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ON THE CONVERGENCE OF A MIXED FINITE ELEMENT METHOD
FOR REISSNER-MINDLIN PLATES (*)

by C. LovapmNa (1)

Communicated by F BREzz1

Abstract — We consider a mixed finite element method, proposed by Weitssman and Taylor,
to approximate the solution of the Reissner-Mindlin plate problem Only the limit problem of
« zero thickness » is studied For this case we provide a convergence result for transverse
displacements and rotations, thus showing that the element 1s locking-free

INTRODUCTION

The Reissner-Mindlin theory is widely employed by engineers in connec-
tion with plate problems. However, it’s commonly accepted that finding a
good finite element scheme is not at all a trivial task. Indeed, many methods
fail the approximation whenever the plate thickness is « too small », because
of the well known shear locking phenomenon (¢f. [8]). Thus, development of
general procedures to avoid this problem is still an active area of research. A
lot of methods have been proposed so far, but, even if numerical tests show
that they work properly, most of them are lacking a rigorous proof of
convergence and stability. This is the case of a scheme proposed by
Weissman and Taylor (cf. [11]).

The aim of this paper is to provide a first analysis for the above method,
relatively to a clamped plate.

An outline of the paper is as follows. In section 1 we briefly recall the
Reissner-Mindlin model. In agreement with the standard mathematical
practice (cf. [4], [S5]), we introduce a « problem sequence », leading to a
well-posed limiting problem. In section 2 we describe the Weissman-Taylor
method only for a very simplified geometry. The scheme makes use of

(*) Manuscript recerved October 28, 1993.
(1) Istituto di Analis1 Numerica del CNR, 27100 Pavia, Italy
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558 C LOVADINA

Wilson’s nonconforming element One could perform a direct analysis by
means of the usual techniques for nonconforming elements (cf [9])
However, we prefer to statically condense the internal degrees of freedom,
so that we work on a conforming formulation In section 3 we perform our
error analysis for the limiting problem and get an optimal convergence result
for transverse displacements and rotations (proposition 3 1)

Throughout the paper, the letter ¢ will denote a constant independant of
h and ¢, not necessarly the same at each occurence

1 THE REISSNER MINDLIN MODEL

Let us denote with A = 2 x - 1/2, t/2[ the region in £ ° occupied by an
undeformed elastic plate of thickness ¢ >0 The Reissner-Mindlin model
describes the bending behaviour of the plate i terms of the transverse
displacements and of the fiber rotations normal to the midplane 2 From a
mathematical point of view, the problem consists i finding the couple
(8 (), w(t)), minimizer of the following functional

3
(3 (), w(t)) = %a(@(r), 3 (1)) +
+i‘2l||1_9(t)—yw(t)||g O—J faw(t)dxdydz (11)
A

over the space (Hy(2))* x H)(2) (clamped plate)
In (1 1) we have posed

(1) 4 and w are the fiber rotations and the transverse displacements,
respectively

m) a(.,.) (HIR)P? x (HY(£2))* > R 1s a bilinear continuous form
defined by

a(d, n) =
E J {< 39, aaz) an, 39, 89, \ 91,
=— — tV— | — + (V—F+— ) =+
12(1 — »%) Jo ax ay ax ( ox 3y ) dy
1—vp (08, 89, an, 97,
+ —_—+ — —_—+ =
2 ( dy ox )( ay+ax )}dxdy
where 4 = (&), 9,), E 1s the Young’s modulus and » 1s the Poisson’s ratio

O<v=<1/2)

() A = __Ek
2(1 + v)
) f= (0,0, f3) 15 the transverse load per unit volume applied to the

plate

with k shear correction factor (usually taken as 5/6)
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A MIXED FINITE ELEMENT FOR REISSNER-MINDLIN PLATES 559

Note that, by Korn’s inequality, a(., . ) is indeed a coercive form over
(H)(£2))?, i.e. there exists a constant a > 0 such that for all 3 € (H(£2))*

a(®, N=alld?.

