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A MIXED FINITE ELEMENT METHOD
FOR A WEIGHTED ELLIPTIC PROBLEM (*)

par Marie-Noélle LE Roux (})

Communicated by P G CIARLET

Abstract — In this paper, we study a Dirichlet's weighted problem , we give a mixed formulation
which has a unique solution and we obtain error bounds in weighted Sobolev spaces for a mixed finite
element approximation

Résumé — Cet article est consacre a I'etude d’un probléme de Dirichlet avec pouds , nous donnons
une formulation mixte de ce probléme admettant une solution unique , nous obtenons ensuite des

estimations d’erreur dans des espaces de Sobolev avec poids pour une approximation par des elements
fims mixtes

I. INTRODUCTION

Let Q be a bounded domain of R? with a regular boundary I'. We consider
the Dirichlet’s problem : Find a function u defined over Q such that :

T S
div (D ! grad u) me,} .1

u=0onT,

where D is a given function € C*(Q), positive over Q and null over I' such
that there are two constants a,, a, > 0 such that

D(x)

0<a <75T

)saz for xeQsuchthatd(x,T)<a (a>0). (1.2)

This problem is occurring in oceanography ; D is the deepthness of the water,
which is null on the shore ; f 1s the vorticity and the components of the hori-

(*) Regu en juillet 1981
(!) Institut de Recherche Mathématique, Laboratoire Associé n° 305, Campus de Beaulieu,
35042 Rennes Cedex
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244 M.-N. LE ROUX

zontal velocity 7 on the surface can be obtained from u. As a matter of fact,
we have

_,0u
l —
D B

_,0ul
— 177
b 0x

V=

This kind of probleg is found at each time step for vorticity method. So,
in order to calculate V', we shall use a mixed finite element method.

An outline of the paper is as follows : in section 2, we introduce a mixed
formulation of problem (1.1); in section 3, we give a formulation of the finite
element approximation. Section 4 will be devoted to the derivation of error
bounds and section 5 is devoted to the proof of a result used in section 4.

II. A MIXED FORMULATION OF PROBLEM 1.1

Introduce the space :
Hll/z(Q) ={ve2'(Q)/D 3 velL?*Q); D~ g—rECTU e(L*(Q)*} (2.1
provided with the norm :
I olh,-120 = 1D 7320 2 + | D2 grad v [fag)' . (2.2)
We have the following result (cf. Bolley-Camus [1]).
THEOREM 2.1 : 2(Q) is dense in H!,,(Q) and the semi-norm
[011,-12.0 = | D72 grad v |y (2.3)

is a norm over H!, ,(Q ) which is equivalent to the norm | ||y _y,2.q.

Then, a variational formulation of problem (1.1) is as follows : given a
function  feL},(Q) = {f€2'(Q/D’? feL*Q)}, find a function
ue HL () such that :

JD~1gr_ad'u_gr_m'vdx=qudxforallveHll/2(Q). 2.4
Q

Q

Clearly, from theorem 2.1, this problem is coercive in H!;,(Q) and then
it has a unique solution u € H ,(Q).

R.A.L.R.O. Analyse numérique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 245
Introduce now the space :
Hi,Q) ={ve2'(Q)/D **vel?Q), D '?PveL*Q), |a|=1,
D2 rveL2(Q), |a|l=2} (2.5
provided with the norm :

1/2
| u ||2,1/2,ﬂ = < Z |D_3/2+|°‘I v I%,Z(Q)> (2.6)

laj<2

THEOREM 2.2 : Problem (2.4) has a unique solution u which is in H},(Q)
if fisin L%,z(Q); moreover, this solution satisfies :

[ u ”2,1/2,9 < C| D3/2f|L2(n) 2.7

where C is a positive constant depending only on Q.

Proof : The dual space of H! ,(Q) is given by :

A

(HL @) = {fe D@ = fo + 35 + 30 DV LX@),

D' f eL*(Q), D'*fe LZ(Q)}

and the problem : given a function fe(H!,,(Q)), find ue H!,,,(Q) such
that :

jD_l——drgra wgrad v dx = £ 0 D, wary. nis e foF all € HL (@)
Q

has a unique solution.
Assume now that f is in L3,(Q); we note

ou
\P=D—6_.x—1.

Then, we obtain
div (D! grad ¥) = div D"-@—graaD +i(Au).
0x, 0x4

Besides,
Au=D"1 graaD.gra u — Df,

vol. 16, n° 3, 1982



246 M.-N. LE ROUX

hence, we get

D*Y2 Aue L*(Q) and 5%— (Au)e (HL,,(Q)y .
1

Similarly, we have

D ”2<D -1 g{ grad D) e L}(Q)
and then
div <D -1 %g_rié D) e(HL,,Q);
s0, we get

div (D! grad ¥) e(HL,,Q) .
Besides we have

D2 ue H*(Q)(A(DY?u)e L*(Q)) and D Y*ue H'(Q)

so, we get
D‘”% e L*(T), hence¥ =OonT .
1|r
Then, we obtain
Hence, we get
12 O¥ o*u oD Ou
D 0x =Doa 0x? D 0x, 0x, L@,
1 1 1 1
2
D12 %’I = D~ axa gx + D12 gD aa" L}(Q)
2 1 2 X2
and then
0*u 0*u
D' — o eL*(Q), DY? —no Frm e L*(Q),
1 X1 0Xy
DWZ = DY Au - D”Zg—‘iev(n)
x2 x2

that is u € H7,(Q) and we get easily the estimate (2.7).

