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POTENTIAL FUNCTION AND ITS FORCE FUNCTION. 155

CONGRES INTERNATIONAL DES MATHEMATICIENS, STRASBOURG, 1920.

SECTION (lI. — PHYSIQUE MATHEMATIQUE.

The uniaxial potential function (fonction de potentiel)
and its orthogonal force yunction (fonction de force)
contrasted;

Par G. GREENHILL.

1. To recall the notation, a potential function (P. IF.) V satisfies
Laplace’s equation, and this for uniaxial symmetry about the axis Ox
can be written.

o dV d dV
(A) a:(ym> + ;,,—;(y,,;) = o

Then a function S exists, which we shall call the force function (F.F.)
such that
dS e av a _ dv,

(1) de = Vdy &y T T Vaw
and meridian sections of the surface V and S constant are orthogonal

curves. Then conversely

av_tdS v _ 1 dS
(2) A T

d (1 dS d |dS)_
(B) =G G o) =

analogous to Laplace’s equation (A).

Maxwell introduces a factor 2w, which may be inserted when re-
quired for a comparison of results.
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To standardise the notation, we prefer Lo use the ordinary Carte-
sian x and y coordinales, instead of Maxwell’s (0, A), or the (p, 5)
or (®, ) columnar coordinates; and @ today is a Greek letter notin
use by the printer. But we shall often require in the sequel Lo change
to the notation of Maxwell.

The name Force-Function has been introduced after consideration,
and it is submitted to this Congress for its sanction and approval.

And Professor Tait of Edinburg, in his Dynamics of a Particle,
ChapterII, speaks scornfully of « the unnatural force-function, which
disfigures most of the analytical treatises on our subject of Dynamics »,
still however in use in Germany. Tait meaning that he intends Lo sub-
stitute the name potential function.

So we may be allowed to rescne the discarded name, and give it this
new signification, as representing a function constant along a line of
force.

Some writers call it the Stream or Current IFunction, from its hy-
drodynamical interpretation; others call it the Stokes Function,
because Stokes is supposed to be the first to have employed it. But "
there is always the difficulty of rival claims to be considered, when a
man’s name is given to a mathematical function.

In many cases where the . . Vis a complicated function, or given
by an intractable integral, il is, found that S the F. I, assumes a
form of greater simplicity; a list of some such cases is given herewith
in the sequel.

The calculation of the I’. F. can be made according to a definite
procedure of integration, when the method of dissection has been
selected. ,

Bat there does not appear to be any similar straight-forward method
of integration for the F.F.; the form of the F. 1. S is Lo be inferred
from (1), and thence by the partial integration which lead Lo a result.

2. Thus the P. F. of an electrified lens is given by Professor
H. M. Macdonald in the Procecdings of the London Mathematical
Society (L. M. S.), XXVI],in the lorm

(1) V=n—C+D,
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where
N D— cln °— co“ sh f¢ fdt
() f \/ cht——(hu ch f§— cos f(¢ -&-zﬁ)’
and C is derived from D by putting § = o; as this V will be found to
satisfy Laplace’s equation (A ) and over the spherical surface v = — §3,

andv=a—f,C=D, V==, with fa = .
The coordinates («, ¢) employed heve ave the conjugate functions
in the stereographic conformal representation.

(3) x+z')/.—_—acol%(v—|— fu)

and then Laplace’s equation (:\') becomes

(A) i " dV | d / d\') —0

‘ du (') de) " du (}’ dv ) T 7

as well as for any other conformal representation of conjugate func-
tions

(4) x4 Ly = f(v -+ du).

