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Implementing the Round Four
maximal order algorithm

by DAVID FORD and PASCAL LETARD

1. Introduction

Given p, a rational prime, and f , a monic separable polynomial in 
let ~ = x + Define = = Qp[~], and let O f be the
maximal order in AI.

For (J E let xe denote the characteristic polynomial of 0 and Ag the
discriminant of xe . An element 8 E O f is ,primary if xe is congruent modulo
p to a power of a polynomial vo , with ve monic and irreducible mod p.

The Round Four algorithm constructs an integral basis for 0 J .

The algorithm has three distinct branches:

0. For a E O f with 0, the Dedekind test (see [Cohen 1993]) applied
to Xa efficiently determines a basis for Da, the coefficient ring of the
p-radical of ?Lp [a] , which is an order satisfying Zp [a] C Da C Q f ,
with Zp [a] = Dm if and only if Z [a] = 

1. If a non-primary element of Of is found then this element can be
used to construct orthogonal idempotents and decompose the algebra
as the direct sum of subalgebras of lower degree. An integral basis
for the algebra can then be constructed from integral bases of the
subalgebras.

2. Failing cases 0 and 1, for a given primary a E Oj with 0

a sequence of elements in Of - ?Lp [a] with increasing p-adic value
can be constructed. This sequence can not be extended indefinitely
without leading to case 0 or case 1.

Manuscrit reçu Ie 20 juillet 1993, version definitive Ie 3 juin 1994.
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In what follows we give the theoretical underpinnings of the algorithm.
Descriptions in detail of major routines (maxord, decomp, nilord, ... ) of
our MAPLE implementation are in Appendix I. A complete MAPLE listing
appears as Appendix II. Experimental results are given in Appendix III.

2. Denominators

Let

with ao = 1, and tj = so that to = n. We define

Using Newton’s relations

it can be shown inductively for r &#x3E; 0 that

where

We define
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We call a matrix in a lower identity if it has the form

For the lower identity

we have

In essence, B is the "interesting part" of the Sylvester matrix of f and f’.
Construction of the row-reduced Hennite normal form of B gives L, T, D E

with L unimodular, T a lower identity, and diagonal

with 61 ~ ~ ~ ... ~ 6n, such that

DEFINITION. For a E Of with 0, the reduced discriminant of xa is

pda given by 
.

It is clear that the reduced discriminant pd~ = pl- can be obtained from
the (~t, ~) entry of the p-adic Hermite normal form of the Sylvester matrix
B defined above.

Now let

and define



42

Clearly Cf is a Zp-module containing Of, and, since A = 
the entries of XA-1 form a Zp-basis for C J.

There exist a lower identity S and diagonal

with 0 = E1  E2 ~ ... :5 En, such that the entries of X SE form a ?Lp-basis , f
for Of . Because is the Zp-module index of Zp [~] in Of , we have

Since 0 C C f there exists a non-singular M E for which

Then H = is a lower identity and DHE = LM E Z"’. Since
= rt, it follows that

THEOREM. The diagonal entries of the p-adic Smith (or Hermite) normal
form of the Sylvester matrix of f and f’ give bounds on the successive
denominators of an integral basis of Af given in Hermite normal form.

3. Structural stability

Assume d &#x3E; 0, h E monic, satisfying

where 0 = T + Let (j : Af --+ Ah be the Qp-module isomorphism
determined by = Gi-1 (1  j  ~). For all E we have
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Now define i

that

Thus the Zp-module O is closed under multiplication, and therefore is an
order in Ah . By similar reasoning, is an order in so

Consequently, 

Therefore, if a Zp-basis of Oh is known in terms of [1, 0, ... , 0"~ ~ then the
Qp-module isomorphism q-l immediately gives a Zp-basis of Of in terms

To apply this result, recall that pdof g ZP[C] whenever either d ~ d~ or
p2d+2 t At.

4. Case 1: algebraic decomposition

Assume ~ Zp [x], with

Taking we have

It follows that there exists cp E Zp[~] such that

Now, using the reduced discriminant p de of , f , set
- . -
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If h = ,f (mod then Af contains a root of h, so .Ah ^-_’ Af (as
Qp-algebras) .

In particular, if ,f = (mod f l, f 2 monic, then.A f ~ Af, f2
All EÐAI2. In this case an integral basis for Af can be constructed directly
by mapping integral bases of and into 

(Structural stability can be applied to reduce the modulus pm( by at least
one p-adic digit. But as the example f = x2 - 5, f i = x -1, , f Z = X + 1,
p = 2, d~ - 1 shows, Af and might then fail to be isomorphic
Qp-algebras.)

Given a non-primary element of 0 f, the Round Four algorithm finds or-
thogonal idempotents ei , e2 such that =1, 2, giving explicit
isomorphisms

5. Computing the p-adic GCD

Suppose f, b E ZM) with f monic. Then for any m the MAPLE procedure

gives, in its last non-zero row, with /1 E ?~jx~, 11 monic, such that

So with

we have

Suppose further that B E 7Gp[x], G = gcd( f, B), b - B (mod and
let
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If m &#x3E; s, then

otherwise

6. Idempotents: a special case

Choose d.,. so that P,e E 7Gp [x] , and let

For j = 1, 2 let

so that

Because

we have d,., s2 _ d,..

