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CONVERGENCE AND ERROR ESTIMATES
IN FINITE
VOLUME SCHEMES
FOR GENERAL MULTIDIMENSIONAL
SCALAR CONSERVATION LAWS
I. EXPLICITE MONOTONE SCHEMES (*)

by J.-P. ViLA ()

Communicated by P. G. CIARLET

Abstract. — We study here the convergence of Finite Volume schemes of monotone type for
general multidimensional conservation laws. By generalizing a previous result of Kuznetsov for
Finite Difference schemes, we obtain under general assumptions error bounds in h'"* when the
initial condition lies in BV (R?) ; convergence follows for initial conditions in L* (R?) N L' (R?).

Résumé. — On étudie ici la convergence de schémas aux Volumes Finis de type monotone
pour des lois de conservation multi-dimensionnelles générales. En généralisant un résultat
antérieur de Kuznetsov pour des schémas aux Différences Finies, on obtient sous des
hypothéses générales des majorations d’erreur en h'™* lorsque la condition initiale est dans
BV (R?) ; la convergence en découle pour des conditions initiales dans L (RY) N LT (RY).

1. INTRODUCTION

We consider here a general nonlinear hyperbolic scalar equation, with
initial condition :

u,(x, t) +div (F(u(x, 1)) =0, xe R%, t e R* ,

u(x, 0) = up(x), x € R,

1.1)

where F is a smooth R valued function and u is scalar.

We are interested in the numerical approximation of the entropy weak
solution (in the Kruzkov [14] sense) of this problem. We consider Finite
Volume explicit schemes of monotone type, defined as follows :

Let T, be a triangulation of R (Rd =J K) .

KeTy

(*) Manuscript received February 22, 1993.
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268 J. P. VILA

We denote by m(K) the measure in R? of the cell K, by e; (K)
(i =1, 2, ..., ng)the faces of K, by Mo k the outward unit normal to the face
e;(K), by m(e) the measure in R?-"! of the face e. Let S » denote the set of the
faces of the triangulation.

The family of triangulation 7, is regular in the following sense :

There exists two positive real a_ and a, such that:

i a_h =mE)<a, h? VK e T,

(1.2)
() a_ h'"'<=me) <a, "' Vees,.
These conditions are classical in Finite Element analysis. They are not
stringent, they just avoid local degeneracy of the mesh. We also suppose that
ng is uniformly bounded by ny.

Let {t", n € N} be an increasing sequence of time values, we consider a
Finite Volume method of monotone type. It yields a piecewise constant
approximation u, :

u,(x, t)=up V(x,t)eKx [t", "+

n n k" noon
uk+] = Ug — m EZK g(n, g ug, uKe)m(e) (1.3).

u,(x, 0) = ;n_fl_K_)J u(x, O)dxsu?( Vxe K
K

where k" = t"*1 — ¢" is the time step.
We study the convergence of u, as 7 — 0, we shall suppose that the
sequeinice {k"} is such that therc cxists two positive functions of

k* (k) and k™ (h) satisfying :

iy

O0<k (h)<k"=<k* (h) (1.4)

g(n, k. ux, ug, ) (K, is the neighbourgh of K along the face e) is the numerical

flux of a 3 point monotone scheme in conservation form for the 1D scalar
conservation law :

(6, 1) + 0 ((F (ulx, £)) . n, 1)) =0 (1.5)
such that :

(1) g(ny u, U) = _g('" n, v, u) (16)
G) gmu,u)y=F@).n.

We shall suppose that g(#, u, v) is a Lipschitz continuous function of u and
v
For any M > 0, there exists a positive constant 0J,, which is an increasing
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FINITE VOLUMES SCHEMES... 269

function of M such that :
Yu,v, u', v’ suchthat |ul, |u'|, |v], |v'|<M, VneR?

lg(n, u, v) — g, u', v)| < QoM)(Ju~u'| + |[v—0v']). (L.7)

When the triangulation is a cartesian grid, the Finite Volume method
reduces to classical Finite-Difference monotone schemes. L! convergence
has been analysed by Kuznetsov and Volosin [13] and later on by Crandall
and Majda [7] for monotone schemes. L' error estimates in 42 have also
been established by Kuznetsov [12].

Recently, following Szepessy [17] in his analysis of the convergence of
the stream-line diffusion Finite Element method, several authors ([5], [3],
[6], [1]) get some convergence results for Finite Volume schemes by using
the uniqueness result of Diperna [10] for measure valued solutions of (1.1).

Here we take a different approach. We extend results of Kuznetsov [12] to
Finite Volume schemes and prove the following result :

THEOREM 1.1 : Let u,(x, t) be an approximate solution of (1.1) with initial
data in L® (RY) N LY (R?), computed by the monotone Finite Volume scheme
(1.3).

We suppose that the following CFL condition is satisfied (for some
constant ¢, 0 < e < 1):

k+

su
P h

fu}, |v} < ]|u°”w

cES,

Eh) |0, (u,v)| <1-¢ (1.8)

e

If the initial data lies in BV (R?) and if the triangulation is regular, then for
any bounded ( there exists two positive constants K, T) and v (2, u®, T)
such that :

Forany t<T

(e, ) = uy(es Ol gy = A+ Vm(@2) K@, T) x
/ N

x %17’3— + (2,4 T) (1.9)

where u(., t) is the entropy satisfying solution of (1.1) and v is such that :

) lim v (2, 4% T)diam (2) ' =0

diam (2) > ©
Gi) v»2,u%T)=0 if u®has a compact support and
diam (2)is sufficiently large .
In particular for (Wk™) = 0(1) we get a L' rate of convergence in-

h1/4
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270 1. P. VILA

If the initial data only lies in L*(R?) N L' (R?) and if the triangulation is
regular, then u, converges uniformly (for bounded t) in L' (R?) towards u :

lim sup Hu(-,t)_uh(-a[)”Ll(Rd):O (1.10)
h-00=t=T

as soon as .

im 2+ _o. (1.11)

-0 k-

We refer to the Section 2.3 for the exact definititions of Q, the numerical
viscosity by edge, and of %, . The paper is organized as follows :

The second section introduces main features of monotone schemes, in
particular L' contraction properties. We also recall an estimate involving the
numerical viscosity that we have previously established in a joint paper [1]
with Benharbit and Chalabi. This estimate is a crucial argument in the proof
of the estimates of the last section (Proposition 4.1). The third section is
devoted to an extension of Kuznetsov results on error bounds, in particular
we relax his main assumption on the approximate solution, we don’t need
that it belongs to BV, we just require it is L' Lipchitz in time.

