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MATHEMATICA! MOOELUNG AND NUMENCAL AHALY9S
MODÉLISATION MATHÉMATIQUE ET ANALYSE >

(vol. 19, n° 3,1985, p. 397 à 428)

INTERIOR AND SUPERCONVERGENCE ESTIMATES
FOR MIXED METHODS

FOR SECOND ORDER ELLIPTIC PROBLEMS (*)

J. DOUGLAS, Jr. (*) and F. A. MILNER (2)

Résumé. — Nous établissons des estimations a priori à Vintérieur pour Verreur dans des méthodes
d'éléments finis mixtes pour des équations elliptiques linéaires ou semi-linéaires, Verreur étant éva-
luée dans des espaces de Sobolev d'indice non positif. Les estimations a priori correspondantes sont
prouvées pour des quotients aux différences finies de i'erreur quand respace des éléments finis est
associé avec un réseau invariant par translation dans un sous-domaine intérieur. Dans ce cas la pro-
cédure de superconvergence de Bramble-Schatz est étendue aux méthodes d'éléments finis mixtes.

Abstract. — Interior estimâtes for the error in mixed finite element methods for linear and semi-
linear elliptic équations of second order are derived in Sobolev spaces of nonpositive index.
Corresponding estimâtes are demonstratedfor différence quotients ofthe error when thefinite element
space is associated with a translation-invariant grid on an interior subdomain, and the Bramble-
Schatz superconvergence procedure is extendedto the mixed method.

0. INTRODUCTION

Let Q b e a bounded, planar domain with smooth boundary öQ. We shall
assume that for each pair of functions (f,g) in Hm(Q) x i/m+3/2(3O),
— 1 ^ m < 2 fc + 2 thereexists a unique solution p e Hm+2(Q) ofthe Dirichlet
problem

Np= - div (a(p) V/> + b(p)) + c(p) = f i n Q , 1
> (0.1)

p = - g on dn , J

where Vw dénotes the gradient of a scalar function w, div v = V. v dénotes
the divergence of a vector function v, and a : Q x IR —• IR satisfies the require-
ment that a(x, q) ^ a0 > 0.

If the coefficients a, b, and c have the properties that ^- = 0, b(p) = b(x) p,

and c(p) = c(x) /?, then the quasilinear problem (0.1) becomes the linear

(*) Received in August 1984.
(*) Department of Mathematics, University of Chicago.
(2) Department of Mathematics, Purdue University.
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398 J. DOUGLAS, JR., F. A. MCLNER

Dirichlet problem

Lp = - V.(aVp + bp) + cp = ƒ in Q, 1
- n (0-2)

p = - # on ÖQ , J

where we have omitted writing the variable x, as we shall do throughout the
paper.

We shall dénote by (, ) the natural inner product in L2(Q) or L2(Q)2, and
by < , > the one in L2(3Q). We shall use the same notations to indicate the
dualities between the W>S(Q) and W>S(Q)\ and Hs(dQ) and H-%dQl

Let

V = //(div; Q) = { v G L2(Q)2 | div v e L2(Q)},

normed by

« 2 II v- = II 2 Ho + II d i v g U o .

and

W = L2(Q).

If

u= -(a(p)yP + b(p)), a=l/a, g = otA, (0.3)

then (UJP) G V x PT is a weak solution of (0.1) in the sensé that it satisfïes the
équations

(a(p) u, v) - (div v, p) + (p(/>), !j) = < ö> £ • Y >, v e Jf, I

(div M, w) + (c(p\ w) = ( ƒ w), w e W, J

where y dénotes the unit outward normal vector to dQ.
Let %h be a quasi-uniform polygonalization of Q (by triangles or rectangles)

of characteristic parameter h e (0, 1), where boundary polygons are allowed to
have one curvilinear edge. That is, if we let rT be the radius of the circle inscribed
in T and R T the radius of the circle circumscribing T,T e ¥>hi then there exist
positive constants m and M, independent of h, such that

mh < rT < RT ^ Mh, Te*$h.

Let

Vhx WhczV x W
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 399

be the Raviart-Thomas-Nedelec space of index k ^ 0 associated with T>h,
[3, 6, 8,11], which is defined as follows.

For E (= R2 let Pk(E) dénote the restrictions of polynomials of total degree k
to the set E and let Qk(E) dénote the restriction of Pk(U) ® Pk{U) to E. Then,
let Rk(E) = Pk(E) if £ is a triangle (interior or boundary) and Rk(E) = Ö*CE)
if is is a rectangle (interior or boundary), and let Rk(E) = Rk(E)2. For any
J?eT5h let

Set

= i 2 e II F(^) I S k-y« + S k - ^ = ° on

where y( is the outer normal to dEl ; also, let

h) = {weW\ w \EeW(E),

Let Ph:W ^> Whbt the orthogonal L2-projection of W into Wh defined by

(^ f c w-w,x) = 0, M ; G ^ 5 x ^ h s (0.5)

which satisfies, for 1 < q ^ oo and for either Go <= c Gt c= <= Q and A
sufficiently small or Go = Gl = Q,

, if w j

(0.6)

+ l , if weHXGJ,

(0.7)

where || • ||sq;G dénotes the usual Sobolev norm in Wsq(G\ with q = 2 being
omitted Also, since div Ffc <= Wh,

( d i v £ , w - Ph w) = 0 , g e V h : w e W . (0.8)

vol. 19, n° 3,1985



400 J. DOUGLAS, JR., F. A. MILNER

Let nh : V -* Vh be the Raviart-Thomas projection, [8,9], which satisfies

divTi, = P.div, (0.9)

II «* 2 " 2 \\o>q;Go < Ö II 2 H.**, As
5 l/« < ^ k + 1. if » e W ^ ) 2 .

(0.10)

The mixed fînite element method for (0.1) is the discrete form of (0.4) :
Find (uh, ph) e Vh x Wh such that

«Ph) M*» 2) ~ (d iv hPÙ + (P(ró 2) = < 0> 2- v >> Ü e Fh '

The existence and uniqueness of a solution of (0.11) and global convergence
rates for the approximation (uhi ph) to (u,p) in various Sobolev spaces have
been established in [3] for the linear problem (0.2). Existence, a form of uni-
queness, and the convergence of the corresponding approximate solution
have been demonstrated in [5] for the quasilinear problem.

Let

£ = « - & » l = p-Ph> g = * * « - « * . t

Let

= Q (1 - t)OLpp(p - *9<ftjtt + j (1 - t)$pp(p - tJQdif

= f ap(p -tQdt, p = f (1 -
Jo Jo

0 cpp(p - tQ dt,

for the nonlinear problem, and set K = Oand^ = p = 0 for the linear problem.
Also, let

r = aP(p) u + PP(p)5 y = cp(p)

for the nonlinear problem and

r - p, y = c

for the linear problem.

