M2AN - MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

GUOBEN-YU
MA HE-PING

HOUJING-YU

Chebyshev pseudospectral-hybrid finite element
method for two-dimensional vorticity equation

M2AN - Modélisation mathématique et analyse numérique, tome
30, n°7 (1996), p. 873-905

<http://www.numdam.org/item?id=M2AN_1996__30_7_873 0>

© AFCET, 1996, tous droits réservés.

L’acces aux archives de la revue « M2AN - Modélisation mathématique et
analyse numérique » implique 1’accord avec les conditions générales d’utili-
sation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=M2AN_1996__30_7_873_0
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

% MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE
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CHEBYSHEV PSEUDOSPECTRAL-HYBRID FINITE ELEMENT METHOD
FOR TWO-DIMENSIONAL VORTICITY EQUATION (*)

Guo BEN-YU (1) Ma HE-PING (2), Hou JING-YU (?)

Abstract. — Chebyshev pseudospectral-hybrid finite element schemes are proposed for two-
dimensional vorticity equation. Some approximation results in non-isotropic Sobolev spaces are
presented. The generalized stability and the convergence are proved. The hybrid finite element
approximation provides the optimal convergence rate. The numerical results show the advantages

of the approach. The technique in this paper is also applicable to other nonlinear problems in
computational fluid dynamics.

Key words : Two-dimensional vorticity equation, Chebyshev pseudospectral-finite element
approximation. .

Subject classification. AMS(MOS) : 65N30, 76D99.

Résumé. — Des schémas pseudospectraux-hybrides de Chebyshev sont proposés pour l’équa-
tion de vorticité bi-dimensionnelle. On présente des résultats d’approximation dans des espaces
de Sobolev non isotropes. La stabilité généralisée et la convergence sont établies. L'approxi-
mation par éléments finis hybrides conduit a un ordre de convergence optimal. Les résultats
numériques montrent les avantages de cette approche. La méthode de cet article est également
utilisable pour d’autres problémes non linéaires de la dynamique des fluides numérique.

1. INTRODUCTION

There is much literature concerning numerical solutions of partial differ-
ential equations describing fluid flows. The early work mainly concerned
finite-difference method, e.g., see [1,2]. Since the seventies, finite element
method has also been given much attention in computational fluid dynamics,
see [3, 4]. As we know, the accuracy of both the above methods is limited by
the given schemes. But the precision of spectral method increases as the
smoothness of genuine solution increases. Thus spectral method has been used
successfully in this field, see [5]. For instance Guo Ben-yu and Ma He-ping
developed Fourier spectral and Fourier pseudospectral methods to solve
periodic problems of two-dimensional vorticity equation, see [6, 7]. For
semi-periodic problems, Fourier spectral (or pseudospectral)-finite difference
(or finite element) methods have been developed, see [8-14]. On the other
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hand, some authors provided mixed Fourier-Chebyshev spectral (or pseu-
dospectral) approximation to keep higher accuracy, see [15, 16]. But in fluid
dynamics, most of practical problems are neither periodic nor semi-periodic.
The domains are of complex geometry. Whereas the sections of domains might
be rectangular in certain directions. For example, the fluid flow in a cylindrical
container. To solve this kind of problems, it is natural to use Chebyshev
spectral-finite element method, see [17]. But the calculation is quite compli-
cated. The purpose of this paper is to develop a new mixed method suitable
for non-periodic problems. By taking two-dimensional vorticity equation as an
example, we propose Chebyshev pseudospectral-finite element schemes, in-
cluding fully implicit and semi-implicit schemes, and Chebyshev
pseudospectral-hybrid finite element approximation or usual mixed approxi-
mation. They are much easier to be performed than Chebyshev spectral-finite
element schemes. In particular, it is easy to deal with nonlinear terms and
saves much time in calculation. Of course, we can also use full Chebyshev
approximation to solve this two-dimensional problem. But it is easy to
generalize this new approach to three-dimensional problems with complex
geometry. Besides the theoretical analysis in this paper sets up a framework
for such mixed approximation, which is very useful for other nonlinear
problems in computational fluid dynamics. The outline of this paper is as
follows. We construct the schemes in Section 2, and present the numerical
results in Section 3, which show the advantages of this method. Then we list
some lemmas in Section 4. Finally we prove the generalized stability and
convergence in the last two sections. The theoretical analysis shows that the
hybrid finite element approximation raises the accuracy and provides the
optimal convergence rate. It is concordant with the numerical experiments.

2. THE SCHEME

Let I,=(-1,1), I,=(0,1) and Q=] x 1. The boundary of
£ is denoted by 9£2. We denote the vorticity, stream function and kinetic
viscosity by &(x,y,t), w(x,y,t) and v> 0 respectively. f(x,y,t) and
fo( x,y) are given functions. Let 4,= ‘—96—, z=2x,y,t. We consider the
following two-dimensional vorticity equation

dE+I(E y) = WXE=f, (x,y)e 21 (0,T],
-Viy=¢, (x,y)e 2,1e (0,77, 2.1)
E(x,»,0) =&y(xy), (x,y)e Qua2,
where J(&, w)=9d< oW — d,¢ d,y. Assume that the boundary is a fixed
non-slip wall, and so w =0 on 4. For simplicity, we follow [18] to let

¢ =0 on 922 also. The existance, uniqueness and regularity of global solution
of (2.1) is discussed in Theorem 6.10 of [18].
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Let N be a positive integer. Denote by £, the set of all algebraic polyno-
mials of degree less or equal N, defined on /. Let

V(L) ={u(x) e P (I)u(-1)=u(1)=0}.

1
Let w(x) =(1-%")"2 and

1 2
(u’v)w,l,:j 1couv dx, lull,, =(uu),,,

Li( 1)= {u(x)/u is measurable on I, and | u|| <+ oo},

w, I,

Also define

(u,v)w=f.,'gwuv dxdy, |ull=(uu),,

L(zu(Q) ={u(x, y)/u is measurable on £ and || ull, <+ eo}.

Let 7, be a class of regular decomposition of I, with the grid points y, and
subintervals I, = (y,_,y,), 1 <1< M, where

O=y,<..<y,=1
Suppose that 7, satisfies the inverse assumption (see [19]). Let

h= max |y,—y,_,| and A= min |y, —-y,_,]|.
1sisM 1sisM

Then % is bounded above by a positive constant independent of 4. Let
851 ={u(y)u|, e 21D, 1 <L M}, Si(1)=5,(1) NHy(I) .