R.A.L.R.O. Analyse numérique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 247

To obtain a mixed formulation of problem (1.5), we introduce the space X
defined by :

X ={qde(@'(Q)*D'*ge(L*(Q)* D¥*divde L*(Q) } (2.8)
and provided with the norm :
1dlx=(D'"q IG2@yz + | D32 div § |Fa0)) "> . 2.9)

THEOREM 2.3 : (2(Q))* is dense in X.

Proof : Let § € X. First, let us show that there exists a sequence of functions
of X, with compact support in Q that tends to g.
Let 0 be a function in C*([0, + oof) such that :

0(x) =0, 0<x<1;
0<6(x)<1, 1<x<2;
0(x) =1, x=2.

We set
0,(x) = AD(x)), AeR*, xeQ;

g(x) = 6,(x) §(x) .
Therefore, we have

D@, — ) [y = j D) (6,(x) — 17 | 30x) |2 dx

Q (x/D(x) S2/A}

and from Lebesgue’s theorem, this term tends to 0 when A — + oo.
Similarly, we get

| D32 div (3, — @) [220) = J D3(x) (8,(x) — 1)* x

QN {x/D(x)<2/A}

x | div d(x) |* dx + J D3(x) (gm 6,(x)-g(x))* dx .
But, ’

Ead 0,(x) = 0 for D) <3 or D(x)> 2,

grad 6,(x) = M'(AD(x)) grad D(x), for 1 < AD(x) < 2.

vol. 16, ¢ 3, 1982



248 M.-N. LE ROUX

Thus, we get

j D3(x) (g—rm 0,(x).d(x))*dx < C J‘ D(x) | q(x) |* dx
Q

an {x/t<pr <%}

and from Lebesgue’s theorem -

Im |D**dwv(d, — §) |2 = 0.

A=+ 0

Hence, 4, 1s a sequence with compact support in Q that tends to § m X.
From the above, we can assume that g has a compact support in Q; then,

qd € (L%(Q))* and div § € L*(Q) Therefore there exists a sequence of functions
4, € (2(Q))? such that

lim (| ‘_1) - (_in |(2L2(Q))2 + | div (‘7 - Z];) ILZ(Q)) =0 [7]
n—+ o

and then,

lm | 6_1) - ‘_I)n x <C Im (| Zf - q)n |(2L2(Q))2 + | div (Ei - Zin) |22(Q))1/2 =0.

n—>+ o n—+ oo
LEMMA 2 1 - For anyue H!, ,(Q) and § € X, we have :

j (grad u.d + u.divg)dx = 0. (2.10)
Q

This result follows immediately from theorems 2 1 and 2 3.
Now, we define a bilinear form a over (L% ,(Q))?

(L1,Q) = {ve 2 QD' vel*(Q)}

a3, 9) =f D) P)-3x) dx, YA Fe(LI,@)P  (2.11)
Q

Let us mtroduce the space M
M={ve2'(Q)/D *vel*Q)} 2.12)
provided with the norm

lvlly =1D"30 2@ - (2.13)

R AIR O Analyse numerique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 249

We define a bilinear form b over X x M by
b(d,v) = J‘ v.div § dx (2.14)
Q
and we consider the following problem :

Given a function f€ L3,(Q) = M’ find functions P € X, u € M such that :
Vde X,a(P,q) + b(d u) =0
VveM,b(ﬁ,v)+jfvdx=O. @.15)

Q

THEOREM 2.4 : Problem (2.15) has a unique solution (P,u)e X x M;

besides, u is the solution of problem (2.4) and P is given by :

P=D 'gradu. (2.16)

Proof : From a result of Brezzi [2], the problem (2. 15) has a unique solution
if the following conditions are satisfied :

i) There is some positive constant « > 0 such that :
a@d, @)z al §li; VdeV ={qeX/b(dv)=0 YveM}. (2.17)
ii) There is some positive constant § > 0 such that :

.
up’-’(—q’-“—)>3||u||M, Voe M. 2.18)

deX l Zj ”x
Clearly, V is also defined by
V ={deX/divi=0}.
Therefore, if §e V, we have
1d1x = (ad 9)*

and hypothesis i) is satisfied with & = 1.
Now, if v € M, let us consider ¢ solution of the problem :
{ div (D! grad ) = D% v, over Q,
¢o=0onTl.

vol. 16, n° 3, 1982



250 M.-N. LE ROUX

From theorem 2.2, ¢ € H,(Q) and || @ [|5,120 < C|D ™32 v |2q .
We set,

=D 'grado.
Then,
I Z1>“x <o “2,1/2,9 S Clvlum
and

b@ ) = llvl.

Thus, hypothesis ii) is satisfied with § = 1/C.
Besides, if u is the solution of problem (2.4) and P defined by (2. 16) we get :

—div=f

and b(i)’,v)z—ffvdx, YoeM;
Q

Vie Xa(B, ) + b(d,u) = j (grad u.d + div §.u)dx = 0

from lemma 2.1.
Therefore, (7, u) is the unique solution of problem (2. 15).

II. A MIXED FINITE ELEMENT APPROXIMATION OF PROBLEM (2.15)

In order to approximate problem (2.15), we first constructaset Q, = U K
as a finite union of triangles with vertices in Q. For any K € G,, wg Esiht
WK) = diameter of K, h(K) < h,
p(K) = diameter of the inscribed sphere of K .
We assume that this triangulation is regular, that is :

Ke«GhW(—)SO- (0'>O) (31)

We also assume that a triangle K has not three vectices on the boundary I.

