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m MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol. 30, n® 7, 1996, p. 841 a 872)

CONVERGENCE OF A FINITE VOLUME SCHEME
FOR AN ELLIPTIC-HYPERBOLIC SYSTEM (*)

by M. H. VIGNAL (1)

Résumé. — Dans cet article, on étudie la convergence d’un schéma de type volumes finis pour
un systéeme couplé formé d’une équation elliptique et d’une équation hyperbolique linéaires,
définies sur un ouvert borné de R,

Pour I'équation elliptique un schéma volumes finis a quatre points est utilisé, puis une inégalité
discréte de Poincaré pour les fonctions a moyenne nulle, est montrée, ce qui permet d’établir une
estimation d’erreurs de I'ordre de h, en norme H' discréte, oir h définit la taille du maillage.

Sur ’équation hyperbolique, on utilise un schéma décentré vers I’amont de 1'écoulement, puis
en utilisant une estimation faible sur la variation de la solution approchée, on montre, sous une
condition de stabilité, la convergence de cette solution vers la solution faible du probléme.

Abstract. — We study here the convergence of a finite volume scheme for a coupled system of
an hyperbolic and an elliptic equations defined on an open bounded set of R2.
On the elliptic equation, a four points finite volume scheme is used then an error estimate on a
discrete H' norm of order h is proved, where h defines the size of the triangulation.
On the hyperbolic equation, one uses an upstream scheme with respect to the flow, then using an
estimate on the variation of the approximate solution, the convergence of the approximate
solution toward a solution of the coupled system is shown, under a stability condition.

1. INTRODUCTION

One considers a problem coming from the modelization of a diphasic flow
in a porous medium. In a simplified case it leads to the determination of the
velocity u of one of the two phases and of the pressure P.

Let ©2 be an open bounded polygonal connected set of R?, one sets
I'=94Q.

Let ge L™(I'), uye L™(RQ) and ue L™(I'* xR, ), be given, with
I'" ={ye I';g(y) =0}, one assumes f g(y)dy=0; then one
considers the problem defined by : "

(D AP(x) =0, xe Q
(2) u(x,t) —div(u(x,t) VP(x)) =0, xe Q,t1e R,

(*) Manuscript received July 31, 1995.
() UMPA. CNRS-UMR No 128, EN.S. Lyon, 46, Allée d’Italie, 69364 Lyon Cedex 07.
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842 M. H. VIGNAL

with following boundary conditions and initial condition :

3 VP(y).n(y)=9(y)., yel
'CH) u(y, t)=u(y,t), yel", teR,
(5) u(x,0) =uy(x), xe £

where » is the outward unit normal to I

More precisely, one searches u in L™(2 xR, ) and P in H 1(Q) solutions
of (1)-(5) in the following weak sense :

J VP(x).V(D(x)dx—f g(y) D(y)dy=0 forall®de H'(RQ)
o) r

and

ff u(x,t)%?(x,t)dxd:—ff u(x, 1) VP(x) . Vo(x, t) dx dt
QIR Q

+ [R+

+f ug(x) p(x,0) dx
Q

+frf w(y, t) p(y,t) g (y)dydt=0

+

for all pe CI(R" xR,) with Q" =QuTI".

Note that the test functions ¢ are equal to zero on
I ={ye I';g(y) <0} but not necessarily on I'*.

To discretize these equations, a finite volume scheme is used, then the
results presented by R. Eymard and T. Gallouét in [5] and R. Herbin in [8] are
generalized. Indeed the systemn considered in [5] is the same as the one
presented here but the authors use a coupled finite element-finite volume
scheme, then discrete unknowns are localized at the vertices of the meshes
whereas in this note they are localized at the cell centers. For this scheme they
prove a convergence property toward a weak solution of system (1)-(5). The
scheme used on the pressure is a finite element scheme, hence the convergence
of the approximate solution of the elliptic equation follows from the finite
element framework. In this note one uses a four points finite volume scheme
for the pressure, then a convergence proof is given by generalizing the results
of R. Herbin in [8]. One of the two essential differences comes from boundary
condition, since in [8] the boundary condition is a Dirichlet condition whereas
here a Neumann condition is considered, then estimates are changed by
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CONVERGENCE OF A FINITE VOLUME SCHEME 843

boundary terms. In particular, for our estimates it is necessary to count the
number of triangles which are “after” a given triangle in all directions, while
in [8] only one direction is sufficient. In a same way, to prove the error
estimate in discrete H' norm, the discrete L> norm of the error is majorized
by its discrete H(l) norm, assuming the solution’s mean value equals to zero
since problem’s solutions differ from a constant, whereas in [8] the discrete
L? norm of the error is majorized by the sum of its discrete H(l) norm and of
its discrete L* norm on the boundary.

The second difference comes from the assumptions on the meshes. In [8] all
the meshes must have a measure of same order, whereas here deformations of
the meshes are authorized (see section 2.1).

On the velocity an upstream finite volume scheme with respect to the flow
is used, then, under a stability condition, the convergence of the approximate
solution toward a solution of the hyperbolic equation is shown. To prove this
result, one needs an estimate on the variation of the approximate solution, it
uses an estimate on discrete H' norm of the approximate solution of the elliptic
equation, this result in [5] is given by the finite element framework. Other
results on the existence and the uniqueness of solutions of hyperbolic equa-
tions are given in [7], [3], [1], [10].