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



INTERIOR AND SUPERCONVERGENCE ESTIMATES 401

If then follows from (0,4) and (0.11) that Ç and £ satisfy the following error
équations (see [3, 5]) :

(a(p) Ç, 2 ) - (div v9 Ö + (TÇ. £ ) = ([KÇ + XQ £ v\veVh9

(div Ç, w) + (yÇ, w) = (pÇ2 , w) ,~ wePF/

Let M : H2(Û) -> L2(0) be the operator given by

Mw = — V.(a(p) Vw + a(/?) Fw) + yw,

and let M* be its formai adjoint ; that is5

^̂  V-r / TL. * X A; ' ï A/ '

Note that M — L and M* = L* in the linear case.
For any open set E a Q set

•11*11-..*= SUP T T T - ' (°-13)
y e H | ( £ ) II ^ llj,£

It follows from [10] that the operator M* is coerdve over HQ(G) for any
bail G a Q of diameter not greater than some d0. Furthermore, if the coeffi-
cients of (0.1) (or (0.2)) are sufficiently smooth» then, for any fîxed s ^ 0,
M* has a bounded inverse from HS(G) onto HS+2(G) n H£(G). AU balte
appearing in the remainder of this paper will be assumed to be of diameters less
than d0.

Let

Vh(G) = { v G Vh : supp v c G } ,
~ ~ ~ (0,14)

Wh(G) = { w e Wh : supp w c G }.

The pair (M,,, ph) BVHX Wh is said to be an interior solution of the mixed
method équations (0.11) on G a a Q if it satisfies

HPH) uh, v) - (div v,ph) + 0(A), 2) = 0s ve Vk(G),
(0.15)

(div uh, w) + (c(phl w) = a wX w e Wfc(G).

Note that the boundary intégral from (0,4) is missing in (0.15) as v. v = 0
on ôQ if 2 e Fh(G).

The plan of the paper is as follows. In section 1 we dérive a local duality
lemma which will be usedfor both the linear and nonlinear problems. We then
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4 0 2 J. DOUGLAS, JR., F. A. MÏLNER

dérive local estimâtes in H~s,0 ^ s ^ k + 1, for the linear problem (section 2)
and for the nonlinear (section 3). In section 4 we fînd rates of convergence for
différence quotients for £, Ç, and div ç in H~\ 0 ^ s ^ k -h 1. Finally, in
section 5 we demonstrate focal superconvergence in L2 of some particular
local averages ofph, uh, and div uh top, u, and div u, respectively.

1. THE INTERIOR DUALÏTY LEMMA

Global error estimâtes for the linear problem have been derived by Douglas
and Roberts [3] using an analytical approach based strongly on a duality
argument, and an analogous argument has been employed by Milner [5] in
treating the quasilinear problem. Lemma 1.1, which will be fundamental in
obtaining our interior estimâtes, is a local version of Lemmas 3.1 and 3,2
of Douglas-Roberts [3] and of Lemmas 2.1 and 5.1 of Milner [5]. Let §ïk

dénote the Kronecker symbol below.

LEMMA 1 . 1 : Let G' and G be concentric balls such that G' ci c G c c Q.
Assume that Ç e V, f0 e L2{G)\ fx e L\G\ g0 e L2(G). Also, let q e L1+S(G)2

and t| e L1+S(G) for some 8, 0 < 6 < L Suppose that zeWk satisfîes the équa-
tions

,1
W l .

(aÇ, 2) - (div g, z) + (rz, 2) = ( f0 + q, v) + (fv div v\ v e Vh(G) ,
Wl.l)

(div ^ w) + (yz9 w) =(go+r\,w)9 we Wh(G),J

Let s ^ 0 and l = min (s, k). Then,

|| z ||_-fG> ^ K [À ï+1 || Ç \\0tO + A ï + 2 " s - || div Ç ||0>G

+ Ai + 1 I U l l o , G + ^ { / i | | /o IIO.G + II/i llo,c

+ h2~hlk II 0 llo.o } + II « HO,I+«,G + II n ilo.i+s.G

+ H5IU.-2.G + IUII-^i fG + ll / o l - . - l . C
0-2)

Proof: It will be convement hère and throughout the remainder of the paper
to introducé a fînite séquence { G{ } of balls concentric with G' and such that
G' cz ci G. c <= G i + 1 c= c G, We shall use a corresponding séquence { G>f }
of functions such that (Oj G C^(Gi+i) and û>f = 1 on G. ; normally the index 1
will be omitted for (ùt.

Let \|f £ HS
O(GX) and détermine <j> E Hs+2(Gt) n i^oH^i) as the solution of

M* 4> = $ in Gv Then, || $ ||s+2iGi < S il • iiSïGl, and
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if A is suffidently smalL Hence, we see from (1.1) that

(©z, \(/) = (toz, M* <)>)

= (z, - ?.(a>a Vc|)) 4- F . © a V<|) -h

= (z, - div [nh eoa V<t>]) + (ÇX KH

+ (Fz, ©a V<|> - 7Cft coa ¥<!>) + te Ö>4> - A Ö>4>) + (z, Vco.a V

= (q + /o» % û)a V<}>) + (/1? div [nh ma V<H) - (aÇ, 7tft ©a V4>)

+ (yz, (o<j> — Ph ÖX|)) -f- (z, Y©«# Y(

= (<j, coa V40 + (<2> % ©^
-f- ( J Q 5 7ti. COö V(|) — COÖ

+ (/15 div [?tfc ma V<|> -

+ (ocÇ + Fz, coa V(|) — 7cfe ma V((>) + (div

+ (ç> (Y®) 4>) + fe Y<**a Y4>) ' 0 . 3 )

since

— (Ç, (O V40 — (div Ç, coc{>) = — (©, div(ÇcJ>)) = (Ç, (Y©) <t>) •

First note that the embedding HS+1(G) c L 1 + { 1 / S ) (G) implies tha t

( ^ ©fl Y<t>) ^ ^ II 4 Ilo,l+5;G2 II U>ö Y<t> Ilo,l+(1/8)!G2

< K H g l l o f l + « i G 3 H y + l l , + l,Ga- 0.4)

and that

-* %r il - M li il J^ il ^ 1 . 3 /

Also, by (0.6), (0.10)5 and the embedding HS+1(G)

I g Ho,i+5;G2 II % ©« Y ^ ~ ©^ V(|> ||

lilc,i+ô;o2 AS / ( a + 1 ) II coaV<|) ||5/(Ô+1U+(1/5);G2

vol 19, n° 3,1985



4 0 4 J. DOUGLAS, JR., F. A. MILNER

and

Cl, Ph Cû4> - ©<|)) ^ X || Tl Ho,i+8;G2 II Ph °>4> - <»$ llo,l+d/8);G2

0.7)

Next, note that

(/o,œaV<|>)

(/l5 div (ùa V(())

(g0, cö<J>)

Also, (0.6) and (0.10) imply

<K\\ j

<K\\J

< K II 9

that

f o i i - . - i . G 2 u y

'l IL.,Ga II d i v C

F0 H - 3 - 2 , G 2 II <l>

<t> L + 1 , G 2 -

öü! Y * HS,G2 '

Hs+2,G2 *

(l

(1

O-

.8)

• 9)

10)

( f0 - aÇ - Tz, nh œa V<|) - <

< K(l l / o Ho,G2 + II C llo,G2 + II^Ho.O ï)ll«»ö>flY+ - ö ö Y ^ l l o . G , ( L U )

^ K/!i + 1 (II / 0 ||0>G2 + II Ç ||0>G2 + || z | | O J G J ) II V * | | I + l t O i ,

( o 0 - div Ç - 72, .Ph ©<|) - a><|>) <

< K ( l l 0o llo.Gl + II div Ç HO,G2 + II z IIO,G2) II ̂  «<t> - «x|) ||0>G2 ( 1 .12 )
< Khl + 2-&'*(\\ g0 ||0)G2 + II div Ç ||0jG2 + II z ||0>G2) II c|) ||,+2iGî

(fv div (7th œ a Vc|)) - div (©a V(|))) = (f13 Ph div (œa V<|>) - div (œa V<|)))

< X II A «„.o, II P„ div ( « a Vc» - div (œa V<|>) ||0,Gl (1 .13)

Finally,

( U y œ H ) < K IK II- . -2.G2 « 4> IIS+2,G2= ( i . i4 )

(z, yo).fl V(|)) < K II z | |_,_ l tC i II a y<b \\S+UG2. (1.15)

The lemma now follows trivially from the substitution of (1.4)-(l. 15) into
(1.3).

