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MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(vol. 19, n° 3, 1985, p. 397 a 428)

INTERIOR AND SUPERCONVERGENCE ESTIMATES
FOR MIXED METHODS
FOR SECOND ORDER ELLIPTIC PROBLEMS (*)

J. DoucLas, Jr. () and F. A. MILNER (?)

Résumé. — Nous établissons des estimations a priori a I'intérieur pour ’erreur dans des méthodes
d’éléments finis mixtes pour des équations elliptiques linéaires ou semi-linéaires, I’erreur étant éva-
luée dans des espaces de Sobolev d’indice non positif. Les estimations a priori correspondantes sont
prouvées pour des quotients aux différences finies de I'erreur quand I’espace des éléments finis est
associé avec un réseau invariant par translation dans un sous-domaine intérieur. Dans ce cas la pro-
cédure de superconvergence de Bramble-Schatz est étendue aux méthodes d’éléments finis mixtes.

Abstract. — Interior estimates for the error in mixed finite element methods for linear and semi-
linear elliptic equations of second order are derived in Sobolev spaces of nonpositive index.
Corresponding estimates are demonstrated for difference quotients of the error when the finite element
space is associated with a translation-invariant grid on an interior subdomain, and the Bramble-
Schatz superconvergence procedure is extended to the mixed method.

0. INTRODUCTION

Let Q be a bounded, planar domain with smooth boundary JQ. We shall
assume that for each pair of functions (f,g) in H™Q) x H™*32(0Q),
— 1 < m < 2k + 2thereexists a unique solution p € H™*?(Q) of the Dirichlet
problem

Np = —div(a(p) Yp + b(p)) + c(p) = f inQ,

0.1)
p= —gondQ,

where Vw denotes the gradient of a scalar function w, div y = V. denotes

the divergence of a vector function v, anda : Q x R — R satisfies the require-
ment that a(x, q) > a, > 0.
If the coefficients a, b, and ¢ have the properties thatg—; = 0, b(p) = b(x) p,

and c(p) = c(x) p, then the quasilinear problem (0.1) becomes the linear
(*) Received in August 1984.

(*) Department of Mathematics, University of Chicago.
(*) Department of Mathematics, Purdue University.
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398 J. DOUGLAS, JR., F. A. MILNER

Dirichlet problem

Lp=—V.aVp + bp) +cp=f inQ,
0.2

p=—gonoQ,

where we have omitted writing the variable x, as we shall do throughout the
paper.

We shall denote by (,) the natural inner product in L(Q) or L*(Q)?, and
by ¢, ) the one in L?(0Q). We shall use the same notations to indicate the
dualities between the W"(Q) and W"*(Q), and H*(0Q) and H ~5(5Q).

Let

V = Hdiv; Q) = { ve L3(Q)*|divve L*Q) },

normed by
lolg=1vl3+divyls,
and
W =L%Q).
If
u=—(apVp +bp), a=1/a, p=oab, 0.3)

then (u, p) € V x W is a weak solution of (0. 1) in the sense that it satisfies the
equations

((p) », ) — (divy,p) + (B(P)v) =g 0.y ) vE Y,} 0.4
(div u, W) + (c(p), W) = (W), we W, '
where v denotes the unit outward normal vector to 0Q.
Let B, be a quasi-uniform polygonalization of Q (by triangles or rectangles)
of characteristic parameter % € (0, 1), where boundary polygons are allowed to
have one curvilinear edge. That is, if we let 7. be the radius of the circle inscribed

in T and R ; the radius of the circle circumscribing T, T € B,, then there exist
positive constants m and M, independent of 4, such that

mh<rp <R <Mh, TeT,.
Let
Vix W, cV x W
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 399

be the Raviart-Thomas-Nedelec space of index k > 0 associated with G,
[3, 6, 8, 11}, which is defined as follows.

For E = R?let P,(E) denote the restrictions of polynomials of total degree k
to the set E and let Q,(E) denote the restriction of P,(R) ® P,(R) to E. Then,
let R(E) = P,(E) if E is a triangle (interior or boundary) and R(E) = Q,(E)
if E is a rectangle (interior or boundary), and let R(E) = R(E)> For any
EeT, let

V(E) = R(E) ® xR(E),

W(E) = R(E).
Set

Vi=Y(kG)={veV|vlcV(E), EcT,)

={Qe [ v@®| Vlg+Yi + 2 lg-v;=0 on EQEJ}

i ~1
EeGp

where v, is the outer normal to OE;; also, let

W,=WkTE,)={weW| w|e W(E), E€TG,}.

Let P, : W — W, be the orthogonal L 2-projection of W into W, defined by

Pyw—wyx) =0, weW, yeW,, 0.5

which satisfies, for 1 < g < o and for either Gy =« =« G; « < Q and &
sufficiently small or G, = G, = Q,

I Pyw —Wlogeo < ClIwlige, s 0<s<k+1, if weWs4(G,),
0.6)
| Pow—wl_, e, <Qllwle o™, 0<rs<k+1, if weH(G),
0.7

where | - |, denotes the usual Sobolev norm in W*%G), with g = 2 being
omitted. Also, since divV, « W,

divy,w — Pw)y=0,velV,-weW. 0.8)
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400 J. DOUGLAS, JR., F. A. MILNER
Letm, : ¥V — V, be the Raviart-Thomas projection, [8, 9], which satisfies
divw, = P, div, 0.9
Iy — v llogeo < QN llsge,l/a<s<k+1, if veWHG,)>.
(0.10)

The mixed finite element method for (0.1) is the discrete form of (0.4) :
Find (u,, p,) € V, x W, such that

Py wy v) — div v, p) + (B(Py) v) = (g, 0.vD, vEV,, }mln
(div uy, w) + (c(py), w) = (f, w), weW,. ’

The existence and uniqueness of a solution of (0. 11) and global convergence
rates for the approximation (%, p,) to (u, p) in various Sobolev spaces have
been established in [3] for the linear problem (0.2). Existence, a form of uni-
queness, and the convergence of the corresponding approximate solution
have been demonstrated in [5] for the quasilinear problem.

Let

C=u—w, E=p—p,, C=mu—1w, 1=Pp—p,
0=t1—-E=Pp—p.
Let

1 1
E=[J(l—0un@—4®w]z+J(I—OQAP—QVM
0 o

1 1
x=f a(p — 1) d, p=j A =D, (p ~ ) dr,
V]

0

for the nonlinear problem, and set x = Qand A = p = Ofor thelinear problem.
Also, let

L =o,pu+Bp), v=rc,p)

for the nonlinear problem and

for the linear problem.
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 401

If then follows from (0.4) and (0.11) that { and & satisfy the following error
equations (see [3, 5]) :

(@(p) & v) — (div p, &) + ([TE v) = (k& +AE v) v eV,

(div §, w) + (v& w) = (pE% w), weW,. } ©0.12)

Let M : H*(Q) - L*(Q) be the operator given by
Mw = — V.(a(p) Vw + a(p) Tw) + yw,
and let M* be its formal adjoint ; that is,
M*y = — V.(a(p) Yx) + a(p) T.Vx + vx -

Note that M = L and M* = L* in the linear case.
For any open set E < Q set

z’
I20 e = sup 22
yEH%(E) ” y ”sE

(0.13)

It follows from [10] that the operator M* is coercive over Hj(G) for any
ball G = Q of diameter not greater than some d,. Furthermore, if the coeffi-
cients of (0.1) (or (0.2)) are sufficiently smooth, then, for any fixed s > 0,
M* has a bounded inverse from H*(G) onto H**%(G) n H}(G). All balls
appearing in the remainder of this paper will be assumed to be of diameters less
than d,,

Let

VG ={veV,:suppy =G},
Wi(G)={weW,:suppwc=G}.