Bul the determination of the IF. F. terms A and B, corresponding
to C or D, was a matter ol guess work for the most part, when it
was found that

- _ e = chr (hu sing sh f¢.fd
) - &Clll{——(()\s chl - cose ¢h T —cos f(v+ 20)
——a/\/ ('hu-—um sh¢ sin (¢ +aB) fdt
chg—¢ hu chg —cose ch /T — cos f(v+ :zﬁ)’

and A is derived [rom B by putting 8 = o.
Wilh these values it can be verified that

adl dD adB dh Y _ shu

(6) sde Y@ =0

_——————— T —_— i ———— b
y v du a chu — cose

and the same with A and C, as required (Proceedings of the Royal
Society, vol. 98, 1920).
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3. Begin by the consideration of the electrical polential of a cir-
cular disc AB with axis O« this is given by

. ARB
—_—in -1
(1) o =sin"! e

. 1 . s v e
making @ = ~= over the disc, and w = o at infinity.
But the corresponding IF. F. is an algebraical function

(3) A= :V[AB*—(AP —PBJ| =/(AP.TB) sini-APB = zlangw,

so Lthat A is the semi-conjugate axis of the confocal hyperbola though I,
while sin w is the excentricity of the conlocal ellipse, foci at A and B;
and the meridian sections of constant » and A are confocal ellipses
and hyperbolas.

The charge induced in the disc, if to earth, by a point charge g at I’

b)
is given by — ¢ —

Tt

On the conl'ormal representation of this confocal system

(3) y+iz=ach(a+),
(4) AP, PB = a(chn == cosf),
(3) sinw = sechn, A =asini.

More generally then, any oblate spheroid of which AD is the
focal circle, insulated and electrified with a charge E, will have
al.F.V, F.F.S and electrical density o, such that

p_all o AB /T [AU DBy
s\ A e SEEV | AB >’

6 D)
(6) ’ o= [}

;
-;;(AP + PB)/(AP.PR)

and this verifies at infinity, where

2F . AB E

(7) V> 155 500~ op"
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el

The analogous expression of

AB
AP—PE’

»,=ch~!

(8)

A= %\/L(f\l’ + B —AB* | = \/(AP.PB)cos 7')'1\]’[3 = a cothw,

would apply to an infinite electvified plate, from which a circular
hole AB had been cul out [American Mathematical Journal
(. M. J.), oct. 1917, p. 346, Phil. Trans., 1891, The Stokes Func-
tion, R. A. Sampson .

A. With O y in the axis of revolution and in any system ol confor-
mal representation by conjugate functions, (A) and (B) in §1 can
be replaced, as in (A'), § 2, by

. d [ dV d odV\ _

((J) E;<.l (—ITZ) + ;ﬁ(\d:) = 0,
a \(Ih‘) d (v dS\

(D) 75(;7 FT(:%)”

At a great distance from the axis Oy, where the variation of « is
insensible, these equations reduce to the ordinary equations of two
conjugate functions, V and S.

Then for a rod AB in Oy, or a confocal prolate spheroid, with elec-
tric charge E,

ol AB AP D _ I )
SR AT S RAPEE, A = (AP~ PB)(AP.PD)

(Vv

The line P. 1. of the vod AB with AP, BP = r, r,, is obtained from
the integral

a ' . . . .
(2) f - (ly == sh-! ._]__.j_—g — sh ! ‘.y_.__a —ch—! ,__! — ch-—l ,,_2
—aVlet+ (Y — )] oL &€ @& &

a(r,+ ry) — y(r, —r, rMry— 14 at
= sh—! (r, :) = (r 1) —cht A T —
£ a?
lirry—at— 4 at 2a 2
=ath—! 12 — - ) = ath™! —ath—! ,‘}’_,
PPy 2 — Y ot Py ro—r,

and this is infinite along ADB.
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The sepavate terms,

) - a " .
(3) Vet DS g I S=n
£ N
give the Vand S for a positive semi-infinite rod Ay, and negative
road Ay’ ‘

With the break at O, and @ = o
, , . ‘
(4) Voemsht L —eh-t L =t S = O,
LY S£ r
and the stream sheets for the corresponding streaming motion are

spherical and of uniform thickness, the (low issuing from a pole and

disappearing at the othe» pole, with velocity elsewhere inversely as
the distance {rom the axis.