Notations
We denote :
e T, the boundary of Q,; it is clear that I', does not coincide with T,

R.A.L.LR.O. Analyse numérique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 251

e T, the union of the triangles of G, which have no vertices on I'
e Q= U K

KeBh
e TI'; is the boundary of Q;

05‘6;,="G,,—‘G;’,.

If K € 06, has two vertices on the boundary T, let us denote by K the

surface limited by the two sides of K which are in Q and the part of I' between
the two vertices of K.

Now, we define an approximation X, of X.
If K is the reference finite element with vertices (@, = (1,0), 4, = (0, 1),
d; = (0, 0)), we define the space X by :

X={3=,d:)d =m +0x;, 4, = Wy + ax;3 By, By €Py ) (3.2)

(Po is the space of the constants).
Let us denote by F

F:%—FX) =B% +b, Be Z(R?), beR?

an affine invertible mapping such that K = F (K). To any scalar function ¢
and any vectorial function 4 defined over K, we associate the functions @
and ¢ defined over K by :

¢ =¢oF! } 53
doF=J"'Bf, J=|detB|=2mesK. '
For any K € G, we set :
Xe={D/deX}. (3.4)

vol. 16, n° 3, 1982



252 M.-N. LE ROUX
We have the equalities :
divg, =J tdivg,, (3.5)
Bofte = I dpoite, J,=J|BTR (3.6)

where 7, denotes the outward umt vector normal to the boundary 6K of K.
Besides, for K € 0G,, §, can be defined over K by the same expressicn as
over K.
We note :

H(dw,Q) = {e(L*Q)*/dvde L*(Q)} = X
and we set
X, ={d e HA;Q)NK€eT, §yxeXg}. (3.7)

Then, g, € X, if §,x € Xg, VK € B, and satisfies :
VK, K; € By, Gnk, Bk, + Gnk,-fix, =0 over 0K, n 3K, [8]. (3.8)
Let M, be an approximation of the space M defined by .
M, = {v,e L*(Q)/NK €y, v x € Py } . 3.9)
Then M, ¢ M ; but to any v, € M,, we associate 7, defined, over Q by :

VK 6"6,,, Eth = D3/2(x)D"3/2(aK) thK (K’ = K lfKE“G;l
K' = KifK €38G,) (3.10)

where ay 1s the barycenter of K if ag lies 1n Q, otherwise ag 1s the vertex of K
mside Q.

Notations

We denote by : a,., 1 = 1, 2, 3 the vertices of K ; ag, the barycenter of K
if ag lies m Q; otherwise ay 1s the vertex of K mside Q 0K the boundary of K

K, =[a,q] j#k#1 1=1,2,3

m,, the midpoint of 0K,. a,

R AIR O Analyse numérique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 253

To define the discrete problem, we shall use numerical integration.
Denote by a,(By, 4,) the bilinear form defined over X, x X, by

3
(megK) ;1 D(m,) Bum,)-3um,) (3 11)

ah(ﬁh’ ‘7}.) = Z

K E'Eh
(f m,, ¢ Q, we set D(m,. ) = 0), b, defined over X, x M, by -

bh(?i;., vp) = Z (mes K) Uhu(-dlv thK 3 12)

Ke Gy,
and f,(v,) 1s defined over M, by

Sulow) = ). (mes K) vy f(ak) (3 13)

KG'B;.

Then, the approximate problem 1s the following Find a pair (B,, u,) € X, x M,
such that

Yg, € X,, ay(B. 4) + bu(d,, up) = 0
qn h h(l—”h qn) (s ) } (3 14)

Vo, € My, by(By, vy) + filv) = 0

THEOREM 3 1  The approximate problem (3 14) has a umque solution
(By ) € X, x M,

Proof 1t 1s sufficient to prove the unicity of the homogeneous problem
Find a pair (B,, u,) € X, x M, such that

V4, € Xy, an(Bu> @n) + by, uy) = 0 }
Vo, € My, by(B,, v,) = 0

Then, we get

ah(ﬁh’gh) =0,
and VK e®,, D(m,)pim,)=0, 1=123.

But D(m,, ) # 0 for at least two pomnts m,, so, we get :

Pn=0 and, Vg, eX,, byG,w)=0.

Therefore, u, = 0 (¢f Thomas [8])

vol 16, n° 3, 1982



254 M.-N. LE ROUX

IV. ERROR ESTIMATES

a) General error bounds

We provide the spaces M, and X, with the norms :

1/2
0 o0 lagy = (KZE (mes K') D~ (ag) (u,..KV) : @.1)
then Il vy ”M,, = || B llar
3 1/2
|3 = (@@ )2 = (Kz_c e K) 5 o (c?.,(m,x)>2> “-2)
1/2
v gy |y = (Kzt (mes K) D*(ag) (v qml) 4.3)
I l_jh ”h = (l Zih |i% + | div ‘_I}h 1%)1/2 (4-4)

L2 22
We note : | |x = | D'V? § |2y

LEMMA 4.1 : The mapping : G, € X, = | Gy |, 1s a norm over X, and there
are two positive constants C,, C, such that

Coldlx <1dul < Colqlx- (4.5)

Proof : We have :

mes K &
ldnls = ) 3 Y. D(m,) (§u(m,))?,
1=1

Ke By,
duxeXyx and g, ceX.
So we get,

3 3 -
VK €Ty, 3 Dlm) @i < I BIP <§E§ D(x)) CACNS

But, g, € X which 1s a space of finite dimension, so there is some constant
C; such that :

PN

3 R
Y (‘1;.("3;))2 < Ci |l G 12y
1=1

R AIR O Analyse numerique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 255

and then, by using (3.1)

K
VK e, , mesK)

3
;1 D(mu() (‘_I’h(mzx))z < Cé(j‘;‘g D(x)) I Zl)h ”(21.2(1())2 <

<Gl D'2 g, qn "(LZ(K))Z

Further, we have

VK e®G,, D(m,) # 0 for atleast two points m,,

then VK € G, Z D(m,.) 7(m,.) is a norm over Xx and we have :

3 Do) Gulm ) > 181217, i Do)

mes K

(m, ) #

1=1
D(m, )#0

3 “ 2
x( » 3:(m.,<)>.