Numerical experiments on the comparison between finite element scheme
and finite volume scheme, done by J. M. Fiard and R. Herbin in [6] for a
conduction problem and by R. Herbin and O. Labergerie in [9] for a diffusion-
convection problem, have shown that the approximation of fluxes is better for
the finite volume scheme. Furthermore, comparison between the scheme
presented here and the weighted finite volume scheme of R. Eymard and
T. Gallouét have also been done in [6] on a system more general than (1)-(5),
where (1) is changed by div (f(u(x,t))VP(x)) =0, xe 2,te R,. This
numerical test shows that the scheme presented here gives better results than
those given by the weighted finite volume scheme. Other authors have been
interested by finite volume scheme on triangular meshes, see for instance [11].
In [11], results are restricted to particular meshes, whereas, here, as it has been
already remark, the assumptions are most general.

2. DISCRETIZATION

Before discretizing the elliptic and the hyperbolic equations, one first gives
assumptions on the triangulation.

2.1. Assumptions on the triangulation

Let J = (K;), << be a triangulation of £ which satisfies : there exists
n such that for any 0 angle of an element of 7, one has :

(6) ’7<9<%—77-
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844 M. H. VIGNAL

One defines h; = \/S(Kj), where S(Kj) denotes the 2D Lebesgue measure
of K, then the assumption (6) gives the following result: there exists
a, >0 and a, >0, depending only on #, such that for all side a of the
triangulation, the length /(a) of a verifies :

@) a .h.<l(a)<a,.h

if a is an edge of the cell K.

L
Then one defines h e R, by h=maxh,.

j=1
Some notations will be useful to describe the numerical scheme :

NOTATIONS

T =1ti€{l,..L} ;K€ T,K,n T = D}
A . the set of the edges of the triangulation which are on the boundary
I of @
& ;. the set of the edges of the triangulation which are in 2
g (y)=max(g(y),0) and g (y)=(-g)".
For all K; e I, 1<j<L one sets:
c(j) the edges of K, i=1,2 or 3
x; the intersection of the orthogonal bisectors of the edges of K;

g,;=f g (y)dy and g =f g (p)dyi=
<(j) c(j)

=1,20r3,ifc(j) e A,
g,= g; —g;.i=12o0r3,ifc(j) e o,
7. (/) the set of the suffix i=1,2 or 3 such that ¢(j) € &,
7; the set of the suffix of the neighbours of K;
Cip = aKj MoK, forall ke,
d, = d( x; Cjk) +d(x, cjk), for all k € 7, where d is the euclidian distance
of R?
Xy the center of the side Cix-

2.2. Discretization of the elliptic equation

To discretize (1), a four points finite volume scheme is used ; the principle
of the finite volume schemes, (see [4]), is to integrate equations on each
control volume (here (Kj € 9J), so one has :

J"K VP(y).ne(y)dy=0

7
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where Ry denotes the outward unit normal to aK]
One approxunates P by Pg with Pg(x) = j if xe Kj so the discretized

equation can be given by approx1matmg the flux of P through one edge
c(j) of K, by :

(Pk_Pj . .
I(c;) 4 if 3k € {1, ..., L} such thatc,(j) = ¢,
j g()’)d)’ lfCl(]) € I“yext
c(j)
Then one has :
P)
® 21( ————+ >, g,=0 forallje{1,.,L}

i€ 1)

with the convention X, =0.

%] . . .
One can remark that on the domain’s boundary the approximation of the
flux is exact.

2.3. Discretization of the hyperbolic equation

Before discretizing (2), one defines the time step J, so let J be a triangu-
lation of Q which satisfies the assumption (6) and « € ]0, 1[, then one
chooses § € R, which satisfies the following conditions :

P—Pk)
© 1- 5S(K)l(ck) >a V(j,k)e &
1—(5§(§<qu >a Vie T,

where & ={(,k)e {1,..,L}; (K,K,)e T xJ, ke 7. and
P,>P,}.
One sets t"=nd for all ne N,
To discretize (2), first an Euler scheme explicit in time is used, and as for
the elliptic equation, one integrates (2) on each control volume :

n+l n
w(n, 77 ) —u(xt) -f u(y, t") VP(y) .ny dy =0.
« o aK; ’

i

One approximates u by ug,; with ug (x,t)=u; if xe K, and
te [¢",""'[. Then an upstream discrete value with respect to the flow is
chosen for u at the interfaces of meshes, and at the boundary.

vol. 30, n°® 7, 1996
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1

.I

One defines u](.) for all je {1,..,L} by u;) j uy(x) dx and ;j't for

or

T ey and for i e 7,,(j) by u 5l(c(]))f J.(');(y,t)dydt.
clJ

So, the discretized equation is given by :

all j e

(Pk_Pj)

(10)  SC(K)(u ™' —u) 52 O
J

-6 X (upg; —ug;)=0

i€ o))

forall je {1,..,L}andallne N

n s
u ifP.>P
n J J k
where u;, =
jk n
u, else.

3. CONVERGENCE OF THE FOUR POINTS FINITE VOLUME SCHEME FOR THE
ELLIPTIC EQUATION

Let J be a triangulation of £ which satisfies the property (6).

One proves in this section the existence of solutions (P;), < ; <, of (8) and
that these solutions differ only from a constant, proving the following result :

PROPOSITION 1: Let g € L™(I'), one defines for all je {1,..L}:
g,-,-=f g(y)dy if c(j)e A,
c(J)

Then :
1) if X g9,=0 Vje {1,..,L} and (Pj)lstL satisfy (8) then

i€ 1(J)

P,=P, Vjke{l,.,L}

2) if (P)), << satisfy (8) thenz > g9;,=0

j—l ’ETOXI(J)
3) zfj g(y)dy =0 then there exists (Pj)lsst solutions of (8) and
r

solutions differ only from a constant.