In the last section we establish a weak entropy production bound which
allow us to prove Theorem 1.1 by applying the results of the previous
section.

We now make some comments related to our results.

Remark 1.1 : Taking monotone scheme is not essential although it is
actually used in our proof to establish L' lipchitz in time estimates. The
hypothesis of Theorem 3.1 can be weakened in a way that allow us to extend
our estimates to general E-scheme for which results of Section 2.3 and
Proposition 4.1 are still valid. That will be analysed in a forecomming paper,
together with implicit Finite Volume schemes and some higher order
extensions.

Remark 1.2 : For general E-schemes we have established in [1] conver-
gence (without error estimates) of Finite Volume methods under less
restrictive assumptions :

— no regularity hypothesis as (1.2) are needed

Our present convergence rate estimate is significant even if lim #/k~ = 0,
h—0
which could be necessary in applications with stiff source terms. In particular
we get convergence for any ¢ = O such that k* = k= = A%~ °.

Weaker restriction on the time step £~ could be obtained for some
particular conservation laws such as those studied in [6] (i.e. u, +
div (V. f(u)) = 0 with f scalar and V € R?. In particular ¥~ could be
replaced by & in the estimate (4.1) of Proposition 4.1, which allows
convergence without any restriction concerning k™.
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FINITE VOLUMES SCHEMES... 271

Remark 1.3 : The convergence rate estimate in 42'* is clearly not sharp for
L' norm. For implicit schemes in the linear case #'? convergence rate have
been obtained by Johnson and Pitkaranka [11] in their analysis of
PO discontinuous Galerkin method which are identical, there, to Finite
Volume methods. This rate is sharp, and we could get it if we were able to
get uniform BV (in space) estimate of approximate solutions. In such a
situation we could easily modify the proof of Proposition 4.1 to get
h+ k*

(h + k* ) rate instead of

, which leads to a sharp convergence rate in

A2 for L' norm.

2. MONOTONE FINITE VOLUME SCHEMES
2.1. From one-dimensional flux to Finite Volume schemes

For any edge of the cell K we define a value u}* " ¢ in the following way :

ugt ¢ = ug — Ag(g(n, g, ug, ug) —
—F@g).n, ) )=GAg K, e, ug, ug ) (2.1)
where
k" m(dK)
A== 2 2.2
K (&) (2.2)
Noticing that for any A in R? we have :
Y A.n, gm(e)=0.
e 3k
A straightforward calculation show that :
n+1 _ m(e) n+1,e
uK+ = Z mul( . (23)

e€ 3k

2.2. Basic properties of monotone schemes

We suppose that the scheme (1.3) is derived from 1D monotone schemes,
that means that G(A, K, e, u, v) is a non decreasing function of u and
v. We recall the following.

PROPOSITION 2.1 : Let S(A, u_, ug, u, Y=g — A (gup, u, ) —gu_, uy))
define a 3 points monotone scheme in conservation form such that :

gu, u) = f(u) 2.4)

vol. 28, n® 3, 1994



272 J. P. VILA
where the conservation law is

, + f(u), =0 2.5
then we have necessary :

g(u, v)is a non decreasing (resp. non increasing) function of
u(resp. ) (2.6)

Conversely, let us suppose that condition (2.6) is satisfed, then we have the
following inequalities :

Vee R

S(A,u_,upu, )ve <=sSA,u_vce,ugve, u, ve) @7

- S, u_,upu ync=s—SQA,u_nrc,ugnc, u, AC)

where x vy = max (x, y) and x Ay = min (x, y).
At most, if g is a Lipchitz function of u and v, the scheme is monotone
provided we have the following CFL corndition :

A max (K, K,)=1 2.8)

where K, (resp. K,) is the Lipchitz constant of g for u(xresp. forv).

As a consequency of (2.7) in Proposition 2.1, we have some entropy
inequalities :
PROPOSITION 2.2 : Let us define W(A, u, v) as :
WA, u,v)=u—A(gu,v)—f1). (2.9)

Then :
For any c € R

IW, u,v)—c| ~ Ju—c| +Alhu,v)—H.(w)]<0 (2.10)
where
H.(u)= (f(u)—f(c))sgn (u—c) (2.11)
and
h(u,v)=guvc,vvc)—gunrc,vac). (2.12)

Practically, to get discrete entropy inequalities, it is important to remark
that conditions (2.7) are valid as soon as g satisfy (2.6). In particular the CFL
condition (2.8) is not necessary.
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FINITE VOLUMES SCHEMES... 273
We need some definitions :

G) Cu v)y=l®=-9@7?)
V—Uu
(ii) Q(u,,,)zf(v)—Zg(u,v)ﬁLf(u).

UV—u

(2.13)

C is the incremental coefficient, O is the numerical viscosity, they are
positive since the scheme is monotone.
In the following we assume that the monotonicity of the scheme is
achieved as soon as:
A sup Q(u,v)=1 (2.14)
zel(u,v)
where I(u, v) = {w;w=06u+ (1-6)v, 6 € [0, 1]}.
In particular this assumption is true for Godunov scheme and for Lax-
Friedrichs scheme < oM = % )
Remark 2.1 : In practice we also consider a slightly different CFL
condition :
A max |f'(z)] =1 (2.15)

zel(u,v)

which generally implies (2.14), we can also consider the following :

A max |Q(, z")| =1 (2.16)

z,z€el(uv)

which always implies (2.14).