0.149)

The pair (u,, p,) € V, x W, is said to be an interior solution of the mixed
method equations (0.11) on G = < Q if it satisfies

APy wp v) — (div v, ) + (B(PW), ¥) = 0, veVy(G),
(div uy, w) + (c(p), W) = (fw), we Wy(G).

Note that the boundary integral from (0.4) is missing in (0.15) as v.v =10
on 0Q if v e V,(G).

0.15)

The plan of the paper is as follows. In section 1 we derive a local duality
lemma which will be used for both the linear and nonlinear problems. We then
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402 J. DOUGLAS, JR., F. A. MILNER

derive local estimates in H ~%,0 < s < k + 1, for the linear problem (section 2)
and for the nonlinear (section 3). In section 4 we find rates of convergence for
difference quotients for g, {, and div { in H™%, 0 < 5 < k + 1. Finally, in
section 5 we demonstrate local superconvergence in L2 of some particular
local averages of p,, u,, and div u, to p, u, and div u, respectively.

1. THE INTERIOR DUALITY LEMMA

Global error estimates for the linear problem have been derived by Douglas
and Roberts [3] using an analytical approach based strongly on a duality
argument, and an analogous argument has been employed by Milner [5] in
treating the quasilinear problem. Lemma 1.1, which will be fundamental in
obtaining our interior estimates, is a local version of Lemmas 3.1 and 3.2
of Douglas-Roberts [3] and of Lemmas 2.1 and 5.1 of Milner {5]. Let §,,
denote the Kronecker symbol below.

LemMA 1.1 : Let G’ and G be concentric balls such that G' =« =« G =« <= Q.
Assume that L e V, fo € LAG)?, f, € LYG), g, € LX(G). Also, let g € L' *¥G)?
andn e L1*¥G) for some 8,0 < & < 1. Suppose that z € W, satisfies the equa-
tions

(g, v) — (divy, 2) + (L2 ) =(fo + ¢ v) + (f}, div p), v € V,(G) } 4D
(div §, w) + (yz,w) = (go + m, W), weW,G),)

Let s > 0 and | = min (s, k). Then,

Izl s S KA1 E o + A 2721 div { o6
+ 0" N zlloe + B { ) follog + I fillog
+ R gloe} + I qlloi+se T I Mllos4s6
FhE sz 12l sor6+ 1 follos-16
+ 1 fillese + g0 ll-s-26]- (1.2)

Proof : 1t will be convenient here and throughout the remainder of the paper
to introduce a finite sequence { G; } of balls concentric with G’ and such that
G' © c G, c < G;,;, « < G. We shall use a corresponding sequence { , }
of functions such that o, e C°(G;,,) and ©; = 1 on G;; normally the index i
will be omitted for w,.

Let y € Hy(G,) and determine ¢ € H**%(G,) n H}(G,) as the solution of
M*$ = in G,. Then, || ¢ 156, < @I ¥ I, and

v =mwaVe VG, (= Vi(G)
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 403

if & is sufficiently small. Hence, we see from (1.1) that

(0z, ) = (0z, M* $)

=(z — V(wa V) + T.0a Vo + oyd) + (z, Vo.a Vo)
= (z, — div[n, 0a V9)) + (Cz, m, 0a V) + (vz, P, o)
+ [z, wa V¢ — 1, 0a Vo) + (yz, ¢ — P, od) + (z, Vo.a V)
=(q + fom 0a Vo) + (f,, div [r, @a V9]) — (g, 7, wa Vo)
+ (go + M, Py 0d) — (div {, P, @9) + (Lz, 0a Vo — m, wa V)
+ (yz, o9 — P, od) + (z, Vo.a Vo)
= (g, 0a V) + (g m, ®a Y — 0a Vo) + ( fo, wa Vo)
+ (Joo 1 0a Vo — wa Vo) + (f), div wa Vo)
+ (f}, div [n, ®@a Vo — wa V)
+ (90, @) + (9o, P, @b — 09) + (n, ©d) + (M, P, 0 — @)
+(@f + Tz 0aVd — m 0a V) + (div{ + vz od — P, od)
+ (5 (Yo) ¢) + (2, Vo.a V), (1.3

since

— (G 0 V) — (div , 09) = — (o, div({$)) = (§ (Yo) ¢).

First note that the embedding H**1(G) < L!*“/3(G) implies that

(g waVd) < K| g llo,1+86, | @2V llo 141836,
< K| q "o,1+5;c;z Vo Il 1,62 ° (1.4

and that

m o) < K|n “0,1 +5;G2 | od "0,1 +(1/8);G2

< Kinloi+se I ¢ lsiie,-

(1.5)

Also, by (0.6), (0.10), and the embedding H**!(G) c W¥@+L.1+018)(G),

(Q, m 0aVé — wa Vo) < K| q lo,1+86, | T @a¥o— 0aVo |l 4, +(1/8);G
<Kl qllos+s6, "V 0 Vo llsjss1),1 +1/862
<

KIS 1 q s, 196 Iy, -9
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404 J. DOUGLAS, JR., F. A. MILNER

and
(n’ P" 0)¢ - (Dd)) <K “ n “0,1 +8;G, ” Ph O.)d) - (D¢ "0,1+(1]8);Gz
S KNl +56, | 00 lse+1y,1+amse, B¢
S KM lossse, | & lvrc, A7+ a7
Next, note that
(~f°’ ©a Vo) < Kl foll-s-16, IV llss1,6,- (1.8)
(f1, divea V) < K | f; |6, Il div 0a Vo I q, , (1.9)
(9o ©0) < Kl go l5-2,6, | & lls42.6,- (1.10)

Also, (0.6) and (0.10) imply that

(fo—af —Tzmwa¥Vd — waVd) <
<Kl follog + 1 log, + 12lo6) I 1 02V — 0a ¥ log, (1.11)
S KA follog, + 11 & llos, + 12 l0,6) I VO lias6,5
(go — div{ — vz, P, o — o) <
< K(l go llo,g, + 1div E llog, + 11zllo6,) | Prod — 0 o6, (1.12)
< K27 go llog, + 1divE log, + 11210.6,) 19 lisz6,
(fy> div(m, @a Vo) — div(0a Vo)) = (f,, P, div(wa Vo) — div (0a V)
< K| fi log, | P, div(wa V) — div(0a Vo) |06, (1.13)
< K| £y o, || div (@a V) |6, -
Finally,
(Vo) d) < K Ell_y—26, 1 & l42,> (1.14)
(5 V0.a V) < K1z, 16,1 2 Y0 s i, (1.15)
The lemma now follows trivially from the substitution of (1.4)«(1.15) into

(1.3).

We can now derive some preliminary local error estimates from this lemma.

