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/^-CONVERGENCE
OF FINITE ELEMENT APPROXIMATION

TO QUASILINEAR
INITIAL BOUNDARY VALUE PROBLEMS (*)

by Manfred DOBROWOLSKI (*)

Communiqué par P -A RAVIART

Abstract - Almost optimal L™-convergence offimte element approximation to nonhnear parabohc
differential équations is proved by a weighted norm technique knownfrom the elhptic case

1. INTRODUCTION AND STATEMENT OF THE THEOREM

In this paper, we study the finite element approximation of nonlinear
parabolic problems. Our aim is to obtain optimal uniform convergence for the
discrete solution. As a model problem we consider the parabolic initial boundary
value problem:

n

ut~ Z dtFt(Vu)=f(x, t) in Q x[0, T\9

. w(x, 0) = v|/(x) in Q, u(x, t) = 0 on dQx[0, T].

In the above, Q is a bounded domain in Euclidian R" with sufficiently smooth
boundary 3Q.

Error estimâtes for quasilinear parabolic équations have been proved in
various papers. J. Douglas Jr. and T. Dupont [6] have established optimal H1-
error estimâtes and V. Thomee and L. Wahlbin [15] have shown that the
nonlinearity must not fulfil a global Lipschitz condition. Optimal L2-error
estimâtes, i. e. ||eft||L2 = O(/îm), have been obtained by Wheeler [16]. However
the nonlinearity treated by Wheeler in volves only u and not Vu. Optimal
pointwise estimâtes have been established by Bramble, Schatz, Thomée and
Wahlbin [2] in the linear case (ut = Au) and by Dobrowolski [5] in the quasilinear
case treated by Wheeler for n = 2, in the genera! linear case for n^2 .

(*) Reçu septembre 1977
i1) Institut fur Angewandte Mathematik und Informatik, Umversitàt Bonn, Bonn, République

Fédérale d'Allemagne
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248 M. DOBROWOLSKI

H ^ O ^ j e N , l ^p<oo , dénotes the completion of C°°(Q) with respect to the

norm:
\UP

If this norm is taken in a domain T c R" we shall write || . \\J,P,T- In the case
j = 0 and p = 2 we will write|| . ||r. Furthermore we use Ho(Q), the
closure of C$(Q) in H^Q), and HJ ^(Q), the space of functions with
bounded generalized derivatives. Let X be a normed linear space consisting
of a set of functions defined on Q. If w is a function defined on [0, T] xQ we
say weZ/pQ, l ^p<oo , if the norm:

is finite where:
F(t) = \\w(t)\\x,

with the usual modification for p = oo.
For abbreviation, we write || . || œ instead of || . ||£« (L«} and use a summation

convention.
With the above notation we state our assumptions concerning problem (P):

(Al) Fi€C3(Rn), i = l , . . . ,n , /eC 2 (Qx[0 , T], \(/e7fm'TO(O).
(A2) Ellipticity (not necessarily uniform): for p, ^ G R " , ^ 0 , and | p | = K there
is a constant C (X) with Fi( k ( p) ̂ Çk = C (K) \ Ç |2 where (Fifc) dénotes the matrix of
the first derivatives of Ft.

(A3) Z^(0) = 0.
i = l

(A4) There is a unique solution u of the problem (P) and u ( . , t),

i
(A5) Ifthe data of problem (P) are replaced by rj (x, t)andrv|/(x),re[0, l],the
solution ur sufficies assumption (A4) and is bounded in the norms of (A4)
uniformly in r. In particular, we have ([Vt/jl^, || VMJ|| œ ^y. Moreover ur

continuously dépends on r.

REMARK: The m in the assumptions refers to the order of the spline space,
which will be described below. (A3) is superfluous, but it allows us to give a more
elegant présentation of the proof.

We shall assume that the spline space Sh, 0< fc = ft0, of order m satisfies the
foliowing conditions:

(SI) Sh is a finite dimensional subspace of Hj (Q).

R.A.I.R.O. Analyse numérique/Numerical Analysis
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(52) There is a partition %h of Q into piecewise smooth subdomains such that
the usual regularity condition is fulfilled: each T e xh is contained in a bail of
radius h and contains a bail of radius mh where the constant m > 0 does not
depend on h.