We wish to compute p-adic approximations to gcd( f, e) and gcd( f,1 - e).

We define B = e), so that B E and gcd( f, B) = gcd( f,1- e).

For m = + d,. and b = B (mod we compute 11, f 2 as before,
giving
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7. Case 2: search for a power basis

The p-radical of Of is

For primary 0 E 0 f we define

The algorithm attempts to find a E Of with Zp [a] = Of.

For any a E Of with 0 we have C Zp [a]. It follows that
the integral elements of .,4 f lying outside have bounded p-adic value.
Assuming ~ 0 f, the algorithm constructs a sequence of elements
~3 E 0 f - Zp[a] with v*C(3) strictly increasing. Since v*(,3)  da for each
#, it suffices to compute ~3 modulo 

Tests A, B, C are applied to various elements 0 E 0 f that are produced
by the algorithm. -

A. If 0 is non-primary, we break off the search for a and revert to case 1.

B. If Do f Da then we find p E 0 + Zp [a] with either cp not primary or
D~ &#x3E; Da. We replace and go to step 2.

C. If Mg f Ma, we find a, b, c &#x3E; 0 such that aM« + bMo - cMaMe =

gcd(M., MO). Then p = a + satisfies D~ = Da and
M~ = lcm(Ma, Mo) &#x3E; Ma. So we replace a -- cp and go to step 2.

The sequence of elements {3 is constructed as follows.
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2. Apply test A to a.
If Da = 0, replace a by a+kp~ for some k &#x3E; 0 such that 0.

Apply the Dedekind test to xa. If Zp [a] = Of the search terminates.
If v* (a) &#x3E; 0, replace a by a + 1, so that v* (a) = 0.
If La &#x3E; 1, replace a by a + so that La = 1 (so = va, with

unchanged).

We have pd°Of C Zp[a] . We determine r such that E Zp[a]
whenever 0 E Zp[a] + Tf - Let 0 = cp + 0, with cp E Zp[o:], 1/J E ,7f.
We have v*(0) ~! 1/n, and *k E Zp[a] whenever k &#x3E; nda. Observe
that v’ ~ k ~ &#x3E; s - v’ (k!) &#x3E;_ s - (k -1)/(p -1). It therefore suffices to
have da + (k -1)~(~ -1) for all k  ndQ.

4. Apply tests A, B, C to ~3.

5. Set k = so that = ( k E Z because M, I Mo:.)
Set q = and apply tests A, B, C to ’7.

6. Set 6 = ¡q, and apply tests A, B, C to 6.

7. If 6 E Zp [a]:
We have 7r k6 E Zp[a], 7rk-y = (3 ~ Zp[a], and, because D-, I Da,

8. 
Then Zp[a, 1’]/ Jf is not a field. We apply test A to elements of
-t + Zp [a] until discovering a non-primary element of O f.

The preceding cycle of steps, increasing v* (fj), cannot be repeated indefi-
nitely. It must be interrupted by one of the following

i) discovery of a E Of with Zp [a] = O f;
ii) discovery of a non-primary element;
iii) discovery of 0 E Of with Do f Da;
iv) discovery of 0 E O f with Me f Ma.
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Case i) terminates the algorithm. Case ii) lowers the degree of f , and so can
occur at most n - 1 times. Cases iii) and iv) occur finitely often, because
Da and M« are bounded by n.

8. Polynomial factorization

The Round Four algorithm can readily be adapted for factorization of poly-
nomials in 

First, the Dedekind test must be replaced by a test for irreducibility in
It suffices to test for two conditions:

1 ) Xa is irreducible in if xa is irreducible modulo p
(i.e., the image of xa in IFp[x] is irreducible in lFp[xj);

2) xa is irreducible in if a is an Eisenstein element, i.e.,

i) a is primary, and

ii) A. 0 0, and

iii) = 

It is a well-known theorem that

f is irreducible in QpM ~ Af is a field
b Af contains an Eisenstein element.

Second, routines that returned integral bases must be modified to return
factorizations instead.

As noted above, factorizations must be computed modulo p2df+i (at least)
to ensure that the results can be lifted to any such factorization

agrees with the correct p-adic factorization modulo 
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Appendix I - The Major Procedures

maxord

Given p : a rational prime,
f : a monic, separable polynomial in 

the p-adic value of the discriminant of f.

Factorize f mod p, and let g be the square-free part of f .

If f satisfies the Dedekind criterion with respect to p, then the ring of
coefficients in of the p-radical of Zp[~] is a p=maximal order.
Return the basis computed by dbasis (p, f , m f, X) f , g ) . *

If f fails to satisfy the Dedekind criterion, then Zp[~] is not p-maximal.