1.2:If h is sufficiently small, 0 <r<k+1,0<s<k, and
p € H(G), then

@ NEl_ge < K[F ' Eloe + € lloe) + B2 b | div § flo,¢
+H* N ple + 1€ llos+se + I &€ llo,1 486
+HE N k-6 + 1§ l-k-16]>
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 405
(@) 1¢l_se <K[FUENos + 11§ llog) + AT 1divE llog

Pl + 18 o456 + EC llo,1+8:6
+ &N 4-16 + 18 lk-1.6]-

(i) [ div gl e < K[FUE o + 11div Elloe) + 1 PE? o1 +56
+1EN-s6]-
Proof : Rewrite (0.12) in the form

(P & v) —([divy, 1) +(I't, v) = (k€ +AL1E + 6, v), vel(G), }(
- - 1
(div & w) + (W) = (PE2 + 18, W), we W,(G). 2
We can now apply Lemma 1.1 to (1.15), by setting g = (x§ + xg) &,
n = pt% fo =16, f; = 0,and g, = y0in(1.2). Thus,
Il se < K[ G llog, + 27272 (1 div { llog,
+ | (k& + ADE lo,1+5:6. + I PE* lo,1 4556,
+ R0 (g6, + A2 10 ||o 6, (1.17)
+ bt (K ”0,Gz + | 1:9 ”-s—l,Gz + | Y0 "—5—2,(;2

+ |l g ”-—s—Z,Gz + "—3—1,02] .

For s = 0,(1.17) gives the estimate

Itloe < K[h | g lo.g, + h? % || div ¢ log, + I (x& + 7‘9& lo,1+5:6,
+ |l p&? lo1+s6, +AITO o6, + h? =% | y0 lo.6,
+hit ”o,(;2 + |l 1:9 “—1,(;2 + ||y "-2,62 + |l g ”-2,(;2

+ltl-ie,]
(1.18)
< K[ & llog, +H*7%|1divEios, + [ (k€ + 2D E [lo,1+56,

+ 1PE o1 6, + 11 L0 o6, + A2~ 18I0 g,
il Tlog, + A NTO N ooyo, + h 2101, se,
F R N omn, + AT T —mr60)

where we have used interpolation between Sobolev spaces, [4].
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406 J. DOUGLAS, JR., F. A. MILNER

If we now substitute (1 . 18) recursively into itself we obtain the bound

It lloe < K[AIE log, +h27 %1 divElge, + | (K€ + A0 E |01 4565

+ 11 PE2 o, 4516 + 11 T8 llo o, + B2 72 18 llo 6,
RN T gy + AN TO g + A2 190 1,
S RS IRy gl £ B B

which when substituted into (1.17) gives the estimate

Il e < K[A*H ] Cllogy + R 278 | div Clloe:

+ || (x& + r0E “o,uzs;(;'1 + || p&? llo,1+8:64

+hETHITO0 o6, + A2 v8 o 6 (1.19)
+ R o D0l ooy 6, + Y01 — 26,

SR T ) PR

(where G; = G,,) which in turn implies (using (0.6) and (0.7)) that

NEl—se < K[ 1 G llogy + A 7270 1 div §llo 6

+ |l S& “0,1 +867 T I &2 “0,1+5;G'1
+ NP gpn, +HTTHIE llog,
180 —emny + NE Doy 6]

(1.20)

Let us consider the divergence of {. Let ¢ € Hi(G,). Then, we see from (1.16)
that

(0 div g, ¢)

(div &, Py(@d)) + (div §, 0 — Py(wd))
= — (& o) + (div § +7E 0d — Py(0d)) + (pE? Pywd)),

which implies the bound

hdivgl_se < K[IEN-s6, +2(1&log, + I1divElog,) + I PE* lloe,]
(1.21)

for 0 < s < k + 1. This gives (iii) of the lemma.

Finally, let us obtain a bound for § in H *(G')*. Let Y € H§(G,)? and take
be HY1(G)) n HJ(G,) as the solution of — V.(a(p) V) = divy in G,.
Set 8 = ¥ + a(p) V¢.. Then,

divd =0 1.22)
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 407
and
8ls, + 1 & lss16, <QUVYlig,, s=0. (1.23)
Also, integrating by parts, we obtain the relation

(0a(p) & ¥) = (div §, 0d) + (G, $Y0) + ((p) §, @d). (1.2

Using the relation that led to (1.21) with (pE?, P,(0d)) replaced by
(pE2, 0d) + (pt?, P(0d) — @d), we obtain the estimate

|(iv G 06) + (5 Y6) | = | — (15 0b) + (div { + 1& 0b — Py@d)
+ (OE, ) + (pE% Py(ad) — 0d) + ( $Y0) |
<SKONENsoso + 18 Ioero, + 1 PE lossac, (129

+ T E o, + 11V Clloe)] I & sy, -
Next, it follows from (0.12) that

((p) &, 03) = ((p) & m ©8) + (x(p) & 0§ — m, wY)
— (divm, 3, &) — (TE, ©8) + () § + TE 03 — m, 08) (1.26)
+ (K& + AL &, 0d) + ([KE + ALIE m, @8 — ).

Now, (0.8), (0.9), and (1.22) imply (using integration by parts) that

(div m, ©5, &) = (div [, 03 — d), 7) + (div @, 7)
= (div @g, 1) (1.27)
=@.Yo, 1),

sincet = § + 6 € W, ;itnowfollowsfrom(1.26) and(1.27) that

(P & 0d) | < K[l tl 6 +1E1 56 +2(1Elos, + 1§ log,)

28)
+ ll (x§ + 7»§ ”O,1+8;61] I8 lls6,, 1<s<k+1.

Using (0.6), (1.23), (1.25), and (1.28) in (1 .24) we obtain the bound

1Cl-so < K[NEN g6, +H ™ P g, + HIEllog, + 11§ llog,)
+ | &2 lo,1+86, + | SE_. lo,1+86, + BT div g lo, + I & ll-5-1.6,]
(1.29)

vol. 19, n° 3, 1985



408 J. DOUGLAS, JR., F. A. MILNER

for 1 < s < k, and since the relation holds trivially for s = 0, using interpo-
lation, [4], we see that it holds for 0 < s < k.
Recursive substitution of (1.20) into (1.29) gives the inequality

1856 < K[FU & log,., + I Ellog,.,) +# T 1divEloeg,,,

+ 1€% o1 +8:640, T+ |l CE lo 14560, FH P 6., (1.30)
+ 18 gm0 1 E I kt,60s,]-

Now substitute (1.30) recursively into itself to see that

1E 156 < K[EUE Nocrurs, T I & locueery) + 727 141V E o 60y
+ ” 52 ”0,1 +8;Grqc+ 1) + !I EE_, “0,1 +8;Greqic+ 1) +HT ” p “’»Gk(ki-z)
+ ” g ||_k_laGk(k+l) + ” S ”—k—l,Gk(k+1)] ’
which gives part (ii) of this lemma.
We now substitute (i) into (1.20) (with G; shifted to G,) to obtain the
estimate
1€l -s6 < K[F (& llog, + 1§ llos,) + 272 [ divE llo,
+ || &2 lo,1+8:6, + | gi lo1+s6, T 1P .6,
18N yrg, + 18 oirg,],
which recursively substituted into itself yields (i) of the lemma.
Observe that we have a quadratic error term with no powers of 4 in front

of it (just in the nonlinear case). This will produce eventually bounds with a
quite atypical term in them.

