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SPECTRAL-FINITE ELEMENT METHOD
FOR COMPRESSIBLE FLUID FLOWS (*)

B.-Y. Guo (}), W.-M. Cao (})

Communicated by P. G. CIARLET

Abstract. — In this paper, a combined Fourier spectral-finite element method is proposed for
solving n-dimensional (n = 2, 3), semi-periodic compressible fluid flow problems. The strict
error estimation, as well as the convergence rate, is presented.

Résumé. — Dans cet article, on propose une méthode combinant les approches spectrales (de
type Fourier) et les éléments finis pour résoudre des problémes semi-périodiques de fluides
compressibles en dimensions 2 et 3. On obtient des majorations d’ erreur, ainsi que la vitesse de
convergence.

I. INTRODUCTION

n-dimensional (n = 2, 3) compressible fluid flow problems satisfy the
following equations [1, 2] :

[ 3 u® 4 (U.V)U(")—%ag(x V.U)—;)l- T 0,1v U0+ 3U)] +
ji=1
+%ng=f(?), b=1,..,n,
] (1.1)
Y @UP+ Uy

j=1

v

1
0T+ U. VT — —— (V. uV)T — ———
T+ WO~ e (V. 1Y) TS,

K pS
- (V.U? -2 v. -
stT( ) s, ( | U)y=0,

0op+U.V)p +p(V.U)=0,
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470 B.-Y. GUO, W.-M. CAO

where 9, = 9/dt, 9y = d3/dxy, U = (Uy, ..., U,) is the velocity. T is the
absolute temperature. v (T, p) is the viscous coefficient. « (T, p) =

v'(T, p) — % v (T, p), with v' (T, p ) being the second viscous coefficient.

m (T, p) is the coefficient of heat conduction. S(7, p) is the entropy,
Sy = 8S/3T, S, = 3S/dp.

Under certain conditions, Tani [2] proved the local existence of the
classical solution to (1.1). Much work has been done to the numerical
solutions of this problem. The most classical one is the finite difference
method [1, 3]. By using this method, Guo Ben-yu proposed a class of
schemes to solve the periodic problem and the first kind boundary condition
problem of (1.1), and proved the error estimations strictly [4, 5]. Finite
element method is often used to solve (1.1) [6], too. This method is
particularly suitable for problems with irregular domains. Recently, the
Fourier spectral method has also been applied to solve the periodic solution
of (1.1) [7]. However, for many practical problems, the boundary conditions
are neither fully periodic nor fully nonperiodic. A appropriate strategy to
tackle such problems is to combine the Fourier spectral method with finite
difference method or finite element method. Now, there are a lot of papers
devoted to the analysis of such combined methods [8-10]. The present
authors once used the Fourier spectral-finite element method for solving the
semi-periodic problems of incompressible fluid flow. The numerical results
were quite encouraging [11-13].

In this paper, we continue the work of [11-13] by applying the Fourier
spectral-finite element method to solve the semi-periodic problem of (1.1).
Assume Q < R"~! is a polygonal domain (it is an open interval, when
n=2).1=(0,2m),

N=0xI={x= (0, Xy_1, %) (X1, e, X,_1) €EQ, x, €1} .

We consider the solution of (1.1) in the domain (x, ) € 2 x [0, 7,]. We
suppose that all the functions in (1.1) have the periodicity 2 7 in
x, direction, and that U and T satisfy the homogeneous first kind boundary
conditions. These mean that

Nl co=Ml 20> YOLouX, 0)€Qx[0,5], n=U,T,p,

(1.2)
n |(X1,...,.X,,_1)ESQ = 0 ’ V(xyw t) EI X [0’ tO] ’ n = U’ T
Besides, we assume that the initial values of (1.1) are the following,
Nl,_o=m0, n=UT,p. (1.3)

To avoid « negative density » (i.e. p < 0), which is likely caused by the
round off errors during the computations, and which generates a non-
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SPECTRAL-FINITE ELEMENT METHOD 471

physical solution and instabilize the computations, we adopt the idea of Guo
Ben-yu [4, 5], i.e., we seek ¢ =Inp by (1.1) instead of calculating p
directly. Besides, we assume the fluid satisfies the following equation of
state,

p =RpT,

where R is a positive constant. Consequently (1.1) can be rewritten into the
following form,

JUY+ (U.VIU® _ e ®ay(k V.U) —

—e Y 3 [w@UD + U] + R8T +RT e =
j=1

=f([), e=1, ...,n,

L (1.4)
3T+ (U.V)T—e *T-'S; (V. uV)T —

_ % ve *T7'ST' Y (0UD + o, Uy
£j=1

—ke *T 'S (V. UY-S,S7(V.U)=0,
e+ (U.V)e +V.U=0.