Let h be an irreducible factor of f mod p.

If h is the only irredicible factor of f mod p, then ~ is primary.
Return the basis computed by niiord (p, f , m f, h) .

If h is not the only irreducible factor of f mod p, then ~ is non-primary.
Return the basis computed by decomp ( p, f , m f, ~, 
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decomp

Given p : a rational prime,
,~ ~ . a monic, separable polynomial in 

the p-adic value of the discriminant of f,
0 : a non-primary element of Of ,

xe : the characteristic polynomial of 0,
ve : an irreducible factor of xe mod p.

. Furthermore, if .

Modulo set b2 = ve, with k such that blb2 and ged(bi, b2) z 1.

Compute aI, a2 so that alb2 + a2b1 = 1 (mod and set

In the loop that follows we will always have

Repeat the sequence

m,. + d,., then set

modulo 

Compute the integral bases ["-’j,I(Çj),... Wi,ni (~j)j = maxord(p, 7nfj).

Return the basis
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nilord

Given p : a rational prime,
f : . a monic, separable polynomial in 

m f : the p-adic value of the discriminant of f ,
g : the unique irreducible factor of f mod p.

Initially set a = ~ _ ~ + 

Perform the following steps, starting over whenever a is replaced.

Compute X,, the characteristic polynomial of a.
Factorize xa mod p, and let va be an irreducible factor of xa mod p.
If XQ has more than one irreducible factor mod p,
then return the basis given by decomp (p, f , m/, a, xa, 

Compute A,,,, the discriminant of XQ.
If A« = 0, replace a ~- a + p~.
If xa satisfies the Dedekind criterion with respect to p,
then return the basis given by dbasis (p, f , m/, a, xa, va) .

If v* (a) &#x3E; 0, replace a + 1.

Let = La/Ma, with gcd(La, Ma) =1, M« &#x3E; o.

Compute such that v* (qa (a) ) 
If La &#x3E; 1, replace a - a + 

Let w be returned by bsrch (p, x« , ka, 77c, Ma) , where pka?Lp = 
If p is non-primary, return the basis given by de comp ( p, f , Mf cp, VW)
Otherwise, replace a - p.
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bsrch

Given p : a rational prime,
f a : the characteristic polynomial of a,
ka : the p-adic value of the discriminant of f a,
va : the unique irreducible factor of f a mod p,
Ma : rational integer such that = 

Let

. , . ,

Initially set

Perform the following sequence of tests for each choice of ~i.

If ,Ci is not primary, ret urn ~3.
If Da, find p E ~3 + Zp [a] with cp not primary or Dcp = lcm(Do:, DO),
and return p.
If Mp f Mo:, compute V such that D, = Da and Mcp = lcm(Ma, Mp), and
return cp.

If q is not primary, return q.
If D-t f D~, find cp E q + Zp [a] with cp not primary or De¡; = lcm(D,,, Dy),
and return c~.
If My f Ma, compute p such that D. = Da and Me; = and
return Sp.

Set q = prDQ, so that 8q E Zp[a:] whenever 0 E Zp[a] + :1/, and set 6 =
qq (mod 

If 6 is not primary, return b.
If D~ f Da, find p E S + Zp[a] with p not primary or De¡; = lcm( Da, 
and return ~o.
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If Ma f M., compute p such that D. = Da and M = lcm(Ma, Ms), and
return cp.

If 6 0 7Gp(aJ, examine elements cp = y + h(a), with h E reduced
modulo until finding non-primary cp; then return cp.

If 6 E Zp [a], set (3 = 1rk(¡ - 6) (mod pdaZp[a]) and repeat the sequence of
tests.

dbasis

Given p : a rational prime, -

f : a monic, separable polynomial in 7Gp(x],
m f : the p-adic value of the discriminant of f ,
a : an element of O f,

the (separable) characteristic polynomial of a,
g. the square-free part of mod p.

Let
, - , .

and define

The coefficient ring in Ap of the p-radical of Zp [a] is

which is an order of satisfying,’ 1
and only if

Moreover, if deg(gp) = m then

Return the basis [
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gcdpm

Given 11: a monic polynomial in Zp[x],
f2 : a polynomial in 
p- : a power of the rational prime p.

Let n = deg( fi).

Let I be the n x n identity matrix, and set

Compute the row-reduced Hermite normal form of A.

Determine the maximum, 1 _ k _ rt, satisfying Alk 0 0 (mod pm).

Return

respm

Given f 1 : a monic polynomial in ?Gp (x],
f2 : a polynomial in Zp[x],

p"’ : a power of the rational prime p,
with f resultant (/i, /2~).