2. THE LOCAL ESTIMATES FOR THE LINEAR CASE

Observe that s = 0in Lemma 1.2 (i) gives the bound

I é”o,(;o < K[h(” £ ”0,61 + |l g ”0,61) + h2~ %0 || div g ”0,6,
+H NP o, + 1E losese, + I G llosssc, 2.1
TN ey g T

for2 <r<k+ 1
Also,x = 0,A = 0,and p = 0in the linear problem, and the bound

B roro+ 1 Gl ki +divEll 1o < Klplj o™ ! (2.2
for2 < j < k + 3if pe HY(Q) is given in [3].
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 409

Thus, (2.1) can be rewritten in the form

1€ o6, < K[AN € llo,, + I § llog,) + A% 11 div § llo,6,
+ 0 ple, +H7ple], (2.3)

2<r<k+1ifpe H¥(Q) n H'(G,). We do not have similar estimates
for { and div {.

We shall need to have error estimates for a local solution of the homoge-
neous equations.

Lemma 2.1 : Let (v, q,) €V, x W, be a solution of the system

(agh’ L’) - (le v, qh) + (th’ E) =0 , DE I,/h(G) > } (24)
(div v, w) + (cq, w) =0, we W (G),

where G is a ball of sufficiently small diameter. Then, for fixede > 0,any m = 0,
and h sufficiently small,
h_e(" qn ”o,c' + | Uy, ”o,(;') + || div Uy IIO,G’ <
< QLA™ vy llog + N1 divy, llog + I g4 llo) +
+(l vy i1 @Iy .6) 7]

Proof : Lemma 1.1 implies directly the bound

I g, ”0,60 < K[h(" qy ”o,(;1 + | Uy ”0,01) + h2 Do | div Vn ”0,61 + 2.5
N S '

We should now like to take w = div v, in the second equation of (2.4), but
there is no reason to believe that div v, € W,(G). However, there is x € W,(G,)
such that

Ix — @divy,llo < @l divy,llog, - (2.6

Thus, (2.4)+2.6) imply that

I div v, 13 6 < (@ div v, div v,)

= (o div v, — %, div v, + ¢g,) — (0 div v, cq,)
Q 11 div v, log, (b 11 div 0, o, + Il G4 o) @.7)
Q[h(" gy ”0,62 + |l Uy ”o,c;2 + | div Uy "0,61) + |l g, "—11(;2

+ 1 vn ll-2,6,] I div g, lo,G, -

<
<
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Let us try to estimate || v, Iy 6,- Again, there are ¥ € V,(G,) and y € W(G,)
such that
|l oo, — X llo < QAll v, llog,
| div (0p, — ) o < Qh Il div 1, log, » 2.9
|l og, — Vo < Qhllg,log,-

Then, it follows from (2.4) and (2.8) that

I o 156 < Qoo )

= Q(ap, @y, — %) + (div[} — oyl q,) — (@‘lmi — oY)
+ (div 0y, ;) — (04w 4]

< QLA v, 156, + Il g4 o6, I div v, llo.6,)
+ 11 gu o, Il ¥ llog, + (@ div v, ) + (2,-Yo, g,)]

< O[A(l 4 13,6, + Il gu llo,6, I div B, llg.6,)
+ 1l g "o,(;1 I Uy "o,c, — (ocq, q,) + O(h || qy “0,0, (Il g, “o,G1
+ 1 div v, llo,6,D]

< Ol vy 13,6, + Il @n llog, | div 2, llo.6,)
+ || g, "0,6, g4 ”o,(;l + | Uy ”0,01)] .

Lemma 1.2, (i) and (ii) imply that, for 0 < s < k,

2.9

I gnlloso < QI (N g log, + Il w4 llog) + HF273 | div p, o6,
+ 1l g, l-k-1,6, + Il vs "—k—l,G,] >
I vnl—s6 < QAU g o6, + Il B4 llog,) + 7 1 div g, llog,
+ | a, ”—k—l,c;1 + | Oy "—k—l,G,] >
where we have omitted the term "% || p ¢, @s it came from the projection

errors. Substitution of these relations into (2. 5) and (2.7) will replace the terms
I q; "—1,(;l and || Uy “—2,61 by | I n—k—l,Gz and || Uy "—k—l,Gz, respectively,

giving the bounds

I g IIO,G’ < K[A(l q "o,(;3 + |l v, "0,63) + h?7%x || div Uy “0,03
+ |l 4 ||-k-1,(;3 + | Uy "—k—1,63] s

I div 2, 1o < KTA g loigy + 1 23 oy + Il div 2, o)) +

+ |l g, ”—k—l,G;, + | Oy "—k—l,Ga] | div Uy ”o,(;3 .

(2.10)

(2.11)

Recursive substitution of (2.10) into itself (and relabeling the G;’s) will give
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the estimate

I ay o < KA I gy log, + A1l vy llo,g, + #27%% 1 div g, llo.6,

+ gy le-re, + 12, k6] (2.12)

for any fixed integer ¢ > 0.
Substituting (2.12) into (2.9), we see that

I oy 56 < QAN vy 136, + 47 1 gy llog, Il div g, llog,
+ 1 | vy llog, I div v, llo,g, + A>7%% || div », I3 6,
+ bl gy k=16, + 11 B 1,6 11 iV B, llo 6,
+ g 156, + 1 g 12k-16, + 1 0 124-16,]
< Q[P 1 gy 136, + Rl 0,136, + A Idivy, 3,
+ I q, ||2—k—1,c, + | v, ”2—1(-1,(;,] >

where T is any fixed positive integer. By repeated substitution of this relation
into itself (and relabeling of the G,’s) we obtain the bound

I o, 136 < QAT g4 136, + Il 0, 156,) + A2 I div v, 156,
+ | gy ||2—k—1,G, + [ v, ||2—k—1,G,]'

It follows from (2.11), (2.12), and (2. 13) that

(2.13)

I div v, 136 < QLA g4 156, + | 0, IE6, + 1 divy, I5s,)
+ (g k=16, + 1 vslokoi6) 1 div g, llog,]
<O[RT(l gu 56, + Il 04 36) + Al div v, 136, (2.19
+ bl gy 12— 16, + I 04 120-16) + U G l-k-16,
+ 0 op l—k=1,6) 1141V 1, llg.6,]-

If we now substitute repeatedly (2. 14) into (2. 13) we see that

I o, 136 < QA (Nl an I36, + Il 24 56, + div g, 156

2.1
+ a2, + oy 120m16,]- @19
Also, (2. 12) implies, using (2. 14) repeatedly and (2. 15), that
I gy 136 < Q[P g 136, + Il 0 36, + Il div 5, I36,) 2.16)

+ g 126, + 1oy 2= 6]

for any fixed positive integer T.
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Finally, (2. 14) implies, using (2. 15) and (2. 16), that

I div v, 13,6 < QIR gy 13, + I 2 I36) + I div 1, 136,
+ A7 dy ”-—k 1,6, T [ vy "2—k-1,61)]

for any fixed ¢ > 0, and this in turn implies, by repeated substitution into
itself, the bound

I div v, 136 < QAT g, 136, + Il 24 136, + I div , 1136)
+ h7%( g, ||2—k-1,G, + || Uy "2—k—l,Gl)] s

which, with (2.15) and (2. 16), proves the lemma.
We are now ready to derive the local L?-error estimates.