This assures the existence of a unique couple (¥ (¢), w(f)) minimizing
11,
The standard Euler equations associated with the functional 17, lead to :
PROBLEM 11, : For t =0 fixed, find (3 (t), w(t)) € (Hy(2))* x Hy(£2)
such that :

P a(B (), 1)+ AE@WE — 8(1), Yo — 1) = | f0
JA

V(n,v)e (Hy(2)Y x Hy(2). (1.2)

A straightforward discretization by finite elements based on formulation
(1.2) typically locks in shear (cf. [8]). Therefore, we use here a mixed
formulation derived by introducing the scaled shear stress

y = At 3(Yw - &)

as independent unknown. It turns out that the problem is now changed into a
saddle point problem for the new functional

w

AP
2

M3, w y)=>5a(d, &) - 7]+ 2, Yw—8)— | faw
Y D) Lo Y B

(1.3)
on (H§(£2)y x Hy(2) x (L*(2)).

In order to study a discretization based on formulation (1.3), we make the
following choice for f5:

f3(t,x,)’)=[2f(x=)’)-
Therefore, the associated Euler equations read as follows.

PROBLEM II,: for t >0 fixed, find (3, w, v)€ (H5(2)) x H)(2) x
(L% (2))? such that

a(@, 1)— (y,m)=0 V7 e (Hy(2))
(v, o) = (£, v) Vv e Hy(2) (1.4)
ATy, ) - (Yw =9, 5)=0 Vse L*(2)).

For problem 17, it’s standard to obtain (cf. [5]) the

vol. 28, n° 5, 1994



560 C LOVADINA

PROPOSITION 1.1 : Given t =0, there 1s a umque triple (3, w, v) n

(H(l) 2)) x H{(02) x (L2 (02))? solution of the variational system (1.4) ®
Furthermore, 1t’s also well-known that, due to our choice of loads, the
following uniform boundedness result holds (cf. [4]).

PROPOSITION 1.2 : Let (3 (), w(t), :y(t)) be the solution of (1.4), then

there exist two positive constants a and b, independent of t, such that

a<|ly®l, + 1200, ,+ Iw®l, ,<b

where I'' = H '(d1v ; 22) s the dual space of I' = Hy(rot, £2) and 1t 1s
supplied with the norm
Il =27, o+ v y]?,, =

Proposition 1.2 allows us to perform a passage to the weak limit for
t — 0 and thus to consider a virtual « limiting problem », never used 1n the
engineering practice but very useful for theoretical purposes, especially as
far as an element tendency of suffering from locking 1s concerned.

It’s, 1n fact, straightforward to obtain (cf. [5]) the

PROPOSITION 1.3 (Problem /1) :
Let (9o, wo, Y0) € (Hy(£2)) x Hy(2)x H™' (div, 2) be the weak
limit of (9 (¢), w(t), v (¢)), that 1s
v (@) - Yo weaklyin H~! (div; 2) for ¢t -0
B (1) - 9, weakly m (H)(£2))>? for 10
w(t) »wy weakly n H}(£2) for t—-0.

Then (34, wy, 2’0) solves :

a(@o, 1) = (v, M) =0 V7n € (Hy(£2))
<Z°’ Yv) = (f, v) Vv e H ()
(Ywy— 3¢, s) =0 VseH Y(div; 2)
where ( , ) represents the duality pairing between H~ !'(div; £2) and 1ts

dual space (which 1s again the usual L?(£2 ) mner product when the functions
are smooth enough).
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A MIXED FINITE ELEMENT FOR REISSNER-MINDLIN PLATES 561

Moreover, wq solves the Kirchhoff-type problem

EA’wy= (12— »)f in

wo=0 on 4
owy

—=0 on d42.
on

2. DISCRETIZATION OF THE PROBLEM

From now on, we will consider only the case of a square plate with edges
parallel to the coordinate axes (x, y) and of length L. Moreover a typical
mesh T, will be obtained by partitioning (2 into »n x n equal squares, with
2h=Lin.