Compute al, a2 E such that

Set , content content (pma2, ~ ) ) . We have

Return
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Appendix II - Maple Source Listings

#1#
1## Usage:
###
###
### &#x3E; f :- x-7 - 7*x + 3;
### 7
### i:-x -7x+3
###
III &#x3E; ifactor(discrim(f,z));
##1 8 8
##1 (3) (7)
1##
### &#x3E; print (maxord(3, i, 8) ) ;
1## 2 3 4 5
1#1 [ 1, x, x , x , x , x ,
###
1## 2 3 4 5 6
1## - 1/3 x + 1/3 x - 1/3 x + 1/3 x - 1/3 x + 1/3 x ]
#1#
### &#x3E; print (maxord(7, i, 8) ) ;
#1# 2 3 4 5 5
1#1 [i,z,z,z,z,z,z ]
##1

vithClinalg,coldim,delrovs,matrix,rovdim,stack,vectdim,vector):

### p-maximal order of Af

maxord :- proc (p, f, mf)
local w, r, g, h, j;

v :- Factors(f) mod p;

r : - rowdim (matrix ( w [2] ) );

g : = #1# g - square-f ree part 1##
h :- v [2] [1] [1] ; #11 h - irreducible factor 1##

if dedek(p,f,g,mf) then ### p-maximal by Dedekind ###

RETURNCdbasis(p,f,mf,x,f,g»
elif r - 1 then ### xi is primary ###

RETURN (nilord (p , f , mf , h) )
else #11 xi is non-primary ###

RETURN (decomp (p, f ,mf , z,f ,h) )
fi

end:
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### Af - Af1 + Af2

decomp :- proc (p, f , mf , theta, chi , nu)
local pdr, pmr, ph, pk, j, nl, n2, t, vl, v2,

al, a2, bl, b2, b3, fl, f2, e, ibl, ib2, ibas;

pdr : :- ### reduced resultant ###

pmr pdr*pdr*p; I

bl :- chi mod p; a2 :. 0;
b2 :- 1 mod p; al :- 1;
b3 :- nu mod p;
while degree(b3,x) &#x3E; 0 do

bl :- QuoCbl,b3,z) mod p;
b2 :- b2*b3 mod p;
b3 :- Gcdex(b2,bl,x,’ar,’a2’) mod p ### monic ###

od;

e : = eleval Cf , ai*b2 , theta) ;
e :- (pdr*e mod pdr*p) / pdr;

Pk ’" p; ,
Ph :- pdr*pmr;

### E(t) - e(t) belongs to p"k*0p, which is contained in 

while pk  ph do
e :- rem (e*e*(3 - 2*e) , f , x);

. pk :- pk*pk;
e :- (pdr*e mod pdr*pk) / pdr

od;

fl : - gcdpm(f.pdr*(I-e),pdr*pmr); fl : - mods C f 1, pmr ) ;
f2 :- quoCf,fi,z) ; f2 := mods (f2, pmr) ;

nl : - degree(fl,x); n2 := degree(f2,x);
vl :- ordpCdiscrimCfi,z) ,p) ; v2 :- ordpCdiscrimCf2,z) ,p) ;
ibl := maxord (p , f l , vl) ; ib2 := mazordCp,f2,v2) ;

ibas : = ve ctor (ni+n2) ;

for j from 1 to nl do
ibasCj] := rem(pdr*e*ibi[jl,f,x) mod pdr

od;
for j from n1+1 to nl+n2 do

ibas[j] :- rem (pdr* ( 1-e) * ib2 C j -ni] , f , z) mod pdr
od; .

RETURNCnbasis(ibas,pdr))

end:
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### polynomial gcd mod p-m (assumes fl monic)

gcdpm : = proc (f 1, f2, pm)
local n, a, b, h, j , k, n;

n := degree(fi,x);
a := matriz(n,n);

for j from 1 to n do ### Sylvester’s matrix, mod p"m ###
if j=1 then

h := rem (f2, f 1, x) mod pm
else

h = rem (x*h, f 1, x) mod pm
f i;
for k from 1 to n do

a[n-j+l.kl :- coeff(h,x,n-k)
od

od;

a := hnfpm(a,pm);

k ·= . 0· ,
for j from 1 to n do
if a[j, j] mod pm &#x3E; 0 then

k ·= j
fi;
od; .

b := 

RETURN(b)

end: i

### reduced resultant mod p-m

respm :- proc (f i, f2, pm)
local g, al, a2, pc;

g := gcdex Cfi, f2, x, ’ai’, ’a2’);

al :- pm*al mod pm;
a2 :- pm*a2 mod pm;

pc :- igcd (pm, content (al,x));
pc :- igcd (pc, content(a2,x));

