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GENERALIZED FUNCTIONAL EQUATION
OF TWO VARIABLES IN INFORMATION THEORY *

Buu Dev SHARMA et RAM AUTAR (1)

Abstract. — Dardéczy [1] generalized the functional equation given by Kendall [4] as

f(x)+(l~x)"f( y )=f(y)+(1—y)ﬁf(1-§—y),a>o,a¢l (CRY

1 —x

and introduced the concept of information functions of type-8 which are the solutions of the
Sfunctional equation (0.1) under suitable boundary conditions. Authors [9] have formed the
Sunctional equation of two variables

JERED) +(1—-x1)f( ot —y—) =f(xa;y.)+(l—-x=)f( ot BRPR 4 )

2
1—x," 1 -y, 1 —x” 1 —y,
0.2)

This is a generalization of Kendall’s functional equation in two variables. The solutions of
(0.2) are inaccuracy functions under the conditions

f00; 0) =f(1; D; f(1/2; 1/2) = 1. 0.3)

In this paper we have generalized the functional equation (0.2) by introducing two para-
meters @ and v such that 8, vy > O and 8 %~ 1 when vy = 1 as

S y) + @ —x ) — y)s—if (1 isxl P igyl)

=f(xe; 7)) + (1 — x (A — y—1f (l_ixx’; 2 i‘y,)'
0.4)

This equation is a generalization of Daréczy equation (0.1) in more than one way because
it is a functional equation in two variables and involves two parameters § and . The solutions
of this functional equation under boundary conditions (0.3) are defined as the inaccuracy
Jfunctions of type (8, v). These inaccuracy functions of type (B, Y) give rise to new measure

of inaccuracy HS’JY)( P; Q) of type (8, ¥). Also when v = 1 and 8 — 1 then (0.4) is same as
(0.2). Some properties of H'('Bﬂ)( P; Q) are studied.

* Author is grateful to C.S.I.R. (India) for financial assistance.
(1) Faculty of Mathematics, University of Delhi (India).
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86 B. D. SHARMA ET R. AUTAR

I. INTRODUCTION

Authors [9] have earlier formed a functional equation of two variables
given by

f(xl;y1)+(1—x1)f( Tz _,_Ja )

1—x,’ 1 —y,

=f(x2;yz)+(1-—xz)f( a8 ___%:) ((N))

1— X2 ? 1
where x5, yi, X3, ¥3, € [0,1), ¥y +x, <1 and y; +y, < 1.
Solutions of this functional equation under the boundary conditions
1.1
fO;0=/1;1) ., flzi3]=1 (1.2
are defined as inaccuracy functions.
The functional equation (1.1) generalizes the functional equation

f&) + (1 —xf (l—i;) =f0) +A—»f (ji—y> (1.3)

for all (x, y) such that x, y €[0,1) and x + y < 1, given by Kendali [4] and
we note that f(x; x) = f(x) is the Kendall’s information function.

Darbczy [1] generalized the functional equation (1.3) as

fo) + (1 — % (1—1;)=f(x)+(l~y)"f(lf_y) . B>0(149

and obtained that under the boundary conditions
1
fA) =f0);f (5) =1 1.5)

) =P+ —xP -1 -1t , B#1 (1.6
which according to Dardczy is information function of type-8.

When (3 — 1, under the regularity condition
J(x) > —xlog,x — (1 — x) log,(1 —x) (1.7

which is Shannon’s [7] information function [4].
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INACCURACY FUNCTIONS IN INFORMATION THEORY 87

For a probability distribution P = (py, ..., p,), z p; = 1, the entropy of
i=1
type-P is defined as

Hi(p1s ooer Pn) = 22 sf (‘Si) (1.8)

where s; =p; +p, + ... + pi, i = 2, 3, ..., n and f is an information function
(1.6).
A generalization of (1.4) in two variables studied by Sharma [8] is

X 1—y,

f(x1§yl)+(1——xl)(l_yl)ﬂ-lf(liz ¥ )

- X
=f0x2572) + (1 —x)A — )" (T——lx; ’Ti—ly;) (1.9)
where 0 < Xy, ¥4, X5, ¥, <1, x; +x, < land y, +y, < 1.