We now give a more precise result involving the local entropy production.
We have proven it in a joint paper with Benharbit and Chalabi [1]. We have
established a quadratic estimate, controlled by the incremental coefficient, of
the local entropy production. This result is valid for the class of E-schemes
(whose numerical viscosity is greater than the numerical viscosity of the
Godunov scheme) introduced by Osher [16], and it is well known (see [16])
that monotone schemes are particular £-schemes.

PROPOSITION 2.3 : Let g(u, v) be the Lipchitz numerical flux of an E-
scheme, approximating (2.5). Provided the following CFL restriction :
AQu,v)<1-—¢ 2.17)
we have :

WA, u, )%~ |ul>+ Alh(u, v) — H@u)] <

—§ lu—v|2(C(u, v))> 22 (2.18)
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274 J. P. VILA

where H (1) is the entropy flux associated with the entropy n (u) = |u|? (i.e.
H' (u) =2 uf'(u)) and h(u, v), the associated numerical entropy flux, is a
locally Lipchitz function such that :

h(u, u) =H@w).

2.3. Stability estimates

We extend definitions of the previous section :

Fu).n—-gn, u, v)
v—u

1 Chuv)=

(2.19)
G) O u v)= F@@)n-2g(n, uv) +F(u).n.

UV—u

C is the incremental coefficient, Q is the numerical viscosity, they are
positive since the one dimensional scheme (2.1) is a monotone scheme.
As a consequency of (1.6) (i) we have :

On,u,v)=0(C=n,v,u)=Cm,u,v)+C(—n,v,u).

We shall use some notations :

®  C;k=Cn, g ug, ug,)

() Q= Qn g ups ug) = QU U (2.20)
(i) A7 g(u) = ug, — ug

mEK) mK,)
m(d3K)’ m(3K,)
mEK) mK,)
m@K)’ m(aK,) |

N

(i) h, = min {
(2.21)

(i) A} = max {

In view of analysing the convergence of the scheme we first establish two
results :

PROPOSITION 2.4 : Let uy € L® (R N LY (R?) and u,(x, t) be the function

defined by the scheme (1.3) with monotone fluxes. We suppose that the
following CFL condition is satisfed :

+
sup k Eh) |0, (u, v)| <1 (2.22)
Ll 1o] <[]l He
€€S,

M2 AN Modélisation mathématique et Analyse numérique
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FINITE VOLUMES SCHEMES... 275
then :

min  {u}} <up*'< max {up} (2.23)

K'e N (K) K'eN(K)
where
NE )= {K} U {K,, e€ 3K} .
For all t =0 u,(., t)e LR N L' (R?)
s (- t)(|L1(R,,) = |(u0“L,(R,,). 2.24)
Let v,(x, t) a function defined with the same scheme (1.3), then

{(vk=<uk, VKeT,} = {vk*'<ug™', VKeT,} . (2.25)

Remark 2.2 : By using the locally Lipchitz continuity of g(n, u, v) (see
(1.7)), we could replace the C.F.L. condition (2.22) by :

2 Qo( 0] ) sup ) <

ees, e

As a consequency of Proposition 2.4 and Crandall-Tartar lemma (see [7]
for its proof) we have :

PROPOSITION 2.5 : We suppose that the CFL condition (2.22) is satisfied,
then the scheme (1.3) is L, contracting :
For any u® and v° € L (R%) N L'(R?), for any t and 7 =0

NupCos t + 7)— v, (., £ + r)lan(W)s lunCes ©) = 0oy Ol ey - (2:26)
Moreover if u® e BV (R, and T = 0, then there exists a positive constant

K, depending on a_, a., d such that :
Foranyt, r=0witht+7<T

||uh(-, t+7)—u(., t)I|L1(Rd)S

< max (, k* (1)) Qo([|u’]| ) Ki(a_, a,, d)|[u°] 2.27)

BV (RY)

where the constant Qy(||u°| ) is defined in (1.7).
To establish Proposition 2.5 we need :

LEMMA 2.1 : (Crandall-Tartar) Let 2 a measure space and C < L'(2)
have the property that f v g € € whenever f, g € €. Let T: — L' () satisfy

JT(f):jf for fe¢¥. (2.28)
0 )

vol. 28, n° 3, 1994



276 J. P. VILA
Then the following three properties of T are equivalent :

(a) f.ge¥bandf<gae impliesT(f)=T(g)a.e.

(b) J (T(f)—T(g))+sJ (f-9) forf,ge€ (2.29)
2 2]

(©) J IT(f)—T(g)ISf (f—g| forf,ge®.
n 0

Proof of Proposition 2.4 : Inequalities (2.23) are an easy consequence of
monotonicity. By (2.3), we get:

n m(e) n n 7 n n
utl = egk m(aK)G(/\K’ K, e, ug, ux)) =9 p(ug,, ..., ug_ vy - (2.30)

Since G (A, K, e, u, v)is a non decreasing function of u and v, therefore %
is a non decreasing function of ug (K; € N (K)). Inequalities (2.23) and
(2.25) follow easily for monotone schemes.

It remains to prove the L' stability estimate.

By repeated use of the entropy discrete inequality (2.10) for ¢ = 0, we
get:

|ui™ | m &) < |ug| mEK)+ k" Y mie) hy(n, g, ug, g,

e e dk

where the entropy numerical flux satisfies :
ho(n, u, U) = — h.o(— n, v, M) .