Furthermore one proves the numerical scheme’s convergence proving an error
. . 1

estimate on discrete H norm of order 4 :
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THEORFM 1:Let g € L™(I'), one denotes by P the weak solution of (1), (3)

such that 2 S(K ) P(x ) =0, where x; is the intersection of the orthogonal
bisectors of the edges of K one supposes g such that P is in c? (.Q)

Let (Pj), <j<L satisfy (8) and ‘2 S(KI)P] 0, one defines the error by
e,=P,—P(x) for all je{1,]L}.

Then there exists C, and C, positive, independent of I such that :

L —e)2 172 L
<Z S ———l(ck) <C.h and (2 SCK;) Ie,-|2>”2
j=1

j=lkex
C,.h.

3.1. Proof of Proposition 1

Proof of the first part of the Proposition]l: One supposes that
Vie{l,..,L} = g,=0 and (P)), ;< satisfy (8).

i€ t,(j)
Let j, € {1,..,L} such that Py =min{P,;ke {1,..,L}}.
Thanks to (8), one has :

- P,
2 l( ak) IO+ 2 gij(::O

ket fo k i€ Teq(o)

But according to assumptions > 9;,=0; and I(c,)>0,
ie Tell(j()) ¢

djnk>0 and Pk—PjOBO Vk e T,, SO one has :

P,=P.  Vker

Jo Jo *

Using the fact that £ is connected, one obtains by induction: P, =P,
Vj, ke {1, .., L}

Proof of the second part of the Propositionl : Supposing that
(Pj)1 <j<L satisfy (8) and summing these equations one gets :

L
j=”um(j)g,-j=0.
Proof of the third part of the Propositionl: One supposes that
g(y)dy=0
Ir

Then thanks to the first part of this Proposition, (8) is a linear system which
has a kernel of dimension 1.
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848 M. H. VIGNAL
So, thanks to the second part of this Proposition, the image space of this
linear system is the set of the Be R, B= (b, b, ..,b,) such that
L
> b;=0.

j=1
L
Then, as > bj =f g(y) dy =0, there exists (Pj)1 <, <1, solutions of (8)
j=1 r

and these solutions differ only from a constant.

3.2. Proof of Theorem 1

Definition of the consistency error on the fluxes : As it has been remark in
Section 2.2, fluxes are exact on the domain’s boundary, then one defines the
consistency error only at the interfaces of meshes.

The exact flux on the side ¢, in the direction of K; to K is :

I_'}jk(Kj) Z@Lﬁ VP(y) -"K,-(V)d)’

and the approximate flux on the side ¢; in the same direction is :

P-P,
d

i

chk( K;) =

One defines the consistency error, denoted by R c,-k(Kj)’ by :

P(Xk) _P(Xj)

d

R (K)=F,(K)~
Jk -k ik

One can remark that the conservativity of exact and approximate fluxes
implies :

R (K)=-R,(K,).

Now the following result is proved :

LEMMA 1 : Under the assumptions of Theorem 1, there exists a constant
Cr = 0 independent of I such that :

IR, (K)| < Cp.h Vjke{l,.,L}.

M? AN Modélisation mathématique et Analyse numérique
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Proof of Lemma 1 : Using a first order Taylor expansion one proves that
there exists C, = 0 and C, = 0 depending only on «,, @, and on the second
order derivative of P such that :

1
R?jk_) J'c,‘. VP(y). ny, dy — VP(xjk) “ Mg

R, (K| <

P(x,) - P(x))
d

“jk

+

VP(xjk) S

<SC.h+Cy.h.

So the proof of Lemma 1 is completed.

Let e, = P, — P(x,) be the error on the cell K, for all k € {1,..., L}, then
one proves the first result of Theorem 1, i.e. the following property :

There exists C = 0 independent of J such that:

2 12
< (e, —¢) .
(11) > Zl—d-jk——l(cjk) <C.h.
Proof of the inequality (11) : Thanks to (1) one has :

(12) kz (e ) F (K)+ > g,;=0.

i€ 7(J)

One subtracts (8) from (12), one multiplies by € and one sums over j, then
using the conservativity of the exact and approximate fluxes, the properties (6)
and (7), the Lemma 1 and the Young inequality (for more details see [8]), one
gets :

Lo (eg-¢) 6(at,)’
33, g e <2

j=lkeT

2 2
a CoS(2)h
where S(2) is the 2D Lebesgue measure of the domain £2.

Then the proof of the inequality (11) is completed. Let’s complete the proof
of Theorem 1.

Proof of Theorem 1 : The L? discrete error estimate is shown by using a
discrete Poincaré-Wirtinger inequality, i.e. the following result :
There exists C > 0, independent of 9, such that:

d

ae A, u

< eps —e, |*
(13 > S(K) |e,-m*<sC > L&_K«_Ll(a)
Jj=1

vol. 30, n® 7, 1996
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with m = ,Q E S(K,) e,, where e,. and e, are the errors on the both

elements of J for wh1ch a is an edge and 4, is defined as follows : for all
ae s, there exists j and k in {1, .., L} such that a = cj then d, =d,.
This result will be proved in four steps :

Step 1:

Let 2 be a square included in £ and the both directions &, and 2, defined
by £, see figure 1.

D,

Figure 1.

One denote by d= |b—c| and one chooses for coordinate system the
coordinate system defined by any point of R? and the both directions %, and
2,.

