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MATHEMATICAL MOOEUWG AMD HUMERICAL ANALYStS
MODÉLISATION MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(Vol. 26, n° 4, 1992, p. 469 à 491)

SPECTRAL-FINITE ELEMENT METHOD
FOR COMPRESSIBLE FLUID FLOWS (*)

B.-Y. Guo O, W.-M. CAO 0)

Communicated by P. G. CIARLET

Abstract. — In this paper, a combined Fourier spectral-finite element method is proposée for
solving n~dimensional (n — 2, 3), semi-periodic compressible fluid flow problems. The strict
error estimation, as well as the convergence rate, is presented.

Résumé. — Dans cet article, on propose une méthode combinant les approches spectrales (de
type Fourier) et les éléments finis pour résoudre des problèmes semi-périodiques de fluides
compressibles en dimensions 2 et 3. On obtient des majorations d'erreur, ainsi que la vitesse de
convergence.

I. INTRODUCTION

/î-dimensional (n = 2, 3) compressible fluid flow problems satisfy the
following équations [1, 2] :

p y

2 plST î^

dtP + (U.V)p +p(V.U) = O,

(*) Received January 1990.
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470 B.-Y. GUO, W.-M. CAO

where 3, = d/dt, d? = 3/9x?, U = (Ul9 ..., Un) is the velocity. T is the
absolute température. v(T, p) is the viscous coefficient. K(T, p) =

2
vf(T,p)— - v{T9 p ), with v ' (T, p) being the second viscous coefficient.

JUL(T, p) is the coefficient of heat conduction. S(T, p) is the entropy,
ST = dS/dT, Sp = dS/dp.

Under certain conditions, Tani [2] proved the local existence of the
classical solution to (1.1). Much work has been done to the numerical
solutions of this problem. The most classical one is the finite différence
method [1, 3], By using this method, Guo Ben-yu proposed a class of
schemes to solve the periodic problem and the first kind boundary condition
problem of (1.1), and proved the error estimations strictly [4, 5]. Finite
element method is often used to solve (1.1) [6], too. This method is
particularly suitable for problems with irregular domains. Recently, the
Fourier spectral method has also been applied to solve the periodic solution
of (1.1) [7]. However, for many practical problems, the boundary conditions
are neither fully periodic nor fully nonperiodic. A appropriate strategy to
tackle such problems is to combine the Fourier spectral method with finite
différence method or finite element method. Now, there are a lot of papers
devoted to the analysis of such combined methods [8-10]. The present
authors once used the Fourier spectral-finite element method for solving the
semi-periodic problems of incompressible fluid flow. The numerical results
were quite encouraging [11-13].

In this paper, we continue the work of [11-13] by applying the Fourier
spectral-finite element method to solve the semi-periodic problem of (LI).
Assume QczUn~x is a polygonal domain (it is an open interval, when
n = 2). ƒ = (0, 2 TT),

12 = Q x l = { x = ( x l 9 . . . 9 x n _ u x n ) f ( x u . . . , * „ _ i ) e Q , x n e l } .

We consider the solution of (1.1) in the domain (x, t) s O x [0, f0]. We
suppose that all the functions in (1.1) have the periodicity 2 ir in
xn direction, and that U and T satisfy the homogeneous first kind boundary
conditions. These mean that

\Xn = 0 = v \ X n = 27r, V ( x j , . . . , * „ _ ! , t ) e Q x [ 0 , t 0 ] , v - U,T, p ,

Besides, we assume that the initial values of (1.1) are the following,

^ i ^ o = ^O' V = U, T, p . (1.3)

To avoid « négative density » (i.e. p < 0), which is likely caused by the
round off errors during the computations, and which générâtes a non-
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SPECTRAL-FINITE ELEMENT METHOD 471

physical solution and instabilize the computations, we adopt the idea of Guo
Ben-yu [4, 5], i.e., we seek <p = In p by (1.1) instead of calculating p
directly. Besides, we assume the fluid satisfies the following équation of
state,

P=RpT,

where R is a positive constant. Consequently (LI) can be rewritten into the
following form,