THEOREM 2.1 : If pe H*(Q) n H"(Q,) and h is sufficiently small then

D N&llog < QP U 7% + 1Pl ™], 2<r<k+1+ 38
G 1 Cloa, < QUPlo " +1plh™], 2<r<k+2,
(i) Idiv Llloo, < QUIPla, K2 + 1P loh " 7F], 2<r<k+3,

Jor any fixede > 0 andfor Qy ¢ <« Q;, €« < Q.

Proof : Let (4, p) = (ou, op) where o € C;°(G,) and ® = 1 on G,. There is
no reason to assume that { En G, };_, 1S a quasi- regular polygonallzatlon
of G,, but, if h < dist(G,, G,), we can take G,, G, = G, = G,, such that G,
is a union of polygons in G,. Therefore, it follows from [3] that there exists a
unique (v, g,) € V,(G,) x W,(G,) such that

(@u— ) v) —dive,p—7g) + BP —ql v) =0, el (G,),

. - . } (2.7
(diviu — 5L, w] + (c[p — g,), w) = 0, we W,(G,),

and, furthermore, if p € H'(G,), we have the bounds

15~ Guloye < QUB N, F* 0 < QI pl, g, b0,
2<r<k+1 438,
1%~ Bl ee <QUP LG ™Y, 2<r<k+2,

r<k 4 (2.18)
Idiv@ — 8) |6 < Qlpl e, W%, 2<r<k+3,

for0 <s<k

Now, if we restrict (v, w) to the space V,(G;) x W,(G,)in(2.17), then (4, p)
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can be replaced by (u, p); then, using (0.12) with (v, w)e V,(G,) x W (G,)
we can replace (u, p) by (u,, p,) so that
(a[Z'fh - ?h]: E) — (div U, Py — q,) + (B[p}. — 4 E) =0, pelVy (G, }
(div [u, — 1, ), w) + (clp, — gl w) =0, we W,(G)).
Since (u, — Uy, P, — q,) is a local solution of the mixed method equations,
Lemma 2.1 implies (taking v, = u, — ¥, g, = P, — g, in (2.4) and using
(2.13)) that
(" Dn — E,. “o,Gf + |l u, — —E;. "o,(;')h_e + “ div(,':fh - T,.),h) HO,G’
< Q[hm(“ Py — Eh “o,c;1 + | U, — _2;. ”0,(;l + | div(yh - ?h) “0,61)
+h7 WPy — G k=6, + 1 8 — 0 - 16,)] (2.19)
< O[A"(1E o6, + 11 Ellog, + I1divElloe,) :
+ A p e, FATUE ke r, + 18 ko160
for2 <r<k+3.

If we now take s = 0in (2.18), r =2, and ¢ + m = k + 1 in (2.19), we see
that

g "0,6' 7 — Zl-h ||o,G' + Py — E;. ”o,cr
O pll, g(h™= 2% + h**1)
+ (e o + I S lloe + 1div Elloe)
F 18N ki H UG I kmr6ls 2<r<k+1+438qu, (2.20
I ¢llog < QLN g " +A** D +A T (& g6+l §llog+I divElloe) +
HNEN oot Glkcr6]s 2<7r<k+2, (2.21)
ldivglloe <QUIpl, a2 +R )R (1 E o6+ 1 C llo6+ 11 div G llo 6
R E N oo HI Gl @], 2<r<k+3. (2.22

<
<

If we now use a finite cover of Q, by a collection of G’s such that the cor-
responding (G')’s will cover Q,, we obtain again the bounds (2.20)-(2.22) with
G’ replaced by Q, and G by Q, .

Finally, [3] implies that for p ¢ H%(Q),

1Elloe, + 18 o + 1divElon <2lprlsa }
NEN k-r0, + 1 G N kor0 S QP2 0,

which completes the proof of the theorem.
We have also obtained (by combining Lemma 1.2, (2.2), and Theorem 2.1)
the following local negative norm error estimates.
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THEOREM 2.2 : If pe HI(Q) n H"(Q,), 2 < j < k + 3, and h is sufficiently
small, then, for 0 < s<k + 1,

D NEl_yo, < K[Ipl g bt D" +|p o pitk=1],
2<r <k+1l4(—k+1)*,

@ 1800, < K[IP g, A 2760" 4 p o 1],
2<r<k+24(s—k)",

(lll) " div S H_S’QO < K[“P “'_,n1 hrts—2 +" p "j,Q hk—1+min (j,s+2—£}] ,
2<r<k+3.

Theorem 2.2 for s = 0 restates the results of Theorem 2.1, and (i) is, of
course, what was expected from (2. 3).

3. THE LOCAL ESTIMATES FOR THE NONLINEAR CASE

Let o, € CJ(G,,,), ®; = 1 on G, ,, just as before.
Set

(4, p) = (o; 4, ®; p),

1 1
= f [op(py + 18) dt] uy, + J Bo(py + 18)dte L°Q)*,  (3.1)
0 0

|

Y =J c,(py + 1) dte L*@Q).

0

We can now rewrite the error equations (0. 12) in the form (see [5])

(P § v) —(divy, &) +(TE ) =0, vel,, } 3.2

divgw +(Ew) =0, weW,,

which are the mixed method equations corresponding to the operator
M : H*(Q) —» L*(Q) given by

Mw = — V.(a(p) Vw + a(p)Tw) + yw.

It was shown in [5] that M* has a bounded inverse L2(Q)— H*(Q) n HL(Q).
However, it does not follow that (M*)~! maps H%(Q) into H**3(Q) n HL(Q)
boundedly if s > 0. Therefore, the duality argument developed in Section 2 for
the linear problem (more specifically, the use of Lemma 1.1 to prove Lemma

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



INTERIOR AND SUPERCONVERGENCE ESTIMATES 415

2.1, and the bounds (2.18)) does not apply to the nonlinear problem. We can
obtain a result analogous to Lemma 2.1 for the equations (3.2) with (g, &)
replaced by a local solution (v,, g,) as in (2.4), which we shall do for the sake
of completeness.

Lemma 3.1 : Let (v, q4) € V), x W, be a local solution of the homogeneous
mixed method equations for the operator M on G ; that is,

(@(p) v v) — (div v, g) + (Tqp 1) =0, veV,(G), } 3.3

(div v, w) + (?qh, w)y=0, we W, (G).

Lete > Qandm = 0. Then, if h is sufficiently small,
I qy ”o G+” vy "o(;+|| div Uy ”06 K[h (I gy Il - —k-1 (;,+" Uy Il - —k—1 G1)+
+h™(|| qy “0,61 + Uy “0,01 +| div Uy "0,6.)] .