The single line source O y would have

¥ Por+y : .
(5) V=1th—! =+ logaw = = Iog’.i‘r + loge =log(#-1- y), S=r—y,

1Y

and sections ol constant V and S are confocal parabolas, with focus
at O (4. J. M., XXXIX, p. 356).

Take the case of a spherical vessel, with a source A\ and a sink B, at
opposile ends of a diamcter AB; the F. I, or stream function.

. AN NB  AP4-DPB
© S=XF TR T TAr

makes S = o over the surface, S =1 along A B, so that the flow is 2x.
But the expression for the . I, V. is more complicaled

;1 1 2 0 AR .
(7) V=1 s~ an " 'spoen

8. In the electrical distribulion g over an equipolential,

dV 1 dS
[ DS LA S
(1) fro=1= dn — yds’

where dn, ds denote the element of the normal and arc of the meri-



POTENTIAT. FUNGTION AND ITS FORCE FUNCTION, 101
dian of the equipotential V:

das v -
(2) o= hArg )y ds, ;(b,~- S,) r:f'z,rw_y ds,

and s is the charge or electric induction through the zone on the
equipolential. '

Thence the charge or capacity is inferred from the half difference of
the extreme values of the IF. I¢. S,

IFor the insulated bowl, of radius ¢, electrified Lo potential =,
DY . (G
(3) =T e— ) ;m,
(4) S 2N 4 cw— cw' coso,

Bul for the gravitation potential U of the bowl, of uniform super-
ficial density o, g/cm?*,

U
= _— ) J O
(5) o =R,
N S - L) 2107
(6) R m—acl 4+ AcQ 4 ' Qeosy + 2 cosg
L]
_____ _(:\\"_ .
=T G TG

as in the American Journal of Mathematics (A. J. M.), t. XXXIII,
p- 391, W denoting the . I, of the platc on AB.

Heve Q is the solid or conical angle sublended at P by the circle
on AB, and Q' the solid angle subtended at P’, inverse point of P in
the sphere or bowl,

The gravitation P. I°, and I°. I, has been worked oul in the
A J M., 1910, 10 XXX, p. 394, for a homogeneous plano convex
lens, and theace, by addition or subtraction, for a double convex,
or coucavo-convex lens,

The converse process on p. 399 of deriving the plano-convex lens is
troublesome, in leading Lo au indeterminate form.

6. The electrical problem of a point charge ¢ at Q in the presence
of a conducting sphere to carth and of the electrificationinduced, is at
the root of the method of inversion.

Journ. de Math. (8* série), lome IV, — Vasc. 11, 1921, 21
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The potential over the sphere is reduced to zevo if a point charge
—¢'is introduced al ()", inverse point in the sphere of the point Q,
adjusted so thal at any point P of the sphere

7 q'

(1) (KU A

Then if PA, 'B are the bisectors, internal and external, ol the
N .
angle OP()

(4) g PO O QB0 ON /TT()
‘ g TP TON TR T 0N TTo

B 00’
APB is a right angle, and OQP, OPQ)" are similar triangles, with

0P =0l =217,  OP= 0P . o,
g Py op /SO
- . VAR

(%) v =0 C00 =V o

-

so that the capacily of the point images al (), ()" may be taken as
proportional to the square rool of OQ), OQ)",

The resultant force I at P is then along the radias PO, and esti-
mated in the direction lo the inside of the sphere

. q'eosO  geoxl ¢ [ 0Q
(4) = e — T s K——‘ cos - cosl' ),
POT T PO T PG\ OP ,
. O - OA?
(5) 0Q cos0 -~ OP cosl' = QR — PR = Q" == ,_\_(_)F__,
00— OA? 012 00,00’

(6) P

=7708 v TIoN TG T ToN Ty

varying inversely as the cube ol Q).