(U. S7)U(£)-e-<p dç(K V . J 7 ) -
n

- e~ * £ 9y l> (

9 , r + {U . V)T- e-<pT~lSï\V . fJiV)T -

- - v e * T ST

We suppose v, /*,, K and s are sufficiently smooth to each of their variables,
and there exist positive constants Bo, Bh B2, v0, VXJ yti0, /MUKU

Ao, Au So, S1( 52, ^o a n ( i ^i» s u c n t n a t f ° r BQ<T < Bx and |^>| ^

v 0 <: ^ <: Ï' ls yU-Q < yu, <: fju u \ K \ < K 1? min (/ïA: + ( f t + l ) * ' , ^ ) = > A 0

S$-< ST *c Si, \S _ I < 5 2 , 0 o < e " ^ < ^ j , / i c\
Î .Dj

^ A t , where r) = v, K, /m, S r , 5V , z = T, <p .

n. NOTATIONS

Suppose ^c=IRm (/w = 1, 2 or 3) is a bounded open domain, with its
boundary being locally Lipschitz continuous. p ^ 1 and 5 5= 0 are real
numbers. We dénote by Ws'p(@) the classical Sobolev spaces, with the
norm || . \\s @ and the semi-norm \ . \s B (see [14]). In particular, we set

= WOtP(9)9 and we dénote by || . \\3 and (., . )B the norm and the
inner product of jSf 2 ( ^ ) . For simplicity, we shall omit the domain notations
whenever 2 = f2.

vol. 26, n° 4, 1992



4 7 2 B.-Y. GUO, W.-M. CAO

Suppose ^ is a Banach space, and # c R1 is an interval. We define the
abstract measurable function spaces as follows :

L (<&;&)= {rj/rj : & -> # , || 17 \\^2{^.^)

1/2

l-<U>;£) = {77/77 :V-+®, \\v\\H^.^)
1/2

< o o

= {77/97 : # ^ ^ is strongly continuous , || v

= max y r)(t')\\ < 00 [ , etc. .

For a, f3 2= 0, we define the non-isotropic Sobolev spaces as follows [15],

^ = L\I ;Ha(Q)) n Hfi(I ; &2(g)),

each equipped with the following norm, respectively,

i l 1 7

lf a, y8 ̂  1, we define furthermore that

Ya-fi(I2) = Ha>f3(f2) nH\l \Ha

equipped with the norm

Define C^°(/2) be the set of infinitely differentiable functions on
Ù, which have the periodicity 2 v ia xn direction. We dénote by
H'p(Q), Hfitl), x ; ^ ( / 2 ) and Y;-P(n) the closure of Cp°°(/2) in
H\n), Ha-\n), X"e(n) and Y"'f{ii), respectively. Besides, we set

s n se\i -, H\{n)\ yo"/(«) = Y^'W) n
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SPECTRAL-FINITE ELEMENT METHOD 473

in. THE SCHEMES

By integeration by parts, we have that the generalized solution of (1.2)-
(1.4),

(U,T, <p)e. [C(0, « ; t f i ,

x [C(0, t;H^p(n)nC(n))] x

satisfy the following équations :

where

^(r , <P, u, i>)= («(r, <P)V.U, v

J2{T,<p,U,v)= Y (V(T, <p)
ij-i

/B(7\ ?, f/, «) = (ƒ, ») , VP e Wi

, (3.1)

J3(T, <p,U,v)=

JA(T, <P,W)= (/*

+ K e~ 9 T~ 1 Sf \ V . U )2 + S^ Sf !(V . C/ ), w) .

Obviously, any classical solution of (1.2)-(1.4) satisfies (3.1). Now we
construct the Fourier spectral-finite element approximation of (3.1). Let
{C h) be a regular family of fini te triangulations of Q, such that

vol. 26, n* 4, 1992



474 B.-Y. GUO, W.-M. CAO

Mh

Q = \^jKm {Km are small intervals when n = 2, and small triangles when
m= 1

n = 3). Define
hm = diam (Km) ,

* m , for « = 2 ,
the diameter of the inscribed circle in K m, for « = 3 .