Proof : The existence of a bounded inverse (M *)~! : LZ(G);»H 2(G)n H(G)
implies that Lemma 1.1 is valid on (3.3) with s = 0. Thus,

Il qn “06 K[h I Uy "0 G, T h2 ok | div vy Ho G, T A G Ho Gy

(3.4
+lloall-26, + 1, “—1,6,]-

Using again interpolation between Sobolev spaces (see [4]), we obtain from (3.4)
the bound

Il g ”oG K[htnk(” i llo G T I Uy llo (;,) + A | div Un lo G T

o2 (3.9
+ 272 gy | cx-16, + I Bu ko1 6)]s k> 0.
Next, ¥ € L®(G) implies that (2.7) holds again, so that
I div v, 13,6 < @Il div v, o6, (A1 div 1, o6, + Il g llo,6,) 1.6

< QLA || div v, 56, + A7 1 g, [56,]-

Also, T € L®(G)? implies that (2.9) still holds, so that

0,126 < QLA 4 126, + Il 0, 126, + Nl div v, I26)
+1g,llo Gx(" 4 lo G, T | div Un “0,61)] (3.7
< K[ham‘ | div Uy ”o G T h Uy "o G T h el I dn "(2),61] -
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Also, we can obtain from (3.5) the estimate

a5 e < KA ay 156, + I 24 113,6) + 1 div p, I,
+ h7*(ll g4 l|2-k—1,G, + | Uy ”z—k—l,Gl)] >

which when recursively substituted into itself will give (after relabeling the
G/’s) the bound

I gn 13,6 < K[A* I gy 13,6, + 271l 24 15,6, + 21 div 2, I3 6, 6.9)
+ h7%(|| g, l|2—k—1,(;1 + |l Vi Hz—k—l,Gl)] s .

where ¢ is any fixed positive number.
Substituting (3.8) into (3.7), we see that

I 06 < KOH 14, W0, + 21 23 I, + K72 1 div 1y I3,
+‘h_38/2(” 4 Hz—k—1,61 + 1o ”2*"_1’0’)] ’

for any fixed T > 0, and recursive substitution of this relation into itself (and
relabeling of the G;’s) will show that

o 13,6 < K[A*" (1 g4 156, + I 4 115,6,) + 27 | div 1, I3,

_ 3.9

+h 32 g 1216, + 1 0 12-1 6]

We now substitute (3.9) into (3. 8) to obtain the estimate
I g, 13,6 < K[A*T(ll gy 13,6, + 1| 2, I13,6,) + A>* | div y, 156, (3.10)

+ h—3s/2(” 4 ||2_k_1’G2 + | Uy "2_1(—1,62)].

If we now substitute (3.10) into (3.6), and the resulting relation repeatedly
into itself, we see (after relabeling the G;’s) that, for any fixed positive number T,

I div v, 5.6 < K[A*T(I1 div 0, 136, + | 2 15,6, + 1| 44 13.6,)

(3.11)
+ A2 gy 12 ap6, + 1 2a 1202 160]-

Substitution of (3.11) into (3.9) and (3.10) finishes the proof of the lemma
when k > 0. Thecase k = 0is covered by the proof of Lemma 2.1 starting from
(3.4), (2.7), and (2.9) without making use of Lemma 1.2, which is obviously
unnecessary anyway if k = 0.

This result, though, will not be sufficient to allow us to reproduce the proof
of Theorem 2.1 for the nonlinear problem, since, although the boundedness of
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(M*)™1 . LXQ) - H*Q) n HX(Q) still guarantees the existence and uni-
queness of the solution (v,, g;) of the analogue of (2.17) and also the error
bounds (2. 18) for s = 0 (only), we do not have any estimates to replace (2. 18)
for s = k.

Let now o € C5°(G,), ® = 1 on G,, and set (4, p) = (ou, wp). Let
(Gok)=2j—2—e—=2(—k—-2"

fore >0and2 +e <j<k + 3.

THEOREM 3.1: Let Q, c = Q, =« = Q be open subdomains of Q. If
pe H(Q)n H(Q,) andk > 1, then

® 1€ loq, < K[ NPl 0 +#Plplialrlie+ D],
2<r<k+1,
(i) 1€ llog, < K[A ™ Pl g, + H9P ¢ lplallipllje+ D],

2<r<k+2~¢,
(i) [1divlog, < K[F2Iplq +H 9 lpliallrl;e+ D],
2<r<k+3—c¢.

Proof : Throughout this proof, the subindeces will be shifted so that the
smaller ball on any norm bound will be called G, and the larger one G,.
Let (v, g € ¥, (G)) x W,(G,) satisfy

(P~ Th o) — ([@ive,p ~ ) + TP - gl v) =0, eV, (G,
(312
(diviz — v} w) + (¥[p — @ w) =0, we W,(G,).

As it was pointed out earlier, (v,, g,) exists and is unique. Furthermore, if
pe H'(Gy),

17— ayllog<Qlpl ek, 2<r<k+1
I —2,lloc<Qlpleh ™", 2<r<k+2, (3.13)
Idiv(s —v) log < Qlpl, g 2 2<r<k+3

just as in (2. 18) for s = 0, where the constant Q depends on || p ||, ...
It follows from [5] that, if kK > s, then

DE N ey + 1 Gl gt NV EI oy < CHOR [ p o (1P ]9 + 1), (3.14)
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and also that

I<E + A E o < K(1E o + IE o) I E oo

. (3.15)
< CHUP | p ;.0 (Ip ”j,Q +1).
It now follows from (2.1), (3.14), and (3.15) that
1€llo,e < K[AUIE o6, + 1 § o) + A 1divElye, +
+ Pl + APl Ulple + DI, (3.16)

2<r<k+1.

As in the proof of Theorem 2.1, we can replace (%, p) in (3.12) by (u,, p,)
using (3.2). What we have to do next is to take (v, g,) = (¥, — Uy, P, — q,)
in (3.3) and to change Lemma 3.1 slightly. It follows from (3.13) and (3.16)
that

Il gy llo,c < K[A(l g4 o6, + Il v llo6,) + h? | div v, lo,c,
+Hplg, +HONplelple+ D], 2<r<k+1,
so that, by nesting and relabeling the G;’s, we can see that

I I’ "(2) K[hZT I q, "o Gy + h? I Uy ”o G T h* " div Uy ”3,61 +
+h¥plzg, + PP plie + 2 120)], (3.17)
2<r<k+1,
where T is any fixed positive number. Next, (3.6) and (3.17) imply that

| div Uy “o ¢ s K[hZT I g "o G, + R Uy ”o G, Tt r* | div Uy ”o ¢, T
+ R | plke, + BT (I p e + 12 15)],
2<r<k+1,
which repeatedly substituted into itself will give (after renaming the G;’s)
the bound
I div v, 15,6 < K[A*"(l g, 156, + 1 div o, 13 6) + h*~ 2| 1, 1136,

+ B E | p g, + PO (I p kg + P 1I30)],  (.18)
2<r<k+1.

We see from (3.17) and (3.18) that

I g, li36 < K[R*"(l g, 136, + I1dive, 136) + 22 1l v, 136,
+hNipl,e +H9PpI2q + I p 13)], (3.19
2<r<k+1.
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Also, (3.7), (3.18), and (3.19) imply that

I 04156 < K[A*"( g, 136, + I1div v, 136,) + A1l 0,186,
+ R p s, + B2 (I pla + P 150)],
2<r<k+1,
and substituting this bound recursively into itself leads to the bound
I, 13,6 < K[A"(ll a4 156, + Il 04136, + 11div 2, l156,)
+ 2 plze, + BT plla + 2 1F0)] (3.20
2<r<k+1.
Substituting (3.20) into (3.18) and (3.19) finally gives
N gy llog + Il 04 llog + I1div g, log < K[A'(1 gy o6, + I 84 llo.6,

. - . 3.21
14V, log) +H7 12 L, + K9 [ p g (Iple + 1] 2D
for2 < r <k + 1andanyfixed T > 0.
It follows from [5] that
HENo + 11 &l + 11divEll, < K pllzsen- (3.22

Now, (3.13),(3.21), and (3.22) imply that

Ilgnllo,g < K[A" (1P = Gy llo, + 1 & llog, + 1 %= D4 llog, + 11§ o,

+ I div(z —2,) log, + I1div Ellos,) + 7 1P, g,

+ U pliaUpl;e+ D]

SK[FIPl, g, + P lIpliallplie+ D], 2<r<k+1,
and
I vpllog + 1divo,lloe < K[A =Pl 6, + P = lpl;alipl;e+ D],
2<r<k+1.

