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L®-CONVERGENCE
OF FINITE ELEMENT APPROXIMATION
TO QUASILINEAR
INITIAL BOUNDARY VALUE PROBLEMS (*)

by Manfred DoBroOwOLSK1 (1)

Communiqué par P-A RAVIART

Abstract — Almost optimal L®-convergence of finite element approximation to nonlinear parabolic
differential equations 1s proved by a weighted norm techmque known from the elliptic case

1. INTRODUCTION AND STATEMENT OF THE THEOREM

In this paper, we study the finite element approximation of nonlinear
parabolic problems. Our aim is to obtain optimal uniform convergence for the
discrete solution. As a model problem we consider the parabolic initial boundary
value problem:

®) ut—é‘,l 0,F,(Vu=f(x, t) in Qx[0, T1],

u(x, 0)=y(x) in Q, u(x, t)=0 on 0Qx[0, T].

In the above, Q is a bounded domain in Euclidian R” with sufficiently smooth
boundary 0Q.

Error estimates for quasilinear parabolic equations have been proved in
various papers. J. Douglas Jr. and T. Dupont [6] have established optimal H*-
error estimates and V. Thomee and L. Wahlbin [15] have shown that the
nonlinearity must not fulfil a global Lipschitz condition. Optimal L?-error
estimates, i. e. || e|| .2=0 (h™), have been obtained by Wheeler [16]. However
the nonlinearity treated by Wheeler involves only u and not Vu. Optimal
pointwise estimates have been established by Bramble, Schatz, Thomée and
Wabhlbin [2]in the linear case (4, = 4 u) and by Dobrowolski [5]in the quasilinear
case treated by Wheeler for n=2, mn the general linear case for n=2.

(*) Regu septembre 1977
(1) Institut fur Angewandte Mathematik und Informatik, Universitat Bonn, Bonn, République
Fédérale d’Allemagne
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248 M. DOBROWOLSKI

H”?(Q), jeN, 1<p<o0, denotes the completion of C* () with respect to the

norm:
J . 1/p
olhip=3 (] |9rulra)
i=0 Q

If this norm is taken in a domain 7 <= R" we shall write || . ||;, ,,r- In the case
j=0 and p=2 we will write| .|l;. Furthermore we use H(Q), the
closure of C§(Q) in H'(Q), and H”*(Q), the space of functions with
bounded generalized derivatives. Let X be a normed linear space consisting
of a set of functions defined on Q. If w is a function defined on [0, 7] xQ we
say we L?(X), 1 =p< oo, if the norm:

T 1/,
LF(X)=(j0]F(t)|pdt> )

F(t)=|w(t)]|x
with the usual modification for p=c0.

For abbreviation, we write || . ||  instead of || . || .« ¢= and use a summation
convention.

[l

is finite where:

With the above notation we state our assumptions concerning problem (P):
(A1) F,eC}RY, i=1,...,n,feC*(Qx[0, T], e H™ *(Q).
(A2) Ellipticity (not necessarily uniform): for p, £€R", £#0, and | p| <K there

is a constant C (K) with F; ,(p) £:€, 2 C(K) | & |? where (F;,) denotes the matrix of
the first derivatives of F;.

™M=

(A3) F;(0)=0.

i=1

(A4) There is a unique solution u of the problem (P) and u(.,t),
u (., t)eH™ =2 (Q), te[0, T}, u, € L?(H™ ©(Q)).

(AS) Ifthedata of problem (P)are replaced by rf (x, t)and r {(x), r€[0, 1], the
solution u" sufficies assumption (A4) and is bounded in the norms of (A4)
uniformly in r. In particular, we have ||Vu'||,, ||V4||»<7y. Moreover u’
continuously depends on r.

Remark: The m in the assumptions refers to the order of the spline space,
which will be described below. (A3) is superfluous, but it allows us to give a more
elegant presentation of the proof.

We shall assume that the spline space S,, 0<h=<hy, of order m satisfies the
following conditions:

(S1) 8§, is a finite dimensional subspace of Hy (Q).

