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Solution of a Quartic Diophantine Equation;

By A. A. AUCOIN,

Louisiana State University.

Recently W. V. Parker and the author obtained solutions of the
Diophantine equation

(az + by) (mz*+ nzy + py*) = (cu + dv) (mu®+ nuv + pv?) ().

The question arose as to whether or not the same method used
could be applied when each side of the equation is composed of two
linear and one quadratic factors. The answer to this question is in
the affirmative but certain restrictions on the coefficients are neces-
sary (*).

Consider the equation
(1) (az +by) (z + py) [#°+ nxy +p(rn—p)y*]

=(cu+dv)(u—+pv)[u+ nuv +p(n—p)vt),

where all the letters represent integers and x, y, u, ¢ are unknow.
We may write (1) in the form

(2) ax +by  (u+ pv)|u*+ nuv +p(lz;1))v3]
cu+dv = (x+py)la+ na;y+p(n—p)y’J.

If

(3) Ye=azx—prn—p)By, Yv=Bx+(a+np)y,

(*) « Solution of a Cubic Diophantine Equation ». This paper has been
accepted for publication by the Téhoku Mathematical Journal.
(*) These restrictions make the quadratic factorable.
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18 ' A. A. AUCOIN.

then
(Yu)+n(y*u)e+p(n—p)e*
=[x*+ nzy +p(n—p)y*]|a*+ nafl + p(n— p)B?]
and
Y+ pe=(z+py)(a+pd)

Hence we have
axr+by (u+pv)|u+ nue+p(n—p)o]
cu+dv  (z+py)|la*+ nxy +p(n—p)y?]

_ (¢ +pB)[ot+naf +p(n—p)B*]
Yl'b

(4)

If we put cu + dv =k we hawe from (3) and (4)

{ aytr + by'y =k(a+ pB)[a*+ naf -+ p(n—p) B¢,

(3) | (ca+dB)x+[da+ (dn — cpn+cp*) Bly =1k

If we let
et ay’ by
TV | ca+dB da+(dn—cpn+cpt)p |

then from (5) and (3) we have as a solution of (1)

[ =1 (a + pB) [«* + naf + p(n — p)B*] [da + (dn — cpn +cp*) B] — bY*°,
y=ay'—y(a+pB)[a*+ naB +p(n—p)B](ca+ dB),
u=d(a+pB)[at+ naf +p(n—p)B*—1*[ba+ap(n—p)B],
v=—c(a+pP)[a*+naf+p(n—p)BP+ 7y aa+ (an —b)B],

(6)

where a, 3, y are arbitrary integers.

If x,, y, are integers such that az, + by,=o, x,+ py,=o, or
x,+ nx,y,+ p(n—p)yi=o and u,, v, are integers such that
cu,+dv,=o0, u,~+pv,=o, or uj+ nu,v,+ p(n—p)¢;=o, then
evidently (z,, y,, u,, ¢,) is a solution of (1). Such solutions are
trivial and will not be considered here. If (z,,y,, u,,¢,)is asolution
of (1) then (@,¢, y,t, u,t, v,t), where t>£o0, is also a solution and
is proportional to the given solution. 'We wish to show that given
any solution proportional to given solution proportional to the given
solution.

Suppose
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is any solution of (1). If we choose
a=[ph -+ npp-+p(n—p)ps] [R+ nkp+p(n—p) 1],
B=(a—pp)[M+nlp+p(n—p)p], Y=V+nrlp-+p(n—p)p,
we have
a4+ naB +p(n—p)fr=[1*+ rhp+p(n—p)p*}[p*+ nps + p(n—p)a’]

(224 ndp +p(n—p)p2](ak. + by) (7\+pp.),
(cp-+da)(p-+po)

|

so that when we substitute these values in (6) we have
(7) x =K, y=Kup, u=Kp, v=Kao,
where

[P+ nip+pin—p)p]®
8) K= cp -+ do
L {(ad—l)c)l—{-[b(d—cn)+acp(n—p)]p.fp
—|—{[d(un—b)+acp(p—n)]7.—+—p(n~—p)(ad——bc)y.:c].