Wha(2) = V(1) ® §i(1,) . Wy ,(Q) = V(L) ® Sy(1,) .

Now let x? and w"’ be the nodes and weights of Gauss-Lobatto integra-

tion, i.e., x(j)=cosll% for 0<j<N, w(o):w(N)=%v, and
o =% for 1<j<N-1. Tt is well known that for any

ge Py (L),

1 N
f w(x) g(x)dx=3 o g(x?). 2.2)
-1 j=0

vol. 30, n® 7, 1996
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The discrete inner products and norms are defined as

N
(1, 0)y o= > P u(x) o (XY, Nl = (wu)y
j=0

N 1
(600 = 2 Jrow(” w(x, ) v yydy, Nl o= (., -

Let P :C(I))—> 2,(I) be the interpolation operator, i.e.,
P u(x") = u(x") for 0 <j<N. Let IT;: C(I) - §(1) " H'(L)) be
the piecewise Lagrange interpolation operator of degree k over each I, For
function u(x, y), we still use the notations P_u and 17:‘1 u.

Let 7 be the step size of time ¢, and

RT={t=l‘c/1 <i< [g]} R, =R, U {0}.

For simplicity, we denote u(x, y, ¢) by u(t) or u usually, and let

a(r) =3(u(t+ 1) +u(r=1)), uft) =5=(u(t+1)—u(t~17)).

Now let # and ¢ be the approximations to & and y respectively. For
approximating the non-linear convection term in (2.1), we introduce

J(u,v) =8, (P (ud,v))—a(Pud, v)).

Also let

anhyw(u, v)=-— (afu, v)N‘h‘w+ (a), u, a_‘,v)N'h'w.
Let k=1 and A=0 or 1. The Chebyshev pseudospectral-finite element

scheme for solving (2.1) is to find #(¢t) € va‘ L(82)and ¢(2) € W;‘V‘J',f(.(.?) for
all £ € R, such that

M+ T LA DD 0y oo+ Va4 o 0) = (Fi0)y 00 VD€ Wy (2),1€ R,

aN,h,w(¢’ W) = (’7’ W)N,h,w’ Vw e W/]i/+/;(g)s te Rr’
”(T) =PN,11(§0+ T('),f(O)) s
’7(0) :PN,II 507

2.3)
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where Py, : Li(.Q) - W’;,'h(Q) is the Li(Q)—orthogonal projection and

3.E(0) == J( &y, wy) +VW2E +0).

Scheme (2.3) is a fully implicit scheme, but it is much easier to be
performed than the corresponding Chebyshev spectral-finite element scheme.
Another scheme, which deals with the nonlinear term explicitly, is to find

n(t) e Wy (Q) and ¢(t) € W'/ (2) for all r € R, such that

(’7(+Jc(77’ ¢),U)th’w+ vaN,/,‘w(ﬁ’v) = (f’v)N.h'w’ Vv e Wl;v,h(Q),tE Rr’

aN,h,w((p’W):(H’W)N,h,az’ VWE W:/Thl(g)’te Rz’
n(t) =Py (o +73£(0)),
n(0) =Py ;&

2.4)

We shall analyze the generalized stability and the convergence for schemes
(2.3) and (2.4) in the last two sections.

3. NUMERICAL RESULTS

In this section, we examine the numerical performances of scheme (2.3) and
(2.4). We take the following test functions

w(x, y,t)=Ae P (x> = 1) (£*=5)sinmy,

f(x’y! t) =—V2W(x’yv t) .

We use Chebyshev pseudospectral-finite element schemes (CPSFE). The
interval Iy is uniformly partitioned with the mesh size h), =1/M. For
comparison, we also consider the bilinear finite element schemes (FEM). In
this case, the domain is divided uniformly into rectangular subdomains with
the length h = 2/N" in x-direction and h,=1/M in y-direction. For
describing the errors of numerical solutions, let

fo={xm=cos 1 <j<N-1},  for CPSFE,

L ={x/x;==1+jh,1<j<N -1}, forFEM,

Iiv = {yj/yj =jh)_, lsjsM- 1} , for CPSFE and FEM

vol. 30, n® 7, 1996
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and

2
2 E |M(X,y,t)‘v(x’)’at)|2 1

xel yel,

> > ulxny, )

\ xel,yel,

ECu(r)) =

where u=¢ and v=#, or u=yw and v=¢.

In calculations, we take A = 0.5 and B = 0.4. For scheme CPSFE, we take
k=1, M=10 and N=4. For scheme FEM, we take N = 10. Besides,
7 = 0.005. Firstly, we use semi-implicit scheme (2.4) with A =0. The
numerical results comparied with scheme FEM are shown in TableI and
Table II. We find that the scheme CPSFE gives much better numerical results
than the scheme FEM. The high accuracy is obtained even for relatively small

Table I. — The errors of scheme (2.4) and FEM, v = 0.001.

Scheme (2.4), A=0 Scheme FEM
t E(CE(1)) E(w(t)) E(E(1)) ECy (1))
0.5 0.2220E-03 0.6736E-02 0.3836E-02 0.1180E-01
1.0 0.3886E-03 0.6932E-02 0.8192E-02 0.1619E-01
1.5 0.6387E-03 0.7174E-02 0.1352E-01 0.2154E-01
2.0 0.9341E-03 0.7485E-02 0.2007E-01 0.2805E-01
2.5 0.1295E-02 0.7838E-02 0.2806E-01 0.3597E-01

Table II. — The errors of scheme (2.4) and FEM, v = 0.0001.

Scheme (2.4), A=0 Scheme FEM
t E(&E(1)) E(w(t)) E(S(1)) ECy(t))
0.5 0.1862E-03 0.6684E-02 0.3925E-02 0.1186E-01
1.0 0.2923E-03 0.6824E-02 0.8380E-02 0.1635E-01
1.5 0.4843E-03 0.7000E-02 0.1390E-01 0.2184E-01
2.0 0.7001E-03 0.7230E-02 0.2064E-01 0.2856E-01
2.5 0.9625E-03 0.7484E-02 0.2895E-01 0.3678E-01
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N. Table Il and Table IV list the numerical results of scheme (2.4) with
4=1. They tell us that the Chebyshev pseudospectral approximation with
hybrid finite element approximation provides better numerical results than
usual mixed Chebyshev pseudospectral-finite element method. Table V and
Table VI show the numerical results of implicit scheme (2.3) with A = 1. The
numerical results is nearly the same as those of scheme (2.4) with A = 1. The
numerical experiments are concordant with the theoritical analysis in the last

two sections.