/z = max (Am), hf = min ( / Ï^ ) .
1 =sm =s M h 1 ssm =sM h

We assume in addition that {Ch} satisfies the « inverse assumption », i.e.
there exists a positive constant d, such that h/h' =s d, for any Ch e

Let fc ̂  1 be an integer. We dénote by Pk the set of all the polynomials
defined on !R" "1 with degree ^ k. Define the subspaces for finite element
approximations in non-periodic directions as follows :

= Xk
k(Q) n

Let N *z \ be an integer, we define the subspaces for Fourier spectral
approximations in periodic direction as follows :

SN (/ ) = { v (xn) = X vj eiJX"/Vj = v-j. U I * AT i .

Let 5 — (h, N, k). By combining the above two kinds of approximations,
we can approximate Hp(O ) and HQ p(I2 ), by the following finite dimension-
al subspaces

Let r be the mesh size of time, and <9T = j t — ir /O =s= Î ^ — 1. We

approximate dtr)(t) by its first order différence quotient, i.e.

Vt(t) = -(7?(f + r ) - T 7 ( 0 ) .
T

The fully discrete Fourier spectral-finite element schemes for solving (2.4)
is to find the pair

(Ma(O, r a ( 0 , ? « ( 0 ) e [ I ^ M ( / 2 ) r x [VOi5(/2)]x [Va(/2)] for ? e
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SPECTRAL-FINITE ELEMENT METHOD 475

satisfying

(ust,v)+ ( [ M 8 . V ] « „ v)+R(VTs,v) + R(Ts V<PS,V) +

+ £ Jm(Ts, <ps, u„ v) = (f,v), V r e [VOyS(f2)T,
m= 1

(3.2)
(Ts„ w) + ( [us. v ] r«, w) + / 4(r â , <ps, w) +

We approximate the initial value condition (1.3) by its combined
L 2-orthogonal projection in xn direction and piecewise Lagrange's interpo-
lation in other directions. More precisely, define PN be the orthogonal
projection operator from L\l) onto SN(I), and define TT£ from C (Q) onto

be the piecewise Lagrange's interpolation operator of order k, i.e.,
for any g e C (Q), rr\ g\K , 1 ̂  m =s= MA, is the Lagrange's interpolation of

order k of £|^ , and ir\ g is continuous in Q. The composite operator

J ^ :L2<7, C ( ë ) ) - F 5 ( /2) isdef inedas^ 5 = P^ o irk
h = irk

h o PN, i.e., if

), then

l/l ^*

Thus we approximate (1.3) in the following way :

Mtf(0) = &a U09 T8(0) = ̂ ÔTO, <pô(0) = &8 <p(0) = ^8lnp0.
(3.3)

Remark 1 : We may approximate the initial condition by other methods,
e.g., the interpolation over xh ..., xn_x and xn directions, the orthogonal
projection with L2(i7)-norm or//1(/2)-norm, etc. Then the analysis below
is still valid provided that these approximations are of the same convergence
rates as !F8,

IV. LEMMAS

LEMMA 1 [8, 12] : If a > ̂ — , /3 ̂  0, â = min (a, jfc + 1 ), then there

exists a positive constant C independent of h and N, such that for all

vol. 26, n° 4, 1992



4 7 6 B.-Y. GUO, W.-M. CAO

LEMMA 2 [8, 12]: If Nh^Cst., a > ̂ L , « & 1, £ s= 1,

min ( a , k + 1 ), rôew there exists a positive constant C independent of h and
N, such that for all v e Y^fi

L E M M A 3 -: If a > — , /3 > 1/2, then there exists a positive constant C

independent of h and N, such that for all ij e X p 3

Proof: Suppose that v (x) = ^ rij{xl,.,.Jxn_l) eijXneX^^(f2\
\j\ = o

Since a > , we have from Sobolev's embedding theorem that

l, C(Ö)) and hence,

v)(x) - X ^hVj)(xl ^„i)^n .