For all subdomains r e x h and for all zheSh we have zheHm(T).

(53) The following approximation and inverse properties hold:
(i) to each zeHm>p n H j , there is a function zkeSh such that on each Texh:

\\z-zh\\hp>T£chm-i\\z\\mtPiT„

0<k<m, l^p^

where T' : = T u {neighbours of T\\
(ii) for zheSh and !TeTfc we have:

With these définitions the Galerkin approximation U of problem (P) is
defined by:

% ) - ( X ^ ) , vh,U{..t)eSh, t e [ 0 , n

-£ƒ (0)),-, ÜH) = 0, vh e Sh.

THEOREM: Let m ^ 3. Under the conditions (A1)-(A5) and (S1)-(S3) there is a hQ

such that for allO<hSh0, the system (Ph) has a unique solution U in Q x [0, T].
Furthermore, the following inequality holds:

REMARK: Under similar assumptions the theorem is valid for the more gênerai
quasilinear initial boundary value problem:

u,~ X 3,F,(x, t, u, Vu) + F(x, t, u, Vu)=/(x, t).

But ail essential difficultés arising from the nonlinearity will be preserved in
problem (P). In the case:

u , - t ôi(Fi(xt t, u) ud + F(x, t, u)=f(x, t),
i = X

the method of our proof works for m = 2 as weli. For the gênerai quasilinear
équation, however, a much more complicated technique is used (see Frehse and
Rannacher [8] for the elliptic case).

vol. 12, n° 3, 1978



250 M. DOBROWOLSKI

2. PROOF OF THE THEOREM

The proof of the theorem is obtained by the rnethod of Dobrowolski [5]
combined with a déformation technique first described by Frehse [7], The
method consists in the following.

For each re[0, 1], consider the deformed problem:

( «J-£a£Fi(Vi0 = rf infix[0,n
(P ) / i = 1

( u
r{x, 0) = r\|/ in Q, wr = 0 on dQx[0, T]

and the corresponding Galerkin-approximation:

{Ur
t, vh)+ £ (F,(Vt/"), !>«) = (>ƒ. i?*),

(F„ (V (r v|/)) {rty-U (0)),, ÜJH) = 0,

Because of the local Lipschitz continuity of F (. ), it is clear that there is a unique
solution Ur in [0, Tft]. We intend to show that the solution exists in the whole
interval [0, 71]. In the case treated here this follows from the theory of ordinary
differential équations anyhow, since the Dirichlet-form is positive definite. In the
gênerai case, i. e. F£ = Fj(x, u, Vu), however this argument does not apply, but
the existence of a global solution of the discrete problem follows as a by product
of the déformation technique. Thus, illustrating how the proof proceeds in the
gênerai case, we have chosen this more complicated method to prove global
solvability of the discrete problems. For each h, we define the set Sft c= [0, 1] by:

Sh = {re[0, 1]: (PJ) has a solution Ur defined on [0, T]

and there holds ||ur-Ur\\

where cx is the constant appearing in lemma 1 and y refers to (A5). Here and in
the following every constant c o r q does not depend on h. We show that for
h^h0 (cx) the set Eh is not empty, closed and open with respect to [0, 1] and
therefore must coincide with [0, 1], which proves the theorem since u = ux and

(i) Eh is not empty. For r = 0 we have ur = 0 and Ur = 0 because of (A3);

(ii) Eh is open in [0, 1], Let reEh. From (A5) and the theory of ordinary
differential équations using a truncation argument we obtain the strict
inequalities:

R.A.I.R.O. Analyse numérique/Numerical Analysis



L^-CONVERGENCE OF FINITE ELEMENT APPROXIMATION 251

if p is in a neighbourhood of r;
(iii) Eh is closed. Let r(j)eEh and r(j)-> r0. Immediately we obtain:

and

Now we have to prove the strict inequalities for r0. This is done by the folio wing:

LEMMA 1: Suppose that || V Ï7r|| œ , || V UI \\œ ^ 2 y . Then, under the hypotheses
of the theorem, there holds (e = u— U):

