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REMARK ON THE RESULT ON HOMOGENIZATION
IN HYDRODYNAMICAL LUBRICATION BY

G. BAYADA AND M. CHAMBAT (*)

A . M l K E L I C (*)

Communicated by E. SANCHEZ-PALENCIA

Résumé. — Dans le travail récent Homogenization of the Stokes System in a thin film flow
with rapidly varying thickness, M2 AN, 23 (1989), pp. 205-234, G. Bayada and M. Chambat ont
prouvé la convergence du processus de l'homogénéisation en faisant une hypothèse sur le
comportement de la pression. En effet ils ont utilisé la convergence forte dans L2 de la pression
sans être capables de la prouver. Dans cette courte communication nous prouvons la convergence
du processus de l'homogénéisation sans aucune conjecture, i.e. nous complétons leur étude
mathématique.

Abstract. — In a recent paper entitled Homogenization of the Stokes System in a thin film
flow with rapidly varying thickness, M2 AN, 23 (1989), pp. 205-234, G. Bayada and M.
Chambat have proved the convergence of the homogenization process under an additional
conjecture on the behavior of the pressure. Actually, they used the strong ^-convergence of the
pressure, but were unable to prove it. In this short note we prove the convergence of the
homogenization process without using any unproven conjecture, i.e. we make their mathematical
study complete.

In a recent paper [1] Bayada and Chambat have studied the asymptotic
behavior of a viscous fluid flow in a narrow gap with mean thickness r\
whose surfaces are supposed to be rough, with a periodic roughness of
wavelength E, when the two small parameters e and r\ tend to zero.
Depending on \ = TI/E, various situations may occur. In that paper the
particular case X = est. was studied in detail, but the proof of convergence
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364 A. MIKELIC

was left uncompleted. More precisely, in order to prove that the limit
pressure P * satisfîes the équation

with an appropriate boundary condition, the authors conjectured that
s2 PE-+P* strongly in L2(Ù) (see [1], Theorem 3.3, p. 219).

The goal of this paper is to prove Theorem 3.3 from [1], without making
this conjecture. In [1] the authors used the strong convergence of
{e2 PB} in order to calculate

2

(2) lim

e-0 y»

where

(3) a j ' ^ i ^ l in L2(rt) weakly
and <(> e Cg°(ft).

We make more careful estimâtes of VP8 and the operator Re
9 connected

with a continuation of the pressure introduced originally by L. Tartar. These
estimâtes allow us to calculate the limit (2), without having the strong
convergence of e2 Pe.

For a detailed formulation of the problem we refer to [1]. We start with
the rescaled weak formulation ([1], p. 211), In order to define geometrical
data, we follow the sarne référence. We suppose that <o is an open set in
R2 with a .Liscmtz boundary dco and that s is a smaü parameter related to the
roughness wavelength scale. h 'is a smooth function, defîned for y in
R\ periodic with period Yt in ^.(i = 1, 2). We set F = [0, Yx] x [0, Y2].
Next we defîne

h n û n = m i n h ( y ) ; h T n i n ^ 0 ; h m 2 L X = m a x h ( y ) ; h e ( x ) = h ( - ) .
yeY yeY \ 6 /

Our rescaled équations hold in the domain

Oe = { (x, z) 6 R\ xeu>, 0 < z <c h E(x)} .

In addition, we have to introducé a fixed O involving ûe :

O = { ( X , Z ) E R\ XGW, 0 < 2 < / î m a x } .

The problem to be considered is a mixed weak formulation for the Stokes
System :
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Find (u\pz) G H\az)
3 x L2(O,Z)/R such that

(4a) + —— \ dxdz =
x e

where >sT does not depend on s and \,
2 ÔÂ7 i 3 ^

and
j = \

f
= YXY2\ K(x, z) cos

Jo
Let us introducé

= s

c

dz .

365

Vz=[veL\Çl)\ | G

V2(R) = {v G i/o1 W 3 , div t? = 0 } ,

and extend v e H\Sïz)9 V = 0 on 2es by zero to ft.
In [1] G. Bayada and M. Chambat have proved the followmg

THEOREM 1 ([1], p. 212) : There exists u* in Vz such that

weak ,

= 1, 2 .L2(IÎ)3

Moreover, w3* = 0 , w* — 0 cw S, w* = (^, 0, 0 ) on a>.
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We now prove the following properties :

PROPOSITION 1 :

dXj
I y II M II + _L

|U c i y I I— + - II —

V<f> e Hl(Slt), 7 = 1 , 2 ,

V4> e

Proof: It is analogous to the proof of Proposition 3.1 in [1], p. 213-214.