We suppose v, u, « and s are sufficiently smooth to each of their variables,
and there exist positive constants B, B, B, vy v, Mg MK,
Ao, Ay, So, S1 Sy, @y and @, such that for B<T < B, and |¢| =<
Bz,

Vo<V <V, Mo<p<py, |k| <k, min(nk+ (n+ 1) v, v)=A,
S0<ST<S1’ IS‘,,' <S2, ¢0<e_¢<¢1,
| an |

( I—a;|sAl, where n=v,k,u,50,8,, z=T, & .
\

(1.5)

II. NOTATIONS

Suppose Z < R™ (m =1,2o0r3) is a bounded open domain, with its
boundary being locally Lipschitz continuous. p=1 and s= 0 are real
numbers. We denote by W*?(Z) the classical Sobolev spaces, with the
norm || . || », ¢ and the semi-norm | . | », o (see [14]). In particular, we set

H(Z) = Ws'z(@): H . ”s@ = “ . ”s,z,g’ | . Is,g = I . Is,2,@’ and
PLP(D)=W%P(D), and we denote by || . |@ and (., . )g the norm and the

inner product of £ *(2). For simplicity, we shall omit the domain notations
whenever 9 = (2.

vol. 26, n° 4, 1992



472 B.-Y. GUO, W.-M. CAO

Suppose 4 is a Banach space, and 3 = R' is an interval. We define the
abstract measurable function spaces as follows :

LX9;B)= {nin:d -2, 171l g2s . )

12
= (J ||1](t')||2th') <oo},
®

{n/n 9 - B, |n ”H‘w;@)

> a,n 2 1/2
(1120 + |32 o)) =}

C(9;B)= {m/n: 9 — B is strongly continuous ,

II

HYW(9:%®)

I = “c(g;g)

= max ||n (") <oo} , etc..
t'e ¥

For a, B = 0, we define the non-isotropic Sobolev spaces as follows [15],
H*P(2)=L*I;H*(Q)NHPU; L*Q)),
XOP(2)=HF*'"U;H*(Q)NHPU;H**(Q)),

each equipped with the following norm, respectively,

172
17 s 000y = (I W20 oy + I 1o L2 ™ >

I lxesay= I lGs o1y, ey + 11 s ae 1™ -
It @, B =1, we define furthermore that
Yor2)=H*F(2)NH'U;H " (Q@NNHP U HY(Q),
equipped with the norm
17 lyerscay = I ey + 1 W20 me-rigyy + 17 130 -1

Define C ;° (£2) be the set of infinitely differentiable functions on
£, which have the periodicity 2 7 in x, direction. We denote by
Hy(2), H#(2), X *(2) and Y B(2) the closure of C*(£2) in
H(2), H*?(2), X*F(2) and Y * #(2), respectively. Besides, we set
H§ ,(2) =Hy(2)N LA 5 Hy(2)), Y&f@)y=Y3P@)n 2 ;
Hy(42)).
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SPECTRAL-FINITE ELEMENT METHOD 473

III. THE SCHEMES

By integeration by parts, we have that the generalized solution of (1.2)-
(1.4), :

(U, T, )€ [C(0, 1; Hp ,(2) N C (2))]" x
x [C (0, 2; Hg ,(2)NC(2)N]x [C(0, t; H) ()N C (2))],
satisfy the following equations :
U, v)+ ([U.V]IU,v) +R(VT,v)+ R(T Ve, v) +

3
+ Y T, 0, U v) = (f,v), Vve (HS,(2)),
m=1

(atT? W)+ ([U'V]T, W) +J4(T5 @, W)+Js(T, @, U9 W) = 0,
VweHg ,(2), (G.1)

@, x)+ (IU.V]e, x)+(V.U,x)=0, Vx € Hy(2),

where
J](Ts P, U’ U) = (K(T, ‘P)V'Uy V' (e_‘ﬁv)) ?
DT e, U, vy =% (v(T, ¢)3,UD, 3;(e*vD)),

gj=1

I(T, @, U, o)=Y (v(T, ) U, 83;(e ¢ v)),

6 j=1
J4(T$ @, W) = (#’(Ta (P)VT, V(e_‘pT_ISZTIW))’

5T @, Uw) =~ (%Ve_(pT—lel Y (ajU(g)+an(i))2+

gj=1

+ ke TISTV.UY+ S, ST (V. U), w).

Obviously, any classical solution of (1.2)-(1.4) satisfies (3.1). Now we
construct the Fourier spectral-finite element approximation of (3.1). Let

{C,}, be a regular family of finite triangulations of 0O, such that

vol. 26, n° 4, 1992



474 B.-Y. GUO, W.-M. CAO

My
Q0 =_JK, (K, are small intervals when n = 2, and small triangles when

m=1

n = 3). Define
h,, = diam (K,),
no— h,, for n=2,
” 7 |the diameter of the inscribed circle in K ,,, for n = 3.

h= max (h,), h'= min (h)).

m
l=m=M, l=sm=M,

We assume in addition that {C}, satisfies the « inverse assumption », i.e.

there exists a positive constant d, such that A/h'<d, for any C, e
{C h} n

Let k=1 be an integer. We denote by PP, the set of all the polynomials
defined on R"~! with degree < k. Define the subspaces for finite element
approximations in non-periodic directions as follows :

Xi(@)={n/n|, eP, 1<sm=<M,} NHYQ),
X§4(Q) =XEQ)NHNQ).

