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MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(vol 19, n° 2, 1985, p 179 4 193)

SPECTRAL PROPERTIES OF A TYPE
OF INTEGRO-DIFFERENTIAL STIFF PROBLEMS (*)

by J. Camnzos (1)

Communiqué par E SANCHEZ-PALENCIA

Abstract — We consider an mmtegro-differential stiff problem, which can be used as a model for
the vibrations of a body with linear viscoelasticity at large times Furst, the problem 1s introduced
wm the framework of the theory of semigroups in Hilbert spaces and then, an asymptotic expansion
of the solution 1s obtamed Finally, 1t 1s shown the double convergence, when e — 0%, of the exgenvalues
of the problem to the eigenvalues of two associated problems These problems are related to the
behaviour of the stiff problem on two different domains

Résumé — On considére un probléme raide itégro-différentiel qui modélise les vibrations d’un
corps viscoélastique a mémoire longue On introdwit le probléme dans le cadre de la théorie des semi-
groupes de contraction et on obtient un developpement asymptotique de la solution On étudie le spectre
du generateur et on demontre une double convergence, lorsque € - 07, des valews s propres du pro-
bleme vers les valeurs propres de deux problémes associes qui rendent compte du comportement du
probléme raide dans deux domaines différents

0. INTRODUCTION

Let Q,, Q, be two connected bounded domains of R" with smooth bounda-
ries, located as shown in figure 1. We also consider the “ total domain ”
Q=Q url,uQ,

Figure 1.

(*) Received n January 1984, revised mn mars 1984
(*) Departamento de Ecuaciones Funcionales, Facultad de Matematicas, Umversidad de
Santiago de Compostela (Spam)
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180 J. CAINZOS

We define n as the outer unit normal to I',.
Let us introduce the spaces :

H{(Q,,Ty) = {ve HY(Q)/v |, =0}
and
HYQ,,T,) = {ve H(Qy)v |, = 0}.

We consider the following stiff problem :

Problem P, : Find two functions of (¢ x), defined on (— o0, 00) x Q:
u, : (— o0, 00) > H}(Q,, T,)
u, : [0, 0) > HYQ,, T,)

satisfying :
0%u,y *
ot2 0 — Au, (O + j g(t — ) Auy(r)dt = fi(H) in Q
52
a—(%z- —gAu, = f, in Q,

with the transmission conditions :

u (1) = uy() on T,

Ou, ‘ Ou, Ou,
W(t)_Ji_wg(t_I)-E(t)d‘t:ea_n(t) on Fl

and the initial conditions :

u, (1) = ¢ e HH(Q,, Ty) Vte(— o0, 0]

9
u,(0) = bo € HA(Q,, T,), —Ui‘t%(O) = &, e L3Q,).

The integro-differential operator which acts on the domain Q, has the same
characteristics as the one used by Dafermos in his papers on viscoelasticity
(See Dafermos [2, 3 and 4]).

In § 1, the problem is reduced to the theory of contraction semigroups in
Hilbert spaces, using the method of Dafermos [4]. Furthermore, following
Lions [5], some results on the existence of a regular asymptotic expansion are
given.
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INTEGRO-DIFFERENTIAL STIFF PROBLEMS 181

Section 2 is devoted to study the spectrum of the problem P.. It is well known-
that the eigenvalues { are related to solutions of the following form :

u(x, 1) = u(x) e %

ie. steady solutions of exponential type.

This study is carried out using a modified version of Lobo-Sanchez’s method
[7]. It is shown that there is a double convergence of the eigenvalues of the
problem P, when £ — 0%, to the eigenvalues of two related problems. The
first of these two problems, satisfying a Neumann type condition, shows a
viscoelastic behaviour on the domain Q,. The other problem, satisfying a
Dirichlet condition, exhibits a merely elastic behaviour on the domain Q,.

Similar problems without the integro-differential term have been studied by
Lions [5] and their spectral study has been carried out by Lobo-Sanchez [7].