Thus, for each square K € T, there is an affine map F x from the standard

reference square K = {(¢(,m): ]| =<1 and |n| <1} onto K defined by

FK(fa 17) = (xK+h§’ yK+h77) (2'1)

where (xg, yg) is the barycenter of K. As usual, from an assigned function
p:K > 2 we can get a corresponding function vg: K — 2 by

vK(xv Y)== ﬁ(FI_(l(-xv J’))

In order to perform the analysis of the method proposed by Weissman and
Taylor (cf. [11]), we first need to introduce the following finite element
spaces :

y={yie L @)Y : yy|ge P (K)} VYKeT,}
0, = {9, € Hy(2)): 8)|ce (Q:(K)) VK eT,}
W, = {w,e Hy)(2) :w,|x€ 0,(K) VKeT,}.
We also consider the space of nonconforming bubbles defined by :
Byc = {ve L*(@2):0|,eSpan {1 - &% 1-n% VKeT,}
and we eventually construct
OF = 0,® By Wi =W, ® By .

Because of the non conformity of W, we need to define a differential
operator

v, Wi (L2(02))

vol. 28, n° 5, 1994



562 C. LOVADINA

where V, v, is the element by element gradient of v,, thus ignoring possible
discontinuities along the element interfaces ; we also define

ah(.,.):@hx@h—),@ ah(.,.)= ZaK(-,.).

KeTy

We are now in the position of stating the Weissman-Taylor method.

PROBLEM WT, For ¢ =0 fixed, find (3, wy, ¥,) € O@F x W;* x I'}, such
that

ap(@p np) — (Yp M) =0 Vn,€ 6F
(Zh’ Yh Uh) = (.fv uh, c) Vuh € W}:k (22)
/\_ltz(z'h, s)— (Vywy,— 8y, 5,)=0 Vs, el

where v, . is the conforming part of v, € W*.

Remark : In their paper, Weissman and Taylor assume the loading term to
be L2-orthogonal to the nonconforming displacements. This is a very
restrictive assumption and even a constant load does not meet it. In what
follows, we shall show that a convergence result can be obtained whitout any
a priori orthogonality condition, but simply dropping out the contribution of
nonconforming bubbles to the loading term (c¢f. second equation of
(2.2). O

Formulation of problem WT, is not yet the final formulation on which we
will perform our error analysis. Our goal is to reach a conforming
formulation, i.e. one in which we do not deal with bubble functions anymore.
Even if calculations are rather tedious, the idea is very simple : it’s just the
well known procedure of static condensation. We will proceed into two
steps.

Step 1 - Elimination of nonconforming rotations.
First of all, let’s choose a basis for (By.)> once and for all.
Let’s consider b, : K — & defined by

big M) =2 A=) by&, m)=3 (1 -n?)

(the factor 3/8 has been introduced in order to have J b,d¢é dn =1).
K

Set # = {(bg, 0), (O, b,K)}’K:ElT’2 where b,x: K — & is obtained from
h

b, by Fx: K> K.
It’s easily seen that # is a basis for the space (Byc)* and that one has
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A MIXED FINITE ELEMENT FOR REISSNER-MINDLIN PLLATES 563

J b,x(x, y)dx dy = h>. Now, let us consider the first equation of system
K
2.2):

a (8 mp) — (Yo M) =0 V7, € OF. (2.3)

From the structure of @/ it’s clear that

(i) There’s a unique decomposition
By = ¢+ Iyc with 8.€ 6, and Iyc € (Byc)

4
() dyc = Y Y @k nvc, x where
KeTpi=1
Mve,k = 01k 0)5 Ml x = (brg 0)5
nivc.k = O, b1g); nhe.x = 0, byg)

and the «,;’s are uniquely determined real numbers.
Henceforth, choosing 7jyc g as test functions, equation (2.3) becomes :