We can now dérive some preliminary local error estimâtes from this lemma

1.2: If h is sufficiently small, 0 ^ r < fc + 1, 0 ^ s ^ K and
p e Hr(G), then

( 0 II I II-..G- < K [ ^ + 1 ( l l § IIO.G + II C IIO.G) + V+2-b* II div Ç ||0>G

M 2 AN Modélisation mathématique et Analyse numérique
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(ii) II C ||_I|C. < X[A-(|| % ||OiC + || Ç ||0t0) + h°+1 || div Ç ||OjG

(iii) || div £ ||_S>G. < K[h%\\ Ç ||OiG + II div £ ||OjG) + II p!;2 | |0 i l+8;G

: Rewrite (0.12) in the form

(«Ü») £ £) - (div 2, T) + ( rx, o) = ([K^ + X§] \ + TG, H ) , v e Vh(G),

(div Ç, w) + (Yx, w) = (pÇ2 + Ye, w), we Wh(G) . ' v '

We can now apply Lemma 1.1 to (1.15), by setting q = (K£ + XÇ) %,
Tl = p!;2, /o = TG, ft = 0, and g0 = Y6 in (1.2). Thus,

£ IIO,G2

+ hs+1 II r e ||0>G2 + A s + 2 -8 - II Y0 ||0G2 (1.17)

+ * s + 1 II t IIO,G2 + II r e ||_S.1>G2 + II Ye ||_5_2>G2

+ K I I - S - 2 , G 2 + N I I - S - I , G J -

For s — 0, (1.17) gives the estimate

|| T ||0>c. < K\h II g ||0>G2 + / i 2 " 8 - II div Ç ||0)G2 + || ( i£ + Xg)Ç ||0,1+5:G2

+ II P^2 llo.i+ftG, + h il r e |0 ; G 2 + h2-*°* II Ye ||0>G2

+ h II x ||O>G2 + II r e n_ l j G 2 + II Y e u_ 2 , G 2 + n g n_2 > G 2

+ IMI-1.G,]
(1.18)

^ K[h || t, ||o,G2 + /!2-&0k II div Ç ||0jG2 + 1 ( K | + Xjp ̂  ||o,1+S:G2

+ II pc2 Ilo,i+8;G2 + h || r e nOfGi + h2->°« || Ye ||O>G2

+ h il x nOtGi + h-* II r e || _,_liGl + / r s ' 2 1 | Ye ||_S_2;G2

+ A - S / 2 K J I _ S _ 2 , G 2 + / ! - S I I T | | . S _ 1 , G J !

where we have used interpolation between Sobolev spaces, [4].
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406 J. DOUGLAS, JR., F. A. MILNER

If we now substitute (1.18) recursively into itself we obtain the bound

II x IIO.G- < * [ * II £ II0.0* + h 2'i0k II div Ç ||OjG2k + ! (KÇ + XQ \ ||0,1+5;

+ II PS2 Iki+w»* + h II r e n0jG2k + A 2 - * * 11 re ||0>G2k

+ hk 11 x no,G2k + h~' 11 r e \\.s-UG2k + h-"211 Ye n_s_2,G

+ A - s ' 2 I K H _ s _ 2 i G 2 k + A - s | | T | | _ 5 . l i G 2 J ,

which when substituted into (1.17) gives the estimate

1 || g ||0,G, + h°+2->°* || div $ ||OtGi

r e ||OiG, + *•+>-»* y 7 e ||OiG. d .19)

x ||O;G1 + II r e n_ 5 _ 1 ; G i + || 7 e ||_S_2>G.
+ II g B-.-2.C4 + I M U - l , G i L

(where G; = G2k) which in turn implies (using (0.6) and (0.7)) that

II \ II-..G- < K\.hs+' II g llo.Gi + hs+2~hsk II d i v ë llo.Gi

+ II 5 II -.-2.G1 + KI I - . - l .G l ]

Let us consider the divergence of Ç. Let <|) e H^G^. Then, we see from (1.16)
that

(© div g, 4)) = (div g, Pfc(oK|>)) + (div g, co(t> - Ph(co(|>))

(|)) + (div Ç + y^ m* -

which implies the bound

il div g |LSfG, ^ K [ | | Ç ||_SjGx + h*(\\ % ||OtGi + || div g ||0)Gi) + || p ^ 2 | |O t GJ

(1.21)

for 0 ^ s < fe + 1. This gives (iii) of the lemma.
Finally, let us obtain a bound for Ç in H~s{Gf)2. Let v|/ e H^GJ2 and take

^ e / P + HGJni/oHGi) as the solution of - V-(a(/?) V<|>) = div $ in Gv

Set ô = \j/ + u(/0 V<|>- Then,

divô = 0 (1.22)

M2 AN Modélisation mathématique et Analyse numérique
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and

II § ||S;Gl + II * ||s+1,Gl < 6 II yk II..G,, s> 0 . ( 1 . 2 3 )

Also, integrating by parts, we obtain the relation

(œaO>) g, $) = (div g, (D*) + (£, cj>V<o) + («(/>) Ç, ©6). (1.24)

Using the relation that led to (1.21) with (pÇ2, P„((Q<b)) replaced by
(p£2, «<)>) + (p£2, Ph(cocb) - co<|>), we obtain the estimate

| (div £, cod>) + (£, <t>Va>) | = | - (YÜ m*) + (div g +
2 ( g , <!>?

+ / > s + 1(ll Ç IIO.G, + l l d i v Ç | | 0 > G i ) ] | | ( | ) | U l i G i .

Next, it follows from (0.12) that

(a(p) Ç, coS) = (a(/>) g, 7rh co5) + (a(p) Ç, CD5 - nh coS)

= (div %h a>5, Ç) - (TÇ, a>5) + (aQ») Ç + r§, œô - jifc ©6) (1.26)

+ ([KÇ + Xg] %, ÖS) + ([K^ + XQ $, nh a>S - coô).

Now, (0.8), (0.9), and (1.22) imply (using intégration by parts) that

(div nh ©S, Ç) = (div [7tfc œ8 — caô), x) + (div caô, x)

= (divœS, x) (1.27)

= (5.V(0,x),

sincex = t, + Q e Wfc;it now follows from (1.26)and(l .27) that

| («0») Ç, CDS) I < X [ | | x B.f>Gi + || \ ||_IiOi + ^(|| Ç ||0,Gl + || C llo,Gl)

+ || (K^ + XC, | |O,I+5;GJ II S ||S)Gl , 1 < S < k + 1 . ( 1 " 2 8 )

Using (0.6), (1.23), (1.25), and (1.28) in (1.24) we obtain the bound

ii ç ii-s,G- < «[ i i \ i i- s ,G l + f+° \\p\\r,G2 + m ç iio,Gl + ii ç iio,Gl)

(1-29)
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408 J. DOUGLAS, JR.S F. A. MILNER

for 1 < J < k, and since the relation holds trivially for s = 0, using interpo-
lation, [4], we see that it holds for 0 ^ s < k.