R.A.LR.O. Analyse numérique/Numerical Analysis



L®-CONVERGENCE OF FINITE ELEMENT APPROXIMATION 249

(S2) There is a partition 1, of Q into piecewise smooth subdomains such that
the usual regularity condition is fulfilled: each T € 7, is contained in a ball of
radius h and contains a ball of radius mh where the constant m>0 does not
depend on h.

For all subdomains Tet, and for all z,€S, we have z,e€ H™(T).
(S3) The following approximation and inverse properties hold:
(i) to each ze H™P? N H§, there is a function z, € S, such that on each Ter,:

lz=zulls.p. r=cb™ || 2||ppr OSjsm, 1=p=co,
where T’ :=T U { neighbours of T'};
(i) for z,€ S, and Te1, we have:
| zalliprSch7 || zal|,,»  O<k<m, 1Sp=oo,

lzully. = ch™ || 20flj2r, Osj<m.

With these definitions the Galerkin approximation U of problem (P) is
defined by:

P (U, o)+ Y (Fi(VU), v)=(f,vw). v, U(., t)€S,, tel0, T},
i=1
Fi; (VY (¥ —U(0));, vy)=0, VRES.
THEOREM: Let m=3. Under the conditions (A1)-(AS5) and (S1)-(S3) there is a hy

such that for all 0<h < hy, the system (P*) has a unique solution U in Q x[0, T].
Furthermore, the following inequality holds:

|u—U||»<ch™|Inh|®2+2,
ReMARK: Under similar assumptions the theorem is valid for the more general

quasilinear initial boundary value problem:

u,——.z 0;Fi(x, t,u, Vu)+ F(x, t, u, Vu)=f(x, t).

i=1

But all essential difficulties arising from the nonlinearity will be preserved in
problem (P). In the case:

u,—é:l 0;(F;(x, t, w) u)+ F(x, t, y=f(x, t),

the method of our proof works for m=2 as well. For the general quasilinear
equation, however, a much more complicated technique is used (see Frehse and
Rannacher [8] for the elliptic case).

vol. 12, n® 3, 1978



250 M. DOBROWOLSKI
2. PROOF OF THE THEOREM

The proof of the theorem is obtained by the method of Dobrowolski [5]
combined with a deformation technique first described by Frehse [7]. The
method consists in the following.

For each re|0, 1], consider the deformed problem:

" u§—i§n:1 0;F,(Vu)=rf in Qx[0, T],

u(x, 0)=r{y in Q, u'=0 on 0Qx[0, T]

and the corresponding Galerkin-approximation:

(U7, o)+ Y, (F(VU) v)=(fo v, ow UT(, D)ES),

F (VW) ry=UQ);, vs)=0,  v,€Sy.

Because of the local Lipschitz continuity of F (.), it is clear that there is a unique
solution U” in [0, T}]. We intend to show that the solution exists in the whole
interval [0, T']. In the case treated here this follows from the theory of ordinary
differential equations anyhow, since the Dirichlet-form is positive definite. In the
general case, i. e. F;=F;(x, u, Vu), however this argument does not apply, but
the existence of a global solution of the discrete problem follows as a by product
of the deformation technique. Thus, illustrating how the proof proceeds in the
general case, we have chosen this more complicated method to prove global
solvability of the discrete problems. For each h, we define the set Z, < [0, 1] by:

Ey= { ref0, 1]: (P;) has a solution U” defined on [0, T]
and there holds ||« — U"||., <2¢, h"|Inh |/ *2
and | VU], |V U;

, <27},

where c, is the constant appearing in lemma 1 and v refers to (AS). Here and in
the following every constant ¢ or ¢; does not depend on h. We show that for
h=<hg (cy) the set E, is not empty, closed and open with respect to [0, 1] and
therefore must coincide with [0, 1], which proves the theorem since u=u' and
U=U"'.