Put I' = 4=e, and ¢ is the density, clectric or gravitation, ol a sur-
face film, like a coat of paint, to make a centrobaric shell, attracting
external points as il concentrated into the image €',

7. Suppose a succession of electrified Q points outside the sphere
to make a ring; the series of ()’ images will make another ring, and
the electrical field outside the spliere, if uninsulated, is due to these
Lwo rings.

Let the () ring for instance be a circle on diameter AB, presented



POTENTIAL FUNCTION AND ITS FORCE FUNCTION. 163

directly to the sphere, and charged with C coulombs of electricity.
The electrical densily Az at a poinl I on the sphere induced by the

charge g = C gl?_ at Q is given by,

x 0 0AT— 0Pt Cd) OA*— OP? cosQPN
(1) T an fmOPTR T ¥ T OPPD T PQE

if PN is the perpendicular on the plane AB of the circle, and this is
the component attraction on P of the ¢ particle al () perpendicular
to the plane AB, multiplicd by £ =0,

neplane AL, mui Y0P N

The total 7 induced at I will be the same multiple of the attraction

IMig. r.

oc

A

of the ring perpendicular to its plane, and this attraction is expres-
sible by E, the complete E.L 1.
Because with ) = 2w,
)
(2) PQ*= PA?cos?w + PB?sin?e = PA2 A2 (w, y), 7= :Tl%,

and then the componenl normal atiraction is

19 —

k3

(3 Ve G I G IN T
Yo

an PQF T T PAY ) AT
this is reduced by a change to the co-amplitude angle o', by

v dw'

/ A > anoen! — Ay - - oy —_—

(4) tango lango =1 A Aw' - — + — =0
/ 2 ° ! s Aw Ao’
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and
I
2" / Am //m . I
A A"m‘— _;ﬁ‘_,
(5) _0(‘ IV[II C I’N II -G PN 1
T n PAd y"“‘-n PA PB: T PALPRE

Then on the sphere at P, in coulombs/cm?

OA2—OP: 1 1
4m.OP  PAPR:

1
-T
2

(6) c=0C

The P. F. at any point R due to this electrified ring on AB is

f Cdo C / “do G
27T, I{() . RA Aw R

_ G G\/*/’ _ G L
V(RALRB) i“ V(RALRB) %ﬁ

1] -

(7)
C K

=—
L(RA +RB) L7
2} 2

g tzx__RA

7= 1 +z  RB’

in a quadric transformation.
If €’ is the charge on the ring A’B’, image of AB in the sphere,

the P. F. at R

¢ G ¢ 00 G

(8) U= RV T T RA OA |
.y -7

2 2

and then U + U’ = o when R is on the sphere.
The I'. I'. of the charge C on the ring AB at any point P will be

given by C a Q,, where Q, is the solid angle subtended atany point A

on the ring by the circle on PP’.
The expansion given in a series of zonal harmonies is worthless and

midleading, and gives no indication of the infinities on Lhe ring AB
and its image A’B’.
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8. The typical element of a P. IF. may be taken as the reciprocal
of R, distance from a fixed point, and when the fixed point is at C
in O, with OC =¢, and OP = r, 2OP = 0 and cosl = . :

(1) Ri=¢*— nercosd + ri=c?—acrp + 1?2

and with respect to the axis Ox the F. I is cos PCex.
f . . o r C
The expansion of the reciprocal of R is powers ofz or = introduces

the cocflicicnts of Legendre, or zonal harmonics as they are also
called, denoted by P,(u) such that

1 Ot r e r
(2) ﬁ:Z'IWP,!(‘U,) (Z‘<l>' or EWI’"(H) (z—>l>,
and the discussion of the analytical properties of the zonal harmonic
is to be found in every treatise on the subject.
They may be summarised in the relations

d dP

b il 2 no__ Y
(3) d#’*(H l)-—d# =n(n+1)P,,
A —_— ! i’_ " 12 __ o\
(4) Pa(p)= 2”./;1((@) (pe—=v,
(9) (n+1) Py — (20 +1)ply+ ulP,_ —o,

dar,
(6) (P’g—") ([U. =("'+I)(|)u+l"—|u'pn)7: ”(P‘PN—Pn»l)

and so on (Messenger of Mathematics, August 1919, R. Hargreaves,
Standard relations of Legendre’s Functions).