Recursive substitution of (1.20) into (1.29) gives the inequality

lio,Gk+1 + II £ llo,Gk+1) + ^S + 1 II divÇ ||OiGfc+1

i + ^ WPl,Gk + 2 (1.30)

Now substitute ( 1.30) recursively into itself to see that

il s il ...G- < J W I I s iio(GMk+1) + il 5 iio)Gfc(k+1)) + ̂ s+1 il div ç nOtGMk+lj

"+• II ^ 2 llo,i+a;Gfc(k+i) + II C^ Ho,i+SiGk(fc+D + hr+s \\ P llr,Gk{k+2)

+ II £ ||_k_1>Gk(fc+1) + II Ç ll-fc-l,Gk(k+i)J '

which gives part (ii) of this lemma.
We now substitute (ii) into (1.20) (with G[ shifted to Gx) to obtain the

estimate

Ho,G2 + II g Ho,G2) + /*S + 2-5s* || diV C llo,G2

+ 11 tt H + ̂  + S II P llr,Ga

which recursively substituted into itself yields (i) of the lemma.
Observe that we have a quadratic error term with no powers of h in front

of it (just in the nonlinear case). This will produce eventually bounds with a
quite atypical term in them.

2. THE LOCAL ESTIMATES FOR THE LINEAR CASE

Observe that s = 0 in Lemma 1.2 (i) gives the bound

II Ê-llo.Go < Klh(\\ É Ho*, + II C W + ^2~8ok II div Ç ||OtGl

for 2 ^ r ^ fe + 1.
Also, K — 0, X = 0, and p = 0 in the linear problem, and the bound

II % ll-*-i,n + II g ll-*-i,n + II divC ll-fc_lsn < K WpW^^'1 (2.2)

for 2 ^ 7 ' ^ fc + 3 if/? G Hj(Q) is given in [3],
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Thus, (2.1) can be rewritten in the form

WoGl + II S 1100.) + h2~^ y div Ç |loGlII S II0.G0

+ * P I I / > I I , . G 1 + ^ + 1 i l p l l 2 > n ] 5 ( 2 . 3 )

2 < r < f e + l, îf/7 6 #2(Q) n Hr(Gx). We do not have similar estimâtes
for Ç and div Ç.

We shall need to have error estimâtes for a local solution of the homoge-
neous équations.

LEMMA 2 . 1 : Let (vh, qh) eVh x Whbea solution ofthe System

G ) , 1

(G) , J
(avh, v) - (div v, qh) + ( g & v) = 0 , 2 e

(div vh, w) + (çq» w) = 0 , w e

G is a bail of sufficiently small diameter. Then,forfîxed s > 0, any m ^ 0,
A sufficiently small,

h~e{\\ qh HO,G< + II £* llo,G') + II div vh ||0)G, ^

vh \\OtG + || d iv vh ||OiG + II ̂ h Ho,G) +

Proof : Lemma 1.1 implies directly the bound

Ou Uo,G0 < «[«II ft II0.G, + II vh ||OfGi) + A 2 - 5 - || div 2fc ||0jGi 4-

We should now like to take w ~ div vh in the second équation of (2.4), but
there is no reason to believe that div vh e Wh(G). However, there is % e Wh{G^)
such that

vh
Qh || div vh ||0>Gi . (2.6)

Thus, (2.4)-(2.6) imply that

II d i v ïh llo.G' ^ (© d i v 2h, div £h)

= (a) div vh - x, div vh + c^) - (co div v» cqh)

< Ö II div 2fc ||OfGi (A || div vh ||OfGi + || 9ik ||OfGi) (2.7)

< eWII qk IIO.G2 + II 2* IIO,G2 + II div vh ||0>Gl) + || gfc [f_1)G2

+ II 2* H-2 .GJ II àivvk | |0#Gl.
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Let us try to estimate || vh ||0>G0- Again, there are x e Vh{Gx) and \(/ 6
such that

II <*»), ~ % Ho < Qh II îh Ho.G, >

Il d iv(a>g 4 - | ) ||o < ÔA II div 2 » ||0>Gi,

- v|/ Ilo < Ö* II qh IIO.G, •

(2.8)

Then, it follows from (2.4) and (2.8) that

II Eh llo.c < O(œai;h, o j
(div [g - COJJJ, , £ - cou,,)

(div (ovh, qh) -

£ f c IIO.G, HO.G, » , ||OiGi G l )

+ II «* HO.G, II £* IIO.G, + (<» div »», €*) + (ïVY«>,

»» H2.Cl vh ||0tOi)

+ 0(A
I qh Wo,Gl

+ II «* l i c e , II S* IIO.G, -
+ II div 2fc IIO.G,])]

< C W I I 2»-IIÔ.Ol + II «* llo.c, II div 2fc llotGl)

+ II 4* HO.G, (11 «» llo.c, + II 2» Ho,Gl)] •

Lemma 1.2, (i) and (ii) imply that, for 0 ^ 5 < k,

( 2 - 9 )

||0iOj [|| qh ||0>Oi

4* II-..O- qh IIO.G, + II 2* Ho,Gl) + As div 2»

»* II-..G- < » llo.Cl + II 2* Ho,Gl) + ^ + 1 II div vh ||0>Gi

+ II 4jl-fc-i.Ol + II OàH-t-LO,]»

where we have omitted the term Ar+S || p ||r Gi as it came from the projection
errors. Substitution of these relations into (2.5) and (2.7) will replace the terms

II qh H-i.G, a n d II üft 11-2,0, by II 9* ll-*-i,Ga
 a n d II vh H-t-i,G2» respectively,

giving the bounds

q IIO.G, + II 2» l ice . ) + h2~6ok I I d i v 2* II0.G3
( 2 1 0 )

K\h{\\ qh ||Oi £h ||0>G3 div vh | |OiGï)

+ II <Z* ll-k-i.G3 + II 2» -H-* - I .GJ II div 2» HO,G, • ( 2 " U )

Recursive substitution of (2.10) into itself (and relabeling the G?s) will give
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the estimate

II % II0.0' < « [ * * II <k Ho,Gl + h II vh ||O;Gi + h 2 - ^ II div vh ||OiGl
( 2 1 2 )

for any fixed integer t > 0.
Substituting (2.12) into (2.9), we see that

2*

+ KW Ik 11-Jk-l.G, + II 2» 11-t-l.G») II d i v 2k Uo.G,

+ A2' IKIIo.G, + ll«J|i*-l.G, + II S J - * - 1 . G J

< Q[h2T II Qu IIO.G, + * II 2* II2.G, + h2 II div vh ||g>Cl

+ II & ll2-t-i.G, + I I 2 J I - * - I . G J ,

where T is any fixed positive integer. By repeated substitution of this relation
into itself (and relabeling of the G/s) we obtain the bound

II vh Wlo. < 6 [*2T(H 1H Wl,Gl + II 2» Ho,Gl) + h2 || div vh \\lfit (2 13)

It follows from (2.11), (2.12), and (2.13) that

qh H5,Ol + II 2» IIS.G, + II div vh

+ (|| qh ||_»_1>Gl + || vh ||_t_1>Ol) II div £h ||0>GJ

< Qlh2T(\\ qh »2.Ol + II 2„ IIS.G,) + * II div vh ||g#Gl (2.14)