4
Z @,k ag(Myc, k> e, k) = (Yw e, k)k —ax(Bc, Mhe, k) J=1,..., 4.

=1

2.4)
Note that the matrix c,’j = lag(pe, k> 'Llfvc,l()]?,,ﬂ is a diagonal non-
singular one, so that we have

agch = Vp e k)k —ax(Be, Mye,x) P=1, .4 (24

Equations (2.4)' allow us to determine the a,g’s (and so 9y |¢) in terms of
P¢ |k and v,]|g. Collecting all these local relations over K € T}, we can then

determine 3y in terms of d. and v,. If we now choose 7, € @, as test
functions in (2.3), we get

4
a(dc, nc)+ Y Y @k ax(Ine x> Mc) = (Yw 1c) VY1c€ 6,. 2.4

KeTpi=1

Using (2.4)', equation (2.4)" becomes, after some (rather cumbersome)
calculations

a(dc, ﬂc)—hz Bzz (A, Anedx — (Zh’ M¢) +
K
+HBLY (v Anclk =0 Vnce O, (2.5)
K

vol 28, n° 5, 1994



564 C LOVADINA

where the B,’s are positive constants and A 1s exactly the linear operator
induced by a(., . )1n the natural way Using (2 4) again, but this time 1 the
third equation of (2 2), we get

’\_lfz(Zh’ n1) — (Vpwy, — B¢, 5,) — 1 B, Z (Adc, )¢ +
K
+H B3y Poyw k=0 Vs, el (26)
K

where 5 1s constant and P 1s the (L?(£2))*-orthogonal projection operator
onto the piecewise constant functions

Remark In the following, we will explicitely use the value of
B, For completeness, let us display all the 8,’s values

2 2H 'Q—v+2v? H '3-v)
B,=ZH B, = =
'3 2 3(1 + v )? Pi="3"733
where H:L O
121 — v

Step 2 Elmunation of nonconforming transverse displacements

Looking at the second equation of (2 2), we find that

(Yo Yione) =0 Yoye € By

This fact suggests us to split the finite element space I7, 1nto
Iy = '*® V,Byc where I'f 1s easily recognized to be

It = {yne Q@) ylxe Q1K) x QoK) VKeT,}

(Q, ,(K) 15 the space ot polynomials, detined on K, of degree =i n
x and of degree < 1n y)
In order to eliminate the non conforming part of w,, 1t’s then sufficient to
use I"R both as trial space and as test space for the approximated shear stress
What we have done so far can be summarized 1n the

PROPOSITION 21 Let (8, wy, v,) € OF x WF x I'y, be solution of
problem  WTy If O,=938c+3yc and w,=we+ wyc, then
(B, we, 2/,,) € 0, x W, x 'R solves

M? AN Modelisation mathematique et Analyse numerique
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A MIXED FINITE ELEMENT FOR REISSNER-MINDLIN PLATES 565
PROBLEM CWTy,
a(dc, n¢c) =M B, Y ASc, Anc)e — (Y M) +
K
+h2512(2’h,A7_7c)K=0 Vnce o6,
K
(Zh’ Voe) = (f, v¢) Vv.eWw,
At 12(2’;1, 8) + h* B Z Po Y Sk — Ywe — B¢, 5) —
K
—H B, Y (Adc, 5) =0 Vs ely.
K
Q.7 m

Remark : Note that, because 7. ¢ (Hé(K ))?, static condensation of

nonconforming bubbles leads to a method in which a consistency error is
introduced : it’s indeed suddenly seen that the solution of the continuous
problem (cf. equations (1.4)) does not solve system (2.7), since B, # B , for
i#j. O

We haven’t yet shown that Weissman-Taylor problem admits a unique
solution, at least for the case ¢t = 0 ; to do this, we use the formulation (2.7)
above. We need

LEMMA 2.1 : There exists € = 0, independent of h, such that

a(@p 9)) —h* Y Bo(AD), Ad))k = ca(8), 8,) VI,€ 6.
K

Proof : 1t’s cearly sufficient to prove the lemma locally. First of all we
have

W By (Ad), Ay = B2(Ad), AD)k
and

ag(Fp, Bp) = ag (8, &) V,€ 6,
so that we just need
(1 — &) ag(Fy 3)) — Br(Ad)y AD))i =0

Vé, e (0,(K))? forsomee O<e<1.