Let N =1 be an integer, we define the subspaces for Fourier spectral
approximations in periodic direction as follows :

Sy ) = {n(x,,)= Y mjem =7 |j|sN}-

il =N

Let 8 = (h, N, k). By combining the above two kinds of approximations,
we can approximate H ({2 ) and H; ,(£2), by the following finite dimension-
al subspaces

Vs(2)=XQ)® SyU), Vi s(R2)=X5,(Q)RSyU).

z
Let 7 be the mesh size of time, and @, = {t =flr0<l < |:—0]}. We

-
approximate 9,7 (¢) by its first order difference quotient, i.e.

8 = (@@ +T) = (D).

The fully discrete Fourier spectral-finite element schemes for solving (2.4)
is to find the pair

(s (1), T5(1), ¢5(t)) € [V, s(2)] x [V 5(2)]x [V5(£2)] for 1€ O,

M? AN Modélisation mathématique et Analyse numérique
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SPECTRAL-FINITE ELEMENT METHOD 475
satisfying
(Ugp, V) + (s . V9ug, v) + R(VT5, v) + R(T5 Vs, 0) +

3
Y InTs, 5, us, v) = (f,0), Vve [Vg(2)],

m=1

(Tsp W)+ ([us-VI1Ts5, w) + Jy(T5, 05, w) +
+Js(Ts, 05, us, w)=0, YweV, ;(2),

(o X)+ (U5 - V1es x)+ (V.us, x) =0, VYxeV,;(2).

(3.2)

We approximate the initial value condition (1.3) by its combined
L%orthogonal projection in x, direction and piecewise Lagrange’s interpo-
lation in other directions. More precisely, define Py be the orthogonal
projection operator from L 2(I) onto Sy (I ), and define =} from C (Q ) onto

X¥(Q) be the piecewise Lagrange’s interpolation operator of order k, i.e.,
forany £ € C(Q), 7} £| k » 1 =m=M,, is the Lagrange’s interpolation of

order k of £|, , and mX ¢ is continuous in Q. The composite operator
Fi: LY, C(Q))—Vs(N)isdefinedas F s =Pyonml=nwfoPy,ie., if
1) = Y 0@ e X,1) €7 LXT; C(Q)), then

1jl =0

(Fsmx) = Y (70 o x,_ )

1jl =N
Thus we approximate (1.3) in the following way :

u5(0)=g5U0, Ts(O)ZysTo, (P8(0)=.?—5(P(0)=f51np0.

(3.3)
Remark ] : We may approximate the initial condition by other methods,
e.g., the interpolation over x, ..., x,_; and x, directions, the orthogonal

projection with L 2(2)-norm or H (2 )-norm, etc. Then the analysis below
is still valid provided that these approximations are of the same convergence
rates as & ;.

IV. LEMMAS
n—1
2

exists a positive constant C independent of h and N, such that for all
n e Hy P(2),

LEMMA 1 [8, 12] : If @ = ,B=0, @ =min (a, k+ 1), then there

I7~ Fsnll <ChT+ N5l yenca -

vol. 26, n° 4, 1992



476 B.-Y. GUO, W.-M. CAO

LEMMA 2 [8, 12]: If Nh<Cst.,, a =
min (a, k + 1), then there exists a positive constant C independent of h and
N, such that for all n € Y #(22),

|7 - ZFs 77“1$C(h&_l+N1—B)"""y'7-"(n)'

n—1
2
independent of h and N, such that for all n € X P(Q2),

LEMMA 3:If a >

, B = 1/2, then there exists a positive constant C

”'g;S n lll,oos C ”77 "x“fﬁ(o) .

Proof : Suppose that 7n(x) = Y 70 .o X,_y) eijx"eX:’ﬂ(.Q).
lil=0

Since a = % , we have from Sobolev’s embedding theorem that
X2 P(2)o L%, C(Q)) and hence,
(fs n)(x) = Z (Wlf n;)(xb EXEE] xn——l)euxn-
ljl =N

Moreover, since {C,}, is a regular family of triangulations of Q, and

satisfies the « inverse assumption », we have by the error estimates of
function interpolations in finite element method that [16]

i millo .o =C il o

k
|”Th nj|1|w,Q$C”nj“1+a’Q'
Thus

1£snll, o=

I

Z {(1 + Ijl)”W;:nj”O,w,Q+ IW”: njll,co,Q}

lil=N

<C ¥ {a+ DI, o+ 1m0, . o}

1l =N

sC{ YL Pl +

lj| =N

12
+(1+Ijlz“’)lln,-llfmg]}l’z{ y (1+|j|)—“}

ljl =N

<C 17 llges0)-

M2 AN Modélisation mathématique et Analyse numérique
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SPECTRAL-FINITE ELEMENT METHOD 477