These estimates together with (3.13) and the finite covering process used in
Theorem 2.1 complete the proof of the theorem.

We have also obtained (by combining Lemma 1.2, (3.14), (3.15), and
Theorem 3. 1) the following local negative norm error estimates.

THEOREM 3.2 : If pe H/( Q) n H'(Q,),2 +e<j<k + 3,k >0,and h is
sufficiently small, then, for 0 < s <k + 1,
@) TEN g0 S KNPl oAD" 4plallp ll;o+1) AEF],
2K r<k+1+@G—k+1D",
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(i) HE 1 -0o < K[Ip o, W71 7"+ I plallpllj0+D)
RGBT ) < r < k42—e+(s—k)*,
{i) 1divE o0, < K[I P o, B+ (I p 0+ D HEOTE],
2<r<k+3—c¢.
4. CONVERGENCE OF DIFFERENCE QUOTIENTS
Assume a uniform polygonalization in the interior of Q for the remainder

of this paper.
Letp = (uy, p;) € Z?, and let

Th v(x) = v(x + ph).
Set
Oy, ;0(x) = h™ (T} — D o(x),
u(x + hey) — v(x)
A )
Pu = Ju = 03y Gpu.

j=12;

DEFINITION 4.1 : An operator Q, of the form

Quw=2Y .y TH 0w,
[TRY

where only finitely many c, s are nontrivial, is called a difference operator.
Observe that for some M > 0,

Quw= Y &GThw.
I8i<™M

DEFINITION 4.2 : We say that the difference operator Q, is of order m if

inf { I,/ &, = O(He) } = — m.
]

We shall make the assumption throughout the rest of the paper that, for any
fixedpand Q, < < Q, = < Q, there exists A, such that, for 4 € (0, 4],

(T8 v, TEw) eV, (Q) x W,(Q) I (v,w) eVy(Qy) x Wi(Q,),
where T} v = Th(vy, v,) = (T} vy, Th v,).
We shall also make use of the discrete Leibnitz formula :
RB(uv) = Y, <¢)T},’6: udlv, @“4.1)
o \V
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where ($> = (il) ($2> Note that Q, commutes with any differential
1 2

operator with constant coefficients, as well as with P, and =,.

We wish to obtain, following the ideas developed in [7], estimates for Q, &
and @, div { in H%(Q,), and for @, { in H(Q,)? withs= —k —1ors=0.
It is clearly sufficient to derive estimates for the case Q, = T} ¢*. Moreover,
since

| Tho “o,(; < v “0,61

for sufficiently small 4, it suffices to consider Q, = 0.

We need to find equations satisfied by 0'€, 0'( and ¢" div {. We see that
(4.1) and (0.12) imply that, for | v | > 0,

(a(p) 0%, v) — (div v, 0'¢) + (L 0, v)
= (up)§, 07"p) — (07 div , &) + (L&, 0 1)

-2 (:) {qTy 7P 2*C, v) + (T4 & 7T 2%, 0) }

W<y 4.2)
= (0'[x€* + AEL v) — g (:) (T} 0" *olp)] 0*§
+[TY M1 v), veV,(G),
since 0"y € V,(G) if v eV, (G,)). Also,
(div &G, w) + (y 8E, w) = (0[pE2], w) — pgv (:) (T} 0"~ "y] 0", w),
4.3)

We are now ready to derive estimates for the linear proble

g

THEOREM 4.1 : If pe HI(Q) n H'(Q,), 2 < j < k + 3, the operator M of
(1.1) is linear, and h is sufficiently small, then for0 < s < k + 1,

@ 1QhEll-sa, < K[ P ll,q A+~ 75D =m 4 |ip |, oW 1],
m+2<r<m+k+1+(—k+1D",
(i) I Qh g "-s,go < K[n p “",91 pris—1-G6—h*-m 4 I p "j,n itk 1] ,

m+2<r<m+k+2+G-kKk*,
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(lll) || Qh div g ”—s,ﬂo < K[” P ”',ﬂx prts—2-m + " p uj’ﬂ Jk—1+min (j;s+2—£}] ,
m+2<r<m+k+3,

where m > 0 is the order of Q,.

Proof : The proof will proceed by induction. As we pointed out earlier, it
suffices to consider Q, = 0, with m = |v| The case |v|= 0 is just
Theorem 2.2, so that we shall assume that | v| > 1 and that (i), (ii), and (iii)
hold for &%, with |p| < |v| — L -

Let us recall that in the linear problem a(p) = o, L =B, vy =1¢, x = 0,
A = p = 0. Therefore, since £ = t — 0, we can rewrite (4.2) and (4.3) as
follows :

(20"E, v) — (div v, 1) + ( B 0'1t, v) = (B 0", v)

T2 (:) (T} & 7*a] 2L + [Tp O "Bl ¥, ), 2 € Vy(G),

u<v

4.4)
div &G w) + (c&Ew) = (c 0, w) — Y. (:) ((TF 8"~ *c] &€, w),

p<v

we W,(G).

Since equations (4.4) are of the form (1.1), it is clear that the same argument
that led from Lemma 1.1 to Theorems 2.1 and 2.2 shows that, for 0<s<k+1
and 0<r<k+1+4+(s—k+1)*,

" avg "—s,G < Kl: ” avp ”?'Gth+s—(s-k+1)+ + hs+1(2 n aur; HO,G,

n<v

R ||0,61) 8 (10 ey + 107 n-,‘_l_lu.)}

W2 3
S KLIP 6, =640 M | p | 4.5
+ 1€y + Hg [

< K[llpll, g BHs—6= DM 4 | p |, o W],
ivi+2<r<|v]|+k+1+(6—-k+ D,
10°C g6 < K[Iplg 7P "M plo '], (4.6)
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Ivi+2<r<|v|+k+2+(6-k",
10" dive ll_s6 < K[Iplg K2 M 4| p|l pqhi** 1], 4.7

Ivi+2<r<|vl+k+3,
since

108 llo,g = Il Py(@"p) — &pllog < Kl p ”'+M:G1 K, 0<r<k+1,
and

10"l k1o S KNOl yoye, < KIP g F*Y,  0<r<k+1.

Finally, the finite covering process used in the previous sections, together with
(4.5), (4.6), and (4.7), finishes the proof of the theorem.
Note that, in particular, we have shown that

10,8 ||-k—1,90 + | th “—k—l,ﬂn + |l Qh divg ||~k—l,ﬂo @.8)
< Kn#** (|| p lksse + 12 liszsme,) - .