RETURN(pm/pc)

end:
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### Hermite normal f orm (n x n) mod p-m

hafpm : = proc (a, pm)
local b, c, g, h, j , k, m, n, q, r,

cOO, cll, c12, c13, c21, c22, c23;

m :- rovdim(a) ; n : = coldim(a) ;
b :- stackCa,pm*arrayCi..n,i..n,identity));

for k from 1 to m do

for j from 1 to n do
b[k,j] :- mods (b[k,j], pm) ### Q int Zp not subs Z ###

od
od;

for c f rom 1 to n do
h := c + m;
g :- b [c+m , c] ;
f or k from c to c+m-1 do
if bik,c] &#x3E; 0 then

cOO :- igcd Cb Ck, c] ,b Cc+m, c] ) ;
if cOO  g then

h : = k; g : = c00
fi

fi
od;
k :- c + m;
if h &#x3E; k then

c00 : - 
c21 : _ -b Ck, c] /c00; c22 :- b Ch, c] /c00;
bCh.c] = cOO;
b!:k,c3 :- 0;
for j from c+1 to n do

c13 :- cl1*b[h,j] + c12*bCk, j] ;
c23 :- c22*b[k,j];
b[h,j3 :- mods Ccl3, pm) ;
b [k,j] :- mods (c23, pm)

od
fi;
if h &#x3E; c then

f or j from c to n do
k :- b[c, j] ; b[c,j] :- bCh, j] ; k

od
fi;
for k from 1 to c+m do
if k &#x3E; c then

r = mods (b[k,c], bic,c]) ;
q : = iquo Cb Ck , c] - r, b [c , c] ) ;
if q &#x3E; 0 then
for j from c to n do

b[k,j] :- mods q*b[c,j], pm)
od
fi

fi
od

od;

RETURN Cdelrovs Cb,n+1.. n+m) )

end:
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### xi is primary

nilord :- proc (p, fx, mf , gx)
local alpha, chi, nu, eta, J La, Ma, v, Dchi, phi, pm;

alpha :- x; chi := fx; nu := gx; Dchi := p-mf; pm := p*(mi+l);

while true do

if Dchi - 0 then

alpha :- alpha + p*x
elif dedek(g,chi,nu,ordp(Dchi,p)) then

RETURN(dbasis(p,fx,mf,alpha.chi.nu)) ### Dedekind ###
else

if vstar(chi,p) &#x3E; 0 then

alpha := alpha + 1;
chi := subs chi) ; i
nu : . mod p

fi;
v :- setup(chi,p,z,nu);
eta :- v [2] ; La :- v [3] ; Ma:- v[4];
if La &#x3E; 1 then

alpha :- alpha + eleval (fx, eta, alpha)
else

v :- bsrch (p, chi, ordp(Dchi,p), eta, Ma);
phi : = eleval (ix, w L2J , alpha) ;
if v ti] = 1 then

RETURN (decomp(p,ix,mi,phi,wE3] ,w[4]))
else

alpha :- phi
fi

fi
fi;

v :- f actcp(fx,p, alpha); chi :- v[ll; nu := v[2] ;
if w[4] &#x3E; 1 then

RETURN (decomp (p, ix ,mi, alpha, ehi ,nu) )
fi;
Dchi :- discrim (mods (chi ,pm),x) mod pm;
if Dchi - 0 then

Dchi :- discrim(chi,x)
fi

od

end:
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### Returns
### [1, phi, chi, nu] if phi non-primary
### [2, phi, chi, nu] if D_phi &#x3E; D_alpha or M_phi &#x3E; M_alpha

bsrch :- proc (p, f a, ka, eta, Ma)
local n, c, pc, pcc, beta, gamma, delta,

j, pik, Da, Vb, v, r, field;

Da :- degree (era , x) ;
n :- degree Cfa,z) ;
pc := respm(fa, diff (fa,x) ,pka) ;
c :- ordp(pc,p);
pcc := pc*pc;

r :- 1 + trunc ( (c*(n + p - 1) - 2)/(Da*(p - 1)) )j i

beta :- eltpov (fa, eta, Ma) / p;

while true do

beta :- (pc*beta mod pcc) / pc;

v : = testd (p, f a, c, Da, eta, Ma, beta) ;
if v [i]  3 then RETURN(w) fi;

Vb = vstar(w[:3],p); ¡ ### v [3] = chi ###

pik :- eltpov (fa, eta, 

gamma := rem (beta*eltinv(ia,pik), fa, z);
gamma :- (pc*gamma mod pcc) / pc;

v :- testd (p, fa, c, Da, eta, Ma, gamma);
if v [i]  3 then RETURN(w) f i;

delta :- eltppm (fa, p-c, gamma, p"(r*Da));
delta :- (pc*delta mod pcc) / pc;

v :- testd (P. fa, c, Da, eta, Ma, delta);
if w[l]  3 then (v) f i;

field :- true;
f or j from 1 to n do
if ordp(coeff(delta,z,n-j),p)  0 then

field :- false
fi
od; 

,

if field then
beta :- beta - rem (pik*delta, fa, x)

else

RETURN(csrch(p,ia,gamma))
fi

od

end:



62

### Returns [1, theta, chi, nul with theta non-primary

csrch :- proc (p, f a, gamma)
local t, v, h, j, r, theta, v, b;

b :- vector(4);

t :- 0;
while true do

t :- t + 1;
v :- t
h :- 0;
j :- 0;
while v &#x3E; 0 do

r :- irem(v.p)
v - iquo(v,p) §
h - h + r*x-j;
j -j+ 1

od; 
j +

od;
theta ’ gamma + rem (h, f a, x);

v :- factcp(fa.p.theta);
if v[41 &#x3E; 1 then

b[l] :- 1; non-primary ###
b[2] :- theta;
b[3] :- w[l]: §
b[41 w[21;

fi .