Let & . » be the set of the sides a of &7, such thatan 2 = @.

Let K; and K, in 9J  such that KJF\?/’:ﬁ@ and K, "2 = D,
x=(x,x)e KNP and y=(y,y,)e K,NP, one denotes by
[x, y] the line segment delimited by x and y, and one defines :

A, ., (tespectively (&, ) the set of the sides of &/, such that the
intersection with the line segment [(x,,x,),(x;,y,)] (respectively
([(xp }’2) (¥1,¥,)]) is a point.

) (respectively (JJ(I)) the set of the sides of & , such that the
mtersectmn with the line defined by (x,,0) (respectlvely ((0,y,)) and
parallel to &, (respectively (£,) is a point.

Then one has :

e —e = 2 |eK,f — €k; | + 2 |eK,T — €k |

ae du.rz.,vz a€ Ky vy

aeye 2N, Vxe 2nQ.
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Integrating over K, M Z and summing over k, one obtains for all
xe PnNR:

dzlej—m9| s jbf 2 lex: — €g; | dy, dy,

bae g

+J‘ J E |ek; — €k; | dy, dy,

b baedfql)
. 1 &
with Mo =SCPY « S S(K,NP)e,.
k=1

Foralla e &, let §, be the angle between a and &, then swapping the
summation and the integral in the second terms, one has :

dle,—mgy| < d D ek —ex: |+ >, lexr —ex- | l(a)cosb,.

aed_() ae Ay o

Using the Cauchy Schwarz inequality, one gets :

lexs — ex: |
-~ d*le.—m,|* < d* — I x sin @ d
|j .”/’I aezﬂilﬁ) sin aa da ,IEEJ(S) a “a

+< > lex: ek 2>X( > l(a)z)
ae A, o ae A o

and then :

lex; — ex: |2
le,=my|> < (d+2a,h) > —d—F—r—

j ., sinf d
ae x) a a

2

4a,h
+3a2d(1+ dz) > lexs — ex:

[

Integrating over [, ¢] with respect to x, and swapping the summation and the
integral, one has for all x, € [b,c]:

€+ — €p-
14) > UKD |e-my’<Cid > lLOd—""—z(a)

K e .4?(‘2” ae Ay a-a

vol. 30, n°® 7, 1996
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where _@i;) is the line defined by the point (0,x,) and the direction
.@l,.%i;) is the set of the triangles which are cut by 9)((21) and
6(a,)”

C,=d+2a,h+
o

(d+4a,h).
1
With the same arguments, one can prove the following result for all

x, € [b,c]:

2

€+ — €p-
(15) > UK N D) |e,—my|>< Cid >, l"“—d"—"—l(a).

Ke & ae Ay o a

One concludes by integrating (14) with respect to x, so:

L evr —e, |?
(16) S S(K,NP)|e,—my|* < C d*> >, l—’f-"—d"—“z(a).

Jj=1 ae iy a

Step 2:

In this step the inequalities (15), (14) and (16) are proved over half of the
square 2 denoted 7, i.e. the triangle (A, B, D) (see fig. I).

Using the orthogonal symmetry in relation to [ BD ], the problem is the same

as the one of the step 1, then with the same notations, one has the following
results :

2
(N 2 lexs — ex: |
K%ml(ij@h ) |e;—my|® < 2C‘dae§‘. ,,._ZfT_l(a)
2
> UKD )|e,-m|*<2Cd > Mz(a)
j b j T = 1 d
K e 99},:) ae o, a
and :
L 2 2 |eK,,*_eK; |2
I;S(ijT) le,—m,|"<2C, d ; _‘—T—z(a).
Step 3:

One proves the result over an ordinary triangle of £2.
So let an ordinary triangle T of €2 and a right-angle triangle T, see figure 2.
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Then there exists a linear application F which transforms 7 in T defined as

follow :

— X__ Y

<x> <X) I, 1, tan 0
F: =1 =)=

y y _y

I,sin 6

As T:LLJI(ijT) then 7"=_LLJ1(F(ijT))
J= Jj=

D,
1
T
Y2 0 1 D,
Figure 2.

Let the function e defined from T to R by e(x,y)= e, if
(%,5) € F(K, N\ T).
One has the following result : there exists # such that for all triangulation

T =(K;) << of £ one has, for all angle of an element of J :
, n_
n<0< 5.
Then there exists #(#, F) such that for all angle of an element of
(F(K;)))<j<rt

0>n(n, F)

but one can have: 6 = Z
So one defines (T,), ¢, < ;@ triangulation of F(£) such that

, L'}, there exists j € {1, ..., L} such that :

T, c F(K;)

1) Vke {1,..

2) for all 0 angle of an element of (7,), ., < ,» One has:

n(n, F)<0<Z—n(nF).

vol. 30, n® 7, 1996
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According to the step 2, one has :

ES(F(KmT)He—m ES(Tr\T)|ek mz|?

j=1
le ep- |?
1°ks ~ "k
sC —d—l(a)
ae A T a
where mz is the mean value of e over T.
Remarking that :
leg —e 2
K K, 2
—_— < —_ =
> d l(a) < Cp o pr > lex: ex; |
ae o, T a ae

int, T

2
- Cﬂl‘ a, 1, F 2 |eKu+ - eKZ
ae Ay 1

and that

one gets :

L
ES(F(I(jmT))|ej_mT|2SCal.o.g,q,F E IeK:_eKZ 2'

j=1 ae A

in. T
Thus

S(F(Kl.mT))zf d;dj:zllzlswjl( dxdy

F(K;NT)

l L sm()S(K NT).

