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Abstract. — In the paper [5] Golomb has derived a Hilbert space approach to periodic
splines of odd degree on uniform meshes which were studied systematically for the first time by
Quade and Collatz [9]. Golomb’s approach has been extended to more general methods of
periodic interpolation by translates of a given periodic function g [1, 2, 3, 8]. It is the objective
of this paper to investigate approximation properties of these interpolation methods in spaces of
periodic functions which are closely related to g and extend the results of [4]. As an application
approximation properties of periodic splines of even degree are obtained.

Résumé. — Dans I’article [3] Golomb a présenté une construction hilbertienne des fonctions-
spline périodiques de degré impair dans un réseau uniforme, fonctions étudiées systématique-
ment pour la premiére fois par Quade et Collatz [7]. La construction de Golomb a été
généralisée pour les méthodes d’interpolation par les translates d’une fonction périodique g. Le
but de cet article est d’ étudier des propriétés d’ approximation des méthodes d’interpolation par
les translates de g dans des espaces des fonctions périodiques qui sont associées a la fonction g.
En application, nous déduisons les propriétés d’ approximation des fonctions-spline périodiques
de degré pair.

1. THE INTERPOLATION METHOD

Let g be a fixed real valued periodic function from the Wiener algebra
&, . of those continuous periodic functions from %,, which possess an
absolutely convergent Fourier series. The inner product of f, g € €, . is
defined by

1 27
(f,g)=2—J f@)g@)*de.
™ Jo
The exponential functions are denoted by e,(¢t) = exp(ikt), ke Z. If

(*) Manuscript received May, 25, 1993.
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(Germany).

M2 AN Modélisation mathématique et Analyse numérique 0764-583X/94/02/$ 4.00
Mathematical Modelling and Numerical Analysis © AFCET Gauthier-Villars



178 F.-J. DELVOS

ge &, ,, then

feed

g(t): Z (g5 ek)ek(t)7 z |(g, ek)l <.

k=-c k=-o

Lett; = 2 mj/n, j € Z, be a uniform mesh depending on n € N. The discrete
inner product is given by

(f.»9) =

S =

T £t g)*.
k=0

The discrete Fourier transform and the finite Fourier transform are related by
aliasing :

<f’ ej> =Z(f’ ej+sn) (1)

where j € Z and f € &, .
The basis functions b;, 0 <j <n, are obtained via the discrete Fourier
transform from the generating function g :

bj(t):‘ <g(t_')7 e—j> =Z(g’ ej-i-sn)ej—i-sn(t)' (2)

We have the fundamental relations

bi(ty) =¢e;(t)b;(0) (,keZ). 3)
We assume that
bj(0)¢0(0<j<n) 4
and define
n-1
0,(H)@) = {f, e) + Z <f, ek> b, (t)b,(0) (5)

k=1

for any f € €, ,.
Discrete Fourier transform yields the interpolation properties

0,(N)=f) O=<j<n). (6)

The space of interpolants is given by (see [2, 3])
V@)= (Lgt~-t)=g, ... g¢—1,_1)—g) . @)
We assume that the finite Fourier transform of the generating function
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APPROXIMATION PROPERTIES OF PERIODIC INTERPOLATION 179

g possesses certain properties such that the existence conditions b;(0) # 0
are valid and certain approximation properties can be established.

Let di, k€ Z, be a sequence of real numbers satisfying the following
relations

d,=d,, dy>dy,, >0 (keN).

Moreover we assume that
0
dmn<a,d,(rrmeN), a:= Y a, <.
r=1

We consider mainly two cases of generating functions g :
@D g@t) =Y deet).
k

(In g() =Y —i.sgn (k) dgei(— min) e ().

k

The generating function g defining the interpolation process is independent
of the number n of interpolation points in case I while it is dependent in
case II.

Trigonometric interpolation is characterized by the choice

m

() g()= 3 eln)im = 2).

k=-m

In this case g depends also on n. We refer to [3] for the proof of the validity of
the existence condition.
Two examples are given for possible choices of the sequence (d;).

Example a :
dy=k9 (keN).