(i) E, is not empty. For r=0 we have v'=0 and U"=0 because of (A3);

(ii) E, is open in [0, 1]. Let reE,. From (AS) and the theory of ordinary
differential equations using a truncation argument we obtain the strict
inequalities:

R.A.LR.O. Analyse numérique/Numerical Analysis



L*-CONVERGENCE OF FINITE ELEMENT APPROXIMATION 251

|up—U?|,, <2¢q h™|Inh|®D*2;
VU [[VU]lo<2v

if p is in a neighbourhood of r;
(i) Z, is closed. Let r(j)eE, and r(j) — ro. Inmediately we obtain:

||uro—Uo||, £2¢q k™| Inh|®2*2
and
[VUs|o,  [[VUP

w27,
Now we have to prove the strict inequalities for rq. This is done by the following:

LemMaA 1: Suppose that ||V U"|| . |V U ||.o £27v. Then, under the hypotheses
of the theorem, there holds (e=u— U):

T
h“|1nh|‘(")j en (v, )| dt
0
T
+h2|1nh|6(">J |Vel(x, t)|2de+| €%
0

T
§c|1nh|“"’{h‘5||e’||§o+||Ve’||ﬁ,j Ve, t)|2dt}
(4]
+c k| Inh |4,

where x€Q is arbitrary and x, =x(h, r) is a fixed point in Q.
This lemma will be proved in the third section. From (S3) and

| = U] <2¢, k™| Inh|/>+2

we obtain for u,eS,:

[Vello<l|Ver —ullo+]| VU —u) ||
Sch™ ' +ch | U —uh |
Sch™ ' +ch W —uh || +ch ™| €|
<ch™ ' 4ccy Bt Inh|®2*2

and therefore:
T T
nVe'Hﬁoj | Ve (xy, £)|2dt Scct hz"*—2|1nh|"+4L|Ve;(x1 L 1)|?dt.
[

vol. 12, n°® 3, 1978



252 M. DOBROWOLSKI
Applying this to the inequality in lemma 1 and choosing h<hy(c;) we obtain:

T
h“]lnh|‘(”)f €l (x, t)|?dt
0

+h2|lnh[“")J:|Ve{(x, OF di+]e |2
<ch™?|Inh|*®|&||% +cy b Inh|**4. (2.1)
In view of || €'|| . S2¢; h™|Ink|“/?*2 and m23 this yields for h<ho(c,):
l€)|w<2cy k™| Inh|@2+2

and by the inverse relation:

Ivu.s|ve

wt||VU || 0<2y,  h=holcy).
It remains to prove ||V Uf||,, <2y. For this purpose let:
|Vé (%o, to)|=||Vél|w-

From the inequality:

|f @) Zell flleg. ry+ee™ | f 2. »

fe€H' ([0, T)), which can be proved by integrating the relation (d/dt) f>=2 ff,,
we obtain for anye>0:

T T
||Ve{||i,§ef | Vel (xo, t)|*dt +ce‘1j |V e (xo, £)]?dt. (2.2)
V] 4]
Now (S3) yields:
T T
J |V ep(xo, t)|2dt§.ch_zf | el (x2, 1)|?dt+ch®™2,
0 0

where X, is a fixed point in Q.
Choosing e =h? in (2.2) we have:

T T
||Ve{||§°§j e (xz )2t +ch—2L|ve;(x0, O)|2dt+ch>n-2,
0

and with (2.1):
IV él|%<eich® 4| Inh|* ™.
Therefore we have for h<h (c,):

19Ul SV el Vit <2,

R.A.LR.O. Analyse numérique/Numerical Analysis



L®-CONVERGENCE OF FINITE ELEMENT APPROXIMATION 253
3. PROOF OF LEMMA 1

In this section we assume ||VU||w.,||VU/|0=2y and suppress the
parameter r. We begin by introducing some additional notation and technical
tools. We use the weight functions:

o(.)=(].—x|*+p»)"?,  p=ch

and the corresponding weighted norms:

|- llo=(3 ||o® - ||D">  seR.
Tet*
Obviously:
o 'sp7'shTl,  |Vo|=1, osc

and for p=ch, ¢ sufficiently large, it follows from (S1)-(S3) that:

inf | Vi(o—1,) |9 Sch™ ' Y || Vo ~ OSism—1, (3.1)
nes, =1
IVollosch ol Osism—1 62
(see Nitsche [13]).
We use the notation || . ||, i€N, to indicate that the norm is taken with a
weight:
’ 0i(): = (| . =x |2+ pH (] . = x>+,
with:

() =(] . —x|*+p2+(] . —x,|*+pY?,  seR
where x; is a fixed point in Q.
For abbreviation, we define the functions:
1
a?j(-, .)=J\ F‘J(V U+(1_S)V(u_U))ds, i7j=11 RN (S
0
a;(., .)=F;(VueC(Qx[0, T)), iL,j=1,...,n
and corresponding bilinear forms:
a' (v, wy=(aljv;, w),  a(v, wy=(a;v;, w)
and the differential operator:
(Av, w)=a(v, w).

With these definitions we have:
(et: U/))+ah(er v/l)=0' U;,ES;,, (3-3)

vol. 12, n° 3, 1978



254 M. DOBROWOLSKI

(e,,, v,,)-i-a"(e,, U;J"'J a?j‘ejvhi dx=0, UhGSh, (3.4)
Q

|ai;—dl|<c|Ve|, (3.5)

|ai—aly|Sc{|Ve|+|Vel}, (3.6)

Ia?jll ) Iaijt|§0~ (3.7

To fix the initial value U (., 0), we have defined in the first section:
ale, v,)(0)=0, v,€eS, .,

which implies that U(x, 0) is an “elliptic” projection of u(x, 0). From
Nitsche [13] we obtain the asymptotic error estimate:

llu(.,00=U(., 0)||-<ch™,  m=3. (3.8)

By the above choice of the initial value U (., 0) we can show in the appendix,
theorem Al:

[|u(.., 00=U(., 0)f,-<ch™, m=3. (3.9
Now lemma 1 will be proved by a series of further lemmas.

LeMmMmaA 3.1:

T T T
(i)f 1V el[z de §ce"j ||e||f.n_2)dt+ehzj ]| dt+ch?™2| |
0 [} 0

T
i [ Ivelgd
° T R T
<ce! J el ne i+ 12 J leall2on de
0 V]
r 1
+(J |}V01|f_,,,dt+cj ][22, dt+ch?™ 2| Ink] .
0 0
Proof: (i) From (3.3) aud the ellipticity of the form a"(., .), it follows that:
1 d
2 -‘E”e“(z_,,)-i-c”Ve”(Z_”)
<(e, o "e)+d"(e, c""e)+cj |Ve||le|o™ tax
Q
=(¢, 0 "e—q@,)+a" (e, 0""e—q>,,)+cj [Ve”elcr"'“ldx
Q

= " e,”(_,,,” c e, _(Ph||(n)+c” Ve”(_,,)” V(e "e—g,) “(n)
+c||Vell—mllell=n-2- (3.10)

R.A.LR.O. Analyse numérique/Numerical Analysis



L®-CONVERGENCE OF FINITE ELEMENT APPROXIMATION 255

Now let @, be the approximation of ™ "e in the sense of (S3).
Then we have:

m
o~ e=eullbsen 3 [V/io~ ).

From (3.1) and (3.2) we obtain for the term of order m:
[vm ™" e)lt=e ¥ [[Ves™ |z,
ji=0

-1
§cmz h™%|lec " ™*||2)+c|Inh|.
j=0

Estimating || V(6" e—@,) || analogously, we obtain:

h—lll c "e—q, “(n)+ “V(U”"C’—(Ph)u(n)
<clefl-nz+ch™ | k|12 (3.11)

By replacing (3.11) in (3.10), integrating from O to 7, with accounting for
|le]|(-m©) < ch™|Inh|*2, we obtain (i).
(if) With the aid of (3.4) we get:

1d

5 e ledmtel Vein

S(ew, o7"e)+d" (e, G‘"e,)+0f le|| Ve o™ " dx
Q
=(ex, 0 "e,—@n)+a"(e,, 0_"6:_@h)+J aly(c ™" e,— @) je;dx
Q
—Laﬁ‘ﬁ(o"‘e,)je,-dx+cjﬂ]Ve,| |ejo " 1dx.
We omit the rest of the proof, because from now on we can estimate
similarly to (i).
LemMA 3.2:
T T
@ J ||e,||(2_")dt§ch—2j | Vellz-ndt+ch® *|Inh|;
0 0
.. T T
) L I enllf—mdtgch-ZL{IIVe,H(’-n) +[|Vel|2n } e +ch2m*|1nh|.

vol. 12, n° 3, 1978



256 M. DOBROWOLSKI
Proof: (i) From (3.3) we obtain:

ledlz-n =(e:, o7"e) =(er, 57" e— @) +a" (e, 67" e~ @) —d"(e, 5 "e)

= ” e,||(_,,,|| G"'e,—(Ph||(,,)+CH Vel](_,,)“V(c"‘e,—(p,,)“(,,,
+|Vell-nllVell-n-

By a technique used in the proof of lemma 3.1 (i) we can show:
h_lnﬁ_"et—(Ph“(n)"'“V(O'_"er—‘(Ph)H(n) gc“e,”(_,,_2)+ch""1|1nh|1/2,

Then we have with the inequality:

1 1
ab§§aa2+§a'1b2 and p=ch, ¢ large:

llecllE-n=ch™2[|Vel[t-n+eh*|[Vel|tn.
By the technical tool:

Vol -m=ch™|v||—m+ch™ !Ink|¥2,  veH™(T), Tet, (3.12)

which we have already used in the first section and by integrating from Oto T, we
have shown the lemma.

(i1) Here we use (3.4):
“ €y ”(zwn) =(ey, 0 "ey—Qp)+ d"(e;, 7" ey — ;)
—a (e, 67 "ey)+ j a}i'jt ej(c—" €y — Pp)i dX
Q
- J aliej(c™"ey); dx.
Q
Again we can omit the easy estimates.
LemMma 3.3:
T
J lel|n_zde <ch=*| e]|3 +ch2m=#[| ]| +ch®2| ] .
o]
Proof: We define the problem:

(3.13)

—uv,—Av=0c"""%¢ in Qx[0, T,
v(x, t)=0 on 0Qx[0, T], v(x, T)=0 in Q,

R.A.LR.O. Analyse numérique/Numerical Analysis



L®-CONVERGENCE OF FINITE ELEMENT APPROXIMATION 257

which arises from the usual parabolic equation in t€[0, T] by the
transformation t(t)= T —1 so that the a priori estimates stated in the appendix
can be used. With the aid of (3.13), we have:

T T T
[ohelieande == [ e vpars [ ate. e
0 0

T T
= J (e,,v—r;,)dt-i—J a'(e, v—v,)dt
0

0

T
+J (a—a") (e, v)dt+(e, v)(0)
; ,
s L ]|e,||(_,,)\|v—v,,”(,.)dt+cL||Ve||(_,,)||V(v—v,,)||(,.,

T
+J j |Vel?|Vo|dt+|e| = @] o]0
0 Q

=A+B+C+D.

From the approximation property in weighted norms (3.1) and from theorem A2
in the appendix, we obtain:

T 2
a5t [ & el Vol

T T
§sh2j []e,[]f_,,)dt+ca“h2p‘zllnhlJ lellZndt
V] (0]
and similarly

FT 2
Béchjo ZIVell-nllViollmat

T T
gsj ||ve||z_")dt+cg—1hzp-zllnh|{o||e||5_"_z,dt.
[¢]

Theorems A2 (i) and (3.12) yield:
T
Cs Vel | [Vollodes]vel.che].
0

Sch™*efl%+ch™ el

and theorems A2 and (3.8) yield:

T

T
D§ch’"j J |ec”"‘2|dxdt§ca_1h2""2+sj el|nsd.
Q 0

0

vol. 12, n° 3, 1978



258 M. DOBROWOLSKI

Choosing p=ch|Inh|"2, ¢ sufficiently large, and combining the above estimates
with lemmas (3.1) (i) and (3.2) (i) we obtain lemma 3.3.