od

end:
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### Returns [1, phi, chi, nu] if phi non-primary
### [2, phi, chi, nu] if D-phi lcm(D-alpha,D-theta)

testb :- proc (p, f a, Da, theta, Dt)
local Dat, t, v, h, j, r, phi, w, b;

Dat :- ilcm(Da,Dt);
b :- vector(4);
t :- 0;
while true do

t :- t + 1;
v :- t;
h :- 0;
j :- 0;
while v &#x3E; 0 do

r :- irem v ,p&#x3E; ;
v :- iquo(v,p);
h :- h + r*x-j;
j ;- j + 1

od;
phi :- theta + rem (h, f a, x);
v :- factcp (fa, p, phi);
if v[41 &#x3E; 1 then phi non-primary #1#

b[l] :- 1;
b[2] :- phi;
b[3] :- w[l];
b[43 v[21;

. 

f i;
if v[31 - Dat then ### D_phi - lcm(D_alpha,D_theta) ###

b [1] : - 2;
b[21 :- phi;
b[3] :- w[l];
b[41 :- v[21;

fi
od

end:
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### Returns Cl, phi, chi, nu] if phi non-primary
### [2, phi, chi, nu] if M-phi &#x3E; M_alpha

testc :- proc (p, fa, c, alph2, Ma, thet2, Mt)
local g, r, s, t, cl, c2, c3, pc, ppc, psi, phi, v, b;

b :- vector(4); pc :* p-c; ppc := p*pc;

g :- igcdex (Ma, Mt, ’r’, ’s’);
t :=0; 

~ ~ ~ ~ 

while r  0 do
r :- r + Mt;
t:=t+1

od;
while s  0 do

s :- s + Ma;
t :- t + 1

od;
cl := eltpovCfa,alph2,s);
c2 :- eltpow (f a. thet2, r)
c3 - rem (cl*c2, fa, x) ;

psi :_ (pc*c3 mod ppc) / pc; ### psi · c3 mod p ###
phi :- x + psi;

w - factcp (fa, p, phi);
if v [4] &#x3E; 1 then 1## phi non-primary ###

b [1] : - 1;
b [2] : = phi;
b [3] : - wM ; .
b [4] : - v [2] ;
RETURN (b)

else ### M phi - lcmCM_alpha,M_theta) ###
b[i] := 2;
b[2] :- phi;
b[3] -vM;
b [4] : - v [2] ;
RETURN(b)

fi

end:
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### Returns [1, phi, chi, nu] if phi non-primary
### [2, phi, chi, nu] if D_phi &#x3E; D_alpha or M_phi &#x3E; M-alpha
### [3, phi, chi, nul otherwise

testd :- proc (p, fa, c, Da, alph2, Ma, theta)
local chit, nut, Dt, thet2, Mt, w, b;

b := vector(4);

v :- factcp (fa, p, theta);
chit :- w[l]; nut : = v [2] ; Dt : = v [3] ;

if v14] &#x3E; 1 then ### theta non-primary ###
b Ell 1;
b C2] : = theta;
b[3] = chit;
b[4] = nut;
RETURN (b) 

_

fi;

if Da  ilcm(Da,Dt) then ### D_phi &#x3E; D_alpha ###
RETURN (testb(p,ia,Da,theta,Dt))

fi;

v :- setup (fa, p, theta, nut) ; ¡ thet2 :- w[2]; Mt :- w[4];

if Ma  ilcm(Ma,Mt) then ### M_phi &#x3E; M-alpha ###
RETURN(testc(p,ia,c,alph2,Ma,thet2,Mt))

else
b [1] : :- 3;
b[:2] = theta;
b[3] = chit;
b C4] : :- nut;
RETVRN(b)

fi

end:
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### Factorize char poly mod p

f actcp : - proc (f , I p, theta)
local v, b;

b - vector(4);
b[1] :- chpol (f , theta) ; 1## chi_theta ###
v - Factors(b[1]) mod p;
b E23 v [21 [1] [1] ; ¡ M~ nu- theta #1#

b[3] :- degree (b [2] ,x); D-theta ###

bE4] - rowdin (matrix (w [21 ### Nr of mod p factors #1#

RETURN(b)

end:

### Returns [theta_1, theta‘2, L_theta, H-thetaJ
### [1] [21 [31 [4]

setup :- proc (f , p, theta, nut)
local b, tl, t2, vl, Lt, Mt, c, r, s;

b := vector(4);

tl :- eleval(i,nut,theta);
vl :- vstar(chpol(f,tl),p);
Lt :- numer(vl);
Mt := denom(vl);
c :- igcdex(Lt,-Xt , ’r’ , ’ s’) ; ### r Lt - s Mt = 1 ###
while r - 0 do

r :- r + Mt;
s :=s+Lt

od;
t2 :- eltpov(f,tl,r) / p-s;

b[i] :- tl;
b[2] = t2;
b[3] :- Lt;
b[4] :- Mt;