Hence, we get

3

mes K
Z D(mlx) (‘_ih(mlx))z C, || D'*§ qn ”(Ll(x))z , VKeTG,

and we deduce (4.5).
Let us denote by :

Vi={dye X)/divg, =0},
Vi ={dye X,/NK €, div gy x + flax) =0} .
We may write for all §, € V,,
ah(l_))h ~ 3B — dn) = a(p — Gns ﬁh - Ejh) + a(@y, By — @) — ah(q)ha By — Zih)

Thus, we get by using lemme 4.1

B-Rb<C int [\3—q,, o+ sup [ 3) — 4l 5) ']} 4.6)

heVn ZneVa |Zh IX

In order to evaluate these terms, we need the following theorem which
shall be proved in section 5.

vol 16, n° 3, 1982



256 M -N LE ROUX

THEOREM 4 1 If 6, 15 a regular triangulation of Q, there 1s some positive
constant B, independent of h such that

bu(Gy» V1)
Vo, € M,, sup ’”“‘“le]’h||h > Bl oy llag, @7
h ith

TnheXn

Then, we have the following theorem (Thomas [8])

THEOREM 4 2 There 1s some positive constant C depending only on B and C,
such that

B = Aulx < _mf [u Py ly + sup 2Tl 3| ¢
The Xn ZheVn th IX

+C< su | b(B = D) | s | B(dns B1) — by 1) |

—_— 4 8
B o TR T o “8)
4 su Ifh(vh)—(f; ) |>:|
vhe My, Il vy ”M;.
and,
u— i, < C[lﬁ‘ ﬁhlx
a . Z — a (6_1) 5 Z
+ mf (lﬁ—a’hlx+sup | 2@, %) ~ ol "”) 49)
qneXn Zhe Xn ” Zp ”h
~ b(Zm 0p) — bh(?h» Up) I
+ mf (nu—v,,nM+ sup |
vheMp ?;.EIX)). ” Zh “h
b) Consistency error bounds
We estimate the consistency errors
a(‘-}hi Zh) - ah(‘-])ha E)h) b(Zh’ i3}1) - bn(zh’ vh)
ZheXn N Zh ”h " zneXn || 3}. "h ’

b(é)h’ ) — bh(iih, Up) s | Juw) — (£, T) I

B

vhEMp " Uy HM,, Vh € Mp ” Uy “M;.

These are the object of the next three lemmas

R AIR O Analyse numerique/Numerical Analysis
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LeMMA 4.2 : There is a positive constant C independent of h such that

Vi Z e X,

> > > . (4.10)
| a(dy Z) — anldn 2,) | < Ch|Z, Ix(1Gnlx + | D'? div g, |L2(Q))-}

Proof : We set :

3
Ex(9) = f 9 dx — T (mesK) 3. o(my).
K i=

KeBp

Let Q) be an open set such that Q = Q and Q, < Q for any h. D is a regular
function defined over Q : then there is an extension D of D on Q such that :

Dew?*(@), [Dl2ua<CIlDl2wa-

We have :
a(qh, Zh) - ah(zih’ Zh) = KZ"G EK(ﬁ‘_jh ?h) +
. U D) 3() 2,x) dx — f B 3,(x) 2,(x) dx].
Keé By K K

But, we have the estimate (Ciarlet [4]) :
| Ex(DgyZ) | < CR* I D I3, 00k I G 1.k || 2 | 2y -
Besides, 4, € X,, so, we get,
| gul1.x < C1div g, |2 -
Thus, we obtain :
| EK(D~EI);; Zh) | < Ch(| D'? ‘_jh |(2L2(K))2 + | D2 div ‘_I’h |I%2(K))1/2 | D'? Zh L2k

and

[ 28w w1 dx - f D) 3x) 3x) dx | <
K

K
< Ch | D'? ‘7}: ILZ(T() | D' 2}: |L2(i) .
Hence, we can deduce (4.10).

vol. 16, n° 3, 1982



258 M-N LE ROUX
LEMMA 4 3 - There 1s some positive constant C independent of h such that
Vg, € X,, VYuo,eM,,
| 5(Ghs B) — ba(@n> v4) | < Ch |l vy llpg,, | DV2 A1V G |12y (4 11)
and

1/2
| b(‘_ih’ ) — bh(‘_jha vp) ‘ < Ch| D3 div zl)h 2@ ( z (mes K) D™ 5(“1() vh|K>
K e G

4 12)

h

Proof We set

Ex(o) = J @(x) dx — (mes K) ¢(a)
K

Then, we have

b(‘_l)h, Up) — bh(“])ha vp) = Z D~3/2(a1() EK(D3/2) div ‘7h|x Uy +

Ke TGy
+ ) <J D*?(x) dx — J D¥*(x) dx) dwv G x vwx D> (ag)
KedBy K K

Besides,

| Ex(D*?) | < Ch(mes K) || D2 [|¢ o x

J D3*(x) dx — f D3?(x) dx
K K

< Ch? D g ok

Hence, we get

1/2
I b(é’;., ) — bh(zih’ ) | < Ch v, “M,,( Z (mes K') D(ak) div? Zl)hll()