LEMMA 3.4:
| e I M B
+ch‘2||Ve”fcJ:HVe,||(2_,,)odt+ch2”"2]1nh|"+5.
Proof: Again we use the problem:

—u—Av=0c"""%2¢, 1 Qx[0, T],

v(x, t)=0 on dQx[0, T, v(x, T)=0 m Q,

as a device to obtain:

0

T rT T
j le|Z-n-2dt =—1| (e. 1,)dt+J ale,, v)dt
0 0

LY

rT T
= (ezs,v—vh)dt-%J a' (e, v—1y)
0 0

Y,

r~rT
+ j\ (a{ljt - aui) e] (U - vh): dxdt
JoJa

rT T
+ J a,,,e,(v—vh)ldxdtﬁ—J j‘ (ah,—a,)e v, dxdt
JolJe oo

rT T
- J al,,ejv,dxdt-kj (a—a" (v, e)dt+(v, €)(0)
o 0

Jo
=A+B+C+D+E+F+G+H.

We only estimate C, E, F and G.

From (3.6) we conclude:

|c|§f j (|Ve|+|Ve|)|Ve| Vv—v)|dxdt
oJa
T 2
<ch||Ve||. j velentlvelen X[Vl

and from theorem A2 and the inequality:
1 1

< ~— 24 ZgT1p2

ab< zsa + 28 b?,

RAIRO Analyse numénique/Numerical Analysis



L®-CONVERGENCE OF FINITE ELEMENT APPROXIMATION 259

T T
C§c|1nh|||Ve||f;°+c||Ve||§oj ||Ve,||(2_,,)dt+ch2p‘2|lnh]j el|ns dt.
0o o

Choosing p=ch|Inh|"/?, ¢ sufficiently large, and applying (3.12) we see that C
can be estimated appropriately.
For the next term we obtain similarly:

|E]§JTJ (|Ve|+|Vel|)| Vel Vv|dxde

0

T
<en | Vel | (IVelltotl Vel at

T
+ch? p“2|lnh|j le|-n-2)dt.
0
We now estimate F. Partial integration leads us to:

T T
Flse | | fellvolaxarsclinnl el | 90 ]wde
o0JQ 0

and by theorem Al:

T

|F[§ch‘2[1nh|“e||§°+ch2p‘2|lnhlj lel|Znezdt.

0
The second term can be cancelled by altering the constant ¢ in p=ch | Inh | 1z,
Let |e(x;, ;)| =||e||.. Then we get by the inequality:

f@&)|<ce™ [ fleom+ell f

‘ L2 (0. T]»

feH! ([0, T), and by the definition of c:
T T
2 2 -1 2
o = t ’ »
[l e]] <sf e(xz, ) dt+ce fe(xz t)? dt
Y 0

T
S
(4]
T
+ca‘1h‘"p"+2f lle|lZ-n=2) 0 dt +ch?™,
0
Choosing e=¢, h|Inh|®?*2, we arrive at:
T
lellz Seohinh|~ [ fei-ams s
0
T
+ce51h2|1nh|"+3j lle||Z-n-2y0 dt+ch?™
0
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260 M. DOBROWOLSKI
and therefore:
T
|F]§c|1nh|"+4j |- 0 di+ch2|In|
0

and by lemma 3.3:
|F|<ch™*|Inh|*®]e|]%, +ch?™*|lnk|®| e||,, +ch?™~2|In ] |"*5.

Finally we have:

|G|gcJ:L|Venw,||w|dxdt.