Let B(R) be the centered ball of radius R. By summing the previous
inequalities over K< B(R) we get:

Z Iu’,}*ll m(K) = z |u}'¢| mEK) +~ k" Z m(e) ho(ne g, Uk, uk,)
KeT), KeTy eely g
KcB(R) K< B(R)

where I, p =is a closed hypersurface of R? in the neighbourhood of
dB(R) (at a distance less than Ch).
As R tends to infinity the first terms converges towards
1
o, 27 )IILZ(Rd)’ the second one converges towards ||u,(., t")“[‘,(ﬂd).
To estimate the third term, we remark that :

Y. m(e) hy(n, g, ug, ug,) =
ee[‘h,R

= z me) (hy(n, g, ug, ux ) — Ho(0).n, ¢) + Z m(e) Hy(0).n, g .

eely g eely g
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The last term in the r.h.s. of this identity is equal to :

Ho(o)‘n =0.
T p

Thanks to the Lipchitz continuity of A, and H,, we have :

lhO(ne, Ko Uk Ug,) — HO(O).ne.K! <= C(Jlugll ) (Iu','( — ug,

Thus, the first term in the r.h.s. of the identity is bounded by
C'(lupll ) Y mle) (Jug| + |uk |-

eely p

+ |ug|) -

This terms tends towards 0 as R goes to infinity if u,(., t") € L'(R?).
Consequently, u,(., t"*') e L'(R?%) and

"uh(-: t”+l)”L1(Rd) = ” up (., t”)“LI(Rd)
(2.24) follows immediately. O

Proof of Proposition 2.5 : Let {k",n=0, ..., N — 1} be a sequel such
that the CFL condition (2.22) is satisfied for u, and v,. We also define the set
M as

M= {uel'R)NLRY); VK € T,u|, = Const.} .
To establish (2.26), we apply Lemma 2.1 with T =%, and
% = L'(RY) N L®(RY).

Thanks to Proposition 2.4, (2.29) (a) is true, thus taking f = u,(., t") and

g =v,(., t"), (2.29) (c) is also true. That means :

”uh(,, "y — o, (L " l)uLl(Rd)s ”uh(., ") —v,(., tn)“Ll(Rd)'

The inequality (2.26) directly follows.

To get (2.27), we apply Lemma 2.1 with T = %»-1 and € = 4. As
previously, (2.29)(c) is true, we take there f =u,(.,t") and
g = u,(., 1"~ 1), thus we get:

|G- s (e, 1) = G -1 (uy (., t"“l))"Ll(Rd)
= |unCer ") — (., t”'l)”Ll(R,,). (2.31)

=

We have :
uh(., tn) = gkﬂ—l(uh(., tnkl)) .
An easy calculation prove that :

-1

G- (o, ") —up (o, ") = linl;”—— @ (e ") —uy (L, ™). (2.32)
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278 J. P. VILA
Taking account of (2.32) into (2.31), it follows that :
“uh( St — up(es )“L 1Ry S
k" . _
<z luaCer £ = w7 D) ) ey - 2:33)
Applying (2.33) for p = 1, ..., n, we get:

Jta Coo 2751 = s )] ey < menﬁ—wuﬂwmm,

Let us suppose now that u) € BV (R?), considering that :

laCer 2" — us(e, to)“u(m) =Y | Y me)CoxAlu

K ee K

<k° Z m(e)QBIABul

ee Sy
<k® sup {00} ¥ mee)|alu| <k® sup {Q} lluﬁllgv(w
{ees,} ee S, {ees,}
we obtain :
nCer 21 — (., 2 )“L(R" <k sup {Qc} [u OHBV(R"

{ees,}

The CFL condition (2.22) insures that :
nuh( ¢ t)”Lm([R") = ””2”00
thus, taking account of (1.7), we get:

sup  {Q% =2Q0(|lur]l ) - (2.34)
{e€S,}

It follows that :
(.t Yy —u G, )Hl @y = <2 k" Qo(“uh” )“uhnBV(Rd (2.35)
Since u) € L'(R?), Vv = 0 there exists R(») > 0, such that :

[
where

P {uO ifxe BR(»))
Oifx e B(R(»)).

Thanks to the results of Cockburn [8] on the continuity of the
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FINITE VOLUMES SCHEMES... 279

L? projection on a bounded domain, we have :

=K,(a,a,, d) “110 "BV(B(R(V))) =

=K2||”0||

“ 122 “BV (BR(¥))

0
o = K2lWll 5y @e)
where K, does not depends on R (v).

Taking account of (2.35) and (2.34) we finally obtain (with obvious
notations) :

HMZ” - MZIILI(Ra)s “uﬁ“ - ﬁZ“”Ll(Rd)

+ @ = @l ey + 15— R s e
= 2” uy — ﬁg"Ll(Rd) + “’22” - ;'ZZ”L'(R")
=< 2|[ul = @l oy + |17 = Tl 1 gy
=22+ 28" Qo([| | DI ZR 5y gy = 2 & Qo (k] N2 gy ey -
Letting » tends to zero, we get easily that :
For p >0, any integer

[|ah P~ uﬁ”Ll(Rd)s "*? —t"YKs(a_, a,, d)%

which leads to the expected result. O

In [2] we have used Proposition 2.3 to establish a weak BV estimate and
prove convergence of general E-scheme, we recall this result and the sketch
of its proof, since it will be used as a key ingredient in the proof of
Proposition 4.1.

PROPOSITION 2.6 : Let us suppose that u® € L* (R%) N L?(R?) and that we
have the CFL condition :

"
sup khEh) 0. (u,v)| <1—¢ (2.36)
lel, Jo] = |l e
eeS,

then, for any T=0:

Y m@KANG |4 e’ <2 |18 L 23T

eeSp {n:"<T}

where :

An= X (2.38)
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280 J.P. VILA

Proof of Proposition 2.6 : Thanks to the local entropy production estimate
(2.18) and to the following convexity inequality :

1P = T e

ee€dkK
we get :

n
Wit 12 ] K m(e) h(n, g, ul, up )<
| K ‘ I Kl m(K)eZ;K e, K» Uk, Uk,

£ n 2 n 23\n ”l(e)
= - = z A C A R
= 2eEaKl e’K(u)l €ex) sz(aK)

multiplying the previous inequality by m (K') and summing over K € T), N 2
(where 2 is a bounded open set of RY), we get:

Y m@®ui s ¥ K Y Ak’ (€L agmie) +

KeT,nQ KeTp,n2  ecdk

+E Y me)h(n, g up )< Y mK) |ug|®

e€dn KeTpN

where K (e) is the polyhedron containing e, when e is on the boundary
3.

i

5 A™MQ"Y, we obtain :

Noticing that AZ(C7 x)* + A (Cl ¢ ) =

Y omElE g T Kmle) |al )]t (@ AL+

KeT,nn eeSNN

+K Y mee)h(n, g up uk)< Y mK) |up|?

eed KeT,n0

Summing up these inequalities over » such that 1" <7, we get:

Y omEU g Y Kme) Al @Al
KeTyn o ees,nn, {n;"<T}
+ y K m(e)h(n, g uf up )< Y m(K) |ug|?.
ecan, {n;"=T} KeTpn Q2

Making 2 tends to RY, the estimate (2.37) follows easily by considering
that A(n, u, v) is a Lipschitz function of u and v, and that u}, is uniformly
bounded in L®(RY) N L' (RY).
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3. ERROR BOUNDS FOR A FAMILY OF APPROXIMATE SOLUTIONS

Following Kutznetzov in his study of finite difference schemes we shall
establish :

THEOREM 3.1: Let u, a family of approximate solution of (1.1) over
R? x [0, T] such that there exists some positive constants C,, C,,
C, and two functions ¢ (7, h) and ¢,(h) which satisfy :

”l“h"Ll(Rd)s Cl (31)
lunCer £+ 7) = wn (e, )| ey < #1(7. 1) C (3.2)

For any bounded set (2, for any function g(y,s) in
L®(tg t,; L'"(RH N LY (R?Y)), for any w(x,t) symmetric (i.e.
w, t)=w0(-x,1)= o —1t)) function in €X(R? x R), there exists two
positive constants €5(ty, t;) and v (L2, u®) such that :

_J {Iuh(x7 t)"g()’,s)lwt(f,X)‘*'
2 xR x [tg, 1,1

+ (Hg(y,s)(uh(xa t)) - Hg(y,s)(o)) . gradx(w (5’ X))} dx dy dt ds

—J , |upx, 1g) — g (v, $)| w (€, 1y —s)dxdyds  (3.3)
2 xR x [tg, t1]

+J |uh(x5 tl)—g(y7s)‘w(§7tl_s)dxdyds
2 xR¥x [ty 1,]

= Cs(to, 1) Vm(@2) o,(h) o ||, | + v (2, 4% ||@ |

where ¢ =x—y and x =1t — 5.
Then if u® € BV (R?) we have the following error bound :
For any ty<t, <T, there exists a positive constant K (u°, T) such that :
For any ¢ >0

fluc., 1) — u,(., t1)||L1(ms e, to) — (., to)“z,‘(n)+

¢, (h)

£

+ K@ T)Q + \/m(.Q))(e + ¢, h) + ) +v(2,u%). 3.9

where u is the entropy solution of (1.1).

Proof of Theorem 3.1 : Let u the entropy solution of (1.1). For any
function ¢ (y, s) € €(R? x R), for any I € R we have Kruzkov entropy
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inequalities :

- J (@, $)— 1] 6,0 $) + Hi@O, 5)) - grady(é (v, 5))} dy ds
R? x [tg, 11]

5+J {lu@, te) = 1| 6. 1) — |u@, t;)— 1| &, 1)} dy. (3.5)
Rd

Taking ! and ¢ depending on (x, ¢), such that :
Ix, 1) =uy(x, t) and &, s, xt)=w(£, x)
with  symmetric € € (R? x R), we integrate (3.5) over 2.

Taking account of ¢, + ¢, =0 = ¢, + ¢, we get:

_ f {lunCx, 1) = u(y, $)| @, (&, x) +

v xRYx [ty 1,7

+H, o @, 5)). grad (o (¢, x))} dxdydt ds
sj {JunCx, 1) —u@, ty)| @ (£, 15— 1)
2 x R? x [tg, 1,]

— |upCx, £) —u@y, t))| w(&, ¢, —t)}dxdydt . (3.6)

Let us define J(u, u;,, 7, w) as:

Ju, up, 7, @) = f |y (x, ) — u(y, )| w(§, 7 —t)dxdyd: +
Jﬂxﬂdx[to,tl]

+J |upx, 7) —u(y, s)| w (£, 7 —s)dxdyds (3.7)
0 x R? x [tg, 11]
and L(u, w) as :

Lu, w)=—~ [ H,, (0).grad,(w (¢, x))dxdydtds. (3.8)
Jo xR x [tg, 1, T

Making appear the l.h.s. of (3.3) (we take g = u) in (3.6), we obtain :
Ju, uy, t, o)<J W, uy, ty, o) +L(u, o) +

+ C3(tg, 1)) Vm(2) ¢,(h) || ||1 L+ v (2, u%) ||w l,. 3.9

Now to get the expected result it is convenient to choose w as follows. Let
£ (resp. 8)be a cut-off function in R?(resp. R). We assume that { € € (RY)
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(resp. 0 € P (R)),

{(x) = {(=x), support { < [-1, 1, {(x)dx =1

d

0(t)=6(—1t), support &6 < [-1,1]), 0(t)dt =1.

= =

Set
=Le(2) ama s.0=Lo(L)

where ¢ = 0 will be fixed later on and

wx, t)=,.(x)6,.@1), (3.10)
thus

C
loll, == llel, =1. (3.11)

Now we are equipped to estimate J(u, uy, t;, ) (i =0, 1). With the
particular choice (3.10) of w get:

1
J(u’ Up, t[y (A)) = J‘ ae(t - tl) X

fo

t

X {j |“h(x’t)—“()’, ti)l fs(f)dXd}’} dt
0 xR

+j105(ti—s) {J‘ luh(x’ ti)_u(y’ S)l(e(g)dXdy} dS
n xR?