Moreover, since {C h} is a regular family of triangulations of Q, and

satisfies the « inverse assumption », we have by the error estimâtes of
function interpolations in finite element method that [16]

Thus

\j\

1,1 <lï

\C\\-n\

Z

M2 AN Modélisation mathématique et Analyse numérique
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SPECTRAL-FINITE ELEMENT METHOD 477

LEMMA 4 : There exists a positive constant Co independent of h and N,
such that for all 77 e Vs(f2),

(i) MÏ*(co*-2 + tf2)N|[2,

(iii)

where
for n = 2
for n — 3

Proof: The proof of conclusion (i) may be found in [11, 12], Now we
prove conclusion (ii). Suppose

etJX\
\j\

then 7jj e X\(Q ) a H 1(Q ). Since {C^} h is regular and satisfies the « inverse
assumption », we have from the inverse inequalities in finite element
method that [16]

Hence, we can complete the proof of (ii) in the following way,

K
\J\ \j\

IIo,2,G

Next we prove conclusion (iii) for n = 2 and n = 3 separately. If
n = 2, then we have clearly that

Thus

| , | «JV

X

m **
1/4

1/2

vol. 26, n° 4, 1992



478 B.-Y. GUO, W.-M. CAO

If n — 3, then by the inverse inequality on the subspaces x£ (g ) (cf.
Lemma 1.1 in [17]) that

Thus

Nik-* I IKIIcoo.G^l^r2 E IIiyIIi.o
\j\ « w I; I ^ N

C|ln*| I / a( I llHyllUfl) I

LEMMA 5 : If $ e Hl(I2) n Cp(i2), fc ÏÏ e V0

Proof : Dénote by /z = (wl5 ..., «„) the unit outward normal vector of
d(Km x / ) = (dKm x / ) t/(/i:ffl x 37) (see fig. 1). Then we have by inté-
gration by parts that

Mh

- f v
JKmxI

Mh f r

- f n(Jc)(3

Clearly, if the following two equalities are proved,
Mh

m = 1

M2 AN Modélisation mathématique et Analyse numérique
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n

479

Figure 1.

then this lemma can be easily seen. By the periodicity of *//t f and 17, we have
clearly that Ax = 0. Now we prove A2 = 0. Firstly, if Î — j \ then we have
trivally A2 = 0; Next, if l^j, but one of them is equal to n, say
j = n, we have in this case that n} vanishes on dKm x / . Thus

On the other hand, since £ e
Therefore djg s C (g ) , and 9

o 5(i7 ) and y = n, we have
| 8 f i x / = 0. Hence

e Vo 8{Q ).

= 0

Thus we have also A2 = 0 ; Finally, if £ #y , and neither l nor y equals to n,
then there must be in this case n = 3, £ = 1 and j = 2, or w = 3,
y = l and 1 = 2, say the former. Then we have in this case

where er = (n2, — nl9 0) is the unit tangential vector on bKm x I. Since
and 77 are continuous in O, and £ vanishes on 9<2 x ƒ, we have

Mh

= 0 .

By combining the above arguments, we complete the proof of this lemma.

LEMMA 6 [3] : Suppose the following conditions are fulfilled :
(i) 17 is a non-negative function defined on 6>T, p0, £0, <^(/Ï, N) and

Mc, 1 =s= l =s m, are non-negative constants ;
(ii) p ( O = P ( T ? ( 0 ) , I ? ( T ) , ..., 17 ( f - T ) ) satisfies that p(t)^p0for all

vol. 26, n° 4, 1992



480 B.-Y. GUO, W.-M. CAO

(iii) Hv(t) = V(t
t= 1

where Af ( 17 (f)) *s Af0 and B (v (t)) ^B0for all v (0 «£ M^ja^K N) ;
€e(v(t))*zOfor all niO^Mç/aeih, N), 1 *z l *z m \

(iv) G,(r) = G(iKO, * ? ( ' - 0 ) ^ ( 0 ;
(v) 1? (0) ^ p (0) ^ p0, and

Gv(t) * p (0 + r ^ 7/, ( f ) , W e 6>r ;
/' = 0

(vi) poe
(1+Bo)M°tl^ min (M?/a2(h,N));

Then we have for all t E 0T and t ^tx that

V. ERROR ESTIMATIONS

Let (U9T,<p) be the solution of (3.1). Define
jz^r, <p* = ^d<p. Then we dérive from (3.1) that