Maxwell’s interpretation by the coalescence of poles along O is
explained in his Electricity and Magnetism, giving a physical mea-
ning to the résult, such as in the repeated axial differentiation
() (-— i>” 1= l:'.',ﬁf)-

de /) r

But the corresponding typical element of the I'. IF. will be R, and
expanded in a scries

pr+l e+l
(8) R:E <7) or ‘,‘T>[n(p‘)



166 G. GREENHNILL.

and since

(8) R / L
e k= (_l_t’i pr— (/l,,
(9) () ._../l n(p) dp == nin =) du T on(n ) (/u-
. Pn-H"‘ f"-l)u N fll)//" I)/.' | l)u% l""'| n--t.
- n T o R
. v g . al
But R is not the 1<, I, of Tl" as this is cosPCw “"Eﬁ'
A v
The I°. I, of R. is given already as
) G
10 slr‘\” =ch ! ‘I ath=" st PCa) == lmvlan“ ‘r i —I’(.:
lN ‘V

Consult R. A. Sampson in the PAil. Trans., 1891, on the

IY'unction, and a discussion of the properties of 1, ().
Similarly, for the I¥. I, relations of axial differentiation

o conl ()
o () re= Tt
Thus for a solid sphere, take
' ;1 Q. ‘_IL — cosh
(12) V= = S = o cosd,

and for the magnelic doublet molecule, or a sphere movin
O in infinite liquid,

oo r oot As

(v3) \’:—:—-—(ik > = —l-a \_-;(—/——,—'--:‘: -\Illoﬁ‘.T:

~ |_>
=1 e

Ience for a spherical boss on a infinite plane, electrified,

a? . 1 ad
1A J — — e N = e A2 e
(14) V=r—. = S =yt i

salisfying the relations V = o over the surface, and in space

5) dS _ dV  dS v
' de =Y dy' ;7)- Y

Stokes

g along
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Coaxial doublets at 8 and T', inverse points in a sphere, centre O
and radius OA, with vesultant I, 19,

., 083 oA
\‘ —— S‘. — P\ . . )1 2o
Sl 3 P\ Sps I'N 'l"w’

will have S, — S, = o over the sphere, which can be made Lo screen
the motion inside and oulside the surface,

A singlet source al S and equal source at T would be screened by a
planc bisecting ST at right angles.

But with a source S in the presence of the sphere and oulside, the
vesultant 19, 19,

S, - \_! N (_)r\ |\! . TP —TM _ Oop .- OM
SPPos TR O\ O\

’

so Lhat the hydrodynamical image of the source S in the sphere is an
image source at T, and a line sink from T to O.
Over the sphere this satisfies the condition
MS TS —MS TP+ 0O
B DN T D S

and if SP cuts the sphere again in I, SP.SP" = OS.ST, so that with
OR bisceting PP at right angles,

M3 SPYOSP O OT NS SRAT AT

N, o— e T e e
‘s oS T os T o

T v i s ,
sSP ON (ORN OA

a constanl. The P.I%. can then be written down, but is of more com-
plicated analytical character, involving a logarithm.

A single source at T inside the sphere would have en image source
at S, and a line sink extending {rom S to infinity, and would require
lo be associated physically with another equal sink inside the sphere,
to draw off the accumulation of the stream.

o

Thence the special case given alveady in § 4.