1. EXISTENCE AND UNIQUENESS OF THE SOLUTION. ASYMPTOTIC EXPANSION

In the sequel, we shall assume that the influence function g: R* - R
satisfies :

geCl[0,0), ¢'<0, geL'(0,0), c=1—1[glyow>0 1.1

as well as the following exponential majorization :

M e < g®) <Ay e Ay p > 0. 1.2

1.1. Existence and uniqueness of the solution

Following the method used by Dafermos [4], it is possible to reduce the
problem P, to the theory of contraction semigroups in Hilbert spaces. So,
by making the following change of variable : ¢ — © = &, and introducing the
auxiliar variables v = #' and w(t, §) = u(t — &) — u(f), which sums up the
history of #, we can formulate the following equivalent problem :

dU
S+ U=F 1.3)

U@ = U,
where U = (4, v, w) and U, = (4, vy, W), With u, g, = ¢(0)

Uy lo, = Go> Volo, = $'0), volo, = ¢, and wy(€) = (- &) — ¢(0).
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182 J. CAINZOS
Both, U and U, belong to the following Hilbert space :
H, = HJ(Q) x L*Q) x L(0, 0 ; Hy(Q,, Ty)) 1.9
endowed with the inner product :

<U,U*>e=cj

Q,

Vu Vu* dx +EJ‘

Q;

Vu Vu* dx + j vv* dx +

e
+¢€ J vo* dx + f g(&)J~ Vw(E) Vw*(E) dx & (1.5)
Q, 0 Q,

The operator 7, is defined by :

M—ow
AU =| Au— j 4(©) AWE) (1.6
0
w + v|Ql

where 4, e L(H}(Q), H™'(Q)) is the operator associated with the form :

a,: (u, v) € Hy(Q) x Hy(Q) - au,v) =

=cj VuVde+sJ VuVvdxeC (1.7)
Q, Q

and 4 e L(H§(Q,, Ty), H™'(Q)) is the one associated with the form :
a:(uv)ye H}(Q,, Ty) x H}(Q) - a(u, v) = J VuVodxeC. (1.8
Q

Finally, the domain of <7, is :

]

D(,) = { UeH,ve Hy(Q), A, u — f g(&) Aw(E) d& e LX(Q),
0

w' e LX(0, 00 ; Hy(Q,, T'y)), w(0) = 0 } (1.9

Remark 1.1 : When we define 4,, we are considering that H}(Q) is a sub-
space of L2(Q) i.e. LZ(Q) is the space L*(Q) endowed with the following inner
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INTEGRO-DIFFERENTIAL STIFF PROBLEMS 183

product :

(4, v), = j uv dx + aj uvdx Yu,ve L¥Q).
Q, Q,

The previous choice of the space H, and the definition of the operator 27,
allow us to prove the following proposition, using already known results
(see Brezis [1] and other authors).

PROPOSITION 1.1 : The operator — o/, is the infinitesimal generator of a
contraction semigroup { T(f) },5, that allows us to obtain the unique solution
of the problem(1.3).

1.2. Asymptotic expansion

Let us denote by u, (resp. u,) the restriction of u to Q, (resp. Q,).
The search for an asymptotic expansion of the form :

1
zu_l +u0+8u1 +82u2+...+8"uk+"~ (110)

leads us, by formal substitution in the variational formulation of the problem
P, to obtain coupled equations. These equations, independent of €, allow
us to calculate the terms of the above expansion (1.10).

In short, the functions #* (resp. u%), restriction of #* to Q, (resp. Q,), are
the solution of :

Case k = — 1 :uy " is the solution of the problem :
0*ui?
or?

6 — Aug*(0) + J gt — Y Auf'(t)dr =0 in Q, (1.11)

ouil * our! .
_a;’_(t)—J‘_ g(t — 1) 6;1 x)dtr =0 on T,

ul_lll"o=01

W) =0 Vie(— o0,0].
Therefore, u; ! = 0.

On the other hand, u; ! is the solution of :

2, —1

0%u,
or?
-1 _ -1 —
u " lp, =0, u; lr, =0.

— Al =f, in Q (1.12)
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184 J. CAINZOS
Case k = 0 : 2 is the solution of :

2,0
0%u

or?

(O — AL(D) + J gt — DAL de =f,(1) in Q (1.13)

ud(t) = ¢(t) Vie(— oo,0]

ou’ * ou? Ou;
W =0, O~ [ a-9FO&=T0 o T,

Asa consequence, u) is the solution of :

0%ul )
W; — A =0 in Q,
u3(0) = o, (30 = ¢, (i.14)

0 0 0
Uy lp, = ut I, 43l = 0.

General case k = 1,2, ... : The functions #;, restriction of #* to Q,, are the
solutions of the following problems :

o*u

or?

(1) — A() + J gt — DY Ak()di =0 in Q,  (1.15)

W(f) =0 Vie(— o0,0]

k -1
ou’

' ot ok
T~ | w-0FOe="20 o T, di,-0.

