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AN INTEGRAL EQUATION SATISFIED BY THE I.AME’S FUI‘WCTIONS. I
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An integral equation satisfied by the Lame's functions;

Bx J. L. SHARMA.

1. All the Lame’s functions of the first kind are given by the
scheme

\/‘p(lt)——e“ \’[‘p(lt)—-é!][p(u) —e:;]7 ]
1, \plu)- e, yvipw)—e][p(u)—e], p(0) Il[p(u)—q,.].
V/P( i) — ey, V’[P(”) — e,] [p(u) — e,], "

For each of these types of functions Whittaker (') has investigated
intégral equations, involving Jacobian elliptic functions. The object
of the present note is to show that the integral equation

E;:'(u)zAfww‘[ ) ( >]~ :
X) |2 (5) = ][»(5) <]

(e, — &) (e;— ey

2n

E2(v)dv,
is satisfied by all the Lame’s functions of the first kind.

2. Before we establish this result we shall prove the following two
lemmas.

LemMa I. — All the Lame's functions of the first kind can be.

(') Waittaker, Proc. Lond. Math. Soc., 2¢ série, . XIV, 19153, p, 260-268,



200 J. L. SHARMA.

expressed in the form

(2.1) [p’ (%)]—"{ a,,.[‘p(%)]:"—f— Aynmy lp(%)Jm—l +...+ au:: .

Consider functions of the first species. They are polynomials

of degree % in p(u). But

e =)L) o) 3

Hence by substituting for p(u) we obtain an expression, of which

the numerator is a function of degree 4 < '—;, l.e.,2nin p (g) and the

{u

denominator is [p'(;)]‘- Thus Lame’s function of the first species

can be put in the form (2.1).
Since _ B
Sl @) le(3) - 9
2

therefore, the first function of the second species, viz.

Vp(u)y—e =

n—t

2
Vplu) — e,l—[ [p () -~ a,],

will have for its denominator
B , “)' n
»(3)]

n—1

‘_’X"—l

[FENE] e

and its numerator will be of degree 2 + 4 >< —

Thus it is also of the form (2.1). Similarly we can show that other
functions are of the same type.

It can also be deduced directly from the differential equation.
Putting (')

. . "
vi.e., 2nmp<-5>-

t=2v  and s=y[p (N

(') Haveuex, Traités des Fonctions elliptiques, vol. 11, p. 471.
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Lame’s equation takes the form

d*s p'(v) ds

W—QnW“—IZ—I—q[n('zn—l)p(V)—B]:O.

If this equation is solved in a series of powers of p(¢), then it will be
found that one integral is of degree 27 in p % for values of B given

by an equation of degree 2n + 1, .e., all the four equations satisfied
by B, viz.,

P,,(B)’:O, I-l,(B)ZO, :?',(B):Ov ,’,'a(B)=o,

are included in one equation only. Hence we find that all the Lame’s
functions can be put in the form (2.1).

Lemma I1.

(2:2) F(""’)E[P'G)P'G)]_"[‘ l([m—e,J[[PE:)e ]]

is annihilated by the operator

2

ad 0?
2 D= —— — e y
D2 -D2= 9 n{n +1)p(u) Py +n(n+1)p(e).

Differentiating (2.2) twice, we get,
(2.3) DIF(u,0)=[2a(U+ V)(a+ UV)+ 2¢,UV(UV + 4a) + 2a%e,]K,

where

o[- A
U=p(%>—e,, vzp(

by making use of

SR
N—""
I
2
I
-
N
®
& b
i
Jg

P ()=

FIN g

P () =40+ 126,U2+ fal,
P (u)=6U2+ 12¢,U + 2a.
Journ. de Math., tome XVI. — Fasc, II, 1g35. 26
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As (2.3)is symmetrical in « and ¢, therefore it is clear that
[D2-- D2 F(u, v)=0o0.
3. Apply the operator

2

P n(n+1)p(n)—BY

to the integral
%44,
f Fu, oY Ei'(v) dv,
va
we get,
.a.+tm,‘ .
j 19w~ n{n+ 1) p(u)—BY ; F(u, o) EB (o) dv
* A+ d’
—f [(dv* -n(n-+1)E(v) B"‘zl‘w ¢ ]I""‘((»)(l(r
X+ 4 Wy
_f E'"(v) 5 I'(u, v)dv

A+ 40
f [n(r 4D p(v)+ B Fue, o)Er{e)dy.
x

Integrate twice by parts the first of the two integrals on the right
hand side, we get,

m arim, A4ty
[_d_l:.r”.( ) —F (IE,: (V).I +[ F(ll, v)l)’r"‘(v)dv

dv g Ja

It is clear from the form of E'(«) that it is doubly periodic func-
tion. Moreover E”‘(u) and F(u, ¢) are both uniform.
Hence the expression within the brackets vanishes. Further

D2E™(v)=o,

therefore, we find that the integral
2+,
f F(u, v)EN(v)dy
-2

is annihilated by the operator

A —n(n+ 1) pu) - BY
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o, . . . . i . .
and. it is evidently a polynomial in p(;) of degree 2n multiplied
, -l_t —n. . ’ . .
by [A‘p (2)] Since Lame’s equation possesses only one integral of

this form, it follows that the integral is a constant multiple of E™(u).
Therefore,

= [ (g ()
| [»(5)=<| [P<%)_e;‘2!"EZ'(V)dV,

= 'l {es—ey) (e, —ey)

where A is one of the characteristic numbers and « is any point other
than zero or its congruent points.