™ [T\ertt{x,t)\2dt
Jo

where xeQis arbitrary and x1=xl(h, r) is afixed point in O.
This lemma will be proved in the third section. From (S3) and

we obtain for ur
heSh:

and therefore:

, [
Jof o

vol. 12, n° 3, 1978



252 M. DOBROWOLSKI

Applying this to the inequality in lemma 1 and choosing h^ho{c^) we obtain:

fc4|lnfc|c<«> [T\e'tt(x,t)\2dt
J o

h\^* T^e^x, t)\2 dt + \\e'\\l
Jo

n^| c ( n ) | |^ | | t+C l^
2 m | ln / i |n + 4. (2.1)

In view of ||er||00^2c1/im|ln/z|(fl/2) + 2 and m^3 this yields for h^ho{cx)\

and by the inverse relation:

||VC/-||oo^||Ve-||û0 + ||VW"||û0<2y, h ̂  ho (ci).

It remains to prove || V Ur
t ||00<2y. For this purpose let:

From the inequality:

f e H1 ([0, T]), which can be proved by integrating the relation (d/dt)f = 2fft,
we obtain for anys>0:

Vertt{xQi t)\2dt + C 8 - 1 f | V ^ ^ o , t)\2dt. (2.2)
J o J o

N o w (S3) yields:

\Ver
tt(x0, t)\2dtSch~2 [ \er

tt(x2,
o Jo

where x2 is a fixed point in Q.
Choosing e = h2 in (2.2) we have:

| | V f i î | | ^ f \er
tt(x2, t)\2dt+ch~2\

Jo Jo

and with (2.1):

Therefore we have for

R.AJ.R.O, Analyse numérique/Numerical Analysis



Lœ-CONVERGENCE OF FINITE ELEMENT APPROXIMATION 2 5 3

3. PROOF OF LEMMA 1

In this section we assume || V l / | | œ , | |VU t \ \ œ ^2y and suppress the
parameter r. We begin by introducing some additional notation and technical
tools. We use the weight functions:

and the corresponding weighted norms:

I U I < > E
Tex"

Obviously:

and for p^ch , c sufficiently large, it follows from (S1)-(S3) that:

inf H V ' ^ - t ^ H w ^ c h " - ' £ ||V^||(s)> O ^ ï ^ m - 1 , (3.1)

l l l l w H l l w 1 (3.2)
(see Nitsche [13]).

We use the notation || . ||(s)i l î eN , to indicate that the norm is taken with a
weight:

<*,(.): = ( | . - * | 3 +
with:

seR

where xt is a fixed point in Q.

For abbreviation, we define the functions:

<(•-)= f Fy(
Jo

) ) ) ï ,7 = l n,

[O, T]), i,j=l , n

and corresponding bilinear forms:

ah (v,w) = (ahij vj ,wt), a (v, w) = (ö0- Vj, wt)

and the differential operator:

(Av, w) = a(v, w).

With these définitions we have:

(el,qfc) + a*(e>iïA) = Of i;AeSfcl (3.3)

vol. 12, n° 3, 1978



2 5 4 M. DOBROWOLSKI

(e„, vh) + a* (et ,vh)+\ dfc e} vhi dx = 0, vh e Sh, (3.4)
Ja

, (3.5)

Ve ( |} , (3.6)

\a?jt\,\aiJt\^c. (3.7)

To fix the initial value U(., 0), we have defined in the first section:

a(e, t?fc)(0) = 0f vheSlt

which implies that U(x,0) is an "elliptic" projection of u(x, 0). From
Nitsche [13] we obtain the asymptotic error estimate:

m ^ 3 . (3.8)

By the above choice of the initial value U(. t 0) we can show in the appendix,
theorem Al:

\\ut(.,0)-Ut(.,0)\\L^ch>n, m*3. (3.9)

Now lemma 1 will be proved by a series of further lemmas.