Here ¢ is a real number greater than 1. If g is even, case I yields periodic odd
degree spline interpolation on uniform mesh as studied by Golomb [3]. The
generating function is the well known Bernoulli function P ,(¢) up to a factor

g(t) = i k27 cos (kt) = (’21)'132,(:).
k=1

The function g is a spline of degree 2r with deficiency 1, while
g(-—t;) — g is a spline of degree 2 r — 1.

If g is odd, then case II yields periodic even degree midpoint spline
interpolation on a uniform mesh [3]. The generating function is the shifted
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180 F.-I. DELVOS

Bernoulli function P (¢t — 7/n) up to a factor

9@y = 3 K27V sin k(e — win)) = C L o~ min).
k=1

Example b :
dk—_—e*bk (fCGN).

Here b is a positive real number. Both cases 1 and II yield rational
trigonometric interpolation processes (see [2, 3]).
In case I the generating function is related to the Poisson kernel

sinh (b)
2(cosh (b) — cos (2))’

Py(t) =

gt) = i e * cos (kt):Pb(t)—%.

k=1

In case II the generating function is related to the shifted conjugate Poisson
kernel

sin (7)

() = 3 osh (B) —cos @)

g@) = i e *sin (k(t — w/n)) = Q,(t — win).
k=1

2. UNIFORM BOUNDEDNESS OF THE INTERPOLATION PROJECTORS

The Wiener algebra &7, , is a dense subalgebra of ¢, ,,. &, . is a Banach
space of continuous periodic functions with respect to the norm (see [6])

1= 5 1@ el

k=-c0

Moreover, we have

o= Wfll, Fean)

where
Ifl,=sup {[f@®)]:teR}.

We will first investigate approximation properties of the Fourier partial sum
projector which is in some sense a universal approximation operator. The
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APPROXIMATION PROPERTIES OF PERIODIC INTERPOLATION 181

Fourier partial sum projector F, is defined by

F,(Hh=Y (f.ede, (m=[n2]).

k=-m

Clearly, F, is a bounded linear operator on %, .. On the other hand, it is well
known that the norms ||F ||, n € N, are not uniformly bounded. According
to the Banach Steinhaus principle [7], F ,(f), n € N, is not convergent for
every continuous periodic function. Therefore it is natural to consider
F, as a bounded linear operator from &, , into ¥, . It follows from the
definition of the norms that

IF.Oll =< 171, (fedrs).

Thus, the norms | F,

|, n € N, are uniformly bounded. Since
F,(e) = e (|k| =m2),
an application of the Banach Steinhaus principle yields uniform convergence

lim ||f -F.(Oll, (fFearn).

n—oc

Replacing %, , by &, . is not a severe restriction from the practical point of
view since &, , contains all Lipschitz-continuous periodic functions [6] and
in particular those functions from %,, which are piecewise €' [10].

Next we will establish an analogous result for the interpolation projectors
Q,, n € N. The interpolation projector Q, is a bounded linear projector from
o, . into €, , with Q,(f) e &, , for f e &, .

THEOREM 1 : There is a positive constant ¢ independent of n such that

12, =clfll, (fera),

i.e., the interpolation projectors Q, are uniformly bounded as projectors
from <, into €, .

Proof : We start with case I:

g@t) =Y delt).
k
Recall that

bj(t) = Z @, ej+sn) ej+sn(t) = zdj+sn ej+xn(t)

where 0 < j < n. Since d; . ;» >0 we obtain
| ()] <b;(0), O<j<n.
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182 F.-J. DELVOS
Next remember that
0 = (fregy + T (Fs e biltVby(0) .
k=1