K e G
or

1/2
| b 5)—ba(@s o) | < Ch| D2 dv Gy s ( S (mesK) D~ *(ag) v%.x)

€ Bn

LEMMA 4 4 There 1s some positive constant C independent of h such that
- > —_ >
Vo, € M, | (f505) —fuln) | < Ch | v, ”M;.[l DI/Zf L2 1 D32 grad f |(L2(Q))2]

4 13)
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Proof : We set, as in lemma 4.3,
Ex(o) = J @(x) dx — (mes K) @(ag) .
K

Then, we get,
(fs O) — Sulow) = KZG D ~*?*(ax) Ex(D** f) Vg +

v 3 ( J D¥2(x) f(x) dx — f BY3(x) 1) dx)D—S/Z(aK)v,..K.
KedTn K K

Besides,

| Ex(D? f)| < Ch?* | grad (D*? f) |2y
and

< Ch7/2 | D1/2 flLl(K) .

[ D22 s x = [ 209 s

K K

Hence, we deduce 4.13.

¢) Interpolation error bounds

It remains to estimate :

inf [ B =g, lx and inf |u— 5, [,.
qn € Xn vheMp

We define an interpolate p,g of § with p,q € X, as follows :

1. f K€, e H (div; K), and if we also assume that ¢ € (H*(K))? we
can define the interpolate pgq of ¢ by [8] :

E?éeXx

.14
Vi=1273 j Pxd-M; dy = J q.1; dy. “.14)
K, oK,

2. If K € 0%, and has two vertices a5 and a5 on T, if §e X such that
D3 gd.#e LY(6K;) (i = 2, 3), then we define the interpolate pgg by :

Pxd € Xy a K,
1
Vi=23 j D3 pgg 7, dy =f D3 g.it dy s
K, oK, 0K (4.15)
I~D3diVWédx=JD3div§dx. a,
K K
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3 Therefore, because p,g must be m H (div, Q), the mterpolate pgg of q
on a triangle K which has one vertex a; on I 1s defined by

o 0K
Pkd € X a, L g,
Pxd-y dy = j q.1, dy
LK, K o 0K, 0K, (4 16)

Vi = z,3j D3 5.7, dy = J D3 7.7 dy
K,

oK, a,

Thus p,q 1s 1n X, and 1s defined for any § € X such that (D32 ) € (H }(Q))?
We shall note

gra (—1’:<5q1 0q, 0q, a‘lz)

THEOREM 4 3 Let the triangulation G, be regular Then, there 1s some posi-
tive constant C independent of h such that

VgeX,D"?grad g e (L*Q))*
> B ->
| DY2(G — pud) e < CHI D2 gl + 1 DV grad g lays) (4 17)
Vge X, DY grad g e (LAQ))*, D*?grad (divq)e (L*(Q))?
-> — > >
‘ D dw (g — psq) ILZ(Q) < Ch(| D' q 2@ + | D'? graa q le2@ys +
+ | D** grad (d1v ) lu2y) (4 18)
Proof If K € G, we have (¢f Thomas [8])
> —_— >
| D'2(q — pkq) le2ay2 < Ch| D2 graa q l(LZ(K))"
> — >
| D2 dwv (g — pxq) L2y < Ch|D¥? grad (div q9) 2w
Now, if K € 06, and has two vertices on I, div p,4 1s the orthogonal pro-
jection of div § on the space of constants with respect to the scalar product
(D32, D¥?) and then we get
| D32 dwv (§ — Pxd) |L2) < Ch | D32 graa (v ) |y

Besides, there 1s a positive constant C independent of K such that

>
| D2 Wz’ lea@y? < off D'? ‘_j lL2®) + | D3? graa q |(L2(1?))4)
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Then, we get
| DG - _ﬁ) L@ < C_'inf | DY2(F = 8) | oy <

ae (po)?
< Ch l Dl/2 graa (_]) l(LZ(K»4 .
It remains to estimate | D'/*(§ — Pgd) |22 and | D32 div (§ — Pxd) |2
when K has one vege_))( a, on I
Let us denote by pgg the function of X defined as follows

Pxq-H, = Pxq-,, i=273;

. o (4.19)
D3div pgg dx = | D>*divqdx.
K K

Hence, we get
N—)
' DI/Z(ZI} - Pkq) I(LZ(K))Z < Ch| D'? grad Ei I(LZ(K))Z s

D¥ div (7 — Peq < Ch | D% grad (div §
I v (g Pxq) |L2(K) < | grad (div q) |L2(K)-

Further, we have :
P —_—
ID“Z(W - Pxq) ‘(LZ(K))Z < Ch? |m-ﬂ1 - qu'ﬁl [

. =2 =2
'Ds/z div (Pxg — Pxq) |L2(K) < CP? | Pgg.ily — pyq.iy |

We have the equality :