LEMMA 4 : There exists a positive constant C, independent of h and N,
such that for all m € V 5(12),

@) [n|3= (Coh™ 2+ ND|n|?
() 73 o <Coh' "N [0
(i) 7|2 o <CoD(h N)| 7|2

where

5 InN for n=2
D N ={ ; ’
( ) Nl|lnh|, for n=3.

Proof : The proof of conclusion (i) may be found in [11, 12]. Now we
prove conclusion (ii). Suppose

n(x) = Z nj(xl’ LEEX] xn-l) eux"a

ljil =N
then n; € XKQ)<=HYQ). Since {C,} , is regular and satisfies the « inverse

assumption », we have from the inverse inequalities in finite element
method that [16] :

”nj”o, w,Qs COh(l—n)O” nj”o, 2,0°

Hence, we can complete the proof of (ii) in the following way,

Il o= X I7llg 0 o<Con® "% ¥ mjlly,,

il =N T =N
12 172
A -ny2 2
=Coh ) ”’7/”0,2,Q > 1
1jl =N lil=N
(A= ny2 a7 112
=Cgyh 2N 12| q |-
NV fwvd vvrm am U | PRS- pup 222N\ £ S | PRy | . 2 o nmntalo. e
INTAL wcC PLUVC LulLiL1ud1uULL \111) 11Ul n = 4 naua n = o b‘zy 1atc21_y. i1

n = 2, then we have clearly that

172 12
Il’r)j”()'w’Q$C |Inj"0i2,anj|l,2,Q'

Thus
12 172
17le= T Inilowo=C T Imilielmliho
=N o 1| «¥
- S , 14
sC{ Y (A+j )“771‘”0,2,Q} %
ljt =N
1/4 12
x{ 5 Injlf,z,g} {Z (1+j2)‘1/2}

lil =N

<Co(InN)2 7|, .

1l =N

vol. 26, n° 4, 1992



478 B.-Y. GUO, W.-M. CAO

If n =3, then by the inverse inequality on the subspaces X Q) (cf
Lemma 1.1 in [17]) that

”nj”(),oo’Qsc llnh|1/2 ”nj”LQ'

Thus

"17”0,00s Z ”771'”0_00,Q$C|1nh|1/2 Z “njlll,Q

il =N 1j| =N

<C|1nh|1/ < E ”7]“ )1/ < E 1)1/
= j 1)2!Q
lil=N

lil =N

<Colln AN "],
LEMMA 5:If ¢ e H'(2) NC,(R2), & n €V, 5(R2), then

(¥ 3€, 9m) = (¥ 3£, gm) — (3,0 3k — dgup 3¢, m), Vi=E j=<n.

Proof : Denote by # = (ny, ..., n,) the unit outward normal vector of
(K, xI)= (3K,, x I)U(K,, x I ) (see fig. 1). Then we have by inte-
gration by parts that

My

(¥ 3¢, 8m) = ) ¥ (x) € (x)3m (x) dx

m=1vK, xI

il

My,
> {‘/”7 %€ - njlyk xry

m=1

- J 7 (x) (¥ (x) 3, Bf (x) + 3 (x) g€ (x)) dx}
K, xI

My
= Z {wn(aff'nj_ajf'nt’)la(Kmxl)"'J l//(x)a,f(x)ae"l(x)dx
m=1 K, xI

- J 7 (x) (3 (x) & (x) — dpeh (x) 9;£(x)) dX} .
K, xI
Clearly, if the following two equalities are proved,

My
A=Y {¥n@@eé.nj— .10} g o =0
m=1

M’l
Ay=Y {¥n (3 .n; - ajf'"f)HaKmxl =0,
m=1

M? AN Modélisation mathématique et Analyse numérique
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SPECTRAL-FINITE ELEMENT METHOD 479

/.

Figure 1.

then this lemma can be easily seen. By the periodicity of ¢, £and 7, we have
clearly that A, = 0. Now we prove A, = 0. Firstly, if £ = j, then we have
trivally A, =0; Next, if £ % j, but one of them is equal to n, say
' = n, we have in this case that n; vanishes on 8K, x I. Thus

Un ag._f.njlaKmx,=0, lsm=M,.