Ty

=f‘ma—m4j {un, 1) = uy, 1)
fo 0 xR

+ |upx, 1) —u(@, 0)|} £.(€)dxdy} dr.
Now, by repeated use of the triangle inequality we get :
lun(x, £) — u@, to)| + |u(x, 210) — u(y, s)| <
<2|ux, ty) — up(x, to)| + 2 ulx, tg) — u(y, o)}
+ |upCx, ) — up(x, 1) + |u@, 1) — u(y, )]
and
[up(x, £) —u@, )| + |up(x, 1) — u(y, s)| =

=2 uCx, 1) — u,Ox, 1) = 2|ulx, 1) —u@y, ;)|
- |uh(x’ 1) — uy(x, t1)| — |u@, t1) —u(y, )] -
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Thus, we obtain the following estimates for J(u, u,, t;, @) (i =0, 1):

Q) T, uy, tg, @) <2J(u, uy, ty, @)+ 2J,(, ty, ) +
+J3(uh’ tO’ ll))—.]4(u, th (4))

Gi) J(u, up, t, @)=2J1(u, up, ty, ) —2J,(u, y,, @) —
—J3(Mh, tl’ 0))""]4(“, tl, (l)) (3.12)
with :

11

1
Jl(u, uh’ t’-,(l)):‘Jv 0€(t__ti)><

X {J lu(x, t;) —u,(x, t,-)l {e(f)dxdy} dt (3.13)
2 xR?

t
T, 1, @) = J‘ 0.t —1.)x

fo
x {J |ux, t;) —u(y, t;)] {E(f)dxdy} dt (3.14)
2 x R?

h

J3(uh, t[, w): J‘ 05(t_tl)><
to

1

(r
x U |ty (e, 1) =y (x, 2,)] {E(g)a'xdy} dt (3.15)
2 x R?

5]
Ju(u, t;, w) = J 0.(t—1t;)x

to

x ” |u@, ;) — u(y, )] {S(f)dxdy} dt. (3.16)
0 xR

It remains to evaluate the corresponding integrals.

The first one :

Jl(u, Uy, ti’ w) = (JII 9£(t—tl)dt> X

x |:J |ux, ;) — uy(x, 1;)| <J fs(f)d)’) dx]
1] R
=f e, 1) = e, 1] dx = [uCer 1) = G 1)1 -
0
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Thus, we have established :

Jl(u, Uy, t", (l)): ”u(-, t,-)—uh(., t‘)“ (3.17)

L@y’

The second one :

Jou, t;, w) = (Jh 0. — t,»)dt) Jt‘ 6,.(t—1t)x
fy )

X {J\ Iu(x, ti)_u(y’ ti)[ {e(g)dXdy}
n xR? )

:J\leg(t_ti){J |L¢(X, ti)_u(y’ ti)' gs(f)dXdy} .
n x R4

to

We recall that support ¢, = [— ¢, £]¢ and that

J .(x)de=1.
‘Rd

Hence
Jr(u, t;, o) < sup {J |u@ +z, 1) —u(y, t,)| d)’} J {(z)dz
[Iz]] =& LJR? n
< sup {J |lu@ +z, 1) — uy, )] d)’}
fzll =& L/R?
ss“u(., t")”BV(R")'
Thus,
Jz(u, tl" a))S 8”“(-7 ti)”BV([Rd)' (3'18)

The third one :

Jy(uy, t;, @) =

:J'ga(t_t,-) {J lup(x, ) — up(x, t,-)|(J~ {e(f)dy> dx} dt
to n R?

= J’l 6.(t — t,-){j |u (x, £) — uy, (x, 1) dx} dr .
‘ 0

0

We recall that support €, = [~ ¢, £] and that

J 0,()dt=1.
R
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Thus,
£
J3(uh, ti7 (U) = J 05([ - ti)dt X

oy

Os7=<c¢

X sup {J |up(x, t; — 7) — uy(x, 1) dx}
0

1
<3 sup {J |up(x, t; — 7) — uy(x, ;)| dx} .
0 2

=ST=<E¢

Taking account of (3.2) we finally get:
J3(uy, t;, )< Cy e (g, h). (3.19)

The fourth one : The exact solution also satisfy estimates of Proposition
2.5 (Lipchitz L, continuity in time), thus we get similarly :

Ta(u, t;, )< &K, (to, 1), u’) . (3.20)
We also need to evaluate L (u#, w ). Since we have :

H,(0) =sgn (u) (Fu)—-F(0))= ¥ (u) (3.21)

H,(0) is a Lipchitz function of u.
Thanks to the symmetry of w we get easily that

L(u,w):—j l{‘I’(u(X(U)—z,S))—

a2 x RY x [to. t1]2

— Y (ux(o)+z,5))} w(z, t —s)dx(o)dzdt ds .

Hence, we have
-

|L(u,w)|sK(Hu”w)J x
302 x R x [tg, 1,1

x lux(e)—z,8)-u@x(o)+z,5)| w(z t —s)dx(c)dzdt ds.
By using similar arguments as in the estimate of J, we establish that :

|L(u, w)] ssK(”uHm)nu(.,O)HBV(Rd). (3.22)

Now, combining together (3.9) and (3.12) with estimates (3.17), ...,
(3.20) and (3.22) we get:

fluC., 1) = u,(., tl)“Ll(n) < [Ju(., to) — uu(., lO)”L'(n) +-

h
+C @, T)(e +o,(8, h) + #al )\/m(.())> + v (2, u%).

