,

f

LEMMA 15 (Lemma 4.16 of [2]) : Suppose that
(i) bQJ bv bn and p are non-negative constants,

(ii) E(t) is a non-negative function defined on Rz,
(iii) H(z) is a function such that if 0 =£ z ^ bOi then H{z)
(iv) £"(0) ^ /> anrf /or r e Z?r,

(v) for some r, e /? /;e2/7(>fl ^ min ( ~-, b2 ).

Then for all f e Z?r and t ^ t]y we have E(t) ^ /;e2/7°'1-
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5. THE GENERALIZED STABILITY

895

We now consider the generalized stability of scheme (2.3). Assume that the
initial values //(O) and f]{x) have the errors fj(O) and fj{x), while the right
sides of the first and second formulas of (2.3) have the errors fx(t) and
f2(t) respectively. They induce the errors of n and 0, denoted by fj and 0.
Then

W
N

\ t e RT , (5.1)

For describing the errors, let

with

Besides, let = m a x \\z(t) \ and etc.

THEOREM 1 : We consider scheme (2.3), and let x be suitably small. Also let
TIII0III , co v and | | / 2 ( 0 II œ ^ cv cö and cl being small positive constants.
Then there are positive constants Mx

and v such that if p(tl ) eM]tl
and Mo depending only on
M2 for some tx e /?r,

E(fj,t)

Proof : By taking v = 2fj in the first formula of (5.1), we have from
Lemma 2 that

where and
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On the other hand, we have from the second formula of (5.1) and Lemma 14
that

I I 0 I I L ^ C ( I I ? C + Wf2\O> \M2wi;\ü)^ c(||*||* + | | / 2 | |*) . (5.3)

Next, we estimate \Ft\ (/ = 1, 2, 3 ). By Lemma 12 and (5.3), we obtain that

\F2\ ^ c l ^ l l ^ l l ^ l L I I ^ I I ^ ^ 1 1 ^ 1 1 ^ + ^ \\<P\\lJ\ïj\\l-

Moreover, Lemma 13 and (5.3) lead to

By substituting the above three inequalities into (5.2) and using Lemma 1
again, we get

i „ + G] (5.4)

with

2

By summing (5.4) for t e /?T, we get that

d2tfj{t'),~f2{t'))
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Let x be suitably small. Then by Lemma 1 and the f act that

we obtain

Finally we apply Lemma 15 to completing the proof.
Next, we consider the generalized stability of scheme (2.4). Note that the

différence between (2.3) and (2.4) only lies in the nonlinear term. Thus we
have the same équation as (5.2), but with

We estimate \F{ | and \F2\ as before. We have from Lemma 13 and Lemma 14
that

T6 ^ + Wf2\\l)\\n\\l-
Following the same line as in the proof of Theorem 1 and using the same
notations, we get the following resuit.

THEOREM 2 : We consider (2.4), and let x be suitably small. Also let

ll/2(') H w ^ j—yû' co being a small positive constant. Then there are positive

constants Mx and M2 depending only on 111//111̂, 1110III j M and v such that if

p(tl ) e [tl ^ j—jy for some tx e Rz, then for ail t G RX and t ^ tv we have

Remark 2 : By Theorem 1 and Theorem 2, we find that for the stability of
the fully implicit scheme (2.3), we only require that p(t] ) eM]tl ^ M2. But

A/
for the scheme (2.4), we require that p(t{ ) eM{ t{ ^ r—h- Therefore the fully

implicit treatment increases the generalized stability.

6. THE CONVERGENCE

In this section, we first deal with the convergence of scheme (2.3). We
define PC

N h : H
]
Oœ(Q) -> Wk

N\x(Q) such that for any a e H^JQ),
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Let ^ = PC
N h Ç, y/* = PC

N h VA l = rj - g and y/ = (p - y/\ Then we
have from (2.1) and (2.3) that

2 A > . Vl;

where A - = A.( f ) and

Let s = s for A = 1, and 5 = 5 + 1 - 1 for À = 0.