Note that | G| is similar to |E|.
Utilizing the above estimates and lemmas 3.1-3.3 we have:

[ Nedz-rende schslinnfo e +ehn<{m[e]..
) +ch—2|1nh;c<n>\|w”;+ch—2||ve||g°r||ve,||g_",odt
+ch?™2|Inh|"*5. 0
Now the technique from (3.12) and the inequality:
abglaaz—l—%e"‘ b?,

2

will complete the proof.

LEMMA 1:

T T
h4|1nh|f<">J e (x, t)|? dt +ch2|1nhl“(")J |Ve(x, t)|*dt+]|e]|%
0 0

T
§c|lnh]‘(”){h_5|le||§0+||VeH§°J |Ve,(x1,t)|2dt}+c1h2"'|lnh|"+4,
0

where x, =x, (h) is a fixed point in Q.

Proof: From the definition of weighted norms we conclude:
T T
‘ J | ex (x, t)|2dt+f |Ve(x, t)|?at
0 0
T
Seltnhl<® [ (e on ]|V eion) de -+ 2{inh|
V]
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Now lemmas 3.1 (ii), 3.2 (ii) and 3.4 yield the statement for the first two terms.

From the inequality:
If(t)|§5“fz”Li([o,nﬂ'cs_1“f”L‘([0. o feH' (0. T,

we conclude for |e (%o, to)|=||e||w:

T T
”e“go égj e, (%o, t)zdt-l-cs—lf e(xq, t)zdt-{-chz”‘
0 0

and from e=|Inh|""?~2 and the definition of o, it follows that
T T
||e||§,§chzllnh’"1j || e||E=n-2)0dt +ch2'lnh["+3j lel|Zs-2) o dt+ch?™.
0 0

Now by the lemmas 3.1-3.4:

lell% = ch™*[1n | e[| +ch|In k|| e]]2

T
relinkl el | |Vl nod

0
+ch™2{Inh|"*3| |3
+ch?™ 2 |Inh|*®|le|| o +ch®™|Inh|"*2.

Finally, we obtain from the theorem of Fubini:

T T
f||Ve,H(2_,,)0dt§c|lnhlj Veulxs, 0)]d.
0 1]

APPENDIX

THEOREM Al: For the solution u of problem (P) and the corresponding Galerkin-
approximation U of (P,), we have the asymptotic error. estimate:

”u,(.,O)—U,(.,O)Hngch'", m=3.
Proof: In view of:
a(u—U, v,)(0)=0, v, €Sy,
we have with e=u—U for t=0:

(e, vy)+{a—a" (e, v,)=0, v, €Sh.
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Using the weight function ¢ and g=n+39, 6€(0, 1), we obtain:
(e, o7 %¢)=(e,, o Te,—@p)+(a—a")(e, o e—@p)

—(a—ay)(e, o7 %), t=0.
Choosing ¢, =approximation of c"%e we can estimate:
ledoschlledi-o %, [V e)
+e|[Vello||Vell-ollVie™ )|l =0
Now we choose p=ch with ¢ large and get:
(A1) lle[?-o <ch?m=".

If

le.(x0. 0)|=|le:(.. 0)]| o
and

o ()=(] . —xo|>+pY'",
we obtain from (A1):
|le(.. 0| - <ch™.

THEOREM A2: Let —Av:= —(a;(x, t)vy); be a sufficiently regular elliptic
differential operator and let v (x, t) be the solution of the problem:

(A2) { v,—Av=f(x,t) in Qx(0, T],
v(x, )=0 on dQx[0, T], w(x,0=0 in Q,

where f e L*(Q x[0, T]). Then:
T 2

T
YL T W e

Proof: Let us start with the case n=3. We have:
(6" v),— A(c"?v) =c"?v,—c"? Av—v Ac"*—2a;;(c"?);v;.

Because (62 v) (x, 0)=0 and the boundary condition is fulfilled the standard
a priori estimate yields:

T T
[ v alacse [ (lo=avlo 1Vl atloli-oa
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and therefore:

T T
@y [ NVl se | 1190l o) .

