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ATTRACTOR FOR A NAVIER-STOKES FLOW IN AN UNBOUNDED DOMAIN

by F. ABERGEL (})

Abstract. — We present an existence result for the global attractor associated to the Navier-

Stokes Equations in an winfinite strip in R?, and provide an estmate for its fractal dimension in
terms of the Reynolds number

0. INTRODUCTION

It 1s commonly agreed upon that a thorough understanding of the long-
time behaviour of Navier-Stokes fluids is essential in many respects. Starting
with the results of C. Foias and R. Temam [F-T] is a series of papers [C-F]
[C-F-M-T] [C-E-T (1)] [C-F-T (2)] leading to the following conclusion :
when the domain enclosing the fluid is a smooth bounded open set of
R?, the dynamical system associated to the Navier-Stokes equations
possesses a global attractor of finite fractal dimension. In other words, the
asymptotic behavior of such a system is determined by a finite-dimensional
object. Unfortunately, there are numerous physically important situations
that are not covered by this result : the three dimensional case is still a partly
open problem, and even in two dimensions, the case of an unbounded
domain is still unsolved. In this paper, we want to present a result that
extends the 2-D theory to some particular unbounded domains of
R?. Specifically, we consider the flow of a viscous fluid in an infinite strip
Q=R x (0,?) of R?; such a flow is classically modelled by the following
system of equations :

%%—vAu+(u.V)u+Vp=f in Q,
V.u=0 in Q,
u(x,0;t)=u(x,f;t)=0 forall rs,
u(.,.;0)=u, in Q.
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360 F. ABERGEL

The viscosity vis = 0, uyis in (L%(Q2))?, V . uy = 0, and the forcing term is in
(L*(Q))>. Due to the particular geometry of Q, the classical results of
existence and regularity on a bounded domain [T2, chap. III] can be easily
extended. However, this is not so for the existence of a global attractor,
mainly because of the non-compactness of Sobolev’s imbeddings.

Some recent results [A] are used to overcome this difficulty, and lead to a
satisfactory conclusion : if the forcing term fis small enough for large x’s, we
prove the existence of a finite dimensional global attractor for (0.1), and
give an estimate of its fractal dimension. These results hinge upon some
time-dependent weighted estimates for the solution u of (0.1), which require
a careful treatment of the pressure p.

The paper is organized as follows : in section I, we recall the mathematical
setting adapted to (0.1), as well as the existence and regularity results ;
section II consists in an exposition of the results of [A] to be used for this
particular problem ; finally, in section III, we state and prove our main
result, the existence and finite dimensionality of the global attractor
associated to (0.1). Our notations are those commonly used in the theory of
Navier-Stokes equations [T1], and we may use the letter C rather carelessly
to denote a strictly positive constant.

I. NAVIER-STOKES EQUATIONS IN AN INFINITE STRIP

We let Q be the strip R x (0, ) in R?; the classical formulation of the
Navier-Stokes equations 1 £ 1s:

(N-S) To find a vector-valued function u and a scalar function p, defined
in ©Q, and meeting the following requirements :

%L:-—vAu+(u.V)u+Vp:f in Q, (L1)
uis divergencefree: V.u=0 in Q, (1.2)
u(.,05t) =u(.,f;t)=0 forall s, (1.3)
u(.,.;0)=u, in Q. (L.4)

The right-hand side f of (I.1) is in (L%*(Q))?, and so is the initial datum
ug ; the viscosity v is = 0. The suitable framework for this problem is by now
classical [T1]: we set

vV ={ve (2(Q)*V.v=0in Q},

V = the closure of ¥" in (H'(Q))?, H = the closure of ¥ in (L*(Q))*. We
then define the operator A = — vP A (the Stokes operator), where P is the
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NAVIER-STOKES FLOW 361

projector from (L%(Q))? onto H, and the nonlinear operator B(u)=
A (u,u), where

(%(u,v),w)v,xv:J[Q(u.V)v.wdx. (1.5)

It is well known that determining the velocity field for the flow in the strip
amounts to solving the abstract evolution equation :
Z—L:+Au+B(u) =Pf in H,

u()=uy in H, ueV. (L.6)

We now state the existence and regularity result for (I.1)-(1.4) :

PROPOSITION 1.1 : For every fin (L*(Q))?, uy in H, there exists a unique u
in Cp([0, + ) ; H)N L3.(0, + oo ; V), and a function p defined up to a
constant, such that (u;p) solves (1.1)-(1.4) ; furthermore, for every
ty=0, u is in L®(ty, +00; (H*(Q))), and Vp is in L(t;, + o0 ;
L*(Q))?).