So, one obtains :

L
ES(ijT) |e].—mT|2S L Lsin0C, . . p E lexs — ex: 2
=1

Ka
ae Hin T
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With the same arguments, one proves the following inequalities :

(17) 2 l(I<j NI lej_mT|2 s Ca.,av.ty,F 2 Iek,f — €k, |2

KT T T

(18) KE@ (K, " J) |ej—m7.|2 SLsin0C, ., ., r > |exs —ex:

ae i r

855

l2

where 2, (respectively Z,) is the set of the triangles' K of J such that

K " I (respectively K M J) is not emptyset.

Step 4:

Let a subset T of £ which is the union of two triangles T, and 7),, one

denotes 97, N o7, by L

_S(Tl)m]+S(T2)m2 o
s m= S(2) , one can write :

L
> S(K,NT,) |e; - my|?

j=1

L
< 2(25(1<jmT,) e, —m,|* +S(T)SEQZ; |m2—ml|2>.

Jj=1

According to the step 3 one has :

L
ZS(Kjr\ T,) |ej—mT]2
7=
(7,)

ae int, )

2<CS(T1) S e —ex: | +S(T)S(Q)|m2_m1|2).

Then it just remains to estimate the difference between m, and m,.
Let x=(x,x,)e I, so:

Imy —my |* < 2( |e(xy, %) = my|* + |e(xpy xy) = my |

Integrating over I and thanks to the inequalities (17) and (18), one has :

ae ﬂim. bl ae int, T2

l(I)|m2—ml|2S2C< > |e,<;—e,<;|2+ > |e,<;—e,<;|2).
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Then :

L
> S(K,NT)) |e;—my|* <
j=1

2 2
< | — . | p— - |
<Ol D ek e '+ X lexr—ex: ).
ae iy ae A py

With the same arguments, one can prove the following result :

L
ES(KmI)|e my|* <

int. 7y a€ ‘Minl, T2

= C( 2 lek,,*_ekz l2+ 2 ‘er_eK; |2>
ae

and then :

L
> S(K,NT) |e,—m|*< C

|2
Jj=1 ae iy

eK: - eK{—‘

As we have supposed that €2 is a finite union of triangles, one has :

L
ES(I(})|ej—m|2S c 2 lexs — eKZI

=1

nu

where C does not depend of the triangulation J.

@ l(a)

One concludes remarking that 5 < for all a € &,
. o, d,

int*

2
25(K)|e—m| =2 2 —“'l(a).
j=1 e o, a
Remark 1 : If the boundary condition is a Dirichlet condition, then this
proof can be generalized, it is closed to those given by R. Herbin in [8].
In this case one considers a direction & which is parallel to none edges of
the mesh.

Letje {1,..,L} and x € K, then one denotes by &/, the set of the edges

such that the intersection between these sides and the line which contains x and
parallel to & is not empty set.
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One can write :

2
2 lexs — ex: |
e|”=Cd —_—
¢l @ aez.ﬂl-x d,cos 0,
where € is the angle between a and %.

Integrating over K]., summing over j and swapping summations and inte-
grals, one gets :

2
I

2 2 2 lex; — ex: k. ’
S S(K) || < Cdd Ky Y i la)
i ae oA, ext a

j=1 a ae o
and then one concludes with the error estimate in discrete H(l) norm (see [8]).

4. CONVERGENCE OF THE NUMERICAL SCHEME FOR THE HYPERBOLIC EQUATION

In this section one will prove the convergence of the solution of (10) toward
a weak solution of problem (2), (4), (5), proving the following Theorem :

THEOREM 2 : Let (gq, (5q )y n be a sequence of triangulations of Q2 and
time steps which satisfy the properties (6) and the stability condition (9).
One denotes by I, = (K, )l <j<pw and t?q) =nd,.

Let the sequence (ug s),cn With ug ;(x,t)= u(q);' if xe K}”) and

re [1,, ?;)][ where {u (‘I)",j e {1,.,L'Y) ne N}, is solution of the
discretized equation (10) assoctated to the triangulation J 4 and the time step

S,
Then :
1) there exists a subsequence still denoted (ua— 5 ), n» Which converges

toward u when g — oo, i.e. when h goes to O in L™(2 xR, ) for the
weak * topology, i.e. one has :

lim fj ”gq,éq(x’ tYyop(x, t)ydxdt= ff u(x,t) p(x,t) dxdt
g QxR 2xR,

for all ¢pe L'(Qx R.,).
2) u is the weak solution of problem (2), (4), (5), i.e. one has :

ff u(x,t)%?(x,z)dxdt—ff u(x, 1) VP(x) . Vo(x, t) dx dt
VR, o JRr

+

+f uo(X)ca(x,O)dX+J.f w(y, 1) p(y, 1) g (y)dydi=0
[o] T'JR

+
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for all pe C(RTxR,) with Q" =QuUT".
In order to prove the first part of this Theorem, one will prove in the subsection
4.1 an L”(Q2 x R, ) estimate on the approximate solution.

Then to prove the second part, one will first show, in subsection 4.2, a weak
estimate on the variation of the approximate solution, and then, using this
estimate, one will prove that u is a weak solution of problem (2), (4), (5).

4.1. L”(£22 xR, ) estimate on the approximate solution

Here one proves that the family (ug 4),cn 1is bounded in
L”(£2 x R, ), then, thanks to the sequential weak % relative compactness of
the bounded sets of L™(2 x R, ), it shows the existence of a subsequence,
still denoted (ug s ), n» Which converges in L7(2 x R, ) for the weak *
topology when h goes to O.