Table III.— The errors of scheme (2.4), v=0001, A = 1.

t ECS(1)) E(y(1))
0.5 0.5933E-04 0.5821E-02
1.0 0.1054E-03 0.5858E-02
1.5 0.1631E-03 0.5902E-02
2.0 0.2393E-03 0.5956E-02
2.5 0.3343E-03 0.6012E-02

Table IV. — The errors of scheme (2.4), v =0.0001, A = 1.
t E(&(1)) E(y(1))
0.5 0.4092E-04 0.5794E-02
1.0 0.5033E-04 0.5799E-02
1.5 0.5506E-04 0.5804E-02
2.0 0.6132E-04 0.5812E-02
2.5 0.1030E-03 0.5818E-02
Table V.— The errors of scheme (2.3), v=0001, A =1

t E(E(1)) ECy(1))
0.5 0.5842E-04 0.5820E-02
1.0 0.1060E-03 0.5858E-02
1.5 0.1629E-03 0.5902E-02
2.0 0.2393E-03 0.5956E-02
2.5 0.3340E-03 0.6021E-02

vol. 30, n°® 7, 1996
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Table VI.— The errors of scheme (2.3), v = 0.0001, A = 1.

t E(L(1)) E(y(1))

0.5 0.4098E-04 0.5794E-02
1.0 0.4949E-04 0.5799E-02
1.5 0.5369E-04 0.5803E-02
2.0 0.6038E-04 0.5812E-02
2.5 0.1010E-03 0.5818E-02

4, SOME LEMMAS
For error estimations, we need some notations and lemmas. Firstly we

introduce some Sobolev spaces of functions defined on 7, with the weight
w(x). For any integer r = 0, set

r
r 2 172
|u|r.a).l_‘: ”axu”w.lx’ ||u“’~“"l"=<2 lu'm.w.l-‘) '

m=90

HO(1) = {u(x) ul, . <=}

For any real r > 0, the space H, (I ) is defined by the complex interpolation
between the spaces Hc[o'](lx) and H!" H(Ix). Furthermore,

Cy(I,) = {u(x)/uis infinitely differentiable, and has a compact support in I }.
Denote by Hy ,(1,) the closure of C7(I,) in H (I, ). Besides L™(1,) is the

space of essentially bounded functions with the norm | . |_ .

Next, let B be a Banach space with the norm || . || ; and / be an interval in
ZR. Define

L*(I,B) = {u(z) : I — Bluis strongly measurable and || || LBy < oo},
C(1,B) ={u(z) : I - Bluis strongly continuous and || /| co sy < oo}
where
”u“ L3(1,B) = <f HM(Z)llde>1/2 > ”u” c(1.B) = max “u(z)llg .
1 zel

M2 AN Modélisation mathématique et Analyse numérique
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For any integer s = 0, define

H(1,B) = {u(z) N ull 51, gy < >}

equipped with the semi-norm and norm

s 12
|u|H‘(l.B) =| aZ“ H1}(/,3) sl H'(1,B) = <Eo |“l?1"'(1,3)> .
m=

For real s = 0, the space H'(/, B) is defined by the complex interpolation
as before.

We now introduce the non-isotropic space

H(Q) = L1, H (1)) "H(I,LL(L)), rs=0

with the norm

2 2 2
ol gy = Wl o, mnryy + Nl e, 200y -

Also let
ML(Q)=H,(Q)NH (L, H(I)~"H'(,H (1)), rs=1,
XoN(Q)=H'(I, Hy (L)) "H (L, H ' (1))

NH (L, H(L)) | rs=0,
Y;‘o(g) =H;A(Q) A H1/2+5(1y3 Hg/2]+1/2+5(1x))

mH[s/2]+1/2+(5(1y’ H(lu/2+<s(lx)) i rs8=0.

Their norms are defined in the way similar to | . || Hys@)- Furthermore let
H;'(Q2) be the closure of Cg(Q) in H'(2). If r=s, then
H]'(2)=H_(2), H;  (2)=Hj ,(£2) and denote their semi-norm and
norm by |.|,, and | .|, respectively, etc. Moreover we denote by
LP(2) and W, "( L) the weighted Sobolev spaces. In addition we denote by

L™(2) and W*7(£) the usual Sobolev spaces of essentially bounded func-

tion with the norms | . || and | . || g, CtC.

vol. 30, n°® 7, 1996
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For simplicity of statements, we denote throughout this paper by ¢ a positive
constant independent of 4, N, T and any functions, which may be different in
different cases. Let Pg, : L(ZU( I.) = V,(I,) be the orthogonal projection. Then
for any u € Li(lx),

(P u—uv), ,=0, Voe V(I).

Besides, let P, be the truncated Chebyshev projection. It is shown in [5] that
for any u € C(I) and v e 2, (1),

loll g, < Hollye < V2Ivl,, . (4.1)

|G 0y = (s ), | < cCllu=Py_yully,  + lu=Peull, Do, ,-

4.2)
If in addition u € H, (I ) and r>l, then
|ty 0 )y = (s 0y | < Nl o 00, - (4.3)
Moreover for any u € LZ( I)and v e H(l)’ o1 ) (see [20, 21]),
[(u, 0,(00)) 25| < 2Nully, |01 00, (4.4)
1’ vy, < €]V]y o s (4.5)
(8,0, 8,(0))py = 7 10170 (4.6)

If u, ve 2,(1) xLZ(I),) and uwv e 2,,_,(1,) for ye I, then by (2.2),
(4, V) po=(u,0),. 4.7)
Let P, : L*(1,) — S;(1,) be the L*(1 )-projection, then for any u € L*(I),
(Phu—uv)p,,=0, Yve S(lL).
Let Py ,=Py.P,=P).P; Then for any ue L2(Q),
(Py u—u,v), =0, Yoe Wy (Q).

We now turn to list some lemmas. Hereafter let s =min (s,k+1). In
some lemmas, we require that there exist positive constant ¢, and ¢, such that

&N<E<cN. (4.8)

M? AN Modélisation mathématique et Analyse numérique
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LemvA 1: If ue C(I)xL*(L) and ve P (1) xL*(1), then
Ioll, < 1l pe < V2 Ivl,,
[, )y po— (V)| S c(lu—Py_yull,+ lu=P.ull,) lvl,.