€
This completes the proof. O
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4. CONVERGENCE AND ERROR BOUNDS FOR MONOTONE SCHEMES

4.1. A weak bound for entropy production

PROPOSITION 4.1: Let g(y,s) any function in L%, t;;
L'(RY) N L®(RY), w(x,t) any symmetric (i.e. w(x,t)=w(—x, 1) =
w(x, — 1)) function in €¢L(R?xR), 2 any bounded open subset of
RY, u, (x, t) an approximate solution of (1.1) computed with the scheme (1.3)
(supposed to be an E-scheme), u® € L® (RY) N L>(R?), then there exists a
positive constant K, such that :

—j . {ltx 1) =g 0. )| w, (&, x) +
O xR x [t 1,12

+ (Hy, 5y (x, 1)) — Hy, 4(0)) . grad, (o (&, X))} dx dy dt ds

_J. luh(x7 tO)'—g(y’ S)lw(§7 tO_S)dXdyds
QxR x [t 1] “.1

—j |y, 1) — g3, $)| @ (&, 1, - 5) du dy ds <
0 xR [tg, 1]

1
h+k* 2
< K,(®)V/m(2) i —10)” ol +v 2, u 1, —10) o],

\/;_'

where ¢ =x~y, x =t —s, and v is such that :

6 lim  » (2, 4 t, — ty) diam (2) -1 =0
diam (2) > o 4.2)

() v (2, u° ty—ty)=0if u® has a compact support and

diam (£2)is sufficiently large .

Proof of Proposition 4.1 : For simplicity we suppose that the time
discretisation is such that :

=ty tN=t, K"=1"*'—t" ne {0,1,..,N}
and that 302 < .
For (y, s) € RY x R*, let us define 5, #,, #, and H#, as :

‘#(g’ M/u“’)()’,s)=—J‘ {Iuh(x,t)—g()’»s)lwz(f,/\’)*'

2 x [tg, 1)

+ Hyg, o uy(x, 1)) . grad, (@ (€, x))} dxdt
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H (g, up, @), s)= l. |un(x, ) =g 0, )| @ (£, 1o — 5) dx

v 2

H1(g, wy, @), 5) = j luh(x, 1)—-90, S)I w(§, 1 —s)dx
0

H (@), 5) =J Hgyq, (0). grad, (o (£, x))dxdt .

2 x [tg, t,]

Considering that u,(x, t) is constant over K x [¢", t"*![, we get that

c#(9714};’"")(_)"5'5'):— Z {qué—g(y,s)lwz(f,)()*‘

n=0,..N-1vKx[","*1
KeTp;Kc2

+ Hyg, 5 (ui) - grad, (@ (£, x))} dxdt

=— Y (A0, +A4AR%0, )

n=0,..,.N-1
KeTy;Kcf2

with A% ' and A% ? defined as follows :

A?’el(y,S)=J |ug — g, )| @, (&, x)dxadt

Kx[t",t'”l]

AL2(y, 5) = j Hyq 5y (ug) . grad, (o (¢, x))dxdr .
Kx[t", t"+l]

Considering now some averaged values of w :

wg S)=m—(1k-)ij(§, t" —s)dx

and

we,n(yr §) = - f w((x(a)-'y,X))dCTdt‘
knm(e) ex 1" "1
we get :

AR O, 8) = |ug — g3, )| m(K) (@, 8) = 0k 1 5))

AR, s) = Hy, o ub) n(x(e)) o x(o)-y, x)do dt

K x (", "t

= Hg(y,s)(uznc)< Y n o, ,0,s)me) k”)

ee 3k
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Z Iu;,(—g(y’s)|m(K) (wK,n(yvs)_wK,n+1(y9s)):

Koty Ken
= Y m&) |uxg—g0, )| og o0 9)
KeTp:Ke 2
+ Y mK)wg 0, 8) (U —90, )| — |uk™ ' — 9O, )]
Kn:r,l, P Ak"an
- Y mE&) |ug g, )| og v, ).
KeTp:Kc

Noticing that :
Y mK) |ug - g0, )| ok o0, $) =

KeT,;Kc

:J |uh(x’ tO)—g(y’ S)I w(§7 to—s)dx = ‘#O(gv uh, w) (y7 S)
2

Y mK) |ug - g0, )| wgnG,s) =

KeT,.:Kc 2

= J luh(x, t)—-g(@, s)| w(é, ty—s)dx = H#,(9, up, @) (y, §)
17

Z me)k" @, , Hy, 0).n, ¢ =
n=0,..,N~-1
eed2 NSy,

Z J Hy 0).n, x 0 (£, x)dx(o)dt
n=0,..N-1 Jex " "t

e€dNNSy,

J Hyq 0) . n(x(0)) @ (£, x)dx(o)dt
942 x {tg, 1]

= J Hyg, (0) . grad, (@ (£, x))dxdt = # y(@) (3, $)
02 x [tg, t1]
and taking account of the conservativity property (1.6) (i) we get :
r%(99 uh’ a)): ”0(9, uh’ w)_‘#l(g, uhv w)_%g(w) ()’, S)+

+ Y (mE) ok, (gt g - |uk -]
et ken

+ z m(e) k" o, ,[hy(n, g, uk, uy,) —Hg(u",().ne,,(]}

eedk

- Z m(e) k" w, ,(hy(n, g, ug, ugx ) —Hy(0).n, ). (4.3)
"resinon.
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Let us denote & («°, g, y, s) by

Z m(e) k" w, ,(hy(n, g, ug, u,"(e)—Hg(O).ne,K)E
TS

Ea(u(), g’ ys S)'

As a consequency of (2.3) we have:

(ug*' =g, | - |ug— 9@, s)) =

LY P (e g5, )] - [uk - 90 9.

e€ 3K
Taking account of (4.5) in (4.3), we obtain :
‘#(gs uh7 [1)) (}’, S)"— %0(95 uh, w) (Y, S)+

4.4)

(4.5)

+‘”l(g7 Up, “)) (Y, S)+9fg(w)()’, §)=

= Z m(K){ Z n:n(geKv)) (wK,n+1_we,n) (y, 5) %

n=0,.,N-1
KeTy;Kcn2

x (Jug* =g @, 9| - |uk - 9@, $)|)

( n+ 4 n
s 3 A w09 [ - g0, )] [k~

eedk

eedk

g0, 9)|

+ ’\I)é(hg(ne,l(’ u;‘(? Ml'ée) "Hg(uﬁ) . ne,K)]} - 6(uoa g, Y, S)-

The term into [ ]in the r.h.s. of the previous inequality is nothing else than
the entropy production across the edge e and it is negative (see (2.10)).