+ Mil 4» IÜI-1.G, + II »H WU-UO) + dl & ll-l-LG,

+ II £* ll-k-LCi) II div OJICGJ •

If we now substitute repeatedly (2.14) into (2.13) we see that

vh U.V < Ô[^2T(II q, IIS.G, + II 2» ÜO.G, + div vh ||g>Gl)

+ U9»ll-*-l.GI + ll2JI-*-l .G1]-

Also, (2.12) implies, using (2.14) repeatedly and (2.15), that

II 4» IIS.G- < Q[h2\\\ qh l|g,Gl + II 2, llg.Gl + II div v„ ||g,Ci)

+ II 4* B2-*_i,Gt + M 2 J I - * - I . G J ,

for any fixed positive integer T.
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Finally, (2.14) implies, using (2.15) and (2.16), that

II div vh \\lG, ^ Q[h2T(\\ qh ||g>Gi + || vh ||giGi) + *• || div vvh

for any fixed e > 0, and this in turn implies, by repeated substitution into
itself, the bound

II d iv vh \\2
>G, 4 Q[h2T{\\ qh ||g>Ci + || vh \\2

0tGl + || div vh ||§>Gi)

which, with (2.15) and (2.16), proves the lemma.
We are now ready to dérive the local L2-error estimâtes.

THEOREM 2.1 : Ifp e H2(Q) n H^Çlj) and h is sufficiently small then

( 0 II %
(Ü) II Cllo.no ^ Ô[II P l U ^ " 1 + I l / > l l 2 , n ^ + 1 ] > 2 ^ r < f c + 2 ,

(iii) || d i v g ||o>flo ^ Ô [ | | /> ||r>fll ^ " 2 + || p ||2tO / ï f c + 1 - £ ] , 2 < r < fe + 3 ,

for any fixed e > 0 and for Qo a a Qx c c Q.

Proof : Let (w, /?) = (cow, ©/>) where œ 6 C^(G2) and œ = 1 on G r There is
no reason to assume that { E n Gx }£e^h is a quasi-regular polygonalization
of Gl9 but, if h < dist(Gls G2), we can take Gv Gx a G1 a G2, such that Gx

is a union of polygons in ^&h. Therefore, it follows from [3] that there exists a
unique Çôh, qh) e Vh(G2) x Wh(G2) such that

HH - flj, 2) - (div 2 , ? - qh) + (gp - «J, 2) = 0, £e F
(div (M - ûj , w] + (c[p - «J, w) = 0,

2 < r < /c + 1 + Ss

& «-..G- < Ö IIP I U a A P + S " 1 > 2 ^ r < k + 2 ,

and, furthermore, ifp e Hr{G2\ we have the bounds

2 ^ r ^ / c + l + 8..,

\ (2.18)

\\&v(ü-vh)\\_S)G,^Q\\p\\r)G2h
r+s-2, 2 ^ r * c f c + 3 , s

for 0 ^ s ^ k

Now, if we restrict(v, w) to the space Vh{G^) x Wh(Gt) in (2.17), then(ü, ^)
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can be replaced by (u,p); then, using (0.12) with (v, w) e Vh(Gx) x
we can replace (u,p) by (uh,ph) so that

Huh - üfc], v) - (div v,ph - qh) + ({$[ƒ>,, -qh],v) = Q, ve Vh{

(div[Mfc - «h], w) + (c[pfc - «fcl w) = 0, we Wh(G

Since (uh — j ^ , /?h — ̂ h) is a local solution of the mixed method équations,
Lemma 2.1 implies (taking vh = uh — ~vh, qh = ph — ~qh in (2.4) and using
(2.18)) that

(lift ~ % llo,G' + II Uh ~ 1h llo.G')h'z + II div(wft - gh) ||OjG,

< Q[hm(\\ph - qh | | 0 ) G l + II uh ~ 2H IICMM +

- f̂h ll_fc-ifGl + II wh — uf

+ A*^"1- ' ||p I U + h-%\\ % ||_,_1)Gi + || ç lL k . l t O l ) ] ,
for 2 ^ r < fe -f 3.

If we now take s = 0 in (2.18), r = 2, and e + m = fc -f 1 in (2.19), we see
that

II % llo.G' < WP-Qh llo.G' + lift ~ ^ llo.G'

+ II ̂  I U - I , G + II C 11-fc-i.G] > 2 < r ^ k + 1 + 5 O k 5 (2.20)

K llo.G' < QUP l,G(hr~l +hk + ')+hk+\\\ $ |IO,G + K IIO.G + 11 div ÇIIO JG) +

(2.21)

-fc-i.G + 11 ^ I I - * - I .G) ]»
 2 < * < fc+3. (2.22)

If we now use a finite cover ofQ1 by a collection of G 's such that the cor-
responding (G')'s will cover Qo, we obtain again the bounds (2.20)-(2.22) with
G ' replaced by Qo and G by f .̂

Finally, [3] implies that for/? G H2(Q\

II U o . n , + II U o , n i + II cUv U 0 > n i < 6 II ƒ> Il2,n

which complètes the proof of the theorem.
We have also obtained (by combining Lemma 1.2, (2.2), and Theorem 2.1)

the foUowing local négative norm error estimâtes.
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THEOREM 2.2 : If p e Hj(Q) n Hr(Qx)9 2 <y < k + 3, and h is sufficiently
srnall, then, for 0 < s ^ k + 1,

(i) || £ ||_SsQo ^ K[\\p ||r>Ol A r + ' - f c -

(iO II 5 «-..o» < X[||/i L A A ^ - ^

(iii) || div C ll_s,no < K[\\P l,nt hr+s

2 ^ r < fc + 3.

Theorem 2.2 for s = 0 restâtes the results of Theorem 2.1, and (i) is, of
course, what was expected from (2.3).

3. THE LOCAL ESTIMATES FOR THE NONLINEAR CASE

Let (ot e C^(Gi+2), (of = 1 on Gi+1, just as before.
Set

~ - f1 dt u C
Jo Jo

- f1

Y = cp(Ph + t)dte LG0(Q).
Jo

dt e L°

We can now rewrite the error équations (0.12) in the form (see [5])

(a(p) Ç, ü) - (div 2, ö + (f^ v) = 09 veVh9

:.} (3.2)
(div Ç, w) + (y^, W) = 0, I V G ^ .

which are the mixed method équations corresponding to the operator
M : H2(Q) -> L2(Q) given by

Mw = — VAa(p) Vw

It was shown in [5] that M* has abounded inverse L2(fi)-> H2(Q)
However, it does not follow tjiat (M*) ' 1 maps HS(ÇÏ) into ^TS+2(Q) n H*(Q)
boundedly if s > 0. Therefore, the duality argument developed in Section 2 for
the linear problem (more specifically, the use of Lemma 1.1 to prove Lemma
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2.1, and the bounds (2.18)) does not apply to the nonlinear problem. We can
obtain a resuit analogous to Lemma 2.1 for the équations (3.2) with (Ç, Q
replaced by a local solution (vh, qh) as in (2.4), which we shall do for the sake
of completeness.