If in addition u e H(:‘,o(Q) and r> %, then

(60 = (0| < N el oy 101, -
This lemma comes from (4.1)-(4.3).
LEMMA2: For any ue Wy, (Q) with k=1, we have
ay p (U u) = %Hull f’w.
Proof : We have from (4.7) that
Ay ot ) == (S, 1), + [9ully o -

Then by integrating by parts and (4.6),

2 1
ay, (1t u) = (30,9 (0u)) 20y + l0ul}y , = gl .

LEMMA 3 : (Lemma 5 of [17]). For any u € Wlfv Q) with k = 1, we have
172 '
el < c(%) llu!l o Moreover for any uec H;(Q), we have
IPyul. < c(lnN)2|ul, .

LEMMA 4: (Lemma 2 of [17]). Let ue H.(Q)H:(Q) with
0<sr<1,s20, or ue H(l),w(Q)mH;')s(.Q) with r>1, s = 0. Then

lu—-Py ,ul,<c(N "+h") el sy -

N

LEMMA S5: If ue HY(I, H'(L)) with r>% O<a<r and

27
B =0, then
2a—-r
e = Poull oy, mgcryy < N°°7 "Nl goy, miryy -

Proof : We have from (9.5.20) of [5] that if ve H'(L), r>% and
0 < a<r then

o =P vl ypr SN0l ) - (4.9)
Thus the conclusion follows.

vol. 30, n® 7, 1996
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Remark 1 : If in addition > > then

e )
lu— P ull yosoy < N°® r”“"Lzuy.H;(lx))+CM’"““H”(/.,.HL<I,))~

We also have

2a—r
lu=Poull ygrgy < N7 Nl gy, gy -

LEMMA 6: If ue H.'(£), —+ L <2 and k=1, then
lu— I, P ull, < c(N" "+ h*) ull yrsa) -

Proof : We follow the method in Section 9.5.3 of [5]. Set I, = (0,2 =) and

n=—N

N
Vy = {v Iy —> Cho(0) = ) ﬁne"'g, b,="0 _N} .
Let P_: C(I,) — V, be interpolation operator such that

Po(0)=v(0), 0,=L%, j=01,.2N.

We make use of the transformation v(x) = 0 (6)=v(cos ). Then
P v=P,0 . Furthermore by using the mapping (0, y) = u(cos 6,y) for
(() y)el, xiy, we have from [5] and the error estimation of Fourier
pseudospectral—ﬁnite element approximation (see [22]),

. 5 -
l|w — 17, Poul, =5 lli— PN 20,

S (N "+ 1) il yrary < €N 7+ B5) Nul yosiay
Let a,(u,v)=(Vu, V(wv))L(Q) In order to obtain optimal error

estimation, we 1ntr0duce the projection P H, w( Q2)-> WN ,(£2) such that
for any u e H ‘w(Q),

a,(Py,u,v)=a,(u,v), Voe Wy (2),

and the projection PN ne (')' L(82) = W',i,'h(Q) such that for any
ue H0 L(£2),

ay o (P iyt V) =a,(u,v), Vve Wy (2).
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LEMMA 7 : Let (4.8) hold and k = 1. If u e Hy (Q) N M7’ () with r,
s =1, then

lu=Py,ull, < c(N"+07") [ull iy, m=0,1, (4.10)
lu=Py ull, , < N7+ 07" llullyriny, m=0,1. (4.11)
Proof : The first conclusion is Lemma 3 of [17]. We now prove the *second
one. Firstly, we have from Lemma 2, (4.7) and the definitions of P, , and
Py, , that
”PICV,hu_P;I,hu”im = 4aN,h,w(P1CV.hu_P;l,hu’P;/.hu_P;l,hu)
=4aw(P;,'hu,P;,yhu—P;,'hu)
- 4aN,h,w(P;V,h u, Py ju— P;V.k u)
= 4(8yP,*v'h u, ay(P;,‘h u— P;,_h u)),
48Py U, 0 (Pyy =Py )y -

It is shown in [20] that for z, v € 2, (1),

120Dy = (20 1| = |2y Ul

where T, (x) is the Chebyshev polynomial of order k, ¢,=2,
c=1(k=1) and

zk—Lf 2x) T (x) w(x)dx.

T 7e,
Let ¥ be the identity operator. Then
"P;i.h“'P:/,h“”im=4|((ﬂ—PN—1)ayp;v,h“’ ay(P;/.hu—_Pl*V,hu))wl
S c(I(O=Py_)a(Py,u—u)l,
+ (O =Py_)oul,) lPicv.h“_P;/.h“ll,m
< C(|P7v,h“_”|1.w
IO =Py ) dull,) [Py u— Pyl

1- F-1 *
Sco(N T+h7T) ||u||M;~,f(Q)|P§v,h“"PN,h“‘l.m'
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The above inequality and (4.10) lead to the result (4.11) for u = 1. Next, we
prove the result for y =0 by a duality argument. Let g = u —P;,,hu and
u, € H(])_ »(£2) be the solution of auxilarly problem

a,(v,uy)=(g,v),, Vve Hy (Q). (4.12)

It is easy to see that u, satisfies

{—Vz(ugw)zga), (x,y)e 2,
4.13)

u,w=0, (x,y)e 0Q.

Let {(x)=w '(x) and define the spaces LE(Q), HZ(.Q) and the norms

Il-ll,and || .|, ,in the way similar to H (£) and || etc. We shall
prove that

* " rw’

lu, @l < cllgoll =clgl,. (4.14)

To do this, let ¢, ,, = sin ln( 452 ) sin mzy and

gw = E g[m(p[m’ gN 2 glm¢lm'

Lm=1 Lm=1

Then |gw —gyll, < lgw - gNllL(Q) — 0, as N — oo. Next, let u, be the
solution of problem

uy=0, (x,y) e 0Q2. @15)

{—VzuN=gN, (x,y)e 2,
By multiplying the above equation by «,{ and integrating by parts, we get

(3 uys 3(00E ) Y2y + N0y 117 < gyl fluyll, -

It can be verified that
(6uN,a(uNC))L(Q) ”aMN“( _.l.w3u?\,dxdy

and so |luyll, , < cligyll,. Moreover by (4.15),

|0 uN“(+ Il 8))uN||C+2(6 (o uN) a (3 UNC))L qe) = ”gN”g
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and thus by an argument as before, we obtain

Nuglly o < cligyll, -

It is an easy matter to note that {uN} is a Cauchy sequence in Hc(.Q) which
tends to u . Therefore,

lull,, < clgoli,.
N4 ¢

Clearly, for any v € H(l)‘ [(£2),

(Vi', V(00)) 200y = lim (Vi V(00)) 30y = lim (gy, v), = (g, v), .