/ (««,«>) + ( [K. .V] M „ t>)+t f (Vr„ t0-

(ƒ i, «0 + ( / i , ») + £Hm(v), Vve \VOi s(f2 ) f

rt, ai ) + ( [ i l . . V ] T„ io ) + J4(Tt, <p„ w ) + 7 s ( r . , <p„ ii„ a*

* * , A- )+ ( [ « . . V ] « » „ A T ) + ( V . K . , X)= ( / 3 , A"),

\ V ^ e V . C / ï ) , (5.1)

where

. - [ t / .v ]^ + v. (« . -£0 ,
M2 AN Modélisation mathématique et Analyse numérique
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SPECTRAL-FINITE ELEMENT METHOD 481

Hm(v)=Jm(T„ <?*, um9 v)-Jm(T, « P , K , i > ) , m = 1, 2 , 3 ,

H4(a>) =J4(T„ <p„ a>)-J4(T, <P, o > ) ,

H5(co)=J5(T„ <p„ K, <o)-J5(T, <P, M, o , ) .

Let (wa, rfi, <p5) be the solution of scheme (3.2)-(3.3). Define M = uô - u„
f = Td-T„ <p = <Ps - <p*. Then we have by (3.3) that 5(0) = 0 and

f(0) = ^(0) = 0. By subtract the formulas in (5.1) from the corresponding
ones in (3.2), we obtain that

(S„ v) + £ Fm{v) + £ ƒ„(») = _ (ƒ„ p) _ ^ Hm(p) ,
m = l m = l m = l

(T„a>)+F4(a>)+ f
m = 4

X)+ t Fm(x) = - (ƒ* AT), V ^ V , ( f l ) , (5.2)

where

/ r i ( » ) = d B . V ] « . , p ) + ( [ ( « . + S ) . V ] « , » ) ,

F2(v)=R(Vf,v)

F3(v) = * ( f . V<p„ v) +R((T. + f).V$,v),

F 4 ( « ) = ( [ ö . V ] 7 \ , « ) + ( [ ( « . + « ) . V ] f , a » ) ,

+ S ) . V ] # , A f ) ,

ƒ « ( » ) = / « ( r . + f , ç » . + ^ , M . + 8 , v ) - J m ( T „ <p„ u „ v ) , m = 1 , 2 , 3 ,

/4(<u) = J4(Tt + T, (pt + <p, (o) - J4(T„ <p„ to) ,

J5(<o) =J5(T, + f, <pt + $, u, + ü, <a) -J5(Tt, <p„, u„ <o) .

We put v = ü + rü„ (o = f + rf„ x = <P + T<pt in (5.2), and add up the
three equalities resulted. Note the following identity [3]

vol. 26, n° 4, 1992



482 B.-Y. GUO, W.-M. CAO

we get that

3 6

+ 2 2̂  ^m(w + TUi) + 2 ^4U + rTt) 4- 2 2̂  ^m(^ "
m = 1 m = 5

+ 2 £ /m(S + r«r) + 2 £ 7M(f + rft)
m = 1 m = 4

2^ !K m l l
/»= 1

+ 2 £ Hm(ü+TÜt) + 2 £ 7/m(f + r f t ) , (5.3)
m = 1 m = 4

where £ > 0 is a suitably small constant. Next we estimate the terms
Fm9 Jm and Hm in (5.3) separateiy. We assume that u, T and <p are
sufficiently smooth, B0<T <B { and | <p \ <B2, then we have Bo < T̂  < B x

and | P̂ # | < ^ 2' if ^
 = ! and Af are large enough. Thus we conclude from (ii) of

Lemma 4 that there exist a suitably small constant B > 0, such that
#o < ^* + ^ < ^ i a nd | <P* + ^ | <= ^2' f° r all ^ and <̂  satisfying that

Under these assumptions, we have the boundedness of the variables in (1.5)
valid for all Tt + f ands <p* + <p. For simplicity, we define
n (/*, M ) = C0 . D (^, A/ )(C0 /Ï