Let J be a triangulation of 2 and d € Rl which satisfy the property (6) and
the stability condition (9). Another expression of the equation (10) is :

n+1 n ) (Pk_Pj) -
uj =uj 1+S(I<j) E l(Cjk)—d;__— 2 gu

ke 1, P;> Py i€ 1.(j)

5 ( 2 nl( )(Pk—P]) 2 ~n +>
+ = u cC,)—+ u; g
S(Ig) ke 1, P> P , ]k djk i€ t(j) ney
for all j e {1, ...,L}.
So u!*! is a linear combination of the u;, 1<k<L and u,
i =1,2 or 3.

Then like in [S], thanks to (8) and to the stability condition (9), one has the
following properties :

1) the sum of the coefficients of the combination is equal to 1
2) the coefficients of the combination are all positive and one can write :

Kjeg Jj€ Toni=1,2,3

lu;+ll < max< sup |u;], sup | >

o p—
< - <smax( sup |u|, [ull p=r xg, )
KieJ

< max( ||u0||L-(Q), "E”L"‘(r*qu,)) .
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Then (ug, ;) cn is bounded in L7(Q2 xR, ).

4.2. Convergence of the numerical scheme

The L7(2 xR, ) stability gives the existence of a subsequence which
converges to u in L7(£2 x R_ ) for the weak % topology.

One will show that u is a solution of (2), (4), (5) in a weak sense.

Let I be a triangulation of 2 and J € IR*+ which satisfy the property (6) and
the stability condition (9).

One considers p € C;(27 xR, ) with QF =Q U TI'", and one defines
T such that, Vxe 27, supp(¢(x,.)) <[0,T—1] and such that there
exists Ne N such that N <T<(N+1)4d.

Multiplying (10) by %~ SC K ) @(x, t") and integrating over K, then summing
over j and n, one gets :

E ,+E, =0

+ > (9, u;-g; u"))

ket i€ 1.,(j)

In a classical way one could show that :

lim Elhz—f f u(x, 1) %2 (x,1) dxdt—fg up(x) 9(x,0) dx .

h—0 QVR,

The proof of the following result will be given :

lim E2h=+J f u(x,t) VP(x) . Vo(x,t) dx dt
R

h—0 2 +

—H u(y,t) p(y.t) dydt .
VR

+
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One defines E;, and E,, by :

il n n (P P]) n
E3h=25 E (u; — 1) J. p(y, 1) dy +
Y ke & Cig.

'j.

J~I i€ 1(J)

> -u) J.‘(_)co(%t")g(y)dy>

N
Ban= 2—‘65 fg ug 5(x,t") VP(x) . Vo(x,1") dx -

- jrﬁg,a(“/, ") o(y, t")g(y)d*/>-

The result will be proved in three steps.

The first step is the proof of the existence of a constant C = 0, independent
of J and &, such that :

172
|E3h_E2h| <Ch™.

According to (8) one has :

x
I

NoL ( _
2h‘225<2(“ —u ) (P = P)—— + > (u; — u}’,»)g,;>

n=0j ke 1 k ie t,(Jj)

1 i
X | ===<e(x,t")dx
J&S(W’ )

N l(Ck) (Pj—Pk)
E, = o - (ufi—u")——f o(x,t") dx
2h '2:0 ((,’,k)zey‘s(Kk) J k djk X,

L
2
Jj=lie i)

1 n “n + n
S(Kj)(“j — ;) g L(o(x,t )dx>
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thus :

|E2h“E3h| s

v (P,-P,) i(cy)
5 W —u" - x7 f ( , tn) dv — _J__f x, tn dx
; <(j‘k)zey‘ 7 k djk cjkw 4 7 S(Kk) Kk(ﬁ( )
S S jg-u) ggf(")d f (")()d)
+ w —u.| e~ | elxt")dx— oy, ) g(y)ay| |.
j=1ie () ! ’ S(Kj) K cdJ)

One defines :

. l(C,-k) }
D, = f p(y,t") dy — mjx p(x, 1) dx

ik

D= S(K;) fx PLx 1) dx = L(,-) o(r. 1) 6(r) dy

J

Remarking that if ¢ = C is constant then D, =0, one gets:

" n I(ey) n "
f (p(p, ") —op(x, ")) dy — S(Kk)J.K (p(x, ") —op(x,,t")) dx

ke

D, =

1

< Chl(e,).

Similarly one could show that :

D,< Ch.g/

J i
and then :

N (P P) n n
|E, ) — 3h|\C52 Z hjl(ck)__k_luj_ukl

n=0(jk)e &

N
+6>, > X kg, |-

n=0je T, ie 1,()
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To conclude, the following Lemma is proved :

LEMMA 2: Let J be a triangulation of Q2 and é € Ri which satisfy the
property (6) and the stability condition (9). Let T >0, one defines N by
NO<T<(N+1)0 and one supposes N = 1, then one sets

(P,—P)
EF(T)——52 hjl(cjk)Tlu —uk|+

(. k)e &

LSS he e <:|).

J€ T i€ 1)

Then there exists a constant C = 0 independent of 9 and & such that :
EF,(T) < Ch'?.