N — oo N> oo

Hence we know from (4.13) that u = u, . Thus (4.14) follows Furthermore
we have from (4.12) and the deﬁmtlon of P w, 5 that for any v e h(Q)

|(u— Py ,u.g),|
= |a,(u—=Py uu,)|
= |aw(u—P,Cv‘hu, u, -v) +aNyh)m(P,CV‘hu, v)
—a, (P ,u,v")| < cA, +cA, (4.16)
where
A= ”u_P;V,hu”Lw’(ug_v*)wll,é’
= |((O = Py_ ) 3Py 907 ), | -

It is a very technical argument to choose v suitably. To do this, we follow the
method in [23]. Let

U(1) ={uwlue 2,_(1)},
and d, : L?( 1) — Uy(1,) be such that
(u—dyu, v)Lz(l,) =0, Vve U(Il).
We have from Lemma 4.4 of [23] that
lu—dyull,, <eN ul,,,, Yue H(L).
Also for u e H(l,, (1), we define d,lvu by

x du(x")
d-u =f d,——dx’
N . N dx/
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As in Section 4 of [23], it can be shown that Cd;vu e V(). Let

G(x) = f (w(x) —dyu(x')) dx .
-1

1 1
Hu—d,lvullzlx :_J._l(z dNZI;)GCdx—f_l(u—d}vu)G%dx

! 1
- _ du _ , du _ 1 dG
B f_l(dx dex)(G dNG)CdX+2J. xw dx .

_y dx

1
Since the last term equals —%f G* &’ dx,
-1

lu—dyully, <N ul,,,, VYue Hy (I).
Next we define d,, : LZ(Iy) - S‘Z'](Iy) such that
(u=dyu,v)p, =0, Vve SN .
We have
lu —dy ull 2,y < chllull,, . Yue H'(L).

Also for u € H(l)( Iy), we define

Y du(y
fdh (y, ) 4
0 dy

It is easy to see that d,:u(l)=0 and d,l,ue Si(ly).

g =u—a';,u and G= fg' (y") dy’. We have
0
102 l 1
“u_dhunlf([y):J.o(u_dhu)g d)’

= f(j;—d,,d—y)ay)dy

< [o-d) %] . 1(0~d,) Gl

vl

< ch ”u“ |,[_‘_||g “ LZ(I_\,) .

Let
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Thus for any u € H L),

1
[Iu—dhulle([‘_) < ch||u||]‘[y.

Now we choose

X y
v w=dyd,(u,w) =f_l L dyd, 9,0 (u,w)dxdy.

Then v" e Wl;v, ,(£2) and
0V @) =dyd, o (u,w), OV @)=d,dyd(u,w).
Therefore
|(uy =0 ) 0]y < (0 —dy) 3, (uy @) ||, + I d(®—d;) 3,(u, ),
+ (0 —d,) d(uy )l + 1d (O —dy) o (u, @),
<c(N "+ h) lu,oll,, <c(N'"+Rr)lgl,-
Thus we have
Ay S e(N'TTH AT (N ) ull i 9, -
Furthermore,
A, < [((B=Py_ )Py, . L(3(V @) —dyd, d (u,0))),]|
S (Ja(Py u—w)lly,+ IO =Py_)oull )d,(dy—dy) o, (u, ),
S N7+ BTN Null oy llgll, -

Recalling the definition of g and substituting the above two estimations into
(4.16), we obtain the result (4.11) for u=0.

LEMMA 8: Let (4.8) hold. If ue Hy (2)NH'(I,H. (1)) with r,
s> 1/2, then ’
1Py 4l < el gy~ e, micryy -

If in addition u € X°(Q) with r, s> 1/2, then

”P;l,hu“l,oo s C””‘”XIU"(Q)'
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Proof : The results can be got in the same way as in the proof of Lemma 6
of [17].

LEMMA 9: If u, v e Y:)““’S(Q) with r, s =2 0 and 6 > 0, then
luvll oy < clliell yyeoa) 1Vl vsaq)y -
Proof : We first assume that r and s are integers. Then

r _ or e r—1 r
d(uv)=udp+rdud, v+--+vdu,

and so by embedding theory,
o (uv)li,
< cllull e, wl 5 1=y arza. w10 e, wl3 1 =G0y A, o)

< cllull giog, ml 5195700 A 20y, moaoy W0 N oo, ul 5175700y ~ v s -

For real r = 0, we can get the same result by using the interpolation of
spaces. Similarly

I 3;( )|, s cllullz 2] +%+5(1y,Hé)+6(lx))hH:([,.,LS,(lr))‘
WOl s 5T 5000, 137200y o o L300 -
LEMMA 10: Ifu e Li(Q) and v € Hé’w(Q), then
| (u, 8, (V) 20| < 2Hull |Vl -

Proof : We have from (4.4) that

1

[(u, 8,(0V)) 20y S 2]()”“”«:,&

Ul @ < 2lully[v] o
LEMMA 11: Ifu, v e H(l),w(.Q) and z€ W"T(Q), then
[(J(u, 2),0),| < 3llull,lzll, .|v],,-
Proof : We have
(J(u,z),v),=—(u 0,2, 9 (V))2 0y + (1 oz, ayv)m.