LEMMA 3 . 1 : Let (vh, qh) eVhxWhbea local solution of the homogeneous
mixed method équations for the operator M on G; that is,

(<*(/>) 2» , ï) ~ ( d i v h «») + ( T % . 2 ) = ° » 2 6 Y h ( ) . )
(div vh, w) + (yqh, w) = 0 , w e W„(G). ]

Let e > 0 and m ^ 0. Then, ifh is sufficiently small,

II 1H l lo.e + ll £» IIO.G + 11
 d i v 2 » . IIO.G < K [ h - \ \ q„ | |-k- l iC l

Proo/: The existence of a bounded inverse (M*)"x : L2(G)^H2(G)nH*(G)
implies that Lemma 1.1 is valid on (3.3) with s = 0. Thus,

| div vh ||0>G
(3.4)

Using again interpolation between Sobolev Spaces (see [4]), we obtain from (3.4)
the bound

II0.0 qh ||OpCi + || 2lk | |O j G i) + h || d iv 2fc ||OjGi

Next, y e L°°(G) implies that (2.7) holds again, so that

II d iv v„ \\2
OtG ^ Q || div t>„ | |0 i O i(A || d iv v„ ||0>Gl + || qh

div vh

Also, f e L°°(G)2 implies that (2.9) still holds, so that

i)
(3.7)

2H IIO,G < e Wil qb \\
2

0,Gi + II v„ Ufil + II div vh

* || div 2lk | |
2

Gi +h\\vh ||2iGl + A-6'2" || qh
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Also, we can obtain from (3.5) the estimate

II QH IIO.G < K[h°lk(W 1H IIO.G, + II vh ||2,Gl) + h || div vh U,Ol

which when recursively substituted into itself will give (after relabeling the
G,'s) the bound

II 4» IIO.G ^ * [ * ' II 1H Ho,Gl + *"* II 2* Ho,Gl + h || d i v o , ||2,Gi

( 3 8 )

where t is any fixed positive number.
Substituting (3.8) into (3.7), we see that

II 2» IIS.O- < K L h 2 T II % II3.O, + h ^ || vh | |g iGi + A^ 2 t || div vh

for any fixed T > 0, and recursive substitution of this relation into itself (and
relabeling of the G.'s) will show that

II 2h ||0
2,G, < K[h2T(\\ qh \\lGi + || vh ||2,Gi) + * « » || div t;,

+ A-3e/2(ll «fc H2-,-i,Gl + II vk ||2_k_1>ei)] •

We now substitute (3.9) into (3.8) to obtain the estimate

II 1* Wl.G' < K[h2T(\\ qh \\lG2 + [| vh UtG2) + h*»2k II div £h

If we now substitute (3.10) into (3.6), and the resulting relation repeatedly
into itself, we see (after relabeling the G/s) that, for any fixed positive number T,

II div vh \\ltG. ^ K[h2T(\\ div vh \\lGi + || vh \\lGx + || qh \\2
0iGi)

A 2 ( l l l l i l l l l 2 ) ]

Substitution of (3.11) into (3.9) and (3.10) finishes the proof of the lemma
when k > 0. The case k = 0 is covered by the proof of Lemma 2.1 starting from
(3.4), (2.7), and (2.9) without making use of Lemma 1.2, which is obviously
unnecessary anyway if k = 0.

This resuit, though, will not be sufFicient to allow us to reproduce the proof
of Theorem 2.1 for the nonlinear problem, since, although the boundedness of
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(M*)"1 : L2(Q)-• i/2(Q) n / ^ ( Q ) still guarantees the existence and uni-
queness of the solution (vh, qh) of the analogue of (2.17) and also the error
bounds (2.18) for s = 0 (only), we do not have any estimâtes to replace (2.18)
for s — k.

Let now œ e C£(G2\ co = 1 on Gl9 and set (w, p) = (©w, (ùp). Let

u k) = 27 - 2 - s - 2u - k - iy

for E > 0 and 2 + e ^ y < f c + 3 .

THEOREM 3.1 : Let Qo c c Q t c c Q te open subdomains of Q. If
p e Hj(Q) n ITinj andk ^ 1,

(0 II Ç I I O A < * [ * r II ̂  UrA + ^°> f c ) II P llj.« (II P ha + D] ,
2 < r < f c +

(Ü) II g II0.0c < K[tf-X II P llr.ni + A^«-« || p 11^ (|| /> ||iiO + 1)] ,

2<r^fc

(iii) || div Ç | | 0 A ^ X [ / f ~2 || p ||PiOi + A ( W ) - e II p ||;,n (II /̂  IIJ(O + D] ,

: Throughout this proof, the subindeces will be shifted so that the
smaller bail on any norm bound will be called G, and the larger one G t .

LetÇvh,qh)eVh (G,) x Wh{Gx) satisfy

(ot(/7) [M - \ l v) - (div tj,p - qh) + (f \p -qh],v) = O, ve Vk(Gx) ,
H3.12)

(div [M - tjj, w) + (y(p - q j , w) = 0, we J

As it was pointed out earlier, (vh, ~qh) exists and is unique. Furthermore, if

\\P-Qk KG ^ Q \\P\\rtGlh\ 2 ^ r ^ k + 1,

II « " 2* IIO,G ^ 6 IIP llr,Gl A
p - 1 , 2 ^ r < fc + 2, l (3.13)

|| div(w - ^ ||OfG ^ Ô \\P \\r,Glh
r-\ 2 < r ^ k + 3 , ]

just as in (2.18) for 5 = 0, where the constant 6 dépends on || p ||2+E.
It follows from [5] that, ïï k^ s, then

|| É ||.Jk_1 + || jg ! ! _ , _ ! + Il div g I L ^ < CA^-*> \\p\\JSk (\\p\\j,a + 1), (3.14)
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a n d a l s o t h a t
II (SE + XÇ Ç ||0 ^ K(\\ Ç ] |0 + | |Ç | |0) | |Ç ||0j00

It now follows from (2.1), (3.14), and (3.15) that

II % llo,G < « W H É llo.G, + II g llo.G,) + ** II d i v g Ho,Gl +

+ hr II ƒ> ||PA + *"•*> II /> ||JiO (II P ||j,n + D ] > 0 . 1 6 )
2 < r < fc -f 1.

As in the proof of Theorem 2 .1 , we can replace (ïï,p) in (3.12) by (ttfc,ph)
using (3.2). What we have to do next is to take (vh, qh) = (uh — ûh,/?h — ^ft)
in (3.3) and to change Lemma 3.1 slightly. It follows from (3.13) and (3.16)
that

II QH WO,G < KWW qh \\o.Gl + II 2* llojGl) + h2 \\ div vh ||OjGi

+ hr II P llPiGl + ^ f c ) II p ||J|O (|| p ||j>n + 1)] , 2 < r ^ k + 1,

so that, by nesting and relabeling the G?s, we can see that

II 4 k IIO.G < K \ h Z T II 4 IIS.G, + h 2 || 2fc Bg>Gl + A4 || d iv vh | |g>Gi +

+ ^2" II /> llr.G, + ^2 '° ' ( t )(ll P ll?n + II /» IIJo)] , (3.17)
2 < r < fc + 1,

where T is any fixed positive number. Next, (3.6) and (3.17) imply that

II div vh ||2iG ̂  K[A2 r || gh ||g>Gi 4- A2"2£ || 2fc ||
2

ïGl + A2£ || div vh \\lGi +

+ ^2r"2£ II P 1%, + A2^k>-2£(|| ƒ> | |?n + || p ||Jo)] ,

2 ^ r ^ k + 1,

which repeatedly substituted into itself will give (after renaming the G.'s)
the bound

II div vh \\
2
0tG ^ K[h2T(\\ qh \\lGi + || div vh ||2)Gi) + A2"2* || vh ||

2
)Gi

+ ^2r"2£ II P l,Gl + A2t(M)-2£(ll p ll?n + II P lljn)] , (3 • 18)
2 ^ r ^ k + 1.