9. TheP. IF.and 1,17 has been caleulated in the L4l Trans., 1919,
Electromagnetic Integrals, for a number of problems in Electromag-
netic and Attraction Theory, and the contrast drawn of the relative
simplicity.
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Thus for the rim potential P of the circle on the diameter AB = 2a,
with axis in Oz, returning to Maxwell’s notation,

> . (1(‘]0 ) 2 4 Pl > P 2 9 o
() P= T PO MO 4 PAZ 2 A% 2\ acosO + a® - b2,
L) A\

. 5 As ry
. J— WY p? 2 .2 2,0 = p2 A2 oyl 2
(2) m_:O, Q= rjcostw + 1} sinw =rj A w, ), /=
-
T w 2t
= ,__2a dy  JaG dw . AhA\a
(3) | — = = G= —_— i
rJ, Aw r Joo Awyy) r

But S, the rim F. I°. at P proves to be given by the counical
angle Q(1 — f), subtended at any point on the rim of the circle AB
by the circle on the diameter PP’ :

S=oraQ(1—/) (Phd. Trans., p. 57),

the conical angle subtended at P> by the rim AB being Q = Q(/),
such that
b

4) QY +Q(1 —f) =27 — P-.

The solid angle Q subtended at P by the circle on AB is the
magnetic P. I, of unit current round the rim AB, or of the equi-
valent magnetic sheet on AB, magnetized normally; and its I'. I, is
given by Maxwell’'s M. in E. and M., § 703, in consequence of the
equation (2), (3); and

2T e . .
0 ' AY it 02
- ¢ _ O
M __“( zm\acosOPQ = / (‘l Q PG )(IO

. /1“ ! . . N
(3) / [ S+ I
=27 ,.1A(A)'— ——m*‘—- dw

Ll

=any [l —(+ )G

G and H, and so M is expressed by the complete E. I, I and 11
This M as defined by Maxwell is negative; so putting
' M= - 27mAQ,

then Qcosz is the magnetic potential of the circular sheet on AB
magnetized parallel to AB; Q is a vector potential.
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The integration of M with respect to / will give L for the induction
of a current sheet round a cylinder (Electromagnetic Integrals) and
this is also the I¥. I, of a circular area on AB,

(6) L:/M db -z rabl + LM —r(ar— A% (2m—Q)

rA |' LM =R (@ = A QO — /).

Then for the P. 19, W of the circular arca

1
(=) W —/J »7‘(;)((/()7(/9_(”,_‘_%\7____ L.

Anintegration of L will give N the I4. . of the solid eylinder, al a
pointin the plane PP’ of its base, and '

(8) N = / Lol === :(7(_—!:\’-*— /f-’>|’
N N}
-+ %(9.: ot — OM — mh(at— A (2w — Q)

o %7’-}\(". A 2a— 0)Q - mh(a? = A 20~ f).

- dN . - . . .
I'hen 7718 the F. F. of the eylindrical skin,

N
(9) L (-/— =aW— (A2 @+~ )P —saM 4 azmab:
am da

the Q being included in W,

But the P. IF. of this solid cylinder, and of its cylindrical skin,
introduces an intractable integral, whereas we may say that the IV 19
has been expressed in finite terms, that is by tabulated functions.

So too for the 1. F. of the dise, when the densily varies as
some 2 — th power of the distance from the centre; this can be
expressed in finite terms, when the Po I is intractable.

For the details of these integrations consult the Memoir on Electro-
magnetic Lutegrals in the P/u/ Trans., Dec. 1919.

Journ. de Math. (8¢ série), tome 1V, — Fasc. 1L, 1g21. 22
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The skin P. F. of the cvlinder is given by

2T

ST ah
U db _
(10) 1 *jo ad@v/“ PO = j adfth—! l’Q

and then with

l—=aow_=2amu, u=eG, PO =rydnu,
b a-—A _a--A
snafG'= —, ena fGaz ’ dnn fG! = ’
'y ' 2 "
put
. . r i
e G- a2 fGL sne— —-—, eny = ’
' a -+ A\ a-+- A
| a- -\ b feny
N == ——— —_— = —,
a4\ PQ 7 snednu
, b . L eny [ 2snecnednu
th=— =g ' ———— = —fsin ! ————————
PQ snedna ) t— 2 st sntu
1, 1.
= —dam(u + ) — ~famu-—yv);
R R)
[ .
(rn) l:ﬂ.ia[ [am (e + Y —am(e —e)]damu

an intractable integral.
‘xpanded in a scries

|
n+ =

b 1 b\t ~ cLr 2
p th—! :v —— (———— frond — { >
(12) ' PQ & an 4+ \I'Q) Z a1\ ey dete ’

1
"=
(13) I = |02 PP
(Illg AN A1

( Work out the surface longitudinal pressure due to sell atiraction.)