On the other hand, since £ € V 5(£2) and j = n, 'we have 3,£ € V 5(£2).
Therefore 3,¢ € C (Q), and 8;€|,9, = 0. Hence

Mp

> ¥m ajg'nflaxmxl =¥n ajf'nl’lanl =0.

m=1

Thus we have also A, = 0 ; Finally, if £ # j, and neither £ nor j equals to 7,
then there must be in this case n=3, £ =1 and j =2, or n =23,
j=1and £ =2, say the former. Then we have in this case

¢

(315-”2—325-”1)|3Kmx1 =30

K, x1I

where o = (n,, — ny, 0) is the unit tangential vector on 3K,, x I. Since ¢, &
and 7 are continuous in 2, and ¢ vanishes on 30 x I, we have

My . af
Z ¢n(81§.n2—82§.n1)|aKmx1=1/117—«-— _O.
me1

0K, x 1

oo

By combining the above arguments, we complete the proof of this lemma.

LEMMA 6 [3] : Suppose the following conditions are fulfilled :

(i) n is a non-negative function defined on ©,, po, Boy, ay(h, N) and
My, 1 <f <m, are non-negative constants ;

(i) p(t) = p (n(0), (1), ..., n(t — 7)) satisfies that p(t) < p, for all
n(t')sMyay(h, N);

vol. 26, n° 4, 1992



480 B.-Y. GUO, W.-M. CAO

(ii) H, (1) = n(2) [M(n (1)) + aog(h, N)B(n (1)) n ()] + ) &(n (1)),
=1

where M (n (1)) s My and B(n(t)) <Bg for all n(t) =sMyay(h, N); and
E(m ) <O0 for all n(t) <sMyap(h, N), 1 <l <=m;

iv) G,(1)=GC(n @), n(t—7))=n(t);

V) 7(0)<p(0)=<p, and

G,()=<p)+7 Y H,(t"), VieO,;

t'=0

(1+By) My,

(Vi) poe = min (M¢a(h,N));

O<sl<m
Then we have for all t € O, and t <t that

n (1) spoe(1+BO)M0t.

V. ERROR ESTIMATIONS

Let (U, T, ¢) be the solution of (3.1). Define u, =% ;U, T, =
F T, ¢, = F s¢. Then we derive from (3.1) that

[ Qoo 0) + ([, V]u, v) + R(OVT,, v) + R(T, V.,

v)+
3
+ Y In(Tes @ty 0)
m=1

~ 3 e
=L+ nLo)+ z H,(), Vve [Vq (21",

Ty, @)+ ([, . VIT,, @) +J(T,, ¢,, ) + J5(T,, ¢,, u,, @)

- 5.
=(f2’ w)+ sz(w)v Vwevo,s(ﬂ),

(Pup X))+ ([, - V1@ x)+ (Vou, x)= (f3 x),
VxeVs(2), (5.1

where

fi=u,—8U+ [u,.V]iu, —[U.V]IU+
+R[V(T,-T)+T, Ve,-TVe],

fo=T,—03T+ [, .VIT,— [U.VIT,

o>
|

=¢u— 3%+ . .V]ie. - U.V]e +V. u,-U),

M? AN Modélisation mathématique et Analyse numérique
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SPECTRAL-FINITE ELEMENT METHOD 481
H,v)=J,T,, ¢, u, v) —J(T, ¢, u,0), m=1,2,3,
CHy(0) =TT, 0., @) —T(T, 0, @),
Hs(w) =J5(T, ¢, u,, ©) = J5(T, ¢, u, w).

LN.et (us, Ty, ¢5) be the solution of scheme (3.2)-(3.3). Define ii = Uus — u,,
T=T;-T, &=¢s— ¢, Then we have by (3.3) that #(0) =0 and

T(0) = &(0) = 0. By subtract the formulas in (5.1) from the corresponding
ones in (3.2), we obtain that

3 3 - - 3 -
(ﬁn U)+ Z Fm(v)+ Z Jm(l))z— (.fl, v)— z Hm(v)’
m=1 m=1 m=1

Yve [Vo ()",
5 5 -
(Tp @)+ Fy(@)+ ¥ J(0)=—(fry0)~ ¥ H,(w),
m=4 m=4

Vw € VO, 5('{2)" s

. p 3
(Fox)+ Y Fulx)=—(f x), YxeVs2), (5.2)
m=35

where

Fiv)=(@.V]u,v)+ ([(u,+u).V]i,v),

F,(v) = R(VT, v)

Fi(0) =R(T .Ve,, ) +R((T,+T).V&,v),
Fyw)=([a.V1T, o)+ ([(u, + 7). V]IT, @),
Fs(x)=(E.V]e, x)+ ([(u,+u).V]1&, x),

Fe(x)=(V.u, x),

J,0)=J (T, +T, 0, + &, u,+ i, 0) = J,(T,, €s, 4, v), m=1,2,3,
J(0) =TT, + T, ¢, + &, @)~ J(T., ¢., @),

Js(@) =Js(T.+ T, ¢, + &, u, + i, @) = J5(T., . s, ).