2 + iV"2) (e/. Lemma 4), and dénote by M a
positive constant independent of h, N and r, but may depend on e, R,

v\> ^i» ï̂» etc-) a n (l m a y be of different values in different expressions. At
first, we have from Lemma 3 and Lemma 4 that

e\ü\2

|F3(M)| «M{(||f|| + | |£||)||Û|| + Usina

M2 AN Modélisation mathématique et Analyse numérique
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SPECTRAL-FINITE ELEMENT METHOD 483

2\f\2 +D(h, N)\\$\\2)

and similarly,

\F5(v)\ * | ( P . V ] * „ £ ) | + |(V(£2/2), M, + M)|
= | (P .V]9>„ $)\ + \(v2/2, V. (II. + S ) ) |

2 2 ^ i V ) | | ^ | | 2 \ü\2

Next, we estimate Jm(ü), 1 ̂  m ^ 3, and J4(T). It is not difficult to verify
that

/ ! (S)= ( e " ^ - " % ( r , + f, <pm+q>% (V .S) 2 )+ ^ / ! , , ( « ) , (5.5)

where

/ i , 2 (« )= - ( [«"*'"* « (r . + f , <». + # )

We have from Lemma 3, Lemma 4 and (1.5) that

\ ü \ 0 t < o \ B \ 1 \ < p \ l

vol. 26, n' 4, 1992



484 B.-Y. GUO, W.-M. CAO

If we assume u e [C (0, t ; //^(/2 ))]", then we have by integeration by parts
that

where

x ( V .

Z2(2) = - (e-"

Z3(S) = - ( e " " * (T., <p,)(V.t/)(V^), M)

= (^, V. *

It is easy to verify that

| Z 2 ( M ) | = S M | M , -

| Z 3 ( 2 ) | ^e\ù\]

By substitute the above estimâtes into (5.5), we obtain that

(5.6)
where

a (ü, T, <p, h, N ) = e|îîÉ|2 +

- D ( A , N ) | | ^ | | 2 ) ( | | M | | 2 +

Similarly, we have

/2(«)

« « ( « , f, $,h,N).

I -<p.-ë ~ m

By Lemma 5, we have in the same way that

J3(ü)- ( e " v - * ^ ( r , + f, ? * + £ ) , ( V . ö

M2 AN Modélisation mathématique et Analyse numérique
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Still by the analogy to the proof of (5.6), we can get that

485

x

Now we estimate 7m(2 rfif), 1 === m =s 3, and /4(2 r f , ) . Let
A = T(C0 h~2 + N2), and assume that A =s A * = Cst. Then we have from
(i) of Lemma 4 that

Since

we have from (1.5) that

and we have furthermore that

ü\\2
( ) | « | \\üt\\

2 + S \n

where

= er\\üt\ü\\2

Analogously, we have

/ 3 ( 2 T M ; )

/4(2rfr)

1 ||«,|

\Ü\2 + /3(Ü,T, <p,h,N),

\$\\2)+MD(h, N)\\$\\2 \ü\2

| p ||2) + MD (h, N f|2

vol. 26, n' 4, 1992



486 B.-Y. GUO, W.-M. CAO

Moreover, it is not difficult to check that

|2 / 5 ( f + rft) \f\\2 + | | £ | | ) .

Finally, analogously to the estimâtes of 7m, we can bound Hm{ü + rüt),

1 =s m =s 3, and Hm(T + T7\) , 4 =e m ==Ï 5, as follows

2 £ |tfm(fi + TS,)| + 2 f |ttm(f + rf,)| ^
m = 1 m = 4

Define

A(T, + f, ^P, + <p) - min (n* (J, + f, <p, + £) +

+ (« + i) v(r^ + f, ?>, + ^ ) , *(r . + f ,

We have by (5.4) and (1.5) that A(Tm + f9 <p*+ $ ) > 0. On the other hand,

it is obvious that

By the following inequality

(V.M) 2 «« £ (ÖJÜ^)2,

we can easily check that (5.7) is also valid for ü~. Thus we get

n
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By combining the above estimâtes for Fm, Jm and Hm, we dérive from (5.3)
that

(||«||2+ \\ff+ ||£||2),+ | | | | 2 | f | |2 | | | | 2

- 12 e-MD(h, N)(\\T\\ + | | £ | | 2 ) , £ (a,-S(O)2)

x / * ( T t + f, <p* + $) - 6 e - MD (K N )\\<p\\2, £ (3yf)2)
7 = 1

x | S | ^ - 2 A < P f / t 1
2 B 0 - 2 S 0 - 2 | f | ^ J ? ( S f f , £ ) + Z ,

where

R(ü, f, <p) = M[\ + D(h, N )( | |w||2 + | | r | | 2 + || £ | |2)] x

Suppose a be a non-negative number, and

A < min j —-— , — j . (5.9)

Define

t' = 0 \ 7 = 1 / f' = 0

, t) .