— e —_— —
J D*(pgq.1#y — Pxq-iy) dy = J (D* div pgq + grad D°.pgq) dx —
0Ky K
:——)
_j D%MﬁW—J D3 5.7, dy
0Kz U éK3 0Ky

and from (4.16) and (4.19), we get

JD%&%—&%MW=J@EMQ—@M+
0K,

+j DY@ — B).A dy .
0Ky
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Hence, we deduce
= - = -
l qu'ﬂl - Bx’é-?ﬁ l < C(h 32 ZI - Pxqlx +h 12 iﬁx - m~ﬁ1 |L2(6K1))'
Thus, we get
|d — Pxd Ix < C(h|D'? graa Z“(LZ(K)) + h| 4.7, — Pxq.H, L2k )
. _—
l D?? div (Zi - 5@’) ILZ(K) < Ch| D'? grad a|(L21K))4 +
D —— .
+ | D2 grad (div 7) ’(LZ(K))Z +14.%, — g1, 2ok,
and, finally,
L ——
' DI/Z(EI) - M) '(LZ(Q)Z < Ch(| D'? grad EI}I(LZ(Q))“ + [‘7’7 - _;.—q’-ﬂlu(m)-
. _—
| D32 div (§ — Pud) |L2@ < Ch(| DY'* grad § |2y +
+ | D¥* grad (div §) |2y + | 4-H — Pade7 laqry,)) -

Further, we have [5]

>

1§71 = B by < CHY2 1 G vy < CH2 1 Gl

Then, we deduce (4.17) and (4.18).

Now we consider the M,-interpolation operator m,.

Given a function v € M, the M,-interpolant m, v is the unique function
which satisfies :

T[hUth )
j b dx (4.20)
K

VKeT,mv|x =ngv =

mes K

VK € 06, ng v = 0.

THEOREM 4.4 : Let the triangulation G, be regular. Then, there is some
positive constant C independent of h such that :

~ 1
o e Hll/z(Q), Jo—Fy 0l < C{AID™ 2 vl1aq,,+| D 32 grad v [Lxq,)+
47—
+| D72 grad v |20-q, } - (4.21)
Proof : If K € G, we get
|D—3/2(U — figv) ILZ(K) = lD_3/2 v — D—3/2(a) W le(K)
and then,
—_— -
| D=%2(v — figv) |r2) < Ch(| D™ grad v |po) + | D 0 laago) -

R.A.L.R.O. Analyse numérique/ Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 263

Now, we assume that K € 0T,
Then, we have the estimate (¢f Bolley-Camus [1])

_ _ —_—
ID™*2 v |k < C|D™ "2 grad v o
(where C 1s a constant independent of K)
Then we deduce (4 21)
d) Error estimates

THEOREM 4 5 Assume that the solution (P, u) of (2 15) satisfies the smooth-
ness properties

D' grad pe (L*Q))*, D~ *2(Log R/D) 1ﬁue(ﬂ9»2} (4 22)
D *2(Log R/D)™' ue L*Q)

xeQ
Then, we have the estimates

with R > max <ma§ D(x), e2>

—
|B— Bulx < Ch( Py + | D' grad i li2@)ys t+ | DY f 2@ +
—_—
+ | D*? grad f |L2q)2) (4 23)

—_—
lu =y [y < C{h(Blx + | DY grad P |i2ps +
/ - —_— -
+h LOg h(l D_3/2(L0g R/D) 1 grad u |(LZ(Q))2+I D S/Z(Log R/D) 1 u lLZ(Q))}
(4 24)

Proof In the estimate (4 8), we choose ¢, = p, P, then by using lemmas
42 43 44 we get

|ﬁ“5h x < | 1_7)_?)7’ ||x+C{ h(| bﬁ? [x+1 D'/? leP_hI; ILZ(Q))+
+| D32 dwv (F—pb) le2@+h( DY f |12+ D2 graa f lw2@)y?) }
Then, trom theorem (4 3), we deduce (4 23)

In the estimate (4 9), we choose v, = m, u, then, we get

u—i Iy < C { [ p—Bulx+1B—Pub Ix+h( Pb [x +| D2 d1v DD |120) +

Flu—ftu ||M+h( Y (mes K) D~ 5(ag) (ng u)Z)”Z}

KET;;.
and by using theorem (4 4), we obtamn (4 24)
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—_
Remark : If we assume that DV/2 p e (L*(Q))%. D'grad p € (L*(Q))*, then,
we have the estimate (Bolley-Camus [1])

_
I D_ 1/2(]_40g R/D)_l ﬁ |(L2(Q))2 < C | D1/2 grad ﬁl([}(g)f Py
that is
[ E—
| D~3(Log R/D)™" grad u |12y < C | DY grad P |2qy: -

Similarly, we have

| D73%(Log R/D)™ ! u |12y < C | D™3*(Log R/D)™" grad u |2y -

V. PROOF OF THEOREM 4.1
Before proving theorem 4.1, we need several results.

Notations. We define the spaces Sk, #,, #, by :

Sk = {neLX@K)/u|x Py, i=1,273)

«ﬂh:{llhe n LZ(aK)/“hHKESK; VK, K; € Gy, Wy k, +Hajx, =0

K e Gy

over K; n K, }

Hy = {(PhELZ(Qh)/VK € Gy, ‘Ph|K€P1 }

If ¥ is a function of [[ L2*(¢K), let us denote by s, ¥ the function such
K € Gn

that s, ¥ € [| L*(0K) and s, ¥ |, is the projection of ¥ onto P,.