This contains only one parameter (> 0). Inthe present paper we introduce
a generalization including two parameters § > Oand y > 0. This generalization
contains all earlier ones as particular cases.

In section 2 of this paper we shall give generalized functional equation
in two variables and define both inaccuracy function and measure of inaccu-
racy of type (B, v).

We shall study some properties of new measure of inaccuracy of type (B, v)
in section 3. In section 4, we shall define the joint and marginal measures of
inaccuracy of type (8, v) and discuss their properties.

2. GENERALIZED FUNCTIONAL EQUATION
IN TWO VARIABLES

In what follows, a generalized functional equation would mean,

l—x; "1 —y,

f(xx§J’1)+(1—x1)Y(1-J’1)B_Yf( Y2, Y2 )

= f6e2372) + (L — %) (1 —3)F (I—j—xz hs yz) @D

where B, v > 0, x1, yy, X5, ¥, €[0,1), ¥, +x, < 1 and y; +y, < 1. Here §
and y are two parameters. It would be noted that if x; = y,, x, = y, and
f(x; x) = f(x) then (2.1) gives rise to (1.4) for all values of .

n° décembre 1972, R-3.



88 B. D. SHARMA ET R. AUTAR

Definitions

1. An Inaccuracy function f(x; y) of two real variables x and y where
x, y €(0,1) of type (B, v) is defined to be a function satisfying the functional
equation (2.1) and the boundary conditions (1.2).

II. Measure of Inaccuracy of type (8, y) of the discrete probability distri-
bution Q =(qy, ..., q,) With respect to probability distribution P = (py, ..., Pp)

where z p; = Z q; = 1, obtained from the inaccuracy function f of type
@G is deﬁned by the quantity

HPO(P;0) = ), s87'f (& ;ﬁ) “»
i=2 Si b

where s;=p; +ps + ... +Py t,=¢1 +4q2 +..+¢q; and i=2, 3,.,n
Elsewhere we have given two characterizations of inaccuracy function
of type (8, v) [10] under the specified conditions.

The forms of the functions obtained are

S50 =K ) =7 + (1 —x)"0—p)° " — 12 — 17!

(2.3)
forall x, y€[0,1], B >0, y > 0 and B # 1 when y = 1.
Also when 8 = vy = 1. we have
fee;y) = K(x;9) = imK® Y(x;y) = —xlog, y — (1 —x) log, (1 — ).
g1

This is Kerridge’s [5] Inaccuracy function.

3. NEW MEASURES OF INACCURACY

Let X be a random variate assuming the values x, ..., X,. If an experimenter
asserts that the probability of the ith event is g; while p; is its true probability,
then by definition II, the Measure of Inaccuracy of type (B, y) is obtained by
the quantity

HEY(P; Q) =(2'F — ( Z plai™ — ) (ERY)

where Zpi=Zqi=l,B,y>0andB¢l.
i=1 i=1

Ify#1,v>0and B—1, then H®Y (P; Q) is in general an infinite
quantity.
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INACCURACY FUNCTIONS IN INFORMATION THEORY 89
Further if y =1 and  —1 then
n
HP; Q) = imH®Y(P; Q) = — ). p;log, g; (3.2)
g1 i=1

which is Measure of Inaccuracy defined by Kerridge.
If p, = g; for each i, then we have

HXP)= Q' P —1) 1(21 P — 1) (3.3)

which is entropy of type-f defined by Dardczy [1]and Havrada and Charuat [3].
This, in the limiting case when  — 1, gives Shannon’s entropy for a complete
probability distribution P = (py, ..., p,)

It would be observed that
H®Y(P;0)=0 (3.4)

if p; = q; = 1 for one value of i = k and consequently p; = ¢g; =0 for i # k
provided 8 > 0 and B ## 1, which implies that in the absence of inaccuracy
there is a correct statement made with complete certainty.

In the following theorem we prove some properties of H®Y)(P ; Q).