By summerizing (5.8) for all f s= f — T, and t e @r, we obtain that

G(0 « P ( 0 + r I {^(«(f), r(ï ' ) , ^(*')) +
f =0
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where

B.-Y. GUO, W.-M. CAO

p(t) = r £ Z(t'),
t' = 0

_ 12 e

1 ^ ! ( r , + f, ^, + ^

ï ,7V)| |^| |2 , £ (d;T)2) .
y = i

By applying Lemma 6, with ao(h, N ) = C0h~2 + iV2, ax{h, N ) =
a^ih, N) - D(h9 N )9 we conclude that if (5.4) holds, and there exists
tx G <9r, such that

p(tl)^Mlmin (l/D(h,N), 1/(CO h~2 + N2)), (5.10)

where Mj > 0 is a suitably small constant, independing on h, N and r, then
there exist positive constants M2 and M3, such that for all t ^tx and

Mxt
(5.11)

Since (5.10) implies (5.4), so we need only to estimate p (t) and to examine
condition (5.10), to obtain the convergence rate.

Analogously to the estimâtes for | Fm |, 1 =s m =s 6, we get that

£
m = 1

By Taylor's formula of expansion and Lemma 1, we have

/ * , - 3,17 *t- Vt\

dr2
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Wdt'

. -i

where a => —— , {3 ̂  1, â = min (a, A: + 1 ), r\ - U, 7, <p. Moreover, we

, V = U,

have from Lemma 2 that

Hence,

where M(t) > 0 is depending only on || 17 | |C(0 f . Yatl

II 3? llL2(0 fï;//
a- l t / !"1(u))' || dt2

 | |L2(0, t;L2(Û))

We assume that h ̂  N a, a 2= 1, and that the following condition holds,

(5.12)

_ n 1 n
a > 2 -— ,

a 2 a

then we have p (t) = o(l/D(k, N )). Thus we have (5.10) valid for
f = t0, provided h~l and N are sufficiently large.

By all the above arguments, together with the triangle inequalities,

\\ns-v\\^ \\v,-v\\ + \\v\\, v = u,T,<p ,

we obtain the following theorem :

THEOREM 1 : Assume the solution (U, T, <p) of (3.1) satisfies that

UeC(0,t0; örs;f(n)nxf'p\n)c\H\n)]»)
c\H\o,to; [H;-l-p-\n)T)

DH2(0,t0; [L\n)f),
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TeC(0,t0; Y^/W) n X;'-"'(/2) n

nH2(0,t0;L\n)),

n + 1 n ~~ 1 1
a > —-— , /? ss 1, a ' > —-— , / ? ' > — , ( M 5 , !T5, <p3) w ?/îe solution of

scheme (3.2)-(3.3), â = min (a, & + 1). Suppose the following two con-
ditions are fulfilled

(i) B0^T^B b | ? | <5 2 , a«J (1.5) toto ;
(ii) h=N'a, with a^ 1, A = r (Co /2"2 + N2\ and (5.9), (5.12) fcotó ;

r/ze/ï /̂zere ^x/5^ two positive constants MA and M5, independent ofh, N and r,
such that when h, N'1, and r are small enough, we have for all
t e ®T that

Remark 5.1 : Generally, the solution of (3.1) possesses a good regularly
in the periodic direction, then the Fourier spectral method adopted in this
direction usually has a higher ability of resolution. Thus the step size
TV ~ ! in xn direction can be set larger than that in the other directions, to save
computations. Hence the assumption a ~* 1 is reasonable. Numerical results
available also give positive évidences to this observation (cf. e.g. [8, 11]).
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