vol. 28, n° 5, 1994



566 C LOVADINA

If we now split 1_§,, = ﬁl + 11;‘2 mto 1ts linear and pure bilinear part,
respectively, 1t’s suddenly seen that

(A — &) ag(Fy 9,) — Br(Ad ), Ad )=
= (1 - ¢e)ag(d, 3,) — Br(Ad,, Ady)xy  (28)

Let us put 1152 =a(é€1,0)+ a0, én)=a,; 0, + a, 0,
Because we have

a(@y, 0y) = a(by, 0y), (Aby, Ad)) = (Ad,, Aby)
and
(A, Ady) = a(d,, 2,) =0,
then we get from (2 8) that we only need
(1 —&)a(@y, &;) — B(ADy, AD;)=0 29

Recalling that 8, =2 H '(1 — v + 2 »?3)/3(1 + v)%, a calculation shows
that (2 9) 1s true whenever 0 < ¢ <4/5 The proof 1s complete B
The following proposition holds

PROPOSITION 2 2 For t =0 fixed, there i1s one and only one solution
(8¢, Wes Yi) € O, x W, x I'R of system (2 7)

Proof Assume that f = 0 and let (d., w¢, v,) be a solution of (2 7)
Choosing n¢ = ¥¢, Vo =we, S§,=7v, n (27) and adding the three
equations so obtained, we get

a(@c, 9c)— M B Y (Adc, Adc) +
1.4
+ A2 | llg BB Y [Powilly =0 @10)
K
By lemma 2 1
0=C [2cl} ,+ 27 2 ||mll} ,

so that 9, = v, =0 From the third equation of (27) we finally get
Vwe=0,1e we=0 R

M? AN Modelisation mathematique et Analyse numerique
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A MIXED FINITE ELEMENT FOR REISSNER-MINDLIN PLATES 567

3. ERROR ANALYSIS

We will consider only the « limiting problem » (¢ = 0). Recall that the
continuous problem 1s :

PROBLEM II,. Find (89, wy, ¥o) € (Hy(2))* x Hy(2) x H '(dwv ; 2)
such that )
a(8o, )~ (¥, 1) =0 V7 € (Hp(2))
(7o Y0) = (f, v) Yo e Hy(Q2) (3.1)
(Iwy — 3¢, s) =0 Vse H '(div, 2)

while the corresponding discretized problem 1s

PROBLEM CWT,, Find (8, w;, v,) € @, x W, x '} such that

a(@p 1)~ By Y (A4 Anyx — (v M) +
K
+h2/312(2'h,A"_7h)K=0 V1,€ 0,
K

(i Yvi) = (f, v4) Yo, e W,
W B3Y (PoYi sk~ (Yw,— 94 5) —
K

—1BY A%y, 5% =0 Vs,elr
K

(32)

Remark It’s easily seen that the couple (&,, w,), part of the solution of
problem CWT,,, 1s uniquely determined by equations (3 2). Unfortunately,
this 1s not the case for y, Nevertheless, the L>-projection of vy, over the

piecewise constant functions 1s unique : see, for instance, the third equation
of (3.2). O
Our error bound 1s

PROPOSITION 3.1 . Let (3¢, wg, vq) be the solution of problem 11, and
(84, Wy, i) a solution of problem CWT,, then there exists a constanc ¢

independent of h, such that one has
|8, — "—90”1,9 + lwi = woll, o+ r|Pg i —POZOHO 0 S

=ch quO“% o™t ”20“0 n +h ||Zo|l| g)' (33)
|

vol 28, n° 5, 1994



568 C. LOVADINA

Before turning to the proof of proposition 3.1, let us recall some known facts
about the method of Bathe-Dvorkin (c¢f. [3]), which we will use to perform
our error analysis. In that method the space

Q) = {my€ Ho(rot; 2): pylg€ Qo 1 (K) x 0y oK) VK eT,}

is used to approximate shear stress. Note that Q, = I'f and they are locally
built up by the same functions. Because of the conformity O, < Hy(rot ; 2),
it’s then possible to define an interpolation operator