RETURN (b)

end:
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### evaluate g(a)

eleval = proc Cf , h, a)
local n, g, y, k;

g :- collect(h,x);
n :- degree(g,x);
y:-0; ,
for k from n by -1 to 0 do

y :- rem (y*a + coeff(g,x,k), f , x)
od;

RETURN (y)

end:

### inverse of theta in Af

eltinv : :- proc (f, theta)
local g, a, b;

g := gcdex (theta, f, x, ’a’, ’b’);

RETURN(a)

end:

. ### Power of an element

eltpov : :- proc C f , the ta, k)
local phi, psi, q, r;

phi :- 1;
psi :- theta;
q . .= k; ,

while q &#x3E; 0 do
r :- irem(q,2);
if r &#x3E; 0 then

phi : = rem (phi#psi, f , x)
fi;
q :- iqqo(q,2) ;
if q &#x3E; o then

psi = rem (psi*psi, f , x)
fi

od; .

RETURN(phi)

end:
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### Modular power of an element

eltppm :- proc (f, pd, theta, k)
local pdd, phi, psi, q, r;

pdd :- pd*pd;
phi . .= pd; ,
psi :- pd*theta;
q :- k;

while q &#x3E; 0 do
r :- irem(q,2);
if r &#x3E; 0 then

phi = rem (phi*psi/pd, f , z) ;
phi := phi mod pdd

fi;
q :- iquo(q,2); 1
if q &#x3E; o then

psi := rem (psi*psi/pd, f, z);
psi := psi mod pdd

fi
od;

RETURNCphi/pd)

end:

### Dedekind test for p-maximality

dedek :- proc (p, fa, ga, mfa)
local ha, gb;

ha := Quo(fa,ga,x) mod p;
gb :_ (fa - ga*ha)/p;
gb := Gcd(gb,ga) mod p;
gb :- Gcd(gb,ha) mod p;
if member (2*degree(gb,x), ~0, mfa-1, mfal) then

RETURN (true)
else

RETURN (false)
fi

end:
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### Dedekind basis

dbasis = proc (p, f, mf , alpha, fa, ga)
local pd, n, m, i, j, k, h, a, b, ha, gb, hb;

n : = degree (f ,x) ;
pd ptrunc (mf/2) ;

ha :- Quo(fa.ga,x) mod p;
gb :- (fa - ga*ha)/p;
gb :- Gcd(gb ,ga) mod p;
gb Gcd(gb,ha) mod p;

a : = matrix (n, n) ;
m :- degree(gb,x);

for i from 1 to n do ### Zp [a] + bZp [a] is maximal ###
if i - 1 then

ha :- pd
elif i = n-m+1 then

hb :- Quo(fa,gb,x) mod p;
ha : = pd*eleval (f .hb. alpha) /p

else
ha :- rem(alpha*ha,f,x)

fi;
for j from 1 to n do

aCi, j] :- coeff(ha,x,n-j)
od

od;

a :- hnfpm Ca, pd) ;

b := vector(n);

for j from 1 to n do
/ pd

od;

RETURN (b)

end:
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### Normalized integral basis

nbasis :- proc (ibas, pd)
local n, j , k, a, b, h;

n :- vectdim(ibas);

a : - matrix (n ,n) ;

for j from 1 to n do
for k from 1 to n do

a ij ,kl : :- coeif(ibas[j],x,n-k)
od
od;

a :- hnfpm (a, pd) ;

b :- ve ctor (n) ;

for j from 1 to n do

od; 
b[j] :- / pd

RETURN(b)

end:

### characteristic polynomial of beta

chpol : - proc (f, beta)
local g, y;

g := resultant (y-beta, f, z);
g := subs(y-x,g);
g := collect(g,x);
g := g/lcoeff(g,z);

RETURN(g)

end:
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### p-adic valuation

ordp :- proc (v, p)
local nw, dw, vn, vd;

nv :- numerCv);
dv := denomCv);
vn :- 0; ,
vd :- 0;

if v - 0 then
RETURN(O)

else
while nv mod p - 0 do

nw :- nv / p;
vn :- vn + 1

od;
while dv mod p - 0 do

dw :- dw / p;
vd :- vd + 1

od;
RETURN (vn-vd)

fi

end:

### minimum extension valuation

vstar := proc (h, p)
local j, m, v, w, first;

m :- degree(h,x);
first :- true ;

for j from 1 to m do
if coeff(h,x,m-j) &#x3E; 0 then

w :- ordp(coeff(h,x,m-j),p) / j ;
if first then

v :- v

elif w  v then
v := v

fi;
first :- false

fi
od;

if first then
v :- 0

fi;

RETURN (v)

end: i
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Appendix III - Examples

The different steps of the algorithm are illustrated in two first examples;
the third is an extreme case for which the Round Two algorithm is faster.
We also give tables of comparative performance statistics for several other
examples.