This implies
12,(DO1 = ¥ [(f e |-
k=0

Since <f, ej> = Z , ean), we can conclude

s

n-1

IXGIOIED)

k=0

Z (f’ ek+sn)

s

n-1
= Z Z I(fa ek+sn)| = ”f”a
k=0 s

Thus the assertion holds for case 1.
Next we consider case II. Recall that

bj(t) = Z @, ej+sn)ej+m(t)-

Since

g@t) =Y —i-sgn (k) d, e (m/n) (1),

k

we obtain

|b](t)| = Z dj+sn(_ l)s esrz(t)~ Z d—j+sn(_' l)s e—sn(t) E]
s=0 s=1

lb](o)l = Z (dj+sn+dn—j+sn)(_ 1)s

s=0

where 0 <j < n.
Due to the properties of the sequence d = (d,) we obtain

|bj(t)| Sdj+ Z dj+sn+ Z d—j+m$dj(1 + a)

s=1 s=1
where O <j < n. This implies
|b; ¢ )b;(0)] < (1 + a)( - aj)
where ¢ € R and O < ¢ < n. Proceeding as in the proof for case I we can
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APPROXIMATION PROPERTIES OF PERIODIC INTERPOLATION 183

conclude

10,(HO] = (1 @V —a|f]],.

Thus the assertion holds also for case II.
For completeness we consider also case 11l (trigonometric interpolation).
Recall that

m

gity= 3 eft) (m=[n2]),

k=-m

bj(t) = Z (g’ ej+sn) ej+sn(t)-
This implies
bit)y=¢€;(t), O<j<n2, bj(t)=e€_,,;(t), nW2<j<n
for odd »n and
bi(ty=ei(t), O<j<n2, bit)y=e_,,;t), n2<j<n,
bup(t) = e, (1) + €_pp(t)
for even n. Again we have
|b;t)b;(0)| <1, O<j<n.

Thus the assertion holds also for case III.

To establish uniform convergence of Q,(f) for f € &, ,. via the Banach-
Steinhaus principle [7] we have to verify uniform convergence of @, (f) on a
dense subset of &, .. This will be done in the following section.

3. APPROXIMATION OF THE EXPONENTIALS

The approximation properties of Q, will first be investigated for the
exponential functions e;.

THEOREM 2 : For any k € Z the asymptotic error relation

llex — Qn(ek)”00 =0(dyp) @B—o0)
holds.

Proof : We consider case I. Then we have

g@t) =Y die,t)=dy+ Y 2dscos (kt),
k

k=1

i.e., g(z) is real valued. This implies Q,(f) = Q,(f).

vol. 28, n° 2, 1994



184 F.-J. DELVOS

Since &, = e_, and Q,(ey) = ¢, we may assume 0 < k& < n/2. Recall that

bk(t) = de+sn ek+sn([) = ek(t) de+sn esn(t) .

Then we obtain

Iek(t) - Qn(ek)(l)| = |ex(t) — b (t)b(0)| =
= |5 (0) — by () e—k(f)|/|bk(0)|

= z 2 dk+5ﬂ/dk$ Z 2 dx[n/z]/dk = (2 a/dk)d[n/2] .

s#0 s=1
Thus, the assertation holds for case I.

We consider now case II. Then we have

gt) =Y —i.sgn (k) dy e (~ 7/n) e (t) = i 2d, sin (k(t — m/n)),

k k=1

i.e., g(¢) is real valued which implies Q,(f) = Q,(f). Since ¢, = e_, and
0, (ey) = ey, again we may assume 0 < k < n/2. Recall that

bk(t) =—1 'ek(t)( Z dk+sn(_ l)x esn(t) - z d—k+sn(_ l)s e—sn(t)> .
s=0 s=1

Then we obtain

|ek(l)‘Qn(6k)(l)| = Iek(t)_bk(t)/bk(o)l =
= | (0) — by (t) e_(t)|/| b, (0)]

=

Z dk+sn(_ ])S(l - esn(t)) - z d—k+sn(— l)s(l - e—sn(t))

s=1 s=1

= Qalt(l —ay)d))dpyp, -

/by (0)]

Thus, the assertation holds also for case II.
For the sake of completeness we note that Theorem 2 is trivially true for
case III (trigonometric interpolation) since in this case we have

e, = Q,(e) (k| < [n/2]).

THEOREM 3 : For any f € &, . Q,(f) converges uniformly to f as n tends
to infinity :

“f_Qn(f)”w—’O (n— ).
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APPROXIMATION PROPERTIES OF PERIODIC INTERPOLATION 185

Proof : Note that the exponentials form a dense subalgebra of &7, .. In
view of Theorem 1 and Theorem 2 the Banach Steinhaus principle is
applicable and yields a proof of Theorem 3.