We pu-t v="di+7id, o=T+ 17T, x =& + 7&, in (5.2), and add up the

three equalities resulted. Note the following identity [3]

2

b

2@, 1) = (|13, = |||
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we get that

(| + ||f”2+ 1817, + (1 — s)(”ﬁ,|[2+ “f,||2+ 1205

3 6
+2 Z Fo i+ 7h)+2F T+ +T,) +2 Z F (& +7¢,)

m=1 m=35

3 5
+2 Z J, (f+ Ti,) +2 Z J, (T + =T,)
m=4

m=1 =

~ 3 ~
< @02+ |2+ 0812+ (142 ) 3 7l
m=1

3 5

+2 Z H, i+ 7i,)+ 2 Z H, (T ++T,), (5.3)
m=1 m=14 )

where & =0 is a suitably small constant. Next we estimate the terms

F,, fm and ﬁm in (5.3) separately. We assume that u, T and ¢ are

sufficiently smooth, By <T < B | and |¢ | < B,, then we have By < T, < B;
and |¢@,| <B,, if A~ and N are large enough. Thus we conclude from (ii) of

Lemma 4 that there exist a suitably small constant B =0, such that
By<T, + T < B, and |¢p* + gB[ < B,, for all T and ¢ satisfying that

”f“$§h(n—l)/2N_1/2, |I¢'”$B'h(n—l)/2N—l/2. (54)

Under these assumptions, we have the boundedness of the variables in (1.5)
valid for all T ,+7T ands ¢,+ . For simplicity, we define
D, N)Y=Cgy.D(h, NYCgh?+ N~?) (cf. Lemma 4), and denote by M a

positive constant independent of A, N and 7, but may depend on ¢, R,
, n-—1 , 1

”1’ ”XE"!;')B' (a >_2——’ ﬁ >§5 n = Uy T: (P)y IlU”2’ ”T”2 and kl’

v,, @, 5, etc., and may be of different values in different expressions. At

first, we have from Lemma 3 and Lemma 4 that

|Fia@)| = Ju], &)+ |
< el@|+ M+ |l Hla|?

< e|@|>+ MU + D, N)|a)»|a]?,

uo+ | lal, |

|Fa@)| < &|T|+ M|a)?,
|Fs@)| <M {(|F]| + I161)0al + 16 11al,

+ 1616, DENT], + [ T17] )}
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<eld|?+e|T|2+ M1+ D, N)Y|& %)
< (laf)”+ | T+ M.
and similarly,
|Fu)| < | T+ M) + | T|*+ D N)lal* | T,

|Fs(@)| < |([@.V1e., &)| + [(V(8%2), u, + @)|
= [(E. Ve, &)| + [(872, V. (u, + )|
< M(|[@l|]>+ | 11>) + MD (h, N) || |1* |7|2,

|Fe(@)| <clali+M|&|>.

Next, we estimate f,,, (), l=m =3, and J~4(T~). It is not difficult to verify
that

- ~ S ~
J@y= (""" k@ +T, 0, + &), (V.a)+ T J, @), (55)

g=1

where
Joa@) = (e k(T +T, o+ ¢)—e " k(To )] .Vu,, V.00,
Joa@)= — (e k(@ +T, ¢.+ &)
—e kT, e)]. (V.u)(Ve,), &),
Jia@) == k@ +T, 0.+ &) (V. 0)(Ve,), i),
i

L) = = (@ TR (T 4T, 0+ 3)V. D) (Vo). @),

Jos@ == k@ +T, 0.+ &)V.u)VF), ).

We have from Lemma 3, Lemma 4 and (1.5) that
|70 1@ | < ela)]?+ M(|T|*+ 1613 .
2@ | =M@l + | T)*+ 161
|71, 3G | < e @|> + M||||?,
|14 | < M &), ], 8],
< e|@|3+MD (h, N)|| 3| ||}
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If we assumeu e [C(0,t; H 3(.(2 ))]", then we have by integeration by parts
that

- 3
Jl,S(ﬁ) = Z Zq(ﬁ) )
where

Z@)= — (e " k(T +T, ¢+ &) —e " (T, ©.)]x
x (V.u,) V), &),

Zy@) = — (e "k (T, @)IV. (u,~ U)I(VE), i),

Zy@) = — (¢ k(Tv, @) (V. UNYE), )
= (&, V.[e " k(Ts, e)(V.U)&E)).
It is easy to verify that
|Z,@)| = el@)? + MD (b, NY(|T|* + 16121817,
|Z2@@)| <M |u, —U|}+ MD (b, N)|| 8| |2]3,
|Zs@) | < ela|?+M @)+ 18]
By substitute the above estimates into (5.5), we obtain that
[7@) = (™ Pk (T 4 T oo+ 8), (Vo) <a@ T, &, b N),

(5.6)
where

+M(1+Dh, NG M+ | T+ 161
+MD (b, N)(|T||* + 18 1M)]a]} + M|u, — U}

Similarly, we have

=

I(@) — (e_w'_ﬁ v(T.+T, 0.+ &), ¥ (aja(“)?)