Then the conclusion follows from Lemma 10.
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LEMMA 12: If u € 2,,(1), then
1P, ull,,, < V2iul,, -

Proof : Let T,/(x) be the Chebyshev polynomial of degree &,
co=Ccy=2 and ¢, =1 for l<n<N-1 By (2419 of [5],

- R
e ,ifm=2INtn, 120,
(T Tl)M):{z

0, otherwise.
Let
2N N
u=2ﬁme(x), Pcu:ZIZ"Tn(x)
m= n=0
Then

=(d,+d,y_,), forO=sn=<N-1

and i, =i, Denoting that ¢,=c,(n# N) and c,=1, we have

N
2 T ~2
” Pc u ” w, Iy = 5 Cnun
n=0

N-1
2 2 T .
< T
= nz()cn(un+u2N—;z)+2uN
n=

2N
2 2
<7z E c i, < 2”“”@& .
n=0

LEMMA 13: For any u, v, z € vavh(.Q) and k = 1, we have
I(Jc(u’z)’v)N,h,a)l s c”u”wlzll.wlull.w’ (417)

(4.18)

[(J (1, 2), V) 4ol < cllllpsoylzlwyeoy V] o
Proof : For any fixed y, 8 P(udz) e Py_,(1,). Hence by (4.7),
(J(u,2),0)y ., =Dy + D,
where

D, =-(P(u 8.2), ax(wv))L:(Q) y Dy=(P(udgz), a.v IN.hw-
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From Lemma 10 and Lemma 12,
|D1| = “Pc(uayz)”wlv|l,a) = \/i ”uayzllwlvll,m = \/z ”u”w|z|l.wlu|1.w‘
Similarly, from Lemma 1,

|D,| < 201P(ud )l 10,00, < 2V2jui,lzl, oiv],, -

Then the first conclusion follows. We can derive the second one similarly by
using Cauchy inequality.

LEMMA 14 : Let g € P \(1,) X L*(1)) and u e Wy ,(Q) be the solution
of

Ay p (V) =(g, 0y, 0s VYV E Wy (2). (4.19)
If (4.8) holds, then
lull, , <8lgl,,
|u|W;)~l’(_Q)$C”g”w’ l s p<eo,
lul, . < c|lnN|"?|g], .
Proof : By putting v = u, we have from Lemma ! and Lemma 2 that
1 .
q Hull} o < Ul ol o < 2lull gy, < 20ull, g, -
Now we prove the second conclusion. We define Pue W',‘V‘ A(£2) by
(Pu,v) =(uv),,. , Vve W (Q). (420
w N, hw N, h
Then we have from Lemma 1 that
I Pully, = (Pu, Pu), = (u, Pu)y, , < 2|ull, | Pull, .

So that || 13u||w < 2|lull,,. Set g = 15Ph g. letie W;'h(Q) be the solution
of

a, (4, v)=(g,v),, Vve Wy, (2), 4.21)
and u e H(l), L £2) be the solution of

a (u,v)=(g,v),, Vve Hy (2).
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Obviously 7 = P;v,;. u’. Moreover by Lemma 9 of [17] (A similar result is
given in [23)),

lu'lly < clg'll,<clgl,-
Using Lemma 3, we have

lull,p‘m S |M_ﬂ|l.p,w+ Ilz|l‘p.w

N - -
<e VN ju—al, ,+lal, .-

By (4.19)-(421), ay, (u,v)=a, (@ v) for all ve Wy ,(2). So from
L.emma 2 and [20],

|u—ﬁ|f‘w < cay , Su—i,u—1i)
=ca,(d,u—i)—cay,  (i,u—1i)
=c(ayit, d (u—1a)),—c(ail, o (u—10a))y, .,
=c|[((O—=Py_ )i d(u—1i)),|
S c(I(8=Py_a(a—u),
+ IS =Py ) aull,) u—ia,,.
Therefore,
|u—g|,‘»w} Sc(|Pyu —u| ,+N "Ndl,,)<c(N "+r)lgl,.
Next we introduce 13,, LY I",) - S‘:(I),) N H'(I_\_) defined by
(Pyu—uv),,=0, YveS(I)nH'().
Then for any u € H‘“(I},) (see [13]),

Y

”P;,“*““Hn(,\,) < ch u||H.f(,‘.), Ospus1l, u<ss.
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Thus we have

lﬁlwi;”(ﬁ) = IPN h u”]W,f,;”(Q)

< e VNP, =)+ 10~ Py B 0,
(O =Py P au |, )+ [Py P, a ull g
+ 1Py Py o |l g -
By Lemma 7, (9.5.7) of [S] and H_(Q)- L. (Q) for p <, we get
|l wireay < el Iy + cCIP, a0+ 1P, 0071 )

<clull,, <clgl,,

which gives the second conclusion. We can derive the third one in the same
way. Indeed,

july o< e NVNju—a),,+lal, ..

~ Pk 1/2 D oo * p o,k
[ull.ov < (,'l;ll ”2,0)+C]1n N| (“Ph dxu !|l,u)+ I:Ph d_\.ll “],w)
172
< ¢|in N gl -

LEMMA 15 (Lemma 4.16 of [2]) : Suppose that
(1) by, b,, b, and p are non-negative constants,
(i) E(t) is a non-negative function defined on R,
(iit) H(z) is a function such that if 0 <z < b,, then H(z) < z,
(iv) E(Q0) < p and for te Rr,

=

E(t) < p+1t > (byE(1") + b, EX(t') + H(E(t))),
'=0

b
(v) for some t € R, pe”™" < min (—bTO b,
Then for all t€ R, and t <t,, we have E(1) < pe’™".
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5. THE GENERALIZED STABILITY

We now consider the generalized stability of scheme (2.3). Assume that the
initial values #(0) and #(t) have the errors 7(0) and #( 7), while the right
sides of the first and second formulas of (2.3) have the errors fl(f) and

f7(t) respectively. They induce the errors of »# and ¢, denoted by 7 and ¢.
Then

(T4 I (A )+ I+ PV 0
+vaN.h,w(;§/’v):(fl’v)N,l7,w’ vve WN],(Q),IE R‘r’ (S])
Ay o (DW= T+ fyy Wy s Vw e w;;,,’(g),ze R..

For describing the errors, let

E(7, 1) = |17}, + ZH GO,

t'=1

=1

p(0) =512 +4lA(H 2 +47 D G (1)

with
Gy(1) = clfy (Dl +5 UAOIZIAOS, -

Besides, let lizll, . = max lzCe) |l
te R,

4= and izl =lizll, ., etc.

THEOREM 1 : We consider scheme (2.3), and let T be suitably small. Also let
gl ., < cqv and ||f,(t) I2 < ¢,, ¢, and ¢, being small positive constants.
Then there are positive constants M, and M, depending only on llgll_,
lipll, . and v such that if p( tl)eM‘ h M, for some t, € R, then for all

=
~ Mt
te R, and t<t, we have E(7,t) < pe’'.