We see from (3.17) and (3.18) that

II % Wlo < ^ [^ 2 T ( I I & II2,C1 + II div vh \\liG) -h A2 II vh ||
2

)Gi

+ ^2r II P llrA + ^2t°'ïfc)(ii P llîn + II P «ta)] , (3.19)
2 ^ r ^ k + 1.
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Also, (3.7), (3.18), and (3.19) imply that

(|| «* I I U + II d i v vh \\ltGi) + h \ \ v h | | g i G i

+ A2r"2e H/i ||2Gl + h2^k)-2%\\p \\la + II ƒ> lijn)] ,

2 < r < fc + 1,

and substituting this bound recursively into itself leads to the bound

(3.20)
aJlo.G<K[

Substituting

" e II Qh IIO.G +

A (II <1
+ h2'-

(3 .20)

II Zh He

'* Ho,G1 H

"WPV,

into (3

),G + II <3

s. +
2 <

.18)

liv rft

i llo.G
h2tU,

and

llo,G

k)~

k

(3

^ II div g J | ?
2 e ( l l / > l l ^ +
+ 1.

. 19) finally

K[hT(\\ qh ||

KG,)

- \\P\\*i

gives

II £ h

+ II div 5, ||0>Gl) + A'"' || p ||r>Gi + A ' ^ ) - || /, || ._„ (|| p || . n + 1)] ( 3 - 2 1 )

for 2 < r < k + 1 and any fixed T > 0.
It follows from [5] that

II % Ho + II C llo + II div Ulo ^ K \\p | |2+8fQ. (3.22)

Now, (3.13), (3.21), and(3.22) imply that

II % IIO.G < K\hT{\\p- q„ ||OfGi + || \ ||0>Gi + || « - »4 | | 0 G i + || Ç | |0 G i

+ || d iv(M - ~vh) ||0)Gi + || d iv C | |O t G i) + H || .p ||r>Gl

(|| p \\Jja + 1)] , 2 < r ^ k + 1,

and

il 2* llo.G + II div.2fc ||OiG ^ K\}f-* | | /H| r i G i + ^ f c ) - £ » p I U n ( M ll,-,n + 1 ) ] ,

2 < r ^ fc + 1 .

These estimâtes together with (3.13) and the finite covering process used in
Theorem 2.1 complete the proof of the theorem.

We have also obtained (by combining Lemma 1.2, (3.14), (3.15), and
Theorem 3.1) the following local négative norm error estimâtes.

THEOREM 3.2:Ifpe Hj(Q) n ifr(QjX 2 + s ^ ; < k + 3, k > 0, and h is
sufficiently small, then, for 0 ^ s < k + 1,

(i) II % «-..o»
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(ü)

(iü)

II Ç I I - . A , **

l | d i v Ç | | _ s > n < , <
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/;t(j.fc)~(e~s)+~l
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+ II Z7 llj,n (
2 < r < k+2-e

+ ll/>ILn(ll/»IUa

WPha + D
+(s-k)+,

: + ï)h'V-k)-<

2^r^

(e - S ) + ] ;

fc + 3-8.

4. CONVERGENCE OF DIFFERENCE QUOTIENTS

Assume a uniform polygonalization in the interior of Q for the remainder
of this paper.

Let \i = (|il5 \i2) e Z 2 , and let

TJJ v(x) = v(x + \ih).

Set

dhJv(x) =h-KT% - I)v{x),

_ v(x + hej) - v(x) . _

DÉFINITION 4.1 : ̂ 4M operator Qh of the form

on/y finitely many c^s are nontrivial, is called a différence operator.
Observe that for some M ̂  0,

DÉFINITION 4 . 2 : We jflj; ?/îfl/ the différence operator Qh is of order m if

= 0 ( ^ ) } = - m .

We shall make the assumption throughout the rest of the paper that, for any
fixed [x and Qo c: <= Q t c c ü, there exists /*0 such that, for /Ï G (0, Ao],

( ^ 2» TH w) ^ îr*("i) x ^ ( Q i ) tf (2. w) e Vh(Q0) x ^ ( Q o ) ,

where T{J v = T^v,, v2) = (Tf Vl, Tj; i;2).
We shall also make use of the discrete Leibnitz formula :

(4.1)
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where ( , ) = ( . , . Note that Qh commutes with any differential

operator with constant coefficients, as well as with Ph and nh.
We wish to obtain, following the ideas developed in [7], estimâtes for Qh S;

and Qh div Ç in HS(QO\ and for Qh Ç in Hs(Çl0)
2, with j = — f c — l o r - s ^ O .

It is clearly sufficient to dérive estimâtes for the case Qh = T% dv. Moreover,
since

for sufficiently small h, it sufiïces to consider Qk = 8v
h.

We need to find équations satisfied by d1^ (PC, and ôv div Ç. We see that
(4.1) and (0.12) imply that, for | v | > 0,

Ç, f) - (div v, FQ + (T

3-vt;) - (3"v div

- E ( J MÇ» s) + a r ; s — ] ^ )}
~ (4.2)

v), veVh(G),

since ö~vi; e Vh(G) ïï ve VJ&Ù- Also,

(div 3»g, w) + (y Ô»Ç, w) = (3we\ w) - E (
n<

(4.3)

We are now ready to dérive estimâtes for the linear problem.

THEOREM 4.1 : Ifp e Hj(Q) n Hr(Qt\ 1 ^ j < k + 3, **e operator M of
(1.1) w linear, and h is sufficiently small, thenfor 0 < s < /c + 1,

(ü)
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(iii) || Qh div Ç ||_s>no

m ^ 0 is the order of Qh.

Proof : The proof will proceed by induction. As we pointed out earlier, it
suffices to consider Qh = 3V, with m = | v |. The case | v | = 0 is just
Theorem 2.2, so that we shall assume that | v | ^ 1 and that (i), (ii), and (iii)
hold for d», with | u | ^ | v | - 1.

Let us recall that in the linear problem a(p) = oc, F = p, y = c, K = 0,
X = p = 0. Therefore, since £ — t — 0, we can rewrite (4.2) and (4.3) as
follows :

aöv£, v) - (div v, dvx) + (p avx, v) = (p

(4.4)

(div ÖVC, w) + (c ôv^, w) = (c 5ve, w) - X ( V ) ( [ ^ d*-»c] 0% w),

weWh(G).

Since équations (4.4) are of the form (1.1), it is clear that the same argument
that led from Lemma 1.1 to Theorems 2.1 and 2.2 shows that, for 0 ̂  s ^ k +1
and O^F^k +1 +(s-k +1)+ ,

n\\s,G*$ K\ II p p \ \ f G h

' ZJ " 2 ''

**" ] f F M n Ij A.r 4"
% "̂ 1̂ P i* r1 *̂

l "f »

• - ^ • M + 11,1̂

C 1! Pt1? II
L H Ö S 110,0!