R, :W = (H'(2)?NHy(ot; 2)— O,
locally determined by

f (m —R,m).tds=0 Ve, edgeof KeT, 3.9
€

satisfying
O f[n —Rynf,<ch|nl, YneWw, (3.5)
(i) if n € W with rot 7 = 0 is smooth enough, then there is (n;, v;) €
®, x W, such that

Ia | s - el
{Il’_/ T =

Rhglzyvl‘

=
1
w
—~
~’

—~
W W
~N O

~

For a detailed discussion of Bathe-Dvorkin element, see for instance [3], [6]
and [7].
We need the following

LEMMA 3.1 : Under our hypotheses on {Th}h>0 and 2,
Ry ¥, =1,39, V3I,€c6,
where IT,,: (H)(£2))* - I, is the usual L?(£2 )-projection.
Proof : It’s sufficient to prove the lemma on the reference element,
because in our case we have
I, 9, = I, 8,]x and R, 8,=R, k-

M? AN Modéhisation mathématique et Analyse numénque
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A MIXED FINITF ELEMENT FOR REISSNER-MINDLIN PLATES 569

Let (Rh éh)l and (ﬁh 1_§h)1 be the first components of Ié,, zjh and ﬁh éh,
respectively. If 15;, = (151, éz) € (Ql(f())2, from (3.5) we get

. . 3 4
Rpdn 0, 1) =3+

12 . (3.8)
Ry B4, 0, - 1) = 22

where ¥’ is the value of &L at the i-th node
]

v 92

-
—— i

ﬂl

?7
!
¥

B
i
f
t

On the other hand

(T, 33 (&, n)=%[(v‘“+ 92+ 934+ 9N+ (-9 =92+ 93+ 9 7]

so that
N 93+ 94
L, 8, (0, 1) = —
91, 92 (3.9)
P +
I, 84), 0, - 1) = —

But both (R, 9,), and (I7, §,), belong to Q, ;(K), so that (3.8) and (3.9)
imply (R, 9 = (fI,, 9,),- A similar argument shows that (R, 9,), =
(I:Ih éh)z. The lemma is proved. B

If we now introduce the notation

Mh(@h! Wha Zh; l’hs vh9 .§h) = a(’l_?ha 1’}1) - h2 BZ Z (A'th Ayh)k +
K
+ (Yp VO, — M) + R BLY (yp Anpg + R B3y (Po¥w Sw —
K K
— (Yw;, — 4, §h) — h? B, Z (Al?ha §h)K
K

vol. 28, n° 5, 1994



570 C. LOVADINA

then our finite element method is
A, (D), Wy, Y Mw Upo s = (f,vp) V(l]h, Uy Sp) -

At this point, we can finally give the
Proof of proposition 3.1 : Let us set

Eg =T, — U, &, =w,—w; £7=Zh_21 (3.10)

where (¢;, w;) are the interpolations of (&, wy) as in Bathe-Dvorkin
method, and y; = Py yo. It’s clear that (¢f. lemma 2.1)

a(llgolli,n +h||Py §,|Ié'n)sﬂh(§ﬂ, Ewr £45 50 Er £,) (3.11)

for some « = 0 independent of A.
Add and substract &, (g, wg, Yo £9, & £,) to the right hand-side of

(3.11) ; taking into account (3.1) and (3.2) we then get:

dh(gﬂa gw’ s‘y 5 £9> 8w3 g-y) = Al +A2 _A3 _A4 +A5 +A6 _A7

where

A= h? Z.Bz(AQI, Agglk; Ay = h? 2'31(2'1’ Ags)ks
K K

A3=h2

=™

Bi(gy, Ad)ks Ay=hY B3(vr €)'
K

A5=a(

1%

0o— By, £5); Ag= (ZO— Y Ve, — £5);
A7 = (g, Vwg —wp) — (89— 8))).