On the other hand, the restrictions to Q, are the solutions of :

0%k
7 —A=0 in Q Vk=12.. (1.16)

u50) =0, (UA0) =0

u§|1‘1=u];|r1’ u§|r2=0'
Remark 1.2 : As we progress in the actual calculation of the terms of the
expansion it becomes, as it is usual, increasingly difficult to establish the

sufficient conditions to justify the calculations. In fact, it is only possible to

calculate the term ! and the restriction to Q, of the term u°. The lack of regu-
larity results prevents us from going on.
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INTEGRO-DIFFERENTIAL STIFF PROBLEMS 185

It can be shown that, under convenient regularity hypotheses, this asympto-
tic expansion is rigorous. Through similar procedures to those used by Lions [5],
we can prove the following proposition.

PrOPOSITION 1.2 : If u¥e CO([0, T]; HY}(Q)) and (Y e CY[0, T]; LA(Q))
Vk=—1,0,1,..,n+1 and if also (w*'y e LX0, T ; H}(Q)) and

(un+1)n e Lz(O, T; LZ(Q)) ;

then :

1
o — [ =ut +u o e
€

+1
L0, T:ab@ < CE"

u, — (lu_l +u + -+ e"u”>
€

L20,T;L2Q) S Cer*t.

2. SPECTRAL STUDY

The study of the convergence of the restrictions of #, to each domain Q,
i = 1,2 may be described in terms of two associated operators 4; and 4,,
closely related to 2.

2.1. Location of the spectra of 4, 4, and </,

a) The operator A,
The operator A4, is defined from the Hilbert space

H = Hj(Q,,T) x L¥Q,) x LZ(0, o; Hg(Q;, T'p))

into itself and it is given by :
-

4, U =| cAu — f g(&) Aw(E) d& . 2.1

0
w 4+

Being 4 a linear bounded operator from H}(Q,, I',) into its dual, associated
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186 J. CAINZOS

with the form :

a:(uv)e Hy(Q,, Ty) x HYQ,, Ty) — a(u,v) = f VuVvdxeC. (2.2

Q,

Finally, the domain of 4, is :

D(4,) = {(u, v, w) € Hfve H}(Q,, Ty), cAu — Jm g(&) Aw(E) & e L¥(Q,),
0

w' e Lj(0, 00 ; Hg(Qy, Tp)), w(0) =0 }

The operator 4, studied by Lobo [6], has a resolvent set p(4,) containing
the whole semiplane Re 1 < 0 and the points of the strip 0 < Ren < p/2
which satisfy :

2

-~ L # b VkeN @.3)

l—f g(&) e &,

0

where the b7, which belong to the 4 spectrum, form an unbounded sequence
of real positive numbers. On the other hand, 4; has a point spectrum c,(4,)
formed by the points of the above mentioned strip which do not satisfy the
inequality (2.3). Its residual spectrum og(4,) is the semiplane Reny = p/2.

b) The operator A,
The operator 4, from H}(Q,) x L*Q,) into itself is defined by :

— v
A, U = [Au @.4)

where 4 € L(H}(Q,), H™1(Q,)) is associated with the form :
a:(uv)e Hy(Q,) x HYQ,) — a(y, v) = J VuVvdxeC.
Q

As it is well known, 4, is a skew selfadjoint operator whose spectrum
consists of the points + id, such that { 42 } form the spectrum of 4.

¢) The operator <,

Now, let us study the location of the spectrum of the operator .<Z.
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INTEGRO-DIFFERENTIAL STIFF PROBLEMS 187

PROPOSITION 2.1 : The eigenvalues of <, lie on the strip of the complex plane
0 < Ren < p/2

Proof : First, because of proposition 1.1, the whole semiplane Ren < 0
is contained in the resolvent set.

On the other hand, the discussion on the eigenvalue problem allows us to
assert that the third component w of the eigenvector U must have the form :

w(€) = u(e™ — 1) 2.5

where u is the first component of U. A necessary condition for w to belong to
ng(O, 00 ; H}(Q,, Ty)) is that Re n < p/2, thus the point spectrum is contained
in the strip 0 < Reny < p/2.

Finally, in a similar way, it can easily be shown that if Re | > p/2 then n
belongs to the residual spectrum.

2.2. Existence of eigenvalues of the operator .o/,

Now, let us discuss an equivalent formulation of the eigenvalue problem
that allow us to proof the existence of eigenvalues of the operator 7, when ¢
is sufficiently small.