Considering now the following triangle inequality :

||uk* e~ g0, )| - |uk — 9@, || =<

lun+l e

we obtain

(f(g! Uy, w)—"%O(g’ Up, w)+

— ug| = Ak C (n, g, uk, ug) | A7 u|

+ H) (G Uy @)+ H (@) 0, 5)=<— 8’ 9,5, 5) +

+Y mE) Y A ek 1009 -

n=0,..,N-1 ee 3k
KeTy:Kc )

we,n(y’ S)l C(ne,K’ Uk, u;z(e) |A?u’ .
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Taking account of

|hg(ne,l<’ u% “’Il(e)_Hg(O)'nz,K| SK(""‘O”ms ”g"m) (lu;’<| + unKe )
we get :
_3(u0’ ga ya»")$K(“”0"w’ "g“m) 2 m(e)knwe,ﬂ(lu?(l + uﬁe )
"eesnon

and consequently :

”(g’ Up, w) ()’, S)_ ‘#O(ga Up, w) (y’ S)+
+ ”1(97 Up, w) (y’ S)+ ‘#g(w) (y: S)

KeTp;Ken2

x C (n, g, ug, ug ) | A7 ul

+ KWl M9lle) Y mle)k o, O, s) (uk| + [uk ]

Integrating this last inequality over RY x [z, ¢;] we finally obtain :
g(g’ Uy, ) =
= ¥ Y m(e) k" C? x| A7 u| x

n=0,..,N—1e€dk
KeTp . Kc2

X (J |‘”K,n+10’ss)—“’e,n(y,5)|dde
RE x [10,11]

+ Z m(e) k"()u}'(, + u}’(e )])w"1
n=0,..,.N-1
eeSyNan
where
’?(g, Hhvw)EJ‘ (f(g’ I/lh,(u)—#o(g, uh’w)+
RY x [tg, 1]

+”1(gv uh’ w)+‘#g(w)) (y, S)dyds

An easy computation prove that :

|wK,n+1(y’ S)— we,n(y’ S)I ddeS

VR x [tg, 1;]

< (K@_.,a,,d)h+k) ”“’”1,1 :
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With similar arguments as in the proof of L' bounds of Proposition 2.4 we
prove easily that :

v, 2,1, —1)= Y mek(up| + |ug ]

satisfies (4.2) :

) lim v (2, ¥ t, — ty)diam ()1 =0
diam (£2) - o©
(i) »(2,u% ¢, —1)) =0 if u®hasacompact support and
diam (£2) is sufficiently large .
Thus

LG up @)—v W, 2,1, — 1) o, =

sh+k)ol,, Y Y m@kCLglarul

n=0,..,N—-1 eedk
KeTy;Kc 2

sh+k) o], , Y K m(e)Qs| AL u|

n=0,.,N~-1
eeSy ec ]
) 12
sh+k) el , Y Km(e) ANQE) | AL u] X
n=0,..,N-1

eeSyiec 2

o 12
X ( Z —r:zfe)) .

\n=0,...,N~1 ‘e
e€Syiec

Then, noticing that :

kﬂL(e)<i m(e) m(e)
n,;&:sh X, & n,eze:shkn{m(aK)M(K)+_m(aKe)m(Ke)}

1 m(e) 1
=T — K =T —m(2).
= K;hm( )egKm(aK) - m({2)

thanks to the entropy global production estimate (2.37) we finally get :
LG, up @) - v, 2,1, — 1) o], <

, h+k*
<C ) ) - 107 [

\/;:

This completes the proof. O

nom(2)a, 12
— .
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4.2. Error bounds for monotone schemes

We now proves the main result of this paper :

Proof of Theorem 1.1 : Thanks to Propositions 2.5 and 4.1 we can apply
Theorem 3.1 with :

h+k*
@ (7, h) =max (7, k" (h)), ¢,(h)= .
1 W=

Thus, we can take ¢ > 0 which minimize the r.h.s. of the inequality (3.4) of
Theorem 3.1. This r.h.s. is bounded by :

h+k*

8\/7(7.

26+ kt(h)+

We get the minimum for :

2 h+k*

N
(1.9) follows immediatly.

As a consequency of the error bound (1.9), we also get a convergence
proof for approximate solutions of (1.1) with initial data in
L®(R%) N L'(R?). The proof follows the one by Crandall and Majda in [7] :

For uy € L® (R%) N L' (RY) we choose 1, ,, € BV (R*) N L' (R*) with com-
pact support such that

luo, m| = ”"‘0”eo and
HMO“ u(),m”Ll(Rd)—’O as m—0.
This can be done by standart methods. Denote the Finite Volume solution

corresponding to the initial value u, ,, by %, ,. Considering all functions as
functions of ¢ with values in L' (R?), we knows from (1.8) that :

lim wu, ,(t) = u, ()
h0

exists uniformly for bounded . From L' contractions property (2.26) of
Proposition 2.5, it follows that

Sup ””h,l(t) — Mh, m(t)”Ll(Rd) = ”I/lo’l — Ho‘ m”Ll(le) .
0=t

Thus, {u,} is Cauchy in € ([0, ) ; L'(R?)) and consequently converges
uniformly to a limit u € € ([0, o) ; L} (R%)).
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By using the triangle inequality, we get:

lur(2) = (@] 2 o, =
=< {|u,(2) — u, m(t)llLl(Rd) + |letp, m () — ”m(t)”L'(R") + Jlun @) - u(t)[[L,(R,,)
= lluo - uO,m“Ll(Rd) + “uh,m(t) - um(t)”Ll(Rd) + ”um(t) - u(t)”L‘([Rd) :

The first and third terms above can be made small uniformly in z taking m
large. The second term can be made small, uniformly for ¢ bounded, by

. . h+k*
taking % small | as soon as lim
h=0 k™
It follows that u, converges locally uniformly in L'(R?) towards
u.
This completes the proof. O
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