K e Gy

LEMMA 5.1 : There exists a constant C > 0 independent of h such that

Vo,e#y, Y¥eH (D),

-1 2 2 (5.1
5 D(ax)J (¥ =5, ¥) dy | <Ch< Y D a) | o |Lzm)
oK

Ke TGy, K e Ty

(ID¥* ¥ |}q, + | D grad ¥ )2 .
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Proof : Let ¢, € #, and ¥ € H'(Q;); then we have the equality
j(MW—&%w=f(%~&%MT—&%@
0K 0K

and then

zan'mw—%%w

KeGy
< C Y D(ag) | ©n — s Onl2ory | ¥ — sn ¥ 20k
KeTGn
1/2 s s 1/2
< C( Z D™ Mag) | ®p— S P |£Z(ax)> < z D3(ag) | ¥ — 5, ¥ ILZ(aK)> .
KeTn K eTn

Besides, we have the estimate [5]
|[Y — s ¥ l2ex) < Ch'? | ¥ lai/20x) < Ch'? | ¥ &y

hence, we get

12
( Z D(ag) |¥ — s ¥ IIZ,Z(aK)> <

KeTBpn

1/2
< Ch'¥(| D32y ]fzmh) + | D32 graa ¥ |fz(nh)) .
Further, we have
| ©n — Sy @ lL2oxy < Ch| grad o, lL20K) < Ch'%| graa O lL2x)

and then

1/2
( Z D™ Yag) | @4 — i P4 |12,2(ax)> <

KeTGy

1/2
< Ch“’2< Y D '(ay) | grad o, I%zao) .

Ke TGy

So, we obtain 5.1.

THEOREM 5.1 : Let @, be a function in #, such that :

Vu, € M, z D(ax)j Gpipdy =0. (5.2
oK

Ke Gy
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Then, there is some positive constant C such that :

S D ag) | 00 ag, < C< Y Day) | grad oy |12.2(K)>- (5.3)

KeBp Ke By

Proof : Let o, € #, satisfying (5.2) and consider the problem. Find
ue H! ,(Q) such that :

div(D 'gradu) = D2 (p,,,}

‘-0 (5.4)

where D is the function defined over Q by :

le = D(ag) .

The solution of (6.4) is in H{,,(Q) and we have the estimate :

Ke Gy

1/2
lullzi20 < C| D¥2 D~ (Ph L) S < Z D™ *(ax) | |12,2(K)> . (5.9

Then, we may write :

T D 'ag) | op g = 3 jdiv (D~ 5rad u) D(ag) oy dx +
K

Ke TGy Ke G

+ z D™ !ax) | @y |12,2(K) .

KedTp

From (5.2), the function D, is continue in the midpoints of each side 0K;
and it is null in the midpoint of a side of the boundary I, ; then, we get easily

- _ —
Z D™ Yak) | @y |i2(aK) <C z h* D~ *(ax) | grad @, 112,2(K) <

Ke 0By Ke dGp
—_
< C ) D(ag)|grad @, [f2x) -

KedTn

Besides, by using Green’s formula over each K € G;, we obtain :

Y | div(D ! grad u) D(ag) @, dx =

KB Jk
=- Y f D(ax) D! grad u.grad o, dx + Y j D(ag) D1 gu
Ke®Gh Jx Ke TG JOK
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Further, we have

Y J D(ag) D~ ! grad u grad ¢, dx
K

KeGh

<

1/2
-1/2 53
) I D / grad u I(Lz(n))z

< c< S Diag) | gad ¢ e

Ke G

and from (5.5), we get

Y J D(aK)D—IMugrza(phdx

K e Gh
1/2 1/2
< C( Z D(ax) | graa Pn IIZ‘Z(K)> <KZG D™ ag) | @4 |%,2(K)> .

<

Ke Ty

Consider now the term

KeTp

_, 0
Z J‘ D(ax) D la—Z(PhdY-
K

We have

u & Ou R
— = Z 5 ™ (n are the components of 7).

We note

Y (x) = D“(x)%cu—(x), 1=1,2.

We may write

DD Lo dy = ¥ ZD(a,o ¥, opn, dy =
a oK

Ke®Bjh KeTh 1=

> i j D(ay) (¥, — s, ¥ n, dy +
K

KeBj1=1
+ Z ZJ D(ak) s, ¥, @y n; dy
K

KE"Ghl
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and from lemma 5.1,

2
Z Z J\ D(aK) (Ph(lPl — Sp lP;) n, drY I <
KeBni1=1 Jsk

1/2
< C( Y, Dlag)| graa Pn |i2(x))

Ke By,

Mo

X
1

2
(| D32 Y, lL2@n t 1 D32 grad ¥, llzﬁ(ﬂh))llz :

1

Then, by using (5 5) we get

_, Ou 1/2
Y j D(ag) D1 Zn O dy| < C< Y. D(ay) | graa Py |12,2(K)) X
oK

KEEh KE'G;.
1/2
D—l 2 /
X Z (ag) | ©n ILZ(K)
Ke B,

Now, we estimate

2

Z Z J D(ag) s, ¥, n, @, dy
2K

KeGp 1=1

Using hypothesis (5 2), we may write

2 2
Z Z J D(ag) s, ¥, n, @ dy = — z Z D(ag) s, ¥, n, @, dy
oK

Ke®B, 1=1 KedTB,1=1 TnndK

and therefore,

2 1/2
Z Z J D(ag) s, ¥, n, @, dy ‘ < < Z D_l(ax) | O |12.2(al<)) X
KeGn 1=1 Jpk K

€d By

2 1/2
X ( Z Z D3(ax) | sp P, |%,2(0Knl"h)> .