Theorem 1. The measure of inaccuracy H*Y(P; Q) has the following
properties :

(i) Symmetric: H®Y(P; Q) is a symmetric function of its arguments
provided the same probabilities p; and ¢; correspond, that is

H® Dy, ooy Due 13 Pas Q1 oos Gum15 @)
= HrEB'Y)(Pn’pI’ cees Pn=159n> 915 +++s G- l)-

) —1.
(iii) Expansible :

Hﬁ'})@p voes Dns 0 3915 ees s 0) = H;B'Y)(Pla vees P 5 gis -5 qn)-

N =

2

[

N =

2

N =

(ii) Normalised : HZ(B.Y)(

(iv) Recursive type (B, v):
HEY Dy, oo s Q1 oo @) — HEP Dy + D2y D3y woes Pas @1 + 25 G35 05 41)

= (P +P2)Y(q1 + qz)B—Yﬂéa'Y)( 21 P2 ; 41 9z )

P1+p2’Pi 4P 00+ 92" 91+ 42

@3.5)
n°' décembre 1972, R-3



90 B. D. SHARMA ET R. AUTAR
(V) Strongly additive type (B, v):
H.f.ﬁ’Y)(Plpl 15 =+s P1P1n> «++s PmPm1> ++»s PmPmn 5

q19115 o+s 919105 +++> GmTm1s ++o» qmqmn)
= HFSP’Y)(PI’ cors D s 91 ovoy qm)

+ Ep}qjﬂ**HJB’*>@,1, cor Din s Gyt s @) (3.6)
i=
for all (py,....Pm) and (g1, ..., @) € An; (Pj15 -+ Pjn) a0d (gjy, .., Gyn) € A,

where Am = { (pla '-',pm) :pj > 07 Z p;= 1 }.
j=1

Proof. The properties (i) to (iii) are obvious and can be verified easily. We,
however prove (iv) and (v) by direct computation.

(IV) H:B,Y)(pla Pz: "-’pn ; qls ‘]z, seey qn)

- rf‘i"{) 1 + D2,DP35 <5 Pns 41 + g2s G35 eees q,,)

=" 1)_1[(211 plgtY — 1) — Py +p2)(g; + )Y

-~ ;pIq?‘* +1
=" —1D"Ypy + p) gy + 92)* )

P v 91 by + P2 v 9 oox __1-
Py +p2 q9: + 92 P1+ D2 g: + g2 |

=(p, +p2)(q, + qz)a—yHég'Y)

P D2 .4 q2 .
Pr+p P +P 9+ 979+ q
(v) We have
H;:B'Y)(Pn vees Pm 3 Q1> «oes Qm) + Zl P}Q_?_YH:B’Y)(PA, weos Din 3 Gits ++os Gjn)
J=

=@ -1 [(Z plgt " — 1) +2, p;fq,‘?‘*(i= Pl — 1)]

= (21—‘3 —n7t [ ) ZI (Piji)Y(Qﬂji)BTY - l}
J=11=
= Hrfn?s"r)(plpl 15 ++s P1P1ns +++s PmPm1s «++s PmPmn >

919115 «+s Q19 10> +++> ImTm1s > qmqmn)-
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INACCURACY FUNCTIONS IN INFORMATION THEORY 91

Theorem 2. Let Py = (P11, P125 -+ P1n) € B, and Py = (P31, P22, ey P2m)
€ A, and similar notations for @; and Q,. Define

Py*P; = (p11P21, s P11P2m> -+5 P1aP215 vees P1nP2m) 3.7
then for 8 > 0, v > 0 and B % 1, we have
HS(Py % Py Q1 % Qo) = HEV(Py Q) + HE(P; 5 Q)
+ @ 7P—DHEP, ; Q)HPT(P, 5 Q,)  (3.8)
and  HyO(Py ok Py Quk Qo) = BPO(Py3 ) + Hi (P23 02)  (39)
if B — 1 while y > 0.