All computations for these examples were done with version 1.38.40 of
PAm on a dual-processor Sparc 10 system at the Centre de Recherche en
Math6matiques de Bordeaux.

Example 1.

Let f = x4 + 3x3 - ~2 + 8x + 8, a monic separable polynomial in 7G(~), and
let Af Compute

1.1 A 2-maximal order of A f.

Define Af,2 = and let O f,2 be the 2-maximal order of A f,2.

The element ~ = X + fQ2[XI is a non-primary element of O f,2. So we
construct orthogonal idempotents and decompose the algebra as the direct
sum of subalgebras of lower degree.

We seek orthogonal idempotents e and 1 - e and polynomials fi and f2
such that

The decomp procedure gives

We recursively compute 2-maximal orders Ofl,2of .,4 f1,2, D f~,2 of ~/a,2.
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1.1.1 Integral basis for Of,,,2-

Given fl = x2 + 32x + 184 and y = x + the nilord procedure
constructs an Eisenstein element (Çl + 2) with minimal polynomial x2 +
42x + 279.

So a basis for the 2-maximal order of Afl,2 is:

Let wI,ll (~1), w2, fl (~1 ) be the two vectors for this basis.

1.1.2 Integral basis for C2 ,2 -

For f2 = X2 + 483x + 231 the Dedekind test gives a basis for 

Define ~2 == x + and let z,cy, f2 (~2), be the two vectors for

this basis.

1.1.3 Integral basis for 

The 2-maximal order of can be constructed directly by mapping inte-
gral bases of A/1,2 and .r4~2 ,2 into AJ,2.

The Hermite Form of

gives a basis for O f,2:

1.2 Integral basis for 

Only p = 2 divides F, so the integral basis is the 2-maximal order of 

and the discriminant of is: -3 ~ 13 -19’ 31’ 23 = -183768.
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Example 2.

Let f = X5 + 4x4 + + 3x2 + 12x + 9, a monic separable polynomial in
Z[x], and let Af = Compute

2.1 A 2-maximal order of A f .

and let O f,2 be the 2-m&#x26;xtaal order of 

The decomp procedure gives:

We recursively compute 2-maximal orders

2.1.1 A 2-maximal order of Of,,,2-

For f 1= x3 + 191x2 + 207x + 833 the decomp procedure gives:

2.1.1.1 Integral basis for 

Given 11,1 = X2 +162x+1653 and 1,1= the nilord procedure
constructs an Eisenstein element (Çl,l +1) with minimal polynomial x2 +
240x + 3357.

So a basis for the 2-maximal order of is:
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2.1.1.2 Integral basis for Of,,,,2-

Given fi 2 = x + 29 the Dedekind test gives a basis 

2.1.1.3 Integral basis for Of,,2-

The Hermite Form of

gives a basis for 0/1,21

Let w2,/l (~1 ), w3,/l these three vectors.

2.1.2 Integral basis for 9~,2-

Define ~2 = X + /2Q2M and let wl,f2(~2), (~2) be the two vectors for
this basis.

2.1.3 Integral basis for 

The 2-maximal order of A f,2 can be constructed directly by mapping inte-
gral bases of and Af2,2 into .~ f, 2 ,

The Hermite Form of

gives a basis for the 2-maximal order:
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2.2 A 3-maximal order of Af.

Define Af,3 = and let O f,3 be the 3-maximal order of Af,3.

The decomp procedure gives:

We recursively compute 3-maximal orders

A basis for 1

So, a basis for O f,3 is

2.3 Integral basis for .A f:

Computing

gives an integral basis for Af:
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Example 3.

This example is from [Ash, Pinch &#x26; Taylor, 1991]. Let

Then f is irreducible in Z[x]. Factoring the discriminant of f requires 46.15
CPU-seconds and gives

Computing the discriminant of requires 208.41 CPU-seconds,
giving

----- .----------.- -I:. __0

So the index is

Remark: For this example the Round Two algorithm is faster than Round
Four (Round Two takes 120 CPU-seconds). However, the computation of
each p-maximal order is faster with Round Four, except when p = 61. This
case takes a considerable amount of time. Apparently working modulo such
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a large power of 61 is slower than handling matrices of size 122 x 12. If

a means were known to identify such cases in advance, a better algorithm
(combining Round Two and Round Four) could be found.

Statistical Comparison of Round Four to Round Two.

Using the 650 test polynomials of degrees 3 through 15 from [Ford, 1978]
we identified 468 pairs ( f, p) for which the Dedekind test for f does not
immediately give a p-maximal order. A least-squares straight line fit to the
points (ln n, In t2 /t4) for these pairs gives the relation

Execution Times: n vs t2/t4

Comparisons of Individual Examples.

We compare the CPU times used by the Round Four and Round Two
algorithms for several examples. Times are given in ’ ’seconds, with the
time required to factorize the polynomial discriminant omitted.



79Implementing the Round Four maximal order algorithm

Polynomial Rd 4 Rd 2 Ratio
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