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On Minkowski units constructed by special values
of Siegel modular functions

par TAKASHI FUKUDA et KEIICHI KOMATSU

RÉSUMÉ. Nous construisons les unités de Minkowski du corps de
classes de rayon modulo 6, k6, de Q(exp(203C0i/5)) en utilisant les
valeurs spéciales des fonctions modulaires de Siegel. Notre travail
utilise la décomposition en idéaux premiers des valeurs spéciales
et la description de l’action du groupe de Galois G(k6/Q) sur ces
valeurs spéciales. De plus, sous GRH, nous décrivons entièrement
le groupe des unit6s de k6 à partir unités modulaires et des unités
circulaires.

ABSTRACT. Using the special values of Siegel modular functions,
we construct Minkowski units for the ray class field k6 of

Q(exp(203C0i/5)) modulo 6. Our work is based on investigating the
prime decomposition of the special values and describing explic-
itly the action of the Galois group G(k6/Q) for the special values.
Futhermore we construct the full unit group of k6 using modular
and circular units under the GRH.

1. Theorems

In our previous paper [1], we constructed a group of units with full
rank for the ray class field l~6 of modulo 6 using special
values of Siegel modular functions and circular units. In this paper, we
construct Minkowski units in l~~ using only the special values of Siegel
modular functions. In these works, it is essential that is the
CM-field corresponding to the Jacobian variety of the curve y 2 = 1 - x5.
We use the same notations as in ~1~ . So we explain notations briefly. We

denote as usual by Z, Q, R and C the rational integer ring, the rational
number field, the real number field and the complex number field, respec-
tively. For a positive integer n, let In be the unit matrix of degree n and
~~ - Let 62 be the set of all complex symmetric matrices of
degree 2 with positive definite imaginary parts. For u E C2, Z E 62 and
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r, s E }R2, put as usual

where e(~) = for ~ E C. Let N be a positive integer. If we define

for is a Siegel modular function of
level 2N2 ~ Let

We let every element

Let a be a matrix in M4(Z) such that tcYJa = vJ and det(a) = v 2 with
positive integer v prime to 2N. Then there exists a matrix (30. in Fi with

by the strong approximation theorem for Sp(2, Z). We let a act on
Then

is also a Siegel modular function of level 2N2.

Rernark . Our definition of ~~ differs from that of [5]. Let GSp(A) be
the adelization of the group of the symplectic similitudes Sp(2, ~). View
a E GSp(Q) C GSP(A) and write a’ E GSp(A) to be the projection of a to

C GSp(A). Then our action of a is Shimura’s action by a’.

In what follows, we fixé _ ~’S and k = ~(~). Let Q be the element of
the Galois group G(k/Q) with ~a = ~2 and define the endmorphism cp of
k’ by p(a) = a1+q3 for a E k~ .

Moreover put

We note that zo is a CM-point of 62 associated to a Fermat curve y2 =
1 - :~5. For an element cv in the integer ring ~7~ of k, let R(w) be the the
regular representation of cv with respect to the basis { -~, ~4, (2 + (4, (3 1.
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where v = Futhermore we put

for ri, si E Z
The main purpose of this paper is to prove the following:

Theorem 1.1. Let k = Q(exp(27rz/5)) and ks the ray class field of k
modulo 6. We put

is a unit in k6 and the conjugates of e with respect to k6 over Q
generate a unit group of full rank 19.

We note that k6 is a Galois extension of Q and k6 = Q((3, V-2-4, (). Now
we put 

- -

Let M be the Z-module generated by in k6. Then M is a free submodule
of the integer ring Dk6 whose rank is 40 (cf. [4]). It is easy to see that

(7G/37G)$ using PARI. Hence, if a is an integer of k6, then 3a
has rational integral coefficients with respect to Our second result
is the algebraic expression of c which was defined analytically.

Theorem 1.2. Let E be as in Theorem 1.1. Then we have
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2. Proof of Theorem 1.1

We extend (j to the element of G(ks/~(~3, 5 24)) and let T be the Frobe-
nius automorphism (G) . Then G(k6/Q) = a, T &#x3E;. The action of T for

ks is given by

0,0,0,0).) and a2 = W ( zo 2, 4, 2, o ; 0,0,0,0)~. Then ai is an algebraic
integer in ks (cf. Prop. 2 of [3], [2]). The action of T for ai is determined
by Shimura’s reciprocity law. Namely we see that

for r, s, r1, 81 where

On the other hand, it is known that

for some integer m. Here, r’, s’, r, s1 are elements in ! Z2 determined from
r, s, ri, si explicitly by translation formula for theta series. Since the con-
vergence of the left side of (2) is slow, we use the right side of (2) for high
precision calculation after we determined the actual value of m by calcu-
lating approximately both sides of (2) with low precision. In this manner,
we get rapid convergent formulae of For example,