10. In a change to another system of orthogonal co-ordinates,
w and ¢, given by the conformal representation of a conjugale system

(W y ok [l i,

equation (A) and (B) will change into

d [ dV d{ dV
\/ ol IRV — =)=
(A") du (‘) du) + ds‘(‘) dv) =

¥ (LS | dindsy
(B du <_V du) + r/s‘(; dv) =
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Thus for a system of confocal conices, foci at A, B, given by

(2)  y+iz=cch(e+in), 2 echucosy, &2 =cshusinp,
2 d*V dN 2V d\

(3) e + thu m + e t.angv-(-[—“- =0
p AN as  d*s dS

(J) 7/71_1 : l'lllz{; -+ -(7"—_; -+ li\llg\‘(l—“- =00

or with chu = U, cos¢ = u,

- d ., v o d\’
(") ac l) ,( +l—( '—‘L)d 2o,
. oS d‘S
; 1, T
\6) (G + =) gm =0

Where V== U.W, S=0Q.R, and U and Q are funclions of
« or G ouly, W and R. of ¢ ov w only,

d AU d LW .
(/) Ek(u—l);‘{ﬁ /ll, ('7}1([—“)—{7‘;._*—/1\\,
Q) AK
S — L) — ) — - A .
(8) o = . (1 —p e kR
Thus we may take
() O fudc. K- [ W
or
dU ITANY
) = 2 Y= (1-= ) ——
(10) 0 = (G U:IL R=(1--u" o

LL. 1n the conformal representation of the dipolar co-ordinales,
wand ¢, of the steecographic projection of the hemisphere, asin (3) § 2

. 1 . 1 .
(1 ¥Yorix --r:aculh-;(u + ) or av()[;(r—[—u/),

she, siny
y, Qi () ————
chu -—co-v

Then, putting V=P y(chu — cosv), Laplace’s equation (A')

becomes

d2P dP ap U,
(2) i coth = + cinn ?;| == 0}
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ll

while, with § = » (B") becomes
Vche —cosv)
3 AR e ™ . o? I{ =
t dat * L du dv? 7.

Then with P, R, varying as e, and writing C, S for chu, shu,
, d ., (Il’ ’ . L L |>
) e (= o = ( )l (=) o = Gt s R)

. . » . N PR 1
so that P is a zonal harmonic or Legendre function ol ordev i =n — —»

while R is an | function, of the form

jl’d(].

These ave the wroidal functions considered by W. M. Hicks in
Phil. Trans., 1881-4. expressed there in the form
. e v,
(9) Upe) = =

[
i n -0-_-3

"0 (G + Scosd)
and then, by differentiation,

(6) \‘Sdl’,, _ n+-|->-l— [‘\( + Geosh)dy
' Toda T 2/ S ot
(b+ \f) 2

("+ )((‘l)u“'lnyl)—( ?'—;‘ jlu(/('

and differentiating again

S

- 1 _ dar, ar,.,
(7) <" = 1) PP — G - S,

| . LB
) (w+3)sp=(n i)(:(u),, Puer) = (3 ) (CPas= Py,
(9) (31 4+ 3)Ppia—4(n +1)CPyy+ (20 +1)P 2= 0,

the recurring relation; equivalent to

(10) An(CP, Py = —1) (P — Py,
g dl’,,
: - cr,— 1, R LI dC
(1) R,= / P, dC=— 2l ol nl ;
. 1 2n Lt
n— - ni— -
R a
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aund other relations analogous to the former series for the zonal har-
monic of integral