Proof of Lemma 2 : Let n € N, K; € J, one multiplies (10) by ;' and one
sums over n and j, then using the following property :

n+1l n 1

n n n 1 n 1 n 2
u]' uj_(uj)2=_§(uj+l"uj)z_i(uj)2+§(uj+])
one gets :

1 N L ol ) N L (P]—Pk)
(19) ——EES(K]_)(,‘;* — ) _522 Eun " Ic,)
2 = n.= =

n=0j

_ L
> (u;'u;g;—<u;)2g;)> <33 508) ()’

ie 1,(j) Jj=

Let B, and B, be defined by :

N L
BIZEES(K)("H u;x)Z

n=0j=
N L ( )
32=52021<k2u]_ l(ck) E()(juﬂ.g,.j—(u]'.') g9; )>
n=0j= €7 i€ 1,(j
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Then one has :

ol nN\2 n_n (Pk_Pj)
B,=5 () = 1 ) (ey) ——+
n=0 \(j,k)e & ik

= G

+2 > Wigr - () g; >).

=1 i€ 1))

Remarking that :

Y =iy =5 (0~ dy) 5 (W) -3 () VG e &

(P, — L (P P;)
() = Do) —g—== 3 3 ()" ¢e,) —7—=
(ke & j=lkex
and thanks to (8) :
2 (Pk_Pj) + - .
HE =g+ 3 -0 )):0 Vie {1,..L)
€T J i€ 1,(j

one can write :

N (P, _
Bzng(E(u"—uk) Wey)—F—— —Z 2 gu(u"—u;.;)z

n=0 \kert J=lie 1)

L -—
+> > ((w)’ gy —(u)g; >>.

J=lie 1))

Furthermore according to (10) one has :

ad L n+1 na2 ud < (57 n (Pk_Pj)
ZES(KI)(IJJ —-uj) =22S z( uj)l(cjk) d

n=0j=1 n=0j= ke ke

2
+ > g (i —u >

i€ 7.(J)

vol. 30, n°® 7, 1996



864 M. H. VIGNAL

The number of the neighbours of a triangle K is lower than 3, and the number
of its sides on the boundary is lower than 2, then thanks to the Cauchy-
Schwarz inequality :

N

2 n n (P/_Pk) 2

n=

L
2S(K)

Thus using this inequality and the last expression of B, in (19) one gets :

> (g7 PG - 'f)).

ie t.(Jj)

N P)
5ZO< >0 l(ck) U ~ )+§j > 0.9, (u—u')

(U k)e & j=lie 1))

L N L
+ > > (u;)zg:j)s(szg > (u )g,,+ES<K)<u>

Jj=lie 1,(Jj) n=0 i€ 145()
with :
(P,—P,)
0,=1- S(K)l(ck)—k>a
oD gt
Hj—l 5S(Kj)gif>a

So one can write the following inequality :

N (P,-P,)
03 3 Ue) g (- TARE DD NS T

n=0(,k)e & n=0j=1ie 1,(j)
1 2 1 =2 + K
= aS(Q) “uo”L“(g) +a |lu|le(r+XR*)TJ‘r+ g (J’)d7=a-

Using the Cauchy Schwarz inequality and the previous property one gets :

Py)
EF,(T) < n'?(£)" x (52 D hl(ck)( k" +
]

n=0(j.k)e &
N L 172
+
SIS S he)
n=0j=1ie 1,(j)
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But

N L
i > > hjg,}<Thfrg*(y)dy=ThG*

n=0j=17ie 1,(j)

with 7 and G* independent of J and 6.
Still using the Cauchy Schwarz inequality, one has :

(P,—P)
S hl(ck)——Tk—s

(jkye &
l(cAk)>”2< I(c,) 12
h?—2 Z(p.-P)) .
<<j,k>2ey’ 7ody (;:k)zey dy STk

5 < < C V(,k)e &, where C only depends on
o, d,

N

But

oy, o, and 7, s0:

I(C ) 12
(2w g (e
(.k)e & Tk U k)ey’

Thus to complete the proof of Lemma 2, it just remains to show that there
exists a constant C = 0, independent of J and &, such that :

(P~ P,

(jkye & djk

(20) ie,) < C.

This result will be proved in four steps (another proof is possible, using the
error estimate (11), see Remark 2) :

Step 1:

One shows that there exists a constant C; 2 0 such that:

2

) 172
1) 2 Z I(c,) < c,( > hj(Pj)2> :

j=1ker; j€ T oy
Multiplying (8) by P; and summing over j, one gets :

L

EEI(

j=lkew

> g, b -

j=lie ()

(PP, - (P)")
__k___ =

vol. 30, n° 7, 1996



866 M. H. VIGNAL
Then thanks to Cauchy-Schwarz
L

1/2 2
Z' E g,'jpj = ”g“L (r)<jeg hijj|>

J=1ie 7,0)
i
a, meas(1I) ||gHL(r)( h|P| )
j€ Teu

=

where meas(I") is the 1D Lebesgue measure of I

Furthermore one has :

~.
||M:~
L
=
m
&

and then :

E

=lkers

< 2 a)” meas(I') |Gl 1~y ( h(P,) )
jE gc‘l

Step 2:
One shows that there exists C, and C, positive such that
(P P+ C, ZS(K)(P)

35

(22) 2 h(P)’ < C,
T ext j=1lkerw;

£ is a bounded polygonal open set, first £ will be supposed convex. If 2 is
convex, then one defines two directions & , and 92 and one breaks up the
boundary of £2 in four parts, not necessarily disjoint as on the figure 3.