Proof.
HE®YP, % P,;0, % Q,) = [2 ; (P1:P2))"(91:42)° Y — ](2“9 — 17!
[(:le i “’)(sz,q“’ Y’) 1]
@1

=[{Q'"P—DHE (P ;0) + 1}
{@'7P—DHPP,;0) +1}] x @17P—17!
= H®(P; Q) + HE(P, ; 0,)
+ QP —DHEIP, ; Q)HF(P, 5 Q)).
When (3 — 1, then last term vanishes and we have
HEV(Py % Py Qp % Q5) = HEV(P, ; Q) + HE (P, ;5 Q)
and when 8 5~ 1, then
HEO(Py % Py- Q% 02)Z HPV(Py 5 0,) + HEV(P,; Qs)
according as
QTP —DHEI(P, ; QHI(P,; Q) 2 0. (3.10)

n° décembre 1972, R-3.



92 B. D. SHARMA ET R. AUTAR

Theorem 3. For (py, ...,P.) €A, (Guis oos i) 304 (g1, -oos Gm) € B
i=1, 2,...,n, we have

n n
H,S.B'Y)(_Z:l Piq1is - zzx Pidmi 5 915 -+ q"')

= ‘_leiHrle,Y)(qli, cees Gmi 3915 oo qm) (3'11)

where P and y are positive numbers such that 8 %1 and vy < 1.
The inequality is reversed if y > 1.

Proof. We have

n n
H;'B,Y)('Zpiqw ceos Zl Pidmi s 915 «oos q,,.)
i= =

=(21—B —l[k; (;piqki) qI?~Y'—1:|

> (2""—1)“[22 ip;qziqﬁ?‘*—l] ify < 1021
¥=1i=1

=(21—B__1)—1(=zlpi) {k; 'Y (B Y) ___ ]

= —2; PzH.E.B’Y) (qlis cees Imis 915 +oos qm)'

n Y n
Since ( Z p,-q,“-) < Z pgiiif v > 1[2], therefore, the inequality in (3.11)
i=1 i=1

is reversed if y > 1.

Theorem 4. Let 8 and y be the positive numbers such that § # 1. For
n> N+ 1 where N > 2, (py, ..., P,) and (g, ..., g,) € A,, we have

N N
H:B.Y)(pl’ Y R FURIY qn) —H,,(E};,Q.. l(i_zlppr+ 15+ Dn 3 Zlqi! N +15 o qn)

= (‘:zlp) (Z“ q‘) HPY 15’1 — NPN : Nq1 s NQN
'ZP.' Z p; Z 9 Z 9
i=1 i=1 =1 i=1

(3.12)

Revue Frangaise d’ Automatique, Informatique et Recherche Opérationnelle



INACCURACY FUNCTIONS IN INFORMATION THEORY 93

Pn g1 Ui

N N
2 (i=zl p’{)(‘; q?‘Y)H,(,B'Y) Npi S A A S
121 ; Zl 2 21 @ izl g |(3.13)
= i= 1= =

according as
(3.14)

y>1L,B—y>lory<l,B—y< 1
roof. The theorem is a generalization of property (iv) of the theorem I.
We have

H;SB'Y)(Ph seey pn ; qls eoey qn)
N N
— H:§%L1< Z Di sPN+15 +sPn s iz:l Dis AN+ 15 +oes %) .

(e

=@ U“‘li Pl — (i pi\)y(i qi)e-Y
=(2"°—1)-1(i ‘”")Y(i qi)e-Y i ’: |

Z D; Z p; Zl q; Zl qi

Now to prove the inequalities we recall [2] that

N Y N
(Z ai) 2 (Z a}') according to as y = 1.
=1 i

i=1

From this inequality, we have
N Y N
( Z Pi) 2 (ZP?) accordingtoasy 2 1
i=1 i=1

and
N B-v
Z q; Z Q?—* accordingtoas p—y 2 1.
i=1 {

<4
n° décembre 1972, R.3.
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94 B. D. SHARMA ET R. AUTAR

Combining (3.15) and (3.16) with (3.12) we get the inequalities (3.13).
It may be seen that inequalities can also be obtained by combining either
(3.15) or (3.16) with (3.12).