. 11 5ii t» !
*T~" C C

" I I Ç I I - » - i + u

:-,„)]
(4.5)

H-k-i]
KÜ\P 1.0

] , (4.6)
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| v | + 2 < r < | v | + f e + 2 + ( 5 - / c ) + ,

II Svdiv Ç ||_SjG < K[\\p ||r>Ci tf+'-'-M + | , p || .,n ƒ,;+*-!], ( 4 . 7 )

| v | + 2 < r < | v | + fc + 3 ,
since

II dve ||o.G = II ̂ (37») - &P IIO.G < « IIP 11, + M.O, ^ 0 < r ^ fc + 1,

and

II ÖV6 ILfc-t-H.G < K || 9 ||_t_1>Gi < K \\p ||r_Gi /,'+* + 1, 0 < r ^ fc + 1 .

Finally, the finite covering process used in the previous sections, together with
(4. 'S), (4.6), and (4.7), finishes the proof of the theorem.

Note that, in particular, we have shown that

H & U - f c - u * + IIÔfcÇ IU- 1 ; n 0 + II <2h div Ç ||_4_li0o

^ Kh2k+2(\\p ( 4 ' 8 )

We c^n also dérive the estimâtes for the nonlinear problem. Let m < k -f 1
be the order of Qh, and let

U k) = 2{j - 1) + s - m - e - 20* - k - 2)+

so that iïj, k) ^ /(/, fc) if s ^ m.

THEOREM 4.2 : Assumek ^ l9peHJ(O) n H 1 ^ ) , 2 + e ^ j^ ^ A: + 3, the
operator M of (1.1) zs nonlinear, and h is sufficiently small ; thenjor 0 ̂  s ̂  k + 1,

(0 II ö» 4 l l - l A , < X[| | p ||r>ni

g l l - s

m + 2 < r ^ m + k + 2 + ( j - k ) + - e ,

(iii) | i e * d i v Ç | | _ s > n o <
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Proof: Let us rewrite (4.2) and (4.3) in the form

'v v) - (div v, dvz) + (r d\ v) = (T ave, v)

2), 2eYk(G)>
(div 3VÇ, w) + (y öv^, w) = (y 5v0, w) +

- z / v

(4.9)

W G

Just as in the linear case (Theorem 4.1) it suffices to consider Qh = dv and
to proceed by inductioa Again, | v | = 0 is just Theorem 3.2, and so, we
assume that | v | > 0 and that (i), (ii)5 and (iii) are valid for m < | v | — 1. The
proof will be the same as in Theorem 4.1, but before we can apply Lemma 1.1
to (4.9) we need estimâtes for || dv(icÇ2 + \ZQ ||0>Gi and || 3v[pÇ2] ||0(?i. Note
that, by définition,

which implies that

Therefore, this estimate and (3.15) imply that

- |V|

(4.10)

Similarly,

wis

We can now apply Lemma 1.1, then the same argument that led to
Theorems 4.1 and 4.2 will show (in view of (3.14), (4.10), and (4.11)) that
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Tu ÔVP i u t?*'-*-**»* + h?+i(- . . G < « T u ÔP i u t ? * » + h ? ( z y d% n 0 G i

£ ILi-i-M

\\o,o)

(4.12)

+ H/'lUdl^lUn +

1 * r + - ' 1 ' ï ' " * ) + ' | v | + \\P\\ja(\\P\\ja + D
(4.13)

x ft«u.*>-(«-'> + ] , | v | + 2 < r ^ | v | + f c + 2 + ( 5 - k ) + - 8

div Ulo G < x[ | | / i | | r G l*r+ ' -2-M + IIP llj,n(l|p||Jfn + D
(4.14)

)+-| | | f e 3

We now finish the proof using (4.12), (4.13), and (4.14) with the finite
covering process described before.

Note that, in particular, Theorem 4.2 shows that (4.8) holds also for the
nonlinear problem, with the exponent 2 k + 2 replaced by 2 k + 2 — e.

5. THE SUPERCONVERGENCE ESTIMATES

We shall introducé in this section a kernel Kh as defined in [1, 2], which will
produce by convolution with uh and ph a new approximation to (w, /?) in
V x W, the convergence of which will be (for sufficiently smooth p) twice as
fast as that of (uh, ph) to (w, p). Recall that [3] and [5] show that ï£p e Hk+Z(Q\
then

II S l U o + II Ç llo.no + II d i v ? Ilooo ^ II S Ho + II C Ho + II d i v Ç ||0
(5.1)

< C | | | | / f c + 1
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We shall obtain in a moment the following estimâtes :

II P ~ &H * Ph IIOA + II H ~ Kh * !éh ilo.n +Hdiv u - Kh * div uh ||0|0o

< C(\\P ll2fc+4-..Ol + II/» IU+ 3 jn)A2 k + 2-£ , (5.2)

if p e # k + 3 ( Q ) n

where the exponent — e does not appear in the linear case. Comparing (5.1)
and (5.2) we see that we have indeed doubled the rate of convergence.

Let

[ o , \ t \ > ^

and for / a positive integer set

v|/i°W = X * X ***** X 5 convolution / - 1 times.

Let C|, 0 ^ i: ̂  k, be determined as the unique solution of the linear system of
algebraic équations (see [2])

f=0 JR
? i ) 2 m d y = ?>om> for

and defïne Kh by

n f £ ^ V 2, (5.3)
m=l \i=-k

where the constants cj are given by d_i — c[ — cj% 1 ̂  / < k, and CQ = c0.
It follows from [2] that

\ if weH'iQ,), 0<r<2/c+2, (5.4)

5 if w e / r ^ ) . (5.5)

Also, it is easily shown by induction (see [2] for a detailed proof) that

l l . w - l l o . n o < C E \ \ D v w \ \ - g . a i , s e Z , s ^ O , i f w e L 2 ( Q ) . ( 5 . 6 )
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Next, note that

w - KH * % = (« ~ Kk * u) + Kh * ; , (5.7)

/> - K* *f t = (/> - Kh *p) + X, * Ç, (5.8)

div w — Kh* div wh = (div u — Kh* div M) + Kh * div Ç . (5.9)

We are now ready to demonstrate the superconvergence estimâtes announced
in (5.2).

THEOREM 5 . 1 : Assume the operator N is linear (Le., N = L), p e Hj(Q) n

i f ^ Q i ) , 2 < 7 < A: + 3, andk + l ^ r ^ 2 k + 4; then, for sufficiently

small h,

(i) \\ P - Kh* ph\\ono ^ C[\\p ltai

( ü ) W'i-

(iii) || div « -

THEOREM 5 .2 : Assume the operator N is nonlinear, k ^ 1, peHj(ÇÏ) n

Hr(Slt\ 2 + £ < 7 ^ f c + 3, andk + l ^ r ^ 2 k + 4 - e ; then, for suffi-

ciently small h,

(i) \\P ~ Kh*Ph II0.O0

< c[ll P i u /
(ii) \\u- Kh*uh | | o n o

(iii) II divw - Xh * div w,, ||0>no

< C[ll P I U ̂ r"2 + II /» lljsn (II /> h n

where t(j, Jfc) = 20" - 1) - e - 2(/ - fc - 2 ) + .

Ö/ Theorems 5.1 a«rf 5.2. Use the triangle inequality on (5.7), (5.8),
and (5.9), and apply then (5.4), (5.6), (5.5), and Theorems 4.1 and 4.2, respec-
tively.
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