Proof : By taking v =2}%] in the first formula of (5.1), we have from
Lemma 2 that

3

AN )it Hf?ill w+EF,

=1

~

Wity o+ AU N e (52)

4>|~

where F,=F/(t) and

F] :2(JL(}?7 é)’%)N'h.m’ F2:2(JL(;%’ ¢)’ %)N.h.w ?

F3 = 2(Jc(’:7; é)’ 7i\;I)N,I:,m'
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On the other hand, we have from the second formula of (5.1) and Lemma 14
that

[T, < cCIFNL+ 1A1L) . |Plhseay < cCIAIL+ A1) . (5.3)
Next, we estimate |F,| (/=1,2,3). By Lemma 12 and (5.3), we obtain that
IF | < el @l 70, <3 1715 o+ 5 1A1ZCIANG + 115

|Fo < clloll, N7l 070, <3 1715, +5 115 71, -
Moreover, Lemma 13 and (5.3) lead to

|F3| S C“f/“L:‘,,(_Q)l‘P wgﬂ(g)”ﬁ”lw

<l ol®lwsecor 17l 0

< 112, + SIS+ IRIZ) A2, .

By substituting the above three inequalities into (5.2) and using Lemma 1
again, we get

NN n )i+ NS o < Aol + d 171G, + d(F FD 71T, + Gy (5.4)
with

2
oo 3

dy =

2 c
olfi- @ =<l

1
PR
(7 F) = =15 v+ AN, + 17(D1L) -

By summing (5.4) for ¢t Iér, we get that

7¢O 1 h o + ||ﬁ<r—r)ui,h_w+%2 7¢I

t'=1

< 13O Y 4o+ HACIS 0

120 S (IR 12+ d, 1A

t'=7

+dy ("), () 137G, + Gy () -
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Let 7 be suitably small. Then by Lemma 1 and the fact that
1y, Ly~
17COIG < SN0+ N5 +5 17 =02,
we obtain

E(7, 1) < p(1)+4z 2 ((dy+d,) E(7, ') + dy(71(2), fo(')) RGN ,)-

t’=1
Finally we apply Lemma 15 to completing the proof.
Next, we consider the generalized stability of scheme (2.4). Note that the

difference between (2.3) and (2.4) only lies in the nonlinear term. Thus we
have the same equation as (5.2), but with

F =200, 8 My nwr Fo=20000 ) 1y o

F3 = 2(JL(’;/" é‘))’}e/)N,h,w'

We estimate |F || and |F,| as before. We have from Lemma 13 and Lemma 14
that

|Fy] < cldll,lel, .l ,

SN 2 A1 1712

Following the same line as in the proof of Theorem 1 and using the same
notations, we get the following result.

1% 202
= 1_6. ”77”]‘(0

THEOREM 2' We consider (2.4), and let t be suitably small. Also let

||f2(t) ]| ln N’ ¢, being a small positive constant. Then there are positive
constants M, and M, depending only on liyll_, Wpll,  and v such that if
p(L, Yy < —for some t, € R, then for all te€ R_and t < t|, we have
E(7,t) < peM "

Remark 2 : By Theorem 1 and Theorem 2, we find that for the stability of
the fully implicit scheme (2.3), we only require that p(t,) M < M,. But
for the scheme (2.4), we require that p(¢,) "1 < —2 Therefore the fully

InN
implicit treatment increases the generalized stability.

6. THE CONVERGENCE

In this section, we first deal with the convergence of scheme (2.3). We

define P§, ,: Hy (Q) > WV:(Q) such that for any u € Hy (),

ay Py w)=a,(u,w), Vwe Wk”(_Q)

N, h
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Let & =P, ¢ w=Py, v E=n-— & and w=¢ -y . Then we
have from (2.1) and (2.3) that

(

(é'.+ JC(E*, w) +JL,(2, v+ ), VN b

. 4

+vath(E,v):2Aj, Vv e Wth(Q),
< - . e ©6.1)
ay oW W)= (& W)y, T As, Vwe Wy (2),

E(T)=PN‘/,(50+T(),€(O))_P;;/‘h C(T),
E(O):PN.héO—P;l.h o

\

where A; = Ai(t) and

A= (88 0)0 = (G Dynws A= (& W) ), = LE W) 0Dy 0
Ay=— (VP& 0), +W(VEv),, Ay==(fi0),+(f0)y 0.
Aszn(fww)w_'-(f*?“})N.h.w'

Let §=5 for A=1, and §=s+1-1 for A=0.

THEOREM 3 : Let (&, w) and (n, @) be the solutions of (2.1) and (2.3)
respectively. Assume that

@ for . =1, a, f>% and 5>0,
Ee C0, T M (2) X)) nY:%(2)) nH'(0,T; M (2))
ANHY O, T, H (2)) nH 0, T;LA(2)),
we CO,T; M " (2)nXsM )y (@)Y (2)),
fe €0, T; H:(2)),

@) 7, N7 " are suitably small.
Then for some t, < T and all t <1,

1) = (), < My(<* + N~ "+ h%),

M, being a positive constant depending only on v and the norms of &, y and

fin the spaces mentioned above. If in addition T, N~ " are small enough, then
t,=T.
1
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Proof : For the convergence, we have to estimate the right terms in (6.1).
Firstly,
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A S (& 0Dy — (EL D) |+ (& =& 0),| + (&=L, 0),]

Since

[CE Vo= (& V)| S & =&, + 1D =Py ) &L vl

we have from Lemma 7 that
* 2
A < clloll CIE =&, + 10 = Py ) &l + P21 EN i ve e rzcay)

=12, A1 s
<t (N ARG i vrn e manicy)

3
Sk ) D S PP P S

5
It is complicated to estimate |A,|. Indeed A, = > B; where
=1

B, = (J(&y) —I(& ), v),, B, = (J(& ) = I L&), 0,
By=(J(& ) 0) = (V& W) 0Dy s By= (U LE=E 000, 0
BS = (J(_(&*v Y — W* )’ U)N.Iuw'

Obviously by Lemma 11,

1B,| < clvll, vl .1¢-£l,

372

e ”U” lwlil//H Lw”é”H:(/—r,I+TZLE,,(.Q)) :

By Lemma 5, Lemma 9 and Lemma 10, we have that for r > %

1B,y] < clloll, ,(N(®=P)(Eay)l,+ N(d-P) (Eay)l,)