Corollaries :

n—1 n—1
(l) H:SB'Y)(Pp cvosPn s 15 ooy qn) _Héﬁ’Y)(__zl Dis Py s —Zl 9 qn)

n—1 Y({n~1 By
- (izl pi) (igl qi) H'EE,P n—pll v Pn—l = ql1 > :{"1_1 (317)
2. p Z o Xa 24

(2 )(Z $- *)H,S‘i’? L P A et ) )
>, b -
i=1

according as (3.14).

n—1 n—1
3 | P Pin . ; i Pin.
(ll) H:B Y)( t PIRELE) ! sP11s -+ ’pln) —H(B Y)( > ! >, Pleln)

D21 Pan
2 E__ ("ilp“ - H(B.Y) P11 ANl P1i .,pl,n—l "_1_1_5;
i= i=1 P21 | i=1 P2 Papn-1ii=1D2i

~1P1 pl,n- N

P2’ Pz n—1

n—1 Y n—~1
> Pii HED( P11
=< [i=1 (Pzi) ][i=1p } (P21

D1y ,. Pin-1 (3.20)

Tt

n—1
'21 Pii Z Py
i=

according as (3.14).
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4. MEASURES OF INACCURACY OF TYPE (B, v)
FOR BIVARIATE DISTRIBUTIONS

Let X and Y be two discrete finite random variables assuming the values
{xX1, X3, ..., %,) and (yy, ¥, ..., ¥m) respectively. We define the measure of
Inaccuracy of type (B, v) of the probability distribution Q(X) with respect to
probability distribution P(X) by

H;B.Y)[P(X) ; Q(X)] = H'SB'Y)[(Pl, ces P 5 q15 oves qn)] (4']')
where p; = P(X =x1), ;= 0 X =x,),i=1,2,..,nand

dpi=) ai=1
i=1 i=1
Similarly for Y, we define
HPOLP(Y) s Q)] = Hif (Dl vves P 15 s G (4.2)

where
P}=P(Y=J’j) ) q,'=Q(Y=J’j) > j=1,2,-",m’
and Zp}: Z g;=1.
j=1 j=1
Next if p(x;, y;) and g(x;, y;) are the joint probability of (x;, y;) for the dis-

tribution P and Q of (X, Y) respectively, then the joint Inaccuracy of type
(B, v) of Q(X, Y) with respect-to P(X, Y) is defined as

Hrfsld) [g((l‘; IY/; ; ] = H;Q'Y)[p(xls yl)’ s p(xb ym)’ kit p(xm yl)’ seey p(xm ym);

q(xh yl)’ ceey q(xb ym)’ sees q(xm yl)’ eeey q(xm xm)] (4'3)

such that Z z p(x;, y) = . q(xi, y;) = 1.

i=1j=1 i=1j=

Further since P(Y/x;) and Q(Y/x;) are complete probability distributions
of Y, given x;, we may define

HPVP(Y[x) 5 Q(Yx)] = 2178 — 1)t [ >, P Oylx)a® Y lx;) — l] “4.4)
ji=1
And now the marginal inaccuracy of Y given X can be defined as

HEVP(Y]X) ; Q(Y/X)] = Z:l PY(x)g® Y (D HRTTP(Y/x) 5 Q(Y/x)] (4.5)

n® décembre 1972, R-3.



96 B. D. SHARMA ET R. AUTAR

Similarly the marginal inaccuracy of X given Y is defined by
HE[PX]Y) ; QX V)] = Zl P'ONat T ONHEVIP(X]y;) s QX[y)]  (4.6)
J=

It may be noted that if p; = q; for each i, then we get the corresponding
entropies of type B [1] and in the limiting case § — 1, these give corresponding
Shannon’s entropies for the bivariate case.