Sketch of the proof: the existence of a solution u in L*(0, + o0 ;
H) N L3 (0, + oo ; V) is standard ; to prove further regularity results on u
and p, we use the solution u, of N.S.E. in the truncated strip Q, =
(—n,n)x (0,€). u, converges to u as n — + o0, and satisfies the uniform
(in n) estimate, for a given 75> 0:

sup J
fost<+o0w vQ,

This estimate is a consequence of the analyticity results of [F-T], and a
careful examination of the analysis in the latter paper shows that the
constant in the estimate above can be chosen to depend on l, v,

2

ou, 9
+ |Au,|"dxdy < C .

ot

|uo|2 dx dy, J | f|? dx dy, but not on n. This is sufficient to prove the
Q Q

required regularity of « and Vp, thanks to the equivalence of norms proven
in the appendix.

To conclude this introductory section, we give a further estimate on the
pressure :

LEMMA 1.3 : Let p(x,y ; t) be the pressure field associated to (1.1)-(1.4) ;
p can be chosen so as to satisfy the following inequality :

|p*(x, y 5 1) )
su " — " dxd c,, 1.7
t;It:; (.;Q (1+x2) Y < ty ( )

on every interval [ty, + o©], to= 0.

vol. 23, n° 3, 1989



362 F. ABERGEL

Proof: Lemma 1.3 is a straightforward consequence of Hardy’s inequality
[HLP] :

‘o +©
J IKI(X);‘I(O)’de$4J‘ q"%(x) dx,

as we now show. We first extend the inequality above to smooth functions in
Q, and obtain :

_ 2
J |q(x,y) 2‘1(07}’)[ dxdys4j |Vq(x,y)|2dxdy,
Q X Q

from which we can derive :

2 2
J'ﬁ("_’ygl_dxdygj |Vq[2dxdy+J 19Q I 4y gy,
o 1+x 0 o 1+x?

which yields :

2 ¢
f ICJ(x,ygl dxdys4j |Vq;2dxdy+wf |g(0, )| dy .
o 1l+x Q 0

We then extend the last inequality to functions such that Vg € (L%(Q2))?, by
1
regularization ; note that } q(0,y) dy is well-defined, for ¢g(0,.)e
0
HY(0, ¢) if Vg € (L*(Q))~
Eventually, we choose a fixed subdomain OQ; = (—1,1) x (0, ¢) of Q,

say, and determine the constant in p so that the equality '[ pdxdy =0
Q

holds true for every time ¢ = 0. This, together with Poincaré’s inequality in

€Q,, implies :

p € L¥(ty, + 0 ; H'(Q,)) (I.8)

for every ¢ = 0, and in particular :
p(0,.;5t)e L®(ty, + 00 ; H2(0, £)); (1.9)
this completes the proof of Lemma 1.3 O

Remark 1.4 : Due to the existence of an absorbing set in V, the constant
C,, can be chosen independently of #, and the initial condition u,, for

Uy in a bounded set in H, and ¢, large enough.
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II. EXISTENCE OF THE GLOBAL ATTRACTOR

We start with a statement that stems from the results of [A], and is the key
tool for the existence of the global attractor :

LEMMA II.1: Let ¥(x,t) be a smooth weight function meeting the
following requirements :

(IL.i) ¥(x,t)=>0 for t =0, ¥(x,0) =0,
(I1.ii) each derivative of order =1 of ¥ is a bounded function,
(IL.iii) ¥(x,t) > + o0 as (|x]|,t) - + o0,

and let us assume that the velocity field u associated to (1.1)-(1.4) satisfies the
following assumption :

supJ lu(x,y, t)|?¥(x,t)dxdy < + o (I1.1)
Q

t=1,

for some ty=0; then, the dynamical system defined by equation (1.6)
possesses a global attractor 4, i.e. a compact invariant set in H, which
attracts every bounded set of H, and is maximal with respect to these
properties.

Sketch of the proof: Condition (II.1), together with the results in
Theorem 1, imply that the w-limit set of a bounded set of H is compact in
H ; the existence of an absorbing set for equation (I.6) in V, proven as in
[T2, chap. III], therefore leads to the existence of the global attractor (see
[A] for more details) a

We now proceed to prove (II.1), with a specific choice of ¥(x, ¢), and
under some assumptions on the right-hand side f of (I.1).

We set

¢(x) = Log (1 +x?) (11.2)
and : ‘If(x,t)=cp(x)(1—exp<;_(xt—)>> . (11.3)

It is straightforward to verify that (II.i)-(I1.iii) hold true for this choice of ¥,
and that we have the following bound for the (space) gradient V¥ of ¥ :

sup |V¥(x,t)| =< ¢

sup —(1 TP . (I1.4)

We now state the main result of this section :
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THEOREM I1.2 : Let f (in (1.1)) be such that
J [, )P e(x)dxdy <+ o0 (11.5)
Q

Then, the dynamical system S defined by the solution operator of Equation
(1.6) in H:

SE)oug=u(.,.;t)
possesses a global attractor s in H.