LEMMA 3.1:

(i)
1 o '

(ü)

Jo Jo

riiv«u(%*
Jo

Jo Jo

Proof: (i) F r o m (3 .3) a n d t h e e l l i p t i c i t y o f t h e f o r m ah (.,.), i t f o l l o w s t h a t :

\it\\4ï-« + c\\Ve\\ï_n)

S(et, <J-ne) + ah{e, a~ne) + c \Ve\\e\o~n-x dx
Jn

= (etl o-ne-q>h) + ah(e, o~ne-<ph) + c \Ve\\e\a~n'1 dx
J n

(3.10)

R.A.I.R.O. Analyse numérique/Numerical Analysis
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Now let <ph be the approximation of a""e in the sense of (S3).

Then we have:

From (3.1) and (3.2) we obtain for the term of order m:

Estimating || V(a""e-<pft)||(n) analogously, we obtain:

| | 2 (3.11)

By repladng (3.11) in (3.10), integrating from 0 to Tt with accounting for
||e|| (_n)(0)gchm |lnfc|1/2, we obtain(i).

(ii) With the aid of (3.4) we get:

\et\\ V et\ a"""1 dx

^+ aïjt(o-net-<ph)jeidx
Jn

- ^(or-^Ojfiiix + c |V«,| .\et\o-n-xdx.
Ja Jn

We omit the rest of the pro of, because from now on we can estimate
similarly to (i).

LEMMA 3.2:

(i)

(

vol. 12, n° 3, 1978
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Proof: (i) From (3.3) we obtain:

et G'net-(ph)-a
h(et a~net)

By a technique used in the proof of lemma 3.1 (i) we can show:

h-ia-'^-^IU+IIV^

Then we have with the inequality:

— 8a2 + — E~xb2 and p^ch,c large:

By the technical tool:

2, veH™(7), Tex». (3.12)

which we have already used in the first section and by integrating from 0 to T, we
have shown the lemma.

(ii) Hère we use (3.4):

-a"(et, <y ne„,
f n

-

Again we can omit the easy estimâtes.

LEMMA 3.3:

Jo! o

Proof: We define the problem:

-vt-Av = G'n"2e inQx[0J] , j
v(x, t) = 0 on ôQx[0, r], Ü(X, r) = 0 in Q, J

R.A.I.R.O. Analyse numérique/Numerical Analysis
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which arises from the usual parabolic équation in xe[0, T] by the
transformation t(x)= T—x so that the a priori estimâtes stated in the appendix
can be used. With the aid of (3.13), we have:

f \e\\f-H-2)dt = - [
Jo

Ç
(et,v-vh)dt+\ ah(e,v~vh)dt

J

(a-ah)(efv)dt + (e, v)(0)

ÇT ÇT
(et,v-vh)dt+\

Jo Jo

+
J

£ f \\et\\{-n)\\v-vh\\(n)dt + c\ |
J o J o

+ T f \Ve\2\Vv\dt + \\e\\L40)
Jo Jn

From the approximation property in weighted norms (3.1) and from theorem A2
in the appendix, we obtain:

szh2 rii^if^A+ce-1*^-2!!!!*!
Jo J

and similarly

Theorems A2 (i) and (3.12) yield:

and theorems A2 and (3.8) yield:

f \eo-H-2\dxdt£cE-lh2m-2 + E\ |
oJn J o

vol. 12, n° 3, 1978
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Choosing p = ch | In h |1/2, c sufûciently large, and combining the above estimâtes
with lemmas (3.1) (i) and (3.2) (i) we obtain lemma 3.3.

LEMMA 3.4:

f o

Proof: Again we use the problem:

— vt-Av = a~n~2et in Qx[0, T],

v(x, 0 = 0 on 5Qx[0, T], v(x, T) = 0 in Q,

as a device to obtain:

| | e , | | 2 _ w „ 2 ) d t - - (et,it)dt+\ a{et,v)dt
Jo Jo Jo

(ett)v-vh)dt+\ ah(et,u-ih)
Jo Jo

r r
J o j n
CT f r c
J oJQ J OJQ

(a-a*)(ü( ct)it + (w. ef)(0)
o j a

We only estimate C, E, F and G.