Moreover, we proof that the eigenvalues of A, and A, are accumulation
points of the eigenvalues of .o/, i.e. it is possible to obtain a sequence { {, }, so
that {, is an eigenvalue of &/, and the sequence { ¢, } converges to { when
€ — 07, where { is an eigenvalue of 4, or 4,.

Let us write the eigenvalue problem : ‘

FindneCand U = (4, v, w) € D(&4,), U # 0 such that :

—v—mu=20 (2.6

A,u —f oE) Aw(E) & — no = 0 @.7
0

w+v, —nw=0. 2.8

If we obtain v from (2. 6) and substitute into (2.8), we can assert that w is the
solution of :
w —nw=nu

w(0) = 0. 2.9
As a consequence, w has the following form :
w(E) = u(e"® — 1). (2.10)
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188 J. CAINZOS

Now, the substitution of v and w into (2.7) allow us to obtain the following
equivalent eigenvalue problem :
Find n € C and u € H}(Q), u # 0 such that :

a,(n, 4, v) + eay(u, v) + (b, (u v) + eb,(u,v)) =0 VYve Hy(Q) 2.11)

where :

a,(n, u,v) = (1 - r g(&) en® d&)J~ Vu Vv dx 2.12

0

a,(u,v) = J Vu Vv dx (2.13)
Q,
b,(u,v) = j uv dx 2.19)
2,
by(u, v) = J- uv dx . (2.15)
Q

In the sequel, we denote 1 — ‘[ g(&) e & by G(n).
4]
In order to solve the problem (2. 11), we use a modified version of the method
of expansion in powers of € used by Lobo-Sanchez [7].
In this way, the following problem is considered :
Let be F € L%(Q). Find u, € H}(Q), depending on 1 and F, such that :

a,(n, u, v) + ea,(u, v) + N2(b,(u v) + eby(w, v) = J Fodx, VYve H}(Q)
Q
(2.16)
First, let us find and asymptotic expansion of the kind :

—:;u" +u® teu + - 4+, WeHHQ) VYk=-—1,0.. 2.17)

By formal substitution in (2.11), we obtain the equations that allow us to
calculate the terms of the above expansion :

amu b)) +n?b @ v)=0 Yoe H(Q) (2.18)

a,(u™,v) + 2 by, 0) + ay(n, u% 0) + n? b (0 0) = _[ Fodx (2.19
Q
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INTEGRO-DIFFERENTIAL STIFF PROBLEMS 189
a,W o) + 2 b, L) + a,(n, v 0) + N2 bW 0) =0, k=12,..
(2.20)

PROPOSITION 2.2 : Let be F € L*(QQ). Let V be an open set of C contained in
p(A,) N p(Ay). Then, the functions v* : neVcC—uM)eHiy(Q)k =
— 1,0, 1, 2, ... exist and are holomorphic.

Proof : First, taking into account the equation (2.18), #; ! is the solution of :

—GM Ay +nfu;' =0 in Q (2.2D
Ou;t
Uty =0, G(n)—‘5;=0 on TI,.

Since n € p(4,), — n? belongs to the resolvent set of the above problem,
therefore u; ! = 0.

On the other hand, if in the equation (2.19) we take v € H}(Q) such that
v =0inQ,, u; ' is the solution of the following problem :

—Au;' +n2u;' =F, in Q, (2.22)

u2_1|r1=0’ ugl‘I_z:O'

Since n € p(4,), — n? belongs to the resolvent set of the Laplace operator
with homogeneous boundary conditions, therefore u; € H{(Q,) n H*Q,)
and is holomorphic. Moreover, u;, * satisfies :

" uy '(n) “HZ(QZ) < C_y(m) (2.23)

where C_, is a continuous function of n.
In short, #~ ! is holomorphic and satisfies :

“ u- I(T]) HHé(Q) < C_ 1(71) . (2.29)
Now, using the equation (2. 19) we obtain that 9 is the solution of :
-G ALY +n*ul =F, in Q

oud  ous?
u |, =0, G(n)—(,ﬁ: 6; on T,.