Proof: According to Lemma II.1, we need to check assumption (II. 1) ;
to do so, we start from (I1.1) :

%‘—vAu+ @.VYu+Vp = f,

take the inner product with (u.¥), and integrate on Q:

1d |u|>?Pdxdy ) —v | u.buVdxdy+ | (w.V)u.u¥dxdy
2 dt a o Q

+J Vp.u‘l’dxdyzj f.u‘Ifdxdy+1J Iulz—dxdy.
Q o 2 Ja

Using some straightforward integrations by parts, we thus obrtain :

%% ’u\z\dedy+vJ |Vu|2\lfdxdy+J Vp.u¥dxdy =
0
J(f u) ¥ dxdy + = J|u| ——+vA\P>dxdy
+%f lul? (. V¥)dxdy . (IL6)
Q

In the right-hand side of (I1.7), the first term can be bounded from above by

B ¢ 2
(chf Vdxdy + 2J|u| ‘I’dxdy),

and the other two are bounded (see Proposition 1.1), so that we get, using
Poincaré’s inequality :

d

n |L¢|2\I'a!xdy-f-KJ~ |u|?Wdxdy <C +

j (Vp. u)‘I'dxdy‘
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for every ¢, = 0, where K is a strictly positive constant. In order to deal with
the term involving the pressure, we integrate by parts and use Lemma 1.3 :

J Vp.u‘l’dxdy\s JpV. (u‘If)dxdy‘
Q Q

< (for V.u =0)

=

[pV\If.udxdy‘
v

1”2 1”2
< ([ |u|2dxdy> ([ p2|V‘If|2dxdy)
v v
C

12 12
< (j lulzdxdy> (J P2—dXdy2 >
Q Q (1+x%

(using Theorem I.1 and Lemma 1.3 )

Eventually, we have :

4 (J |u|2\Ifdxdy> +K(J |u|2\1fdxdy> <C,
a\l, 0

and this implies, after integration between 7, = 0 and ¢:

supj [u|?¥dxdy <+,
t=1) vQ
or, more precisely :

sup [ 1ul*¥ dxdy = C (£, uo),
)

t=1tg

where C(f,uy) depends boundedly on (j |u0|2dx dy) and
Q

([ reas)

This concludes the proof of Theorem II.2 O

Remark 11.3 : (i) The above integrations by parts are legitimate, because
V¥ (x,t) is always bounded in x, for every finite time.

(ii) The key condition (II.1) is similar to the asymptotic smoothing
property in the terminology of [H].

Remark 11.4 : In the three dimensional case, if one is willing to assume
that Z—L: , Au € L®((ty, + ) ; H), then Theorem I1.2 still holds true.
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HI. ESTIMATES FOR THE FRACTAL DIMENSION OF ./

In this last section, we prove the finite dimensionality of &/ (1n the sense
of the fractal dimension), and provide some estimates for its dimension
dep (). We shall use some fairly general results, for which we refer to [T2],
and now just recall briefly the

PROPOSITION 1I1.1: Let I be the nonlinear operator (see section])
I'(u) =Au+ B(u)

and T''(u) be its derivative at u ; let furthermore Q be an arbitrary tuime-
independent projector in H. We define a sequence q, by :

t
g = lim | inf 1J inf  Tr (I (u(s))o Q) ds | |,
ts+00 \uye o 0 rank (Q)=n

where u(t) is the solution of (1.6) with initial datum w,. If there exists an
integer n such that q, = 0, then we have :

dp(d)sn<1+ max —q,) X

1<i<n 94n
In the situation we consider, the following result is valid :

THEOREM 111.2 . The fractal dimension of the global attractor &f s

bounded from above by (1 + 2 C#Re*)?, where
12
(J fz(x,y)dxdy> N
Q

v

Re =

is the Reynolds number, and C, is an absolute constant.