Let us estimate the terms above
(A}) On each K € T;, we have

hZ(A’Qh Agy)y = hz(A('QI - 1_9()), Aéa)[{ +
+ hZ(AQO’ Agﬂ)K =<ch ”"—90”2,]( ”§19 “] K"
Thus

|A;| <cb? | 1—90”2,0 +% Il s ||f , With a; >0 tobechosen. (3.12)

(A,) We have (y;, Agy)g = (v Agy )y because

Poyo=7 and Agy|ge (Po(K)).

M? AN Modélisation mathématique et Analyse numérique
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A MIXED FINITE ELEMENT FOR REISSNER-MINDLIN PLATES 571

Then, by a simple scaling argument,

|A2| =<ch “_‘)_’0”0(2 ||§17”1,!2 <ch? “20“30 +
+% ||§,,||i!2 with a, > 0tobe chosen. (3.13)

(A3) One has
(&), AO))x = (Pog,, Ad))x = (Po gy, A(F; — Fo))x +
+ (Pogy Aok =<c [Pogylly ¢ 120l ¢
so that
4] =ch? [Poe,lly o 1B0ll, o=t [20]2 , + 57 [Poe, 2,
with a; > 0tobechosen. (3.14)

(Ay) From (v, £,)x = (v1, Po £,)¢ We get

a
[4a] <c<h® [ %[l , 1P0 21l o =cb? [0l , + _21,12 1P &, ,,
with a4, > 0tobechosen. (3.15)

(As) It’s straightforward to obtain
c 2 cas 2
a5l =55 20— 24}, + 5 Nl

with a5 > 0tobe chosen. (3.16)

(Ag) We have (ZO -7 V(w, —w;)— (8, — 9,)). Now, from the third

equation of (3.2) we see that Vw, = I, 9, + ,¢, where ¢ is piecewise
constant. By lemma 3.1 we obtain

[A6| = (Yo— 70 Rp(By = 91) ~ (3~ 9,)) =<
= ”ZO_YIHQQ ”g-&_Rh §17”0‘_(2SCh2 ”ZOHLH "éﬂHLQs
< ch* “ZOHin +-L?2E ||§,9||i!2 with a ¢ > 0 to be chosen .
(3.17)

(A;) We have A;= (e, Vw,—-1II,9;) and so, by lemma 3.1
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A, = (¢,, R, 8, — R, 9;)=0. If we now take aq, ..., @ small enough,
estimates (3.12)—(3.17) together with (3.11) and (3.6) give

19 = 24lly, o + 2 |PoCra—D], , =

<ch ([ 8oll; 5 + [[70lly o + 7 [0l p)- G18)
Therefore, by the triangle inequality
12h = Boll, o+ 2 [|PoCra = y0), , =

<ch (| 2olly o + [70lly o + 5 ll70ll, ) G-19)

As far as an estimate for transverse displacements is concerned, let us
consider the third equation of (3.2). We have locally Vw, = II, 8, —
h*B,Ad, +h B3P, y, on each K € T,, so that

[Ywy, = Yw = ”Hh ), — Ry d — h* B A, + 1 B3 P Zh”o s

= (lemma 3.1 and scaling arguments ) <

=< |8, - 1-91”1,1( +ch ”’—9h||1,,<+h233 ”Po _yh||0,K-
Squaring and summing up over K € T,, we get
19w, = I 12y <cll@s—2,0] o+ #2112l 5+ h* [Povally )
and finally, by (3.18) and the triangle nequality,

Iwa = woll, o =<ch (I%oll; 5 + [l v0lly o +2ll70ll, .0 3:20)

(here we have also used Korn’s 1nequality).
Taken together, estimates (3.19) and (3.20) complete the proof of
proposition 3.1. B

CONCLUSIONS

We have considered a mixed method for the Reissner-Mindlin plate
problem, proposed by Weissman and Taylor. For this scheme, we have
developed our analysis only for the limit case ¢z = 0, proving that the
transverse displacements and the rotations converge with optimal rate. Even
if we haven’t dealt with the problem of uniform convergence in the plate
thickness ¢, we believe that the behaviour for ¢ = 0 is indeed very indicative
of an element performance.
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