6j-1

<a(@,T, @ h N).
By Lemma 5, we have in the same way that
[s@) = (" P v @+ T, oo+ 8), (V.| <a@T, &, hN).
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Still by the analogy to the proof of (5.6), we can get that

[Ty = (TP UT + T, o+ )T, +T) ' x

X S; I(T* + fs- ‘0* + 9’5)7 Z (a]f)2)

i=1

<¢|T|]+ M+ Dk NS IDAT|*+ 1615
+MD (h, N[ ¢\ |T|2+M|T, - T|3.

Now we estimate J,(27d,), l=m=3, and J,(27T,). Let

A=7(Cy h~%?+ N?), and assume that A < A * = Cst. Then we have from
(i) of Lemma 4 that

Since

we have from (1.5) that
(e Pk, +T, ¢*+¢')V.17£,2’TV.17£,)I <

<270, .|V 2| V. & < 5 %] + 8 An® DT KD|0)]

and we have furthermore that
|72 =i, s% I+ 8 An2 @2 x2|a|? + B (@, f &, hN),
where
B, T, & b N) = er|i|’+
M)+ [T+ 181 + MD (h, N &1 |13

Analogously, we have

|22 )| < 5 |&|* + 8 a@iwijal} + 8@, T, &, b N),

|2 7| < g &l + 8 an* @ wijal}+ B T, 6. b N),

|7a2 7T s% |T:||* +2 A @2 285255 2| T|” +

+er| TP+ M TP+ 1617 + MD (NI E 1P | FL
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Moreover, it is not difficult to check that

|205(T + 7T)| < er||T.||* + e |F|>+ M) + |F|*+ 161>
Finally, analogously to the estimates of J,,,, we can bound H (i + T,

l<sm=<3, and H (f+"rT~,) 4<m=<35, as follows

2 z |, G+ )| + 2 z |H (T+TT)|

m=1
< er (|7 + elal?+ o T+ mQai® + |77+ 1517 +
M(Jlu,~ U} + IT.=T[}+ |e. — ¢ -
Define
AT, +T, ¢+ &) =min (nc (T, + T, @, + §) +

+(m+ DT +T, 0.+ &), v(T,+T, 0.+ &))

F(@)=( " °c@ +T, 0.+ &)+ v(T.+ T, 0.+ &)1, (V. @)y

+ (e‘“’"“’u(T +T, .+ &), Z (aa(“)Z) ,
ji=1 2

0N+ = {xe 2/ (T, +T, ¢, + &)+ v(T.+T, o, + ¢)>0} ,
N =02\N". .
We have by (5.4) and (1.5) that A (T, + T, @, + @) = 0. On the other hand,
it is obvious that

F2*)= ( TPAMT.+T, 0.+ &), Z (aa<">)2) . .7

f]—l *
By the following inequality
(V.ay=ny a9y,
j=1

we can easily check that (5.7) is also valid for 2 ~. Thus we get

€ " k@ +T 0,4+ @)+ v(T. + T, .+ &)1, (V. &) +

+ (e“’"""’v, T +T, 0.+ ), ¥ (a,-zz<">)2)

ij=1
=F*)Y+F(2)
( TPAMTL AT, e+ ), Y (a,-a“’))z).
i,j=1
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By combining the above estimates for F,,, J,, and H,,, we derive from (5.3)
that

Ua)®>+ | T+ 1@ 17+ 758 =3 ) (||a|* + ||T,l|2+ .1 +
+ Qe AT+ T, 0.+ &)

126 —MD (b, N)Y(|T|*+ 161D, T @a")?

ij=1

+ Qe TN, +TY 'SF T+ T, @+ &) >-8)

xu(T.+T, ¢, +&)—62—MD N)|&|% T ;TP

i
— 82D N kl+ (n?+ 1) v?)
x |i|? —2/\951;;,1802S02|T| <R@@,T,3)+Z,
where
R@, T, 3)=M[1+Dx N)Y(|a|*+ |F|*+ 1611 x
x (a2 + | T”+ |15,

~ 3 -~
Z =M= U+ T =T+ o= el + (142) 3 [7al’

Suppose a be a non-negative number, and

Ay, d wo Do BESE
/\<min( 0 %o , 0 Poboo0 (5.9)
\ 8P i+ 0+ 1) v]] 2 u}PIB, S, |
Define
E@ 0= 170+ T (o § @ien) + 5§ 1760
j=1 -

G(t) =Egyaplii. t) + Eg apr15:10(T, 1)+ Eo(8, 1) .