We can also derive the estimates for the nonlinear problem. Let m < k + 1
be the order of Q,, and let

IGk=2-1)+s—m—e—-2(—k—-2*
so that I(j, k) = t(j, k) if s > m.
=

THEOREM 4.2 : Assumek > 1,pe H(Q) n H'(Q,),2 + ¢ < j < k + 3, the
operator M of (1.1) is nonlinear, and h is sufficiently small ; then, for0 <s<k+1,

0 I Q& ||_s,g0 < K[|1 P "nﬂ, prrs—Gmk+1)t-m
+hpleple+ 1) AT,
m+2<r<m+k+1+@E—k+1*,

i@ N8l so <K[lplg st 0™+
+lpliallp e+ 1)HoR-Em0]
m+2<r<m+k+2+@GE—-k* —¢,

(i) [ @pdiv§l-sq, <

< K[lipllq #*s—2m
+lplolpl;q+ 1) AHORE9%],
m+2<r<m+k+3—c¢.
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Proof : Let us rewrite (4.2) and (4. 3) in the form
((p) 0"E, v) — (div v, 0"1) + (T 01, v) = (L "6, 1)

+ (@'[x8* + 8L v) — ¥ (:) (T} 6" Pa(p)] G

r<v

HITY O ), pel,(G),
(div &G, w) + (v &€, w) = (v 88, w) + ('[pE’], w)

-3 (ﬁ) (T} &~ry] B, w),

r<v

4.9

we Wy (G).

Just as in the linear case (Theorem 4.1) it suffices to consider Q, = ¢* and
to proceed by induction. Again, | v| = 0 is just Theorem 3.2, and so, we
assume that | v | > 0 and that (i), (ii), and (iii) are valid for m < |v| — 1. The
proof will be the same as in Theorem 4. 1, but before we can apply Lemma 1.1
to (4.9) we need estimates for || 0"(k&* + AEL) o6, and || 0[pE?] ||o., Note
that, by definition, -

Ow = h"MTg — D (T — D" w,

which implies that

10"w llo0, < @AM I wllog, -

Therefore, this estimate and (3.15) imply that

| (x&% + AED) o0, < @AM | KEZ + AEL [l 0,

o (4.10)
< QM p 12l pla + 1), v ISk + L.

Similarly,

16" (pEH) o, < QRO M p 2ol P 0 + 1), IVI<Kk+1. (4.11)

We can now apply Lemma 1.1, then the same argument that led to
Theorems 4.1 and 4.2 will show (in view of (3. 14), (4.10), and (4. 11)) that
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" av& "—s,G < K[” avp "F,G, h?+s—(s—k+1)+ + hs+1(z " ava ”0,61
H<v

+ 518 log, + | OKE +AED) o, + | P'(0E?) ||0,G,)

n<v

+ X P oo + 10 1 my)

usv

1D+ Loamacgy + 1 768D [-soa | @12

S K[ plg K DM L pliollp ;o + 1) AP
+FHE Ny + 18 1=y
S K[Ip g H*6 DM L pliaUp e + DAYP],
[vi+2<r<|v|+k+1+(6—-—k+ 1,
1861 -6 < K[l pl, g H*s71 770 "M i pliallplje + 1
x ROR=C=9" |v|+2<r<|v|+k+2+(6 -k —¢
18" div g lloe < K[ P g, 77> ™M +liplialirle + 1
x HUO-C="] |y +2<r<|v|+k+3—¢.

(4.13)

4.14)

We now finish the proof using (4.12), (4.13), and (4.14) with the finite
covering process described before.

Note that, in particular, Theorem 4.2 shows that (4.8) holds also for the
nonlinear problem, with the exponent 2 k + 2 replacedby2 k + 2 — &,

5. THE SUPERCONVERGENCE ESTIMATES

We shall introduce in this section a kernel K, as defined in [1, 2], which will
produce by convolution with u, and p, a new approximation to (u, p) in
V x W, the convergence of which will be (for sufficiently smooth p) twice as
fast as that of (i, p,) to (4, p). Recall that [3] and [5] show that if p e H**3(Q),
then

1€ oo + I § flogo + I1diV & lloa, < & Hlo + Il G llo + I1divE o 5.)
< .

Clp “k+3 B
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We shall obtain in a moment the following estimates :
Ip — Kp*pyllog, + | 4 — K, % 4, llo o +ldiv y — Ky +div #, o0,
S UNP llsa-co, + 12 lkisa) hT27E (5.2
if pe H**3(Q) n H¥**475(Q,),

where the exponent — ¢ does not appear in the linear case. Comparing (5.1)
and (5.2) we see that we have indeed doubled the rate of convergence.
Let

1, |t <
x(t) =
0, |t]>

NI'—-‘NI'—‘

and for [/ a positive integer set

V() = x * x* - *y, convolution/ — 1 times.

Let¢;, 0 < i < k, be determined as the unique solution of the linear system of
algebraic equations (see [2])

k
» c.f WEDG) (4 9P dy = 8y, for 0<m<k,
i=0 R

and define K, by

=Tk

K,(x) = K212(x) = ljl( SR IGRT x,, —z)) xeR?, (5.3)

where the constants c; are given by ¢_; = ¢; = ¢,/2, 1 < i <k, and ¢; = c,.
It follows from [2] that

| Kyxw—wloq < Clwl, o, if weH(Q;), 0<r<2k+2, (5.4
| DY * ) |s0, < Cl OWllyg,, if weHYQ,). (5.5)
Also, it is easily shown by induction (see [2] for a detailed proof) that

I wloq, <C Z | DYwll_sq,, S€Z, 520, if weL*Q). (5.6)

V\s
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Next, note that

’;‘_Kh*%h=(%‘“Kh*’;‘)+Kh*§, 6.7
p—K,,*p,,=(p—K,,*p)+K,,*§, (5.8)
divy — Ky »divy, = (divy — K, xdivy) + K, *div {. (5.9

We are now ready to demonstrate the superconvergence estimates announced
in (5.2).

THEOREM 5.1 : Assume the operator N is linear (ie, N = L), pe H/(Q) n
H(Q), 2<j<k+3 and k+1<r<2k + 4; then, for sufficiently
small h,

@ 1p—K,*p,llo0, < CLIP o, 70" +pljoh** '],
(") ” u— K;, * 14, "0’90 < C[" p "7,01 hr—l—(rlz—k—1)+ + " p "j,Q hj+k—1];

(i) | divu — K, * divu, o0,
< C[” 14 ”':91 h'—2 + " P "j,Q hj+k—1_(j_k—3+z)+] )

THEOREM 5.2 : Assume the operator N is nonlinear, k = 1, pe HI(Q) n
HQ) 2+e<j<k+3 andk +1<r<2k+4—¢; then, for suffi-
ciently small h,

@ 2 — Ky *py llo,g
< CLIP o, 2" + 1 p o (12 g + 1) KOS,
(D) lu ~ Ky *u,lloq,

S CUP g #1720 4 plaUip e + 1) HI],
(iii) || divu — K, * divy, loq,

S CUP o, #2 + 1P o (1P ;0 + 1) BIM],
where (k) =2 —1) —e —2(j — k — 2)*.

Proof of Theorems 5.1 and 5.2. Use the triangle inequality on (5.7), (5..8),
and(5.9), and apply then (5.4),(5.6),(5.5), and Theorems 4.1 and 4.2, respec-
tively.
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