In [1], we showed that = 248 . This was done by examining all

possibilities of ai2 and ai3. In a similar manner, we can show that

noting that- , . ,

Since the ramification index of 2 in lks over Q is 5 and the relative degree
is 4, exactly two prime ideals Ti and T2 divide 2 in kfi. We put pi =

for i = I, 2. Since 2 splits in Q( vi -15), PI and p2 are distinct.
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This means (01) = (a2) _ q36136 in k6, which shows that - = al/a2 is a
unit in kfi.

In the next section, we will prove Theorem 1.2 without assuming Theo-
rem 1.1. We can calculate the approximate values of log 1,-P I (p E G (k6 /Q))
with arbitrary precision using Theorem 1.2. It is a routine work to verify
that the rank of the 20 x 20 matrix (log is 19, where

3. Proof of Theorem 1.2

Since al is an algebraic integer in k6, 3a, has rational integral coefficients
with respect to (0jjk):

If we know the actions of o-, a2and a3for 0:1, then we can easily determine
ai j k by solving numerically the simultaneous equations

In the preceding section, we computed all possibilities of aî, O!î2 and
a13. Our computation shows that

for some 13 , E Z. We first determine mi , m2 , m3 so that
all elementary symmetric polynomials of ai are rational integers. We next
determine i3 so that (3) has a integral solution. Fortunately we have
only one possibility = (4, 1, 1, (), o, o~ which means
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and hence

Similarly we have

and

It is straightforward to deduce Theorem 1.2 from (4) and (5).

4. Construting the Unit Group Using Modular Units

It is natual to ask how large subgroups are generated by our units. In

~1~, we constructed a subgroup of Ek6 with full rank. Namely, if we put

then El = ef ) 1 0  i  2 , p E &#x3E; is a subgroup of Ek6 of free
rank 19. Furthermore E2 = ep ~ p E G(k6/Q) &#x3E; is also a subgroup of free
rank 19, where e is the unit defined in Theorem l.l. Let W be the torsion

subgroup of Ek6. Then W is a cyclic group generated by (30. We note
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that E2 contains W (l3. On the other hand, the torsion
subgroup of El seems to be  (3 &#x3E;.

Now, note that I~6 = ~(~15 + V2-4). We gave the minimal polynomial
of (15 + 5 24 to PARI’s function bnf init. Then Alpha 21264 of 667MHz
computed a free basis of Ek6 in 30 hours under the GRH (Generalized Rie-
mann Hypothesis) . It is then a routine work to find (Z/5Z )3,
E~s ~ ~2 ~" (íl/3Z)16 EÐ (~/ 1207~) and Z/5Z (under GRH) . Un-
fortunately the function bnf cert if y failed to remove the assumption of
GRH.

Next we construct a new unit. In the same manner as preceeding sec-
tions, we see that (31 = w(zo ; 3, 0,1, 0 ; 0,0,0,0)12 and #2 5,1,1, 0 ;
0,0,0,0)12 are integers of I~s and satisfy

is an integer of ks, then /3i//32 is a unit of ks. It is not easy to prove
theoretically the integrality of /3i//32’ However, by expressing ~1 and #2
with we can show computationally that /3i//?2 is an integer of k6. Hence
we obtain a new unit e4 = ~31/~2. The free rank of  p E G(k6/Q) &#x3E;

is 15. The unit e4 fills the gap between Eks and ElE2.

Theorem 4.1. If the GRH is valid, then the full unit group Ek, of k6 is
generated by the conjugates of E:2, e3 and 64 (e and £1 are not needed).

Namely we suceeded in construting E~6 using modular units and cyclo-
tomic units. Finally we remark that the class number of ks is 1 again under
GRH. This seems to suggest some relations between modular units and the
class number.

5. Conclusion

The essential part of our work consists in the explicit description of the
action of the Galois group G(k6 /Q) = a, T &#x3E; on the special values of Siegel
modular functions. Shimura’s theory permits us to describe the action of
T. But no theory is known for that of Q. In this paper, we determined the
action of Q by experiment based on numerical calculations. It is the next

problem to construct a theory which enables us to handle the action of a.
In a similar manner, we can construct another Minkowski units

and so on.

High precision calculations for theta series were done by TC, an inter-
preter of multi-precision C language, which is available from
f tp : //tnt . math . metro-u . ac . j p/pub/math-packs/tc/ .
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