4. QUANTITATIVE ERROR BOUNDS

We use the sequence d = (d,) to introduce a smooth subspace &/, of the
Wiener algebra &, ,, :

bdzd,”,:= {fedz,”: Z |(f, ek)|/dk<w} .
k#0

Then we can introduce a linear operator D : &/§_ — o/, . being defined by

D)= Y & '(f. e e

k#0

The space /%, and the operator D are related to the generating function

g and the interpolation projector Q,. It is useful to investigate first the
approximation properties in o/¢_ of the Fourier partial sum projector
F

ne

THEOREM 4 : If f € o/ then

If = FaPll, = 0@ppy) (n—0).
Proof : Note first that

F, DN =DF,(f) (feAi,).

Then we have

lfO)-F,HOl= Y el =IIf —F.OIl, =

[k = 2]

S lonfeld=( T 1©@F el ) dun

| k| = (/2] | k| > [n2]

DG = F.DUN, - dpy >

i.e., we have
”f_Fn(f)”w$ ”fhl;‘n(f)”as “D(f)_Fn(D(.f))”a'd[nIZ]'

Since D(f)e &, ., |[D()— F,I(D(f))||a = 0(1)(n — o0 ), and the proof of
Theorem 4 is complete.

vol. 28, n° 2, 1994



186 F.-J. DELVOS
THEOREM 5 : If f € 4%, then
”f - Qn(.f)”w = @(d[nm) (n—> o).
Proof : We have

£ ) = Q,(H O] =< |f @)= F . (NHO| + |[Fu(H)®) = QuF ,(fN@)]
+ IQn(Fn(f))(t)_Qn(f)(t)l .

In view of Theorem 1 we have
| (F,(FN@) - 2. (D) <c|lf =F, O,
This implies
If @)= QD <C |f = Fu(DOl, + |FaH)E) = Qu(F ,(f)(@)]
<Clf-F.Ol,+ Y [ edl-lec—Culedl,

[£] = (2]

where C = 0 is a constant.
In view of Theorem 2 we can conclude

lf @) = Q,(H®)| =
<C|f-F.Ol,+ ( Y| ek)l) cQal((1 - ay)d))dyn,

0< | k| = [n2]

<C|f-F.Oll,+ Qa/(l —a))dpm IDW, -

Now an application of Theorem 4 completes the proof of Theorem 5.
The approximation properties of the trigonometric interpolation projector
are more closely related to those of the Fourier partial sum projector.

THEOREM 6 : Let Q, be the projector of trigonometric interpolation. Then
for any f € A4, the asymptotic error relation

”f_Qn(f)“w = O(d[n/2]) (I’l—) CX))
holds.
Proof : As in the proof of Theorem 5 we have

@)= Q.(H®O| < |[f )= F,(NHD| + |F,(F)t) — QuF ,(fN@)]
+ | QuF,(FN@) - 2, (FH) ()] -

Since @, is the trigonometric interpolation projector, we have

Fn(f) = Qn(Fn(.f))
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APPROXIMATION PROPERTIES OF PERIODIC INTERPOLATION 187

Taking into account Theorem 1 we obtain
If @) = Q.(HO) < Clf = F.(O,

where C > 0 is a constant. Now an application of Theorem 4 completes the
proof.
As an application we consider

d,=k?%7 (keN,geN,g=1).

Then we have

AL, = {fe&lz,,: DRI | (f, eo] <oo} ,

k%0
ie.,

oS, ={fe¥),:Difed,,)}
where D? f denotes the g-th derivative of f.

THEOREM 7 : For any f € €4, with D' f € o, . the asymptotic error
relation

If = Q. =0 ") (n— o)

holds.

If g=2r, reN, case I yields the error estimate of Golomb [5] for odd
degree periodic splines.

Ifg=2r+1, re N, case Il extends the error estimate of Golomb to even
degree periodic midpoint splines.
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