Hence the solution (7) is proportional to the given solution pro-

vided K £ o.

A solution of (1) such that A + nku - p(n — p) u*=o is one such
that K = o but is a trivial solution and has been excluded. Hence if
K = 0 we must have that the solution is also a solution of

{ (ad — beyx +[b(d—en) +uep(n—p)]yiu
+{[d(an——l))+acp(p—n)]w+[:(n-—p) (aud — bc)y?v:o.

It follows then that
(9) \ u:S{[d(b—an)—l-a(;p(n—p)]w+p(p-—n)(ad—bc)y}
9 ?():S{(ad—[)o)x—i-[l)(d—(fn)+ucp(n—p)]y:.

We may show that

u+ pv =SA(x + py),
cu + dv =SB(az + by),

w4+ nuy +p(n—p)v*=8C|x2+ nzy +p(n—p)ryl
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where
A=(p—n)(ad —bc)+ b(d—cn)+ ucp(p — n),

B=c*p(n—p)+ a(d—cn),
C=p(rn—p)(ad — be)*+ [d(b — aun) + acp(n — p)] [6(d — cn) + ucp (n— p)].

Since u, ¢, x, y, as given by (g), is a solution of (1), we have on
substituting these values for « and ¢in (1)

(10) (ax +by)(x +py)[a*+nxy +p(n—p)y?]
=MS!(uz + by) (x + py) [2*+ nzy + p(n—p) y*],

where M = ABC. Any value (z, y) will satisfy (10) is MS*=1 and
no value if MS* > 1. Hence in addition to the solutions given by (6),
(1) is satisfied by all integral solution of

(1) \/Mu =[d(b—un)+aucp(n—p)lx+p(p —d)(ad — be) y,
3‘ VMo = (ad — be)x + [b(d — en) +acp (n — p)] ¥,

if (11) has any integral solutions.
Consider the particular exemple

(12) (x—2y) (@ +2y) @+ dzy +6y%) = (Bu + v) (0 + 2¢) (>4 Suv+ 612).
‘We note the trivial solutions

{(»T, y)=(2a,a); (24, —a); (3u, — a),

(13) (u, v)=(b, — 3b); (2b, — b); (36, — b).

The solution of (12) is given by

(=7 (e +2B) (a’+ 5aB +63%) (a —13[3) + 27",
y=v"—1(a+2pf)(a?+5af+63%) (3 +f),
u=(a~+2B)(a*+ 5af + 6B2) + y*(20t — 6f3),

v =7+ 7B) — 3(a+ 2P) (a*+ 5af + 632).

(14)

Suppose £ =4, y =, u=p, v=o0 is any non-trivial solution

of (12). If in (13) we choose

a=(pA+5pp +6pg) (I +5Au+6p°),  B={(ho — pp) (A*+ 5hx+ 6p?),
Y=A+ 50+ 6p2
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we havex =KA, y =Ku, u=Kp, v=K o where

(R4 5+ 6p2)7

K 3p+o

[12+56p)p + (252 + f2p) o].

Hence (14) gives a solution of (12) proportional to any solution
except those for which

p=S(25%+ 42w),
(1) o=—S( 7% 56p).

Since
(A —op) (A +2p)(A2+ 5hpu+6u®)=(3p +0) (p+ 20) (p*+ 5pc + 60%)
we have from (15) that
(A—2p) (A+2p) (R2+ 502+ 6p*) =S4 (2 — 2p) (A + 2p) (2 + 5hp + 6p%).
If S=1, we have the non-trivial solution
(16) rx=2% y=p =252+ fop, v—=—17h— 56p.

We may say then that given any solution of (12), a solution
proportional to this solution is given by (13), (14), or (16).