Theorem 5. Let £ and y be positive numbers with 8 5 1, then
HEV[PX, Y) ; Q(X, V)] = HPV[P(X) ; Q)] + HEVIP(Y/X) ; Q(Y/X)]

@.7)
= HPVIP(Y) ; Q(Y)] + HEV[P(X]Y) ; Q(X/Y))]
(4.8)

Proof. By the definitions given above, we have

HEVP(X) ; Q)] + HV[P(Y/X) ; Q(Y/X)]
= (21—3 — l)“ 1 { { i pY(xi)qB-Y(xi) 1 }
i=1
+ 2 2 ) { 2P0y [0t %0 — 1 ]

n m
=@'7f_n! [ Z Zp*(x;-, ,V;')‘Za-y(xs: ») — 1]

i=1j=1
as p(x;, y;) = p(x)p(y;/x) and q(x;, y;) = q(x)a(y;/x)
= HEVIP(X, ) ; 0%, Y)].
The other result can similarly be proved.

Corollary 1. When X and Y are statistically independent discrete random
variables, then

HoVIPX, Y) 5 O(X, V)] = HFVIPX) 5 0001 + HVIP(Y) ; Q1))
+ @' P —DHEPVP(X) ; QUOIHSVP(Y); (V)] (4.9)
Proof. From above theorem,
HEVPX, Y); Q(X, V)] = HEV[P(X) ; Q0]+ HEV[P(YX) ; Q(Y/X)]
= HPV[P(X); 0(X)]

+ igpv(x‘)qﬁ—v(x‘) [Z POoe* ) — l)] Q' —nt

as X and Y are statistically independent.

Revue Frangaise d’Automatique, Informatique et Recherche Opérationnelle



INACCURACY FUNCTIONS IN INFORMATION THEORY 97
= H®V[P(X) ; Q0] + HPP(Y) ; Q(Y)] [21 p*(xi)q‘*‘*(xg)]

= H®V[P(X) ; QX)) + HFV[P(Y) ; Q(Y)]
+ @' P — DEPVIP(X) ; QUOMHSVIP(Y) 5 O(Y)).
When B — 1, the last term in (4.9) vanishes and we have
HEVIP(X, Y); X, Y)] = HEV[P(X) ; Q0] + HEV[P(Y) ; Q(Y)]. (4.10)
In case B % 1, we have the inequalities,
HEVIP(X, Y); Q(X, V]2 HEV[PX) ; Q0]+ HEVIP(Y); Q(Y)]  (4.11)
according as

QP —DHEIPX) ; QXOIESVP(Y); Q]2 0 (412)

REeMARKS : These results correspond to Shannon’s result H(X; Y) < H(X)
-+ H(Y), etc.

Corollary 2. We have
HEV[P(YIX) ; Q(Y/X)] = HEVIP(Y) ; Q(Y)]
+ @1P— DHEIPX) ; QOOMESVIP(Y) ; Q(Y)]  (4.13)
and H{"[P(X]Y); QX/Y)] = HPV[P(X) ; P(X)]
+ @'P—DHEIPX) ; QAOIHFVIP(Y) ; Q)] (4.14)
if X and Y are satistically independent.

Proof. By definitions we have
HEV[P(Y]X) ; Q(¥]X)]

= Zl PY(xi)qa-Y(xi)[:Zl POilx)a® Y X)) — 1] Q' t—_n-t
= :; Pr(x)g° T "(x) [Z PO o) — l] @ f—n-?!

as X and Y are stastistically independent.

n® décembre 1972, R-3.



98 B. D. SHARMA ET R. AUTAR

= H$IP(Y); QI{ @'~ — DEPVIPX) ; QC0] + 1}
= HSVIP(D); Q0] + @' — DAPPIPA) ; QOIS VIP(Y) ; O(F)]

and similarly we can prove (4.14).

When f — 1, the last terms in (4.13) and (4.14) vanish and we have

HEVP(YX) ; QY/X0] = HEV[P(Y); Q(Y)] (4.15)

and HPIP(X]Y); QX T)] = HEV[P(X) ; QX)) (4.16)
Furthermore if  # 1, then

HEVP(Y]X) ; Q(YIX)]1Z HEV[P(Y); Q(Y)] .17

and HPOP(X]Y) ; QX V)12 HPVIP(X) ; QX)) (4.18)

according as (2 ~* — DH,*V[P(X) ; QIHFVIP(Y); Q(Y)]Z 0. 4.19)
REMARKS. These results correspond to Shannon’s results

H(X) > H(X/Y) and H(Y) > H(Y/X).
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