Proof: The proof is very similar to that in the bounded case [C-F-T], and
proceeds along the following lines : we first choose an arbitrary family
(£)1<i<m in (H*(Q)*N V)™, orthonormal in H, and denote by Q,, the
orthogonal projector on Span {{;} _ _ ; we then write :

Tr (T"(u) 2 Qp) =

uMs

(F'(u) Cl’ Cl)

(_VAC1+ (u'v)cl+ (CL'V)u7§1)

1
™M=z

I
—

i

:vj (i |VC,|2) dxdy+J i({,.V)u.Cldxdy
Q

=1 Q-1
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NAVIER-STOKES FLOW 367
(for V. u = 0 implies that j w.v)¢ . ¢ dxdy =0).
0

Let us now set p = ) £? ; we have :

1=

Tr (T'(u)o Q)=

o m 12 112
=v <Z |V§t|2> dx dy — <J pzdxdy) <J |Vu|2dxdy>
v 1=1 Q 0

= (using Lieb-Thirring inequality )

~

m m 172
=v Z[VE,Idedy—C1<J | Vu| dedy> (LZ |V€,|2dxdy) ,

vQ -1 =1

where C; is an absolute constant, see [L-T], [G-M-T] ; from here on, we
obtain by means of Young’s inequality :

' v - 2 Clz 2
Tr (T (u)on)zi AL dxdy—é—; |Vul|*dxdy .
Q=1 o

As {{},_, _, isorthonormal in H, Poincaré’s inequality finally yields (the
width of the strip is £, and the Poincaré constant is < f) :

C2
Tr (T"(u) 0 O, )/ﬁ R (J |Vu|2dxdy> (I11.1)

From (II1.1), we carry on the calculations as follows :

C
s wwoneonas=2 L[ jwpaay).

- t
and, setting B° = lim %j <J | Vi |? dx dy) ds, we obtain :
[¢]

t— +00 0

1JTr (' (u(s)) = O,, )ds/——ﬁ ( B%)

2v
for ¢ large enough. In particular, when m satisfies
2Cip2 e

’
V2

m >

vol. 23, n° 3, 1989
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q,, 18 > 0, and so we have proven that dz (&) 1s fimite, provided that B 1s
finite Actually, 1t 1s fairly easy to derive the following estimate for B

0 o ey )
(Jn|f| ¥ y> _If1¢

4

B =<

see for instance [A, Theorem III 1 3], therefore, g, 1s strictly greater than
2CHf)2 8
v4

following upper bound for dp (/)

zero for m > , and some rather simple estimates lead to the

2 2022 \2
dp() < (1 +M-)

2
112
If we mtroduce the Reynolds number Re = > we then have .

dp(#) < (1 +2 CiRe*) O

Remark II1 3 (1) It 1s interesting to point out that the estimate for the
dimension dp(%/) of the global attractor does not involve the weighted
norm of f, any weight function leading to the existence of a global attractor
in H would provide the same estimate for dp (/)

(1) It 1s obwvious that the estimate for d (o7 ) 1s not as good as that in the
bounded case , the main (technical) reason 1s the fact that the volume of Q 1s
mfimite, which prevents us from using Lieb-Thirring inequality in an optimal

manner

APPENDIX TWO EQUIVALENT NORMS IN (HXQ)?NV

We want to prove that the canonical norm 1n (H*(2))* N V 1s equivalent
to the norm of Au mn (L?*(Q))> Thanks to the Closed Graph Theorem, this
amounts to proving the following regularity result

the solution u of the Stokes system
—Au+Vp=f m (L(Q)Y,
V.u=0 m Q, (A1
ueV,

belongs to  (H*(Q))>

The proof 1s quite straightforward, and not new, but we prefer to give 1t for
the sake of completeness We first recall that a variational formulation of
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the Stokes system yields a solution u € V, p € L2.(Q), Vp € V'. To prove
higher regularity, we use the classical method of differential quotients in the
longitudinal (infinite) direction.

We write u, =u(x+h,y), pp=px+h,y), fr=Ffx+hy); u
P, is the solution of

—Au, +Vp,=f, in Q,
V.uhzo il’l Q,
uhEV,

and therefore, u, € V, and ||, is bounded above by C|[f]|,. ; as fis in
(L*(Q))?, we conclude that u, is bounded in V, independently of 4. Upon

passing to the limit as # — 0, we obtain that g_: belongs to V. Let us now

write u = (uy, uy), f = (f1, f2); we have

_Pu u
ax? gy ox U
62u2 62u2 ap
_ 4 (A.2)
x> ay? 9y Iz
ox ay
. . . ) ouy ..
From the last equation in (A.2), we infer that By <= ~ ) is in
X
H}(Q), and therefore, that u, is in H*(Q) N H}(Q). As for u,, we already
uy, du; iy 8%,

know that u,, are in L%Q), and that

ax’ 9y’ ax? dxdy
u, u,  Fu

ax3” ax oy axZay
(A.2) with respect to y, and remarking that 2—§ is in L?(Q), we obtain that

ay2 ’

are in H~1(Q) ; differentiating the first equation of

’u

6_31 is also in H~1(Q). A classical regularity result, see e.g. [L-M, chap. I,
y

Lemma 12.3], allows us to assert that u; is in H*(Q), and the proof is

complete.
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