From (3.6) we conclude:

^ f f (\Ve\ + \Vet\)\Ve\\V(v-vh)\dxdt
J o J n

=chiiv^iu r(iiv,ii(.n)+iiv^ii(_n)) i ii
J 0 fc = 0

and from theorem A2 and the mequality:

R A I R O Analyse numénque/Numencal Analysis
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f \\e\\f^2)dt.
Jo

Choosing p = ch| \nh |1/2, c sufficiently large, and applying (3.12) we see that C
can be estimated appropriately.

For the next term we obtain similarly:
ÇT Ç

£\ (
Jojo

\Vet\)\Ve\\Vv\dxdt

+ ch2p~2|ln/i

We now estimate F. Partial intégration leads us to:

F\Sc f [ leW^
J oJn

and by theorem Al:

f| | V2v\\in)
J o

dt

The second term can be cancelled by altering the constant c in p = ch | In h \1/2.
Let \e{%2, £2)| = ||e||oo* Then we get by the inequality:

feH1 ([0, T]), and by the définition of a:

J o
e{x2itfdt

Choosing 8 = , we arrive at:

vol 12, n° 3, 1978
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and therefore:

and by lemma 3.3:

|F | ^ch- 4 | l n / ï | c ( "> | | e | | ^ +ch 2 m - 4 | ln / I |
c ( n ) | | e | | o o+ch 2 m - 2 | ln / ï | "+ 5 .

Finally we have:
ÇT Ç

\G\Sc \Ve\\Vet\\Vv\dxdt.
J o j n

Note that | G | is similar to | E |.

Utilizing the above estimâtes and lemmas 3.1-3.3 we have:

- 2 I i „ L l n + 5

Now the technique from (3.12) and the inequality:

ab^-za2 + -e~'l b2,

will complete the proof.

LEMMA 1:

h A \ \ n h \ c i n ) f \ e t t ( x , t ) \ 2 d t + c h 2 \ \ n h \ c { n ) \ \ V e t ( x , t ) \ 2 d t + \ \ e \ \ l
Jo Jo

^ | l n f c | c ( n > j / T 5 | | 4 4 + I I V 2 I I 2 , r | V g t ( x l f t)\2dt j + c 1 f c 2 M |

where xx =xx (h) is afixed point in Q,

Proof: From the définition of weighted norms we conclude:

. f \ e n { x . t ) \ 2 d t + [ T \ V e t { x , t ) \ 2 d t
Jo J o

R.A.I.R.O. Analyse numérique/Numerical Analysis
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Now lemmas 3.1 (ii), 3.2 (ii) and 3.4 yield the statement for the first two terms.

From the inequality:

we conclude for | e(xö, t0)| = j | e ||^i

lU l l i^e f et(x0,t)
2dt + ce~l \ e(x0, tf dt + ch2m

Jo Jo

and from z = \\nh\{'n}2)~2 and the définition of a, it foliows that

Now by the lemmas 3.1-3.4:

+ch2wi-2 | ln/ï |c (w)jje| |oo+ch2m | ln/i

Finally, we obtain from the theorem of Fubini:

[T\Vet(xlt t)\dt.
Jo

APPENDIX

THEOREM Al : For the solution u ofproblem (P) and the corresponding Galerkin-
approximation U of(Ph), we have the asymptotic erron estimate:

Proof: In view of:

a(u-U, Ö*)(0) = 0 , vkeSh,

we have with e==w — U for t = 0 :

(et, vh) + (a-ah) (e, ^ ) = 0,

vol. 12, n° 3, 1978
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Using the weight function a and q = n + b, 5e(0, 1), we obtain:

{et, o~qet) = (et, o-qet-yh) + {a-ah)(e, a^e-cp*)

— (a-ah){e, o~qe), t = 0.

Choosing q>h = approximation of o~qe we can estimate:

Now we choose p = ch with c large and get:

(Al) ||e,||(
2_4)^ch2"-8.