D

I, ]

. /\ < D, -
\

s

v
\
Ty

Figure 3.
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One denotes by J . (respectively T ., I ., T ., ) the set of the suffix of the
meshes which have sides on I} (respectively on I, I, I,).
Letje I, and X € JK,, then one defines :

.@“’ {(xpx) e Q3
{x,, x, ) is in the line which contains X and parallel to &
12 %2 p 1

AP ={ae A an D) =D}

int

Let p € C™(R2) such that Vxe Q, 0 < p(x) <1, p(x) =1 Vxe I}, and

p{x)=0 Vxe I,

Then for all j € J . one has:

(P < [(P) = (P o) |+ S |(Pes o)~

{1
ae o

—(Pg, @k )2‘ + (Pjof ¢jof)2

where jo. is the suffix of the element of J, such that there exists
i e {1,2,3} such that c,(jo,) N D’ = @, so:

2 (l(PK; (ﬂK; )2" (PK; (PK“* )2| + l(PK; (”Klf)z_ (PK; ¢K; )zl)
ae.}zf/&-”

IP _(P (ﬂ])l"'l( ]ox(pjox) _( ]oxxo)|

But ¢ is in C™(2) and belongs to [0,1], then one has :

> (JPrs — P | +C, Iy Py )+C(hum+h P )
ae A
where
. 2(a,)’ )
C] = | 14 “L“‘(E) a, and C2 = | @ l (@) @

Integrating over I}, one obtains :

> o hPi< > (|Py. — Py | la)+C h Py I(a))
jeIn ae o,

+C2a2< 2 S(K)P + 2 S(K)P>

jeTpn
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According to the Young inequality :

2 o, hj Pj?

J€ ?]’,..

< 3 (§1Pe —Pe P+ 1Pk =Pl | K@)+ C i, P (@)
ae int

+c2a2<§: S(K) P} + > S(Kj)P}>

je 9” je 9f,~3
I(a a .
then as Ei ) = 5 L for all a € &/, one obtains :
" a2 int

L I(c;)
> n(P) PP

2
je Ty 1) j=lke

|P,— P 7+

o L
+;?(3 a, + C +C,) > S(K) (P).
j=1

Similarly one could prove the same result for J ., 9 . and J .. Then summing
these inequalities, one completes the second step with convcx

If € is not convex then one breaks up its boundary I" in p parts
(I3;), < i<, disjoint and for all i = 1, ..., p, one defines I'! as on the figure 4.

Figure 4.

Then one defines for all i=1, ..., p, (p(i) e C™(Q2) such that Vx e Q,
0<¢(x)<1, ¢(y)=1if ye I, and ?(y)=0if ye I';. Then
similarly to the convex case one could prove (22).
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Step 3:
One supposes that :

L
> S(K;) P,=0
j=1
it is always possible since solutions of (8) differ from a constant.

Then as one has proved (11), one could show that there exists a constant
C, 2 0 such that:

L 5 L l(ck)
> S(K) (P)" < €, 3 X 7= (F=P).
j=1 j=lkev
Step 4 :
One concludes, remarking that :
I(c;) L I(c,)
jk 2 1 jk 2
(P.—P)Y == (P,—P)
G kye & djk / , 2,‘21 kezr djk / ,

then thanks to (21), (22) and (23) one has :

I(cy)

53

12
(P.~P) < c\/c+cc<2 > :
jlkE‘[

So the proof of the inequality (20) and of the Lemma 2 are completed, and
then one has :

12
|E3h_E2h| s Ch™.

Remark 2 : As P is supposed to be in cz(?z’), the estimate (20) can also be
given by the error estimate in discrete H, (1) norm (11), but our proof of (20) does

not use the property P € C*(2) and then it could be extended to more
complex cases.

" The second step is the proof of the following result :

|E3h _E4h| < Ch
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E, , can also be written :

NoL (P,—P)
=252 kE _7———d_k f p(y, ") dy +
€1 j Cy

n=0 j=1

ke

> (u}'—ﬁ}})f <0(y,t")g(y)dy>
i€ 7)) ()

and :

N L
E4;.=E(52<2“}1f VP(p) .ng(7) ol t)dy+ >, () —u,

i ik i€ 1(Jj)

j p(y, ") g(y)dy>
‘-'i(j)

then one gets :

(P = P)
—5—— = VP(y) . ()
ik

lo(y, t")| dy .

But according to (1) and @) if ¢=9(x, t") is constant,
|E;, — E,,| =0, thus :

|E3h_E

4h|

VP(xk) nK( k)

L
< Tlugll o0y C, 1 >, D, (l(c

J=lkerw

+J |[VP(x;) - ng(x;) = VP(y)  ng ()] dy)
where C, only depends on a, and the first order derivative of ¢.
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Then one has :

L
|Ey ), = Eyul < Tllugll =0 cth 3(C hi+ Cy k)
. /=

< 3(C,+ Cy) S(R) Tllugll yy C,p 1 -

One concludes remarking that :

lim E4h=fj u(x,t) VP(x).Vo(x,t)dxdt —

h—0 QVR,

—JJ u(p.t)p(y.t)g* (y)dyar

+

which completes the proof of the numerical scheme’s convergence.

Remark 3 : One can prove the same results for a system a little bit different
than (1)-(5), where (3) is changed by a Fourier condition :

VP(y).n(y)+ AP(y)=9g(y) ye I

where 4> 0.

Then one must introduce some unknowns at the boundary. As fluxes are not
exact on the boundary, the error estimate, in discrete H ! norm, includes
boundary terms.

The technic used to prove the error estimate in discrete H(l) norm is closed
to this used in this note.

Acknowledgements : I wish to thank Thierry Gallouét and Raphaele
Herbin for their attention to this work and their precious remarks.
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