Further we conclude by partial integration:
||Vv||(2,,_2)§j (I920l[o| o 24|V o] o]| V(02| } dx
Q

§"”U”<n~4) { ”V20||<n>+” Vv||(,.-z)}
and by the inequality:
ab§%8a2+%a’1 b?,
(Ad) HV”"(n—néS”Vz v|hn»+cs"1||vll(n-4>-

For abbreviation, let Q;: =Q x [0, T']. Denoting by I the Green’s function of

(d/dt)— A over Q; we obtain:
j (i—A>vI“dydt
o\ dt

T
[ Iolfea= | o
0 or

and by Hélder’s inequality and an interchange of the order of integration:

T
juvng,_4,§f c"”fZU G"““F](j 0"“2|F|dx’dt’)dydt}dxdt.
(4] Qr Qr Qr

It is well known that the Green’s function I'" can be estimated by the Green’s

function of d/dt —c A, ¢ >0, over R* x[0, T'] (see[9]). Then the solution w of the
initial value problem:

2

dxdt

w,—cAw=0c"*(x),
w(x, 0)=0,
yields an estimate of f 6 "*(x)|I'|dx dt. Denoting by w, the solution of the
Qr
corresponding elliptic problem:
—cAw;=0c"#(x),

it is clear that:
w(x, t)Swq(x).

From:
—Ac?* "=n(n-2)p*c "2
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and
—A(lno™H)=Q2(n—-2)|y—xo|>+2np*c~*,

we easily obtain:

J‘ c™" 2T |dx'dt'Scp o "
QT .

and
J‘ o7 ?|T'|dydi<c|lnp|
Qr .

and therefore:
T T
[ Nelfs areompian [ 11 s .

Together with (A3), (A4) this completes the proof for n=3. Denoting by
y*=x*—xk,j=1, 2, the components of the vector x — x,, x € Q, we get for n=2:

2
V20|12 = 21 |94 V2 0|2+ p?|| V20 |2
j=
and by the standard a priori estimate, we have:

T T T
[oortvolpaese [ ol riaeser [
0

Now we observe that y*v, k=1, 2, is the solution of the problem:
You,—AG )=y v,—y Av—v Ay*—2a;; Y\ v, k=1,2
and again from the standard a priori estimate we conclude:
T T T
Luvz(yku)“wt éfo“y"f||2dt+cjo”v”§,2dt, k=1, 2.

Hence:
T T
[ rvoiac se [ v oape+volrya
(o]
T
se [ (Il b, k-2
and thus by Poincaré’s inequality and c 1 <p~1:
T T
) [ Ivolmarse [ i +volya
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By partial integration, it follows that:

T T T
J ||Vv|[2dt§cj a(v, z‘)dté—cj J‘ (v,—Av)vdxdt
() 0 Q

0
T T
§c9—2|1np|jollft|(24,dt+cp2|1npl—x L || ]2 dt.

Denoting by I' the Green’s function of (d/dt)— A over Q %[0, T'] we obtain:

i
juuu@)d{:f cs“‘lj (i—A)vl“dydrdedt
0 o oy \ dt

§J G‘f{f o""']l“lJv c‘4|1"|dx’dt’)dyd1:}dxdt.
Qr Qr or

Analogously to the case n>3, it follows that:

T T
f ollf-sdesco™* 1+ [np|? f £l

and thus:

[C1volparser aefmpl [ 15 a.

Now the theorem is proved by (A5) and p(h) =ch.
THEOREM A3: If v is the solution of problem (Al), then:

T T
() JOIIV0||Lxdt§cJ £ dts
0

(ii) “UHy(t)éCJOHf”udt-

Proof: (i) Denoting by I" the Green’s function of problem (A1) we have:

T T T
J J ]Vv|dxdt§j J j |V.T(x—y, t—1) f(y,7)|dydrdxdt
Q oJaJjoJa

0
and by the theorem of Fubini:

§[:jn|f(y, r)l{j:'[nwxl"(x—y, t—r)[dxdt}dydt.

It is well known that:

2
el <)

and the right hand side is integrable over R" x{0, T'] (see [9]).
(i) The proof is similar to (i).
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