KeoBp1=1

But,

172
( Z D3(ag) | 5, ¥, IfZ(axnr,.)> <

KedBn

< ChY2{| D32 ¥, |}, + | D2 graa ¥, F2am 172

1/2
< Ch1/2< Y. D™ Mag) | @4 I%Z(K)>
KeGp
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and
1/2 1/2
( Y. +D™Mag)| @4 |12,2<ax)> < Ch"1/2< Y D(ay)| graa P I(ZLZ(K)F) .

KeoBn KéoBy,

Then

2 1/2
Z Z J D(ag) s, ¥in; @ dy | < C< Z D~ 1(aK) | @ lf%x)) X

Ke®Bn 1=1 Jok KeTy

1/2
X < z D(ag) | graa Pp |12,2(K)> .

Ke oGy

Thus, we obtain (5. 3).
Let us provide the space .#, with the norm :

KeTy

1/2
(I Ha Ml = < Z hg D(ag) || wy ”12,2(6K)>

and the space #, with the norm :

Il ¥y e, = Y. (D7 (ag) | ¥y [ty + D™ Mag) | graa P, 1G2an)'?

Ke Gy,

LEMMA 5.2 : We have the estimate

Z Wy dy
B

KeTp
Vi€ My, il < C sup v X
werrn Ml

Proof : Let us denote by :
W, = W, 0F, f=J,moF (J,=J|B 7).
Then,

j ¥, by dy = J ¥, iy 4
oK F) e

K
and the mapping

P, i, 47
o K

— sup
Hn Gpepy 1Y “Hl(i()
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is a norm over S ; then, there is a positive constant C such that
j W, di

0K

Il Bn 2ok < € sup = .
hIERER $uepr | P "Hlu&)

Besides, we have [6]

I ko 2o < Ch™ 12 || [, 2ok

and
¢
h

a~ —— 1/2
[ 2% ”Hl(l%) = (" ¥, ”12.2(1() + h? | grad ¥, I(ZLZ(K))Z) /

Then, we get
- _ _
I ¥y Iy = CDY2(ag) (D~ *(ag) | ¥y lf2) + D Yag) | grad W), [G2ky2)"? -

Hence, we deduce

| Wi lL2oxy < Ch™ Y2 D™ 12(ag) x

J ¥, w, dy
oK
X sup

_ _ — :
nels (D 3(“1() | ‘¥ |i2(K) + D l(ax) | grad ¥, l(zLZ(x))z)I/Z

But, since the space #, is isomorphic to the space || P;(K), the local
KG"G;«[

estimate implies the global estimate.

LEMMA 5.3 : There is a linear operator ¢, from L*(Q,) into My, such that if
My = &y v

VKeth[

K

p,,dy=f vdx 5.7
K

and

12
I e Nl < C<KZG D3(ag) | v |12,2(K)) . (5.8)

h

Proof : Let us consider the problem : given v € L%(,), find a pair
(P M) € X M\,
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such that

V¥, e H ) Jgfaa@hgr;&q’hdx_ ) J Yy py dy =
Ke®rn Jx oK

Ke By

271

=- ) Jv‘l‘hdx (5.9)

KeTp

Vp, € My Y D(ax)j P dy =0.
KE‘G;. K

This problem has a unique solution (Thomas [8]).
Besides, from lemma 5.2, we have

Z j W, dy
2K

KeTy

bl < € sup

Il ¥ e,
and
Y Yoppdy = ) grad ¢, grad ¥, dx — Y j v, dx .
Ke®n Jok KeTn Jx KeTn Jx

Then, we obtain

1/2 R 1/2
s llle < < Z D(ag) | graa On 122(x)> + ( Z D3(ag) | v ILZ(K)> .
K € G

KeGp

Now, if in (5.9), we choose ¥, = B(ph, we obtain

Z D(ag) | g—f;(’i Op IiZ(K) = - Z D(ax) v, dx <

Ke®, Ke® Jx

1/2 12
< ( Yy D3ag)|v |12,2(K)> < Y. D™ ak) | on lizm)

KeBn KeTyn

and, then from lemma 5. 1, we get

Z D(ag) Igraa (A lfz(x) <C Z Ds(ax) |v I%ﬂ(K) .

KeJdn KeGp

Finally, we obtain (5.8).
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LEMMA 5.4 : There is a linear operator 6, from M, into X, such that if
0, D’h = ‘_jh

diV é’h = Uh (5 . 10)
and
Il ‘7}. Il < C KZG (mes K) D3(aK) (UhIK)Z . (5.11)

Proof : Let v, be in M, ; we note

Hp = &, 0.

Then, there 1s g, in X, such that [8]

{ 3h-’7x = My

dwv g, = v,.
Besides
mes K &
l‘_l’h lh = Z 3 Z D(m,) (‘_jh(m;))z

3x) = J 1 B3, ®).

Hence, we get

mes K D(ag) &
—3 hTK Y 1 GA 12
KeT 1=1

, mes K 3
<C Z 3 D(ax) ;1 ]qh';l: %

Thus, we obtain
| 3}; lh < CIIl u llln

and from lemma 5.3, we deduce

G llln < CKZG (mes K) D*(ax) (onx)? -

Proof of theorem 4.1 : Let v, be in M,, ; we note

Wh = D—3 vh (le. WMK = D _3((1,() vth)
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Then,

bh@.a vp) = Z (mes K) vy g div ‘_ih = KZ;; (mes K) D~ *(ay) (Uh|x)2

Ke Gy

I on 3, -

Further, we have

Il ‘_1);. I < C K% D3(aK) (Wh|K)2 = | v, ||1%4,. .

Thus, we obtain

bh(zl)h; Un)
—— 2 C| vy lu, -
I G lln
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