THEOREM 3 : Lef (<J, y/) a«d (i>4>) be the solutions of (2.1) and (2.3)
respectlvely. Assume that

(i) / o r r, 5 2Î 1, a, /? > ̂  and 5 > 0,

C(0,T ; Mr
w\Q) r^ X'^fl(Q) n Yr

o)°-â(Q)) n H\0,T ;

ƒ E C(0,7;<0(O)),

(ii) T, N~ are suitably small.
Then for some tx ̂  T and ail t ^ tv

U(t) - 7 ( 0 IL « M3(r
2 + N- r + h") ,

M3 being a positive constant depending only on v and the norms of £, y/ and
f in the spaces mentioned above. If in addition r, 7V~ are small enough, then
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Proof : For the convergence, we have to estimate the right terms in (6.1).
Firstly,

KI ^ \U;>v)Nj,.o,-(Cv £

Since

we have from Lemma 7 that

+ c T 3 / 2 | | i > | | J | £ | | w > ( , _ r , + T , L ? X Q ) ) .

5

It is complicated to estimate \A2\. Indeed A2 = 2 Bj where

> V)> v

Obviously by Lemma 11,

By Lemma 5, Lemma 9 and Lemma 10, we have that for r > -=,

\B2\ « c | | » | | 1 , a , | î
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Next, for any y, dxPc(Ç d,w) e 0>N , ( / x ) . Hence by (4.7),

B3 = {dx P.( e öyW ) , ! > ) „ - ( d / c ( l dxW ),v)a-(dx Pc( ï dyy

Then Lemma 1, Lemma 5 and Lemma 9 lead to that for r > ^,

W r | l » II , .«,1

Since p e Wk
N ;,(^)> w e have from (4.7), Lemma 1, Lemma 5 and Lemma 10

that

We now estimate \B5\. By an argument as in the previous paragraph, we have

l* 5 1 « c II "II,. „II l' II . ( II Pc dyV ~ dyv' II „ + II Pe dxyy - d y II w )
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By Lemma 7, we have that for A= 1,

II àxV ~ dy IL + II dyV ~ *y IL ^ rtW K + *'~) II ¥ lU-^--(fl) .

and for A = 0,

Thus by Lemnia 8,

| 5 5 | ^

Now we estimate |A3|. We have

We have from Lemma 1 that for r > 1/2,

We have also that

\A5\

Finally by Lemma 2 and Lemma 7,
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We now take v = 2 £ in the fïrst formula of (6.1). Then by an argument
as in the proof of Theorem 1, we get that

where

l C(0.

_ A ) ( A r

If /: ^ 1 and r, 5 ^ 1, then s ^ 1 and 5 + 1 - 1 ^ 1. Thus by (4.8),
p ^ c(N~ ] -hr4)2. Now let E(t) = E(Çtt) and /; = /7 in Lemma 15. If

t{ ^ T and all r ^ tvT and N~ l are suitably small, then for certain t{ ^ T and all r ^ tv

pen ^ c, b and c being some constants. Finally the first conclusion follows
from Lemma 15. If r and N~ are small enough, then for all t ^ T,
peht ^ c. Hence we can take t] - T.

Remark 3 : The hybrid finite element approximation ( X — 1 ) raises the
accuracy and provides the optimal convergence rate. Indeed

{ O(T2 + N~ r + h*) , for A= 1 ,
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If s S t + 1 , then

\O(T2 + N~r + h k + [ ) , f o r Â = 1 ,

We next consider the convergence of scheme (2.4). We have the error
équation similar to (6.1), but the first one becomes

where A p A3 and A4 are the same as in (6.1), but Ao should be modified as

By an argument as in the proof of Theorem 3, we can get the following result.

THEOREM 4 : Let (£, y/) and (77, 0 ) be the solutions of (2.1) and (2.4)
respecüvely. Assume that condition (i) of Theorem 3 holds and
T = O((\nN)~ 1 / 4) . Then for s ome tx ^ T and all t^ tv

- , , ( 0 1 1 ^ W 3 ( T 2 + A T ' + / » ' ) ,

M 3 being a positive constant depending only on v and the norms of £, y/

f as in Theorem 3. If in addition r = o ( ( l n N)~~ 1 / 4 ) , then tx = T.

Remark 4 : We know from Theorem 3 and Theorem 4 that the fully implicit
scheme (2.3) not only possesses better generalized stability than (2.4) (see
Remark 2), but also weakens the restriction on r for the convergence.

Remark 5: If the term (fv)Nhw in (2.3) or (2.4) is replaced by

/7(0) = nk
h Pc Cö , ^ ( T ) = /7Î Pca0 + r

then we can use Lemma 6 to get similar results as in Theorem 3 or Theorem 4.
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