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ON FORMAL MODULAR INVARIANTS. 327

On formal modular invariants;

By Ouive C. HAZLETT.

1. Summary and relation 1o the literature. — This note gives an
extension of the principal results containd in a paper (*) by W. L..-G.
Williams in this journal. In Part [, he proves that
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are formal modular invariants, modulo p, of the binary ¢y — ic form
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where p and ¢ are such that none of the binomial coefficients ('//) is
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divisible by p. He also proved that( if p is odd and X is an integer
such that #.(p —1)/y is integer, then
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is a formal modular invariant of the above ¢ — cc. These he calls, in

(') On the formal modular invariants of binary forms (Journal'de Mathéma-
tiques, ¢ série, L. 4. 1925, p. 169-192).
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order, Theorems I, Il and LIl. The first two are duc to Hurwitz (')
and the third is a generalization of the sccond. In part I, he proves
four theorems (?) each of wich asserts that, if

Sz, )y =027+ 3bxy + Syt A oy,

then certain special polynomials in the values of f(@, y) when =z, y
are marks of the Galois field, GF[p], of order p — where p is a prime
— are formal modular invariants of f(2,y).

These theorems are not only very special in that they are stated
for special invariants, butl they are special in another sensc, since
they are stated and proved only for the cases where no one of the bino-
mial coefficients is congruent to zero modulo p. This last is inove than a
slight restriction. For, if the study of forral modular invariants ever
approach completion, we shall want to study the invariants of the
quadralic, cubic, quarlic, elc. modulo 2 andsimilarly modulo pwherep
isany fixed prime. But, when p=2, we can not use hinomial coefficients
for the binary ¢ — ¢ when g =2, 4, 5, 6, 8; 9, 10, elc., when p =3,
we can nol use binomial coelficients when g=3, 4, 6, 7, o, 10, etc.;
nor if p=>5, when ¢g=35, 6, 7, 8, 10, elc.; and similarly larger
primes, ‘ :

In none of the cases just indicated, do the proofsin Mr. Williams’
paper hold. Hence it would scem desirable to have prools that hold
without exception. The present note nol only gives such prools, but
also generalizes the invariants to which the theorems apply. As will
he seen, the prools are exceedingly simple and use no technical
knowledge of the subject.

2. Definitions. — Consider the polynomial

() Joay, e =ayr) a1 e, a0,

in wich the cocfficients a,, «,, ... are indéterminates and subject the

(V) Hohere Congruenzen (Archiv der Math. u. Physik, 3¢ série, vol. 3, igo3,
p. 15-27).

(%) Each of the first two theorems also asserts that no invariant whose leading
term is a power of d is essentially different from those given hy the formula in the
theercm.
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variables to any transformation

(o) s O TR Y
) ' x, =57 + Tg Ty

in which the coefficients %, ., 7;,, 7, are integers reduced modulo p,
a prime, subject to the restriction that the determinant of the trans-
formation is not congruent to zero, modulo p. Any polynomial in the
a's which is unaltered in form, modulo p, under the total group of all
such transformations is called a formal modular incariant of (1),
modulo p. For simplicity, we shall use the fact that this group is
generated by the (ransformations

a=.r h- .I't..
(3 o ' .
| .= s
and )
: : o=,
(h) : { ) ;
’__' == - -1',

(5 {2 a primitive voot of the field ).
Similary we hawe the notion of a formal modular invariant of (1)
with respect to the (valois ﬁeld, GF[ p"|, of order p".

a. The tvo theores. — Firsl we prove a generalization of Prof.
Williams theorems of his Part [. Since the transformation (3) permutes
the pairs (¢, 1)(t=0, 1, ..., p—1) modulo p, any symmetric func-
tion of all the values of f(r,, 2,) as (z,, x,) ranges over the above
pairs and the pair (o, 1) is invariant modulo p under (3). Under (4),
J(1, 0) goes into f(0, 1), f(u, 1) goes into f(—1, 0)=(— 1) f(1, 0)
andwhen ¢ =£ o, /(¢,1) goesinto f/(—1,t) =" f({,1)wheret =—1[t.
Finally, under (5), f(1, o) is invariant and f(¢, 1) goes into
S(t,e)=2¢"f(1", 1) where ¢"=—t[ 5. Hence if . be an integer such
that £ =7(p —1)/¢is an integer, then the 4’ th powers of the values
of f(x,, x,) where (r,, x,) range over the above set-are merely
permuted among themselves by any transformation (3), (4), (5)
and hence by any transformation (2), Thus we have.
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Tueoren 1. —  Let f(w), x)=a,2!+a, &' z\,+. ..+ a,z] be
any binary q—ic and let k be any integer of the form i(p—1)lq
‘where N is an intcger. Then any symmetric function of the k'th powers
of f(1,0)and f(t,1)(t=0, ..., p—1)is a formal modular invariant
of [ with respect to the Galois field, GF[ p], o/ order p if there is made
no lowering of the exponents is made by application of Fermat's
theorem.

Special cases of this are the three theorems of Williams' Part I of
wich the first two are due lo Hurwitz. In essentially the same is
proved the

ConoLLArY. — This is Theorem | stated for the general Galois field,
GF[p"], of order p".