By summerizing (5.8) for all t <¢ — 7, and ¢t € @,, we obtain that
t—7
Gt)ysp@)+7 Y {R @), T, ¢(t')) +
t'=0
2
+ Y @), T(@'), rﬁ(t’))} )
m =1
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where

t—7
p(ty=1 3% Z("),
t'=0
6@ T, 5)=-@e " AT +T, 0.+ )~ 3 PoAg-

—8 AP’k + (RP+ 1) v —12¢

~MD (h, NY(|T|*+ 1815, ¥ @a™)?,

6j=1

&H@, T, ¢)=- Qe T, + Ty 'S;'T, + T, ¢, + &) x
X w(T.+ T, ¢.+ &)~ 5 Bo o Br S’

—2AP{uiB5*S5?—6c-MD(h,N)|&]% Y BT .
j=1
By applying Lemma 6, with ag(h, N) =Coh 2+ N?% aj(h, N)=
ay(h, N) = D (h, N), we conclude that if (5.4) holds, and there exists
t; € O, such that

p (1) <M, min (1/D(h, N), I/(Coh~2+ N?)), (5.10)

where M, = 0 is a suitably small constant, independing on %z, N and 7, then
there exist positive constants M, and M;, such that for all =<, and
te O,

Gt)ysM,p)e™'. (5.11)

Since (5.10) implies (5.4), so we need only to estimate p (¢) and to examine
condition (5.10), to obtain the convergence rate.
Analogously to the estimates for |F,|, 1 <=m <6, we get that

3 ~
Y 7wl = e = 3U P+ [T = 3T |7 + e — 30|

m=1
+M(Jlu, = UIT+ IT. =TI+ e —elD.

By Taylor’s formula of expansion and Lemma 1, we have

Inu—=23mll < ln.—nl+ln—23mn]|

J [#: (52 @) - 5L ] ar

t+ T aZ
(t+7—t)L@yadr
ar?

t

1
= -
T

+

1
+—
-
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1 t+7 an ) ‘377 , H , J‘t-é—f 321] , ,
=— F — (t' -— dt’ + — (7 dt
’TJ; 5( at @ at @ ‘ at2( )

_ t+ T 3 2 12
=M7 2(hE P4 NP T “ | +
=y | KGR IR,
t+7 2 2 12
+MT”2U Mz-(z’)l d’
t at
n+1

where a > B=1,a& =min (a,k+ 1), n = U, T, ¢. Moreover, we

have from Lemma 2 that

”77*_ "7”1sM(hE_1+N1_B)”"7”yﬁ.ﬁ(ﬂ), n = U: T, P .

Hence,
p(t) =M (t)(v2+ h*@ D L N2U=0),

where M (t) =0 is depending only on
H an ¥n
at ar? |lL2. 1:L%0))
“U“C(O,t;Hz(ﬂ))’ IITIIC(O,“HZ(Q», R, &, etc.
We assume that 2 = N ~¢ a = 1, and that the following condition holds,

i "0(0, HYRE@ynx e @)y

n="U, T, @,

L%0, 1, H* ~ 18~ 1a))

_ 1 n
@x = 2 _ - 2— N
a a
(5.12)
B=a+ z
> "
2
then we have p (i) =o(1/D{h, N)). Thus we have (5.10) valid for

t = to, provided A~ ! and N are sufficiently large.
By all the above arguments, together with the triangle inequalities,

we obtain the following theorem :

THEOREM 1 : Assume the solution (U, T, ¢ ) of (3.1) satisfies that

UeC(0, 1; 5 (@2)NX P (2) nHNDTY
NHYO, 43 [Hy =" F - 1()]")
NHO, i; LD,
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490 B.-Y. GUO, W.-M. CAO
TeCO 4: Y& (R)NX P (2)NHY(2))
NHYO, to; H =" #-1(02))
NHX0, 1; L*(02)),
PpeCO tp: Y A(2)NX P (R)NHNO0, 4 Hy 1P 71(2))
NH0, 1; L*(2)),

with a >%l,ﬂ Bl,a'>n;1
scheme (3.2)-(3.3), @ = min (a, k+ 1). Suppose the following two con-
ditions are fulfilled

(i) By<T <B,, |¢| <B,, and (1.5) holds :

(ii) h=N"°% witha=1, A = 7(Coh 2>+ N?), and (5.9), (5.12) hold ;
then there exist two positive constants M , and M s, independent of h, N and T,
such that when h, N~ and v are small enough, we have for all
t € @, that

,B' > % , (us, Ts, @) is the solution of

s @) = U + [T50) ~ T + 05 — 0 )] =
<M, eMsz(Tz+ hz(a_1)+ N2(1—B)).

Remark 5.1 : Generally, the solution of (3.1) possesses a good regularly
in the periodic direction, then the Fourier spectral method adopted in this
direction usually has a higher ability of resolution. Thus the step size
N ~lin x, direction can be set larger than that in the other directions, to save
computations. Hence the assumption a = 1 is reasonable. Numerical results
available also give positive evidences to this observation (cf. e.g. [8, 11]).
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