If
h(xo.0)H|«,(.,0)||0

and

a ( . ) = ( | . - X o | 2 + P2)1/

we obtain from (Al):

THEOREMA2: Let —Av:=—(aij(x) 0ü;)t be a sufficiently regular elliptic
differential operator and let v (x, t) be the solution of the problem:

( A 2 ) [ vt-Av = f(x,t) inQx(0,r],
1 v(x, 0 = 0 on 5Qx[0, T], v{x, 0) = 0 in Q,

where feL2 (Q x [0, 7]). Then:

i i i i
O i - 0

Proof: Let us start with the case n ^ 3 . We have:

(an/2 v)t - A (a"/2 v) = a"/2 vt - a"/2 Av-vA art/2 - 2 ay (&«% vt.

Because (CT"/2 I?) (X, 0) = 0 and the boundary condition is fulfilled the standard
a priori estimate yields:

o

R.A.I.R.O. Analyse numérique/Numerical Analysis



Lx-CONVERGENCE OF FINITE ELEMENT APPROXIMATION 2 6 3

and therefore:

(A3) V H I « r
Jo Jo

Further we conclude by partial intégration:

- 2 , ^ [ { | V 2 » | | i > | a - 2 + |V v\\v\\V(c"-2)\}dx

and by the inequality:

(A4) HVüll^-^^ellV^ll !
For abbreviation, let QT: =0, x [0, T]. Denoting by F the Green's function of
{djàt) —A over QT we obtain:

T

^--AJvTdy* dxdt

and by Hölder's inequality and an interchange of the order of intégration:

n„v„_ a" + 2 / 4 [ <T-4|r|(f u-"-2\r\dx'dAdydx]dxdt.
o JnT . UQr VJnr / J

It is well known that the Green's function F can be estimated by the Green's
function of d/dt - cA,c>0 , over R" x [0, T] {see [9]). Then the solution w of the
initial value problem:

w(x, 0) = 0,

yields an estimate of o~** (x) IFI dx dt. Denoting by wx the solution of the

corresponding elliptic problem:

it is clear that:
w ( x , t ) ^

From:

vol. 12, n° 3, 1978



264 M. DOBROWOLSKI

and
-A( lna- 2 ) = (2(n-2) |y-x 0 |

we easily obtain:

and

and therefore:
f <
J nr

Jo

Together with (A3), (A4) this complètes the proof for n^3 . Denoting by
yk = x

k — x0 ,7=1, 2, the components of the vector x - x 0 , x e Q, we get for n = 2:

and by the standard a priori estimate, we have:

l IU [ l lH \\\\\^dt.
o Jo JJ o

Now we observe that ykv, k—l, 2, is the solution of the problem:

ykvt — A(ykv)~ykvt~ykAv— vAyk — 2aijykvif k = 1, 2

and again from the standard a priori estimate we conclude:

\\V2(ykv)\\2dt S\ | | / / | | 2 d t + c ||i?||ïi2dt( fc=l, 2.

o J o J o

Hence:

J° = Jo

{\\f\\ïv \Hl2} ft-1.2
o

and thus by Poincaré's inequality and a~x ^ p~ l :

(A5) ri|Va«||(
Jo o

R.A.I.R.O. Analyse numérique/Numerical Analysis
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By partial intégration, it foliows that:
mT CT fT

(vt — A v)vdx dt
o J n

Denoting by F the Green's function of (d/dt) — A over Q x [0, T] we obtain:

^ cj4/j f CT"4|r| f u-4\r\dx'dt')dydx\dxdt.

Analogously to the case n ^ 3 , it follows that:

and thus:

Now the theorem is proved by (A5) and

THEOREM A3: Ifv is the solution of problem (Al), then:

riiv,ii2^cP-2(i+iinP|) r
Jo Jo

(i) \ \ \ \ \
J o

(ii) \\v\\v(t)Sc[T\\f\\Lldt.
Jo

Proof: (i) Denoting by F the Green's function of problem (Al) we have:

\Vv\dxdt^\ f ( f \VxT(x-y, t-x)f(yfz)\dydzdxdt
J O J Q Jojnjoja

; theorem of Fubini:

^ f \ I / ^ T)| j r f |V,r(jc-j/. t-x)|ixdf \dydx.
J oJQ U OJO J

and by the theorem of Fubini:

It is well known that:

and the right hand side is integrable over R" x [0, T] {see [9]).
(ii) The proof is similar to (i).
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