In his paper, he used essentially the symbolic notation of classic
invariant theory which can not, however, be used for formal modular
invariants of a hinary ¢ — rc in case any of the binomial coefficients is
congruent to zero, modulo p. But the above theorem and corollary
can be proved equally well for the general binary g — ic by using the
symbolic notation, for formal modular invariants ('). In this latter
notation

,f(«t‘,, ) EE l]( Oy == Gy 'y ) == (T Ly~ Tyliy) | (‘).417. - ;3._,:1;‘_.'). ..
e &%

where the ¢ symbolic linear factors are symbolically distinct.
Since («,,,) are subjected to a lincar transformation when the x's are
subjecled to a linear transformation (2), then L(«) :H(a. L+ Oaly)

!
is a formal modular invariant of /(x,, .c,) when (¢, ¢,) range over

the set < : (1, 0), (1,1) (=0, 1, ..., p—1). Similarly with L(8),
I.(y), ctc. Hence ]:IL(@::/(&,, (,) is a formal modular invariant

of f(x,, x,) and tﬁus we have Theorem 1 in part 1. Similarly, we
prove Theorem 2 and 3 of Part II.

(') Hazuerr, 4 symbolic theory of formal modular invariants (Transactions of
the Amer. Math. Soc., vol. 24, 1g22. p. 286-311).
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In the same manner as above, we may also prove the four theorems
in Part I1l. We do not make any actual change in his proof, but
merely note that he does not actually use the binomial coefficients in
his proof in any way. His proofs hold with complete generality
although that was not true of his proofs of the theorems in his Part I.
Moreover, they are special cases of a more general theorem which we
shall now proceed to prove.

Let 1", be any polynomialin f(1,0)and the /(¢,1)(¢t=0,1,...,p—1).
Then F, is a polynomial in the @'s in which we understand that no
reduction in the exponents of the «'s has been made by applying Fer-
mat’s theorem. If we apply any particular transformation (2), F, is
replaced by another polynomial in the «'s in which, also, we unders-
tand thal there has heen made no reduction in the exponents of the
«'s. If these two polynomials are alwaysidentical (modulo p) — thatis,
if I, be formally unaltered under all transformation — it is a formal
modular invariant of /(z,, z.). If, however, F, be altered by some
transformation ¢,, let I, he the transform of F, under 5, let I, be
the transform of ¥, under s, , etc. If ®,, denote any symmetric function
of those conjugates of I, under the group S, generated by 5, which
are incongruent modulo p, then ®, is formally unaltered under the
group S,. Now let @, be the conjugate of ¢, under some transforma-
tion 5, of the group (2) not in S, and similarly ®, has conjugates
under the various transformations of the group generated by &,. If ®, be
unaltered under 5., then ®, is an invariant under the group S, of
transformations generated by 5, and g,. If @, be note unaltered under
Ga, let us form the same symmetric function W, of ®,, ®,, ..., that®,
isof ¥,, F,, .... Then W, is invariant under the group S,. Continue
in this way. Since there is only a finite number of conjugate of F,,
incongruent modulo p, under the group (2) this simple process is
feasible in the modular case at it would not be in the classic case.

Another natural process for forming the formal modular invariants
obtained in the above manner is the following ('). Let F, be asabove.
Under any particular transformation (2), I, is replaced by the pro-

(') Strictly speaking, the invariant obtained by the first method is a constant mul-
tiple of the one obtained by the second method.
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duct of a non-zéro ¢7* — where £ is Lhe degree of I, iu the a's, —
and F;, where F; is here obtained from I, by changing the order of
the pairs z. Consider the /' th powers, P/, of IF; where y is an integer of
the form A(p —1)/¢k in which 7. is a fixed positive integer. Then any
symmetric function of the P; is a formal modular invariant. I a
similar manner we prove

Tueonen 2. — Let f(x,, x,) be any homogeneous polynomial in tivo
vartables of order q und let 1| be any homogeneous poly nomial in [ (1, 0)
and the f(1, v) t ranges over the marks of the Galois field GF|p*] of
order p". Let ¥; range over all the conjugates of \*, under the permutations
of the pairs < which are incongruent in the Galois jield, GE|p"}, of
order p'. If 7 = 1.(p — 1) q be an integer (svhere is somne fixed integer),
then any symmetric function of the 7' th powers of the V¥, is a formal
modular invariant under the group (2).

A. More than two variables. — Now let [(x,, x., ..., x,) be the
general homogeneous polynomial in n variables with coefficients
denoted by « with suitable subscripts. \We subject the variables Lo the
transformations of the group

(6) == Bt (6, /==, ...y,

where the «’s are marhs of the Galois field, GI*| p™], of order p” such
that their determinant is not zero in the ficld. Instead of the former
set 7 of pairs (z,, x,) we havethesets: (1,0, ..., 0),(%,, 0, ..., 0),
(Frsfas 1,0, .oy 0)y ooy (815 G2y « vy Bty 1). A proof closely paral-

lel to the one above for the bhinary case holds here although the sym-
bolic proofs do not seem to hold. Thus we have

Treoren 3. — Let f(x,, ..., x,) be uny homogeneous polynomial in
n variables o f order q and let ¥, be any homogeneous polynomial in the
values of [ as the (x,, ..., x,) range over the set 5.-Let I¥;range over all
these conjugates of ¥, under the transformations o f the group (6), which
are incongruent in the field. 1/ = 7.(p"— 1)/q be an integer (where 7.
is some fixed positive integer), then any symetric function of the 7' th
powers of the ¥, is a formal modular invariant of [ under the group (6)
with respect to the field GI°| p"].

———Se————