Now, following [1], p. 214, we make a few more assumptions on the
geometrical structure (see assumptions Hl, H2 and H3 in [1], p. 214) and
obtain the following resuit.

LEMMA 1 : There exists an operator Rs : //o(X2)3

v e Hx
Q(aj3 => Re(v) = v ,

divi? = 0 ^divRe(v) = 0,

tnat

±R'v\
d |

1 M dv

|| ai

Proof: The proof is similar to the proof of Lemma 3.2 in [1], p. 217, and
therefore we do not repeat it hère.

THEOREM 2 ([1], p. 218-219): There exists Pe e L2(Q.) such that
VPE is an extension ofVpe. Moreover, there exists P* G L\rt)jRsuch that a
subsequence vérifies

S2pe_p* L\£ï)IRweak9

Now we introducé some auxiliary periodic problems. They are defmed on
a basic cell B, given by

B={(y,z)eR\ y e Y, O^z^
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Let

HY = {4> e Hl(B)3, <|> is Y-periodic in the yx variables} ,

a(<t>'( <t>2) =
I = 1

2

y —L—- + — —-— -
j-x JB ty ty X2 JB *z te

divx<t>= y + ! .

Now we can define the problem (L°).
Find (a0, q°) e HYx L2{B) such that

) B
q

r

and the problem (Ll), i = 1,2:
Find (a\ql) G J70

yx L2(B) such that

fl(a',4>)= f *'divx<|>

| ^div^a1 =0 ,

We set

Then, after extending a1'6 by zero to the whole O, we have

(5 ) a'-*^
\ 12 JB

ot<y9z)dydz in weak

We also have

da' ^C .

(see [1], p. 219).
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Now we come to the main resuit of this paper :

THEOREM 3 : We have

(7) lim V f z1Pt^-a'.idxdz =

= £ [ ^
j = 1 J u 0XJ

Proof : Let us defïne w''8 by setting

Then we have

co1'e — 0 weakly in L2{iïflR ,

Ë^I ^ o weakly in 2 3

Obviously, if we prove

lim y f z2Pe^.(al:e

we easily obtain (7).
Let us define a séquence {(i|ij'e, TTJ' £ )} as weak solutions to a séquence of

nonhomogeneous Stokes problems

(8a) - Atye + Vu]*6 = 0 in H,

(8c) tye =0 on an.

Because of Theorem 2.4, p. 31 from [2] the problem (8a)-(8c) is uniquely
solvablein^(O)3 x Z,2(ft)/2?andi|ij'e — 0 weakly in J^o(H)3. Therefore,
there exists a subsequence which converges to zero weakly in HQ(Q)3 and
strongly in Z,2(fl)3. Furthermore, let us investigate the interior regularity for
ai|ij*7az. For fixed g G C0°°(n)5 we have

(9fl) " A ( ^ ' e ) + V(CTr;'e) = - 2 V ^ ' e V ê - ^ e Â  in I I ,
(96) div (M1/£) - 6<oj-e + V^;=£ i n O ,
(9c) £|ij>e = o on a n .
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Now, by using the same resuit from [2], we easily conclude that
d\\flyE/dz G Hyoc(û,)3 and (after passing to a subsequence)

?*-.—2__>0 stronglyinZ,2(£l)3

9x, dz

Consequently, we have
2 I*

We consider the first term on the right-hand side. By définition we have

After some straightforward calculations, by using Proposition 1 and Lemma 1
we conclude that

0<p , e \ \
-T-Vj* ))

Obviously,

Therefore

2(H)9
• 0, as e -> 0 .

• 0 as e -> 0 .

lim
j^Ja ^ J

dx dz = 0 ,

and Theorem 3 is proved.

Now we define the proposed asymptotic équation
Find f2 e Hl(v) such that

i i f [«j]̂ .2
, = i j = i J o> oxj öxi

= f
Ja
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THEOREM 4 : p * satisfies (10),

Proof: We follow the proof of Theorem 3.3. from [1], p. 219-222.
Theorem 3 from this paper allow us to calcul ate the limit (7). The rest of the
proof is exactly the same as m [1],
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