S N ,“ v “ 1'(,)( “& 8)-1//” HE(92) + ”& axl// “ H;—,"(g))

< CN- r” v ” Lo “ 5 “ ylrl.]u,«i(Q) ” 74 ” y:;;,n.u,a’(g) N y;.’ldi( QY-
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Next, for any y, 8XPC(E dw)e 2, _,(1.). Hence by (4.7),
By = (9, P& W) v), — (8,P(Ed W) )y = (3, PEDW). D)y 00
+ (a_\'Pc(é YD) V) hw
= (P (&) a,v),— (PLEOW), 3,0y,
Then Lemma 1, Lemma 5 and Lemma 9 lead to that for r > %,
1B,] < clloll, JI(8 =Py ) PLEB W,

< cllofly (1O = PIE ) I, + (0 =Py )(Eau)l,)
< Nl 1 8wl e
< N vl 1€l yros oy Wl yreros g, -

Since v W:,_ ,(82), we have from (4.7), Lemma 1, Lemma 5 and I.emma 10
that

|B4l = l(axpc((& - &*) a,\‘W)’ U)N‘h.o)_ (8,\'Pc((£ - é*) axl//)’ U)N‘h‘a)l
< |(PLE=E) W), 9 (@v)),zg)

+ [(PLCE=E) 0,0, 0,0y 1wl

A

ol W IPCCE=E) ) g pw+ IPLCCE=E) 00 Iy n0)

A

clivll, vl MPLE-EDN,

N

clholly vl P E=El,+ 1E-E1,)

N

N+ ) 1ol o lwly I E oy -

We now estimate |B;|. By an argument as in the previous paragraph, we have
1B| < cllvll, JIENCIP,ow—ayl,+ 1P, ow-awl,)

< clvl  IENIP = dwl,+ oy -y,

+ P ay—-awl, +loy-awl,).
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By Lemma 7, we have that for A =1,
low —ow l,+ 10w —ay ll, < c(N "+h) Wl
and for A=0,

o =y I, + 19w =ay ll, < (N "+h" DIyl i,

Thus by Lemma 8,
|Bs| < AN "+ B N0l Do W g v
Fe(T= ) (N + R 10l 1 E oy 1 e i -
Now we estimate |A;|. We have
|A5] = v][(8,(& = &), 8,(@V)) 20y + (3(E—E),0,0),]
scloll,  ME=El, .,

372

s ol i<l HY(r—t 1+t  HY(Q)) -

We have from Lemma 1 that for r> 1/2,

|A4| s CN_r”v"w”qu;;-,“(g) .
We have also that
IASI = I(é_é*’w)wl + 1(5*’w)w_(£*’w)N.h,w|
S clwll (=N, + 1D =Py_)EN,)
S (N "+ h) Wl Il o -
Finally by Lemma 2 and Lemma 7,
1ECOY, < e (N "+ Ao lasicay -
IECT, < 1Py, E(T) = Py y ST, + 1E(T) = & =T a,£(0) ],

— k3 372
S (N "+ h) 1S sy €T Wl o e 120y -

vol. 30, n° 7, 1996



902 Guo BEN-YU, Ma HE-PING, Hou JING-YU

We now take v =2 ¢ in the first formula of (6.1). Then by an argument
as in the proof of Theorem 1, we get that

E(¢ 1) < p+612((d +d,) E(E, ") + dy( &) 1ECNDHT )
where
do=3+ SR =Sl lE
3

dy(E) = =5 v+ S CIENG+ (N7 + 1) 1€l ica) »

ECE 1) = &2+ "TE ENOI

V=1

p=c(N "+ h';)z( <l f{‘(o.T;M,’,;-"(Q)) + ”lilllpﬂ;""’

2
r;)»— l.n_,i( 2yn y:-’}l.ﬁ(g)

) + A“lélnxﬁ‘,/‘(g)l”k'/m,y, 10y

+ £l é(O.T:H:’,‘,“(Q)))
Fe(1=A) (N "+ el scarllllllie: e

+ et (1o aean( T+ |||V|lF <) + ”ﬂ'z’(o.T:L;’;,(m)) .

If k=1 and r, s=1, then §=1 and s+1—-1= 1. Thus by (4.8),
P < c(N g 1'4)2. Now let E(t)=E(& t) and p=p in Lemma15. If
7 and N~ ' are suitably small, then for certain ty,<T and all t <1,
/7@’” < ¢, b and ¢ being some constants. Finally the first conclusion follows
from Lemma 15. If 7 and N~ ' are small enough, then for all t < 7T,
pe” < & Hence we can take f,=T.

Remark 3 : The hybrid finite element approximation (A = 1) raises the
accuracy and provides the optimal convergence rate. Indeed

O(* + N "+ h%), fori=1,

iét - ([).m: 2 e
1= = o e v+ 7T for2=0.
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If s=k+1, then

O(T"+ N "+ K'Y, fori=1,

1) —n()ll, = {0(#+1\F’+hk), for A=0.

We next consider the convergence of scheme (2.4). We have the error
equation similar to (6.1), but the first one becomes

~ 4
(G+T(E W) +T(E W + W) 0yt vay, (E0) = A,
j=1

Vo e Wi (2)

where A, A; and A, are the same as in (6.1), but A, should be modified as

A2: (.](é:, l//), U)w_ (‘]c(é*’ l//*)’ U)N,h.u) .

By an argument as in the proof of Theorem 3, we can get the following result.

THEOREM 4 : Let (&, w) and (n, ¢ ) be the solutions of (2.1) and (2.4)
respectively. Assume that condition (1) of Theorem 3 holds and
t=0((InN)" l/4). Then for some t, < T and all t <1,

1EC) = n() 1, < My(Z*+ N "+ A7),
M, being a positive constant depending only on v and the norms of &, w and
f as in Theorem 3. If in addition T =0((InN)~ Y8y, then t,=T.

Remark 4 : We know from Theorem 3 and Theorem 4 that the fully implicit
scheme (2.3) not only possesses better generalized stability than (2.4) (see
Remark 2), but also weakens the restriction on t for the convergence.

Remark 5: If the term (f,v)y, ., in (2.3) or (2.4) is replaced by
(IT, f, )y 1.0 and take

n(0)Y=1IP, &, n(x)=1IIP(E+1dE(0)),

then we can use Lemma 6 to get similar results as in Theorem 3 or Theorem 4.

vol. 30, n® 7, 1996
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