(2.25)

As a consequence of the previous calculation of u; *(n)), du; !/0n is an holo-
morphic function of i into HY/%(T",). Thus, « belongs to H}(Q,, T'y) n H*(Q,)
and is holomorphic.
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190 J. CAINZOS

In a similar way, we obtain that ) is the solution of the problem :
— Al +n?ud =0 in Q
z ? : (2.26)

0 _ 0 .0
U |r2 =0, u, |r1 = U |r,

and, as a consequence, 43 € H3(Q,, I',) n H*(Q,) and is holomorphic.
In short, we deduce that «° is holomorphic and satisfies :

| 4°M) |y < Colm) .27

where C,, is a continuous function of m.
In an analogous way, we obtain that «* is holomorphic from V < C into
H3(Q) and satisfies :

| ) gy < [CT* VE > 1. 2.29)

PROPOSITION 2.3 : Let K be a compact set contained in p(A;) n p(4,).
Let be F € L*(Q). Then, for € sufficiently small, the asymptotic expansion :

Lot + ) + et +
is uniformly convergent in H}(Q) to u,(n), i.e. to the solution of the problem (2. 11).

Proof : Since K is a compact set and the functions C_;, C, and C, are
continuous, they are bounded.
Thus :

1 N
Sgk-l-k«l-Ze"k".
=1

Hb() n=

As a consequence, if € < 1/k the conclusion follows.
Now the principal result of this paper is stated.

THEOREME 2.1 : Let be (€ G,(A,) L o(A,). If € is sufficiently small, then
there exist eigenvalues of o near to .

Proof - We consider a simple closed curve y enclosing {. It is possible to
choose y such that y is contained in p(4,) N p(4,) and y does not enclose any
other point of 6 ,(4,) U o(4,) because 6(4,) is contained in the complex axis
and if g # 0 then the eigenvalues of 4, are not purely imaginary numbers.

First, we assume that { € cp(Al). Let F be an element of L%(Q) such that F,
is an eigenvector of 4, associated with {and F, = 0. The existence of a solution
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of the problem (2.11) can be easily deduced from the previous results when
M € y. Then u,(n) becomes :

0

u(m) = ) e u'(m). (2.29

n=-—1

Integrating along y, we obtain :

Jus(n) dn = éj u i) dn + j Wydn + . (2.30)

¥

Taking into account (2.22), »~ ! has no singularity in the region enclosed by y
and using the Cauchy’s integral theorem we can assert :

J u l(m)dn=0. 2.31)
Y
In a similar way, considering (2.25), we obtain :
J‘ () dn #0. 2.32)
Y

Then, by taking the limit value as ¢ — 07 in (2.30), we get :

e—>0*

Lim j u(n)dn # 0. (2.33)

u, is holomorphic because it is the uniform limit of holomorphic functions,
hence we can easily verify that, for sufficiently small ¢, #, has a singularity in
the region enclosed by y and consequently, this singularity is an eigenvalue.

On the other hand, let be { € 6(4,). If we choose F € L%(Q) such that F; = 0
and F, is an eigenvector of 4, associated with {, we have that u (n) exists and
it is defined by the series (2.29). Integrating along y, we have that :

u(n) dn -1 u”'m)dn + | «’(M)dn + . (2.39
b € Y

Y

Now, taking into account (2.22), we can verify that :
J u'm)dn #0. (2.35)
v
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As a consequence

e—>0+

Lim e j u(m)dn # 0 (2.36)
b

and, following the procedure above, the conclusion follows.

COROLLARY 2.1 : Let be { € 6,(4,) U o(A4,). There exist a sequence {{, },
where (, is an eigenvalue of <4, , such that {, converges to {, wheng, — 0™.

3. COMPLEMENTS

Similar results are obtained by considering some problems closely related
to the one here discussed. For example, if the roles of the domains Q, and Q,
are interchanged (i.e. the parameter ¢ acts on the outer domain) or if the integro-
differential operator is defined on the domain Q,.

The problem discussed in this paper may be taken as a model applicable to
several situations appearing in other fields of science. In this way, it may be
applied to the study of the elastic vibrations of a non-homogeneous bounded
body, with a viscoelastic layer immersed in other merely elastic, layer having
a very small density and rigidity with respect to the first one.

An adequate dimensional analysis leads us to the following problem, where
the displacement vector u and the strain tensor o, are used.

52
0*u, Jo,,

2 ~
ot 0x,

where o, is defined in Q, by :

t

Ou, Ou,
S, = Ciul® 5 ‘f Gl t = D &

1

—

and in Q, it is given by :

Ou
Gl] = Cjkl(x) gé .

The transmission conditions are :

u =u* onl, i=123

1 —_ 2
c,-n, = ¢o,.n, onl,.
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The numerical study of several particular cases, such as the acoustic waves
interaction with layered elastic or viscoelastic obstacles in water can be see
in Peterson-Varadan-Varadan [8].

Acknowledgement : I am grateful to Ldo. E. Patifio for his advice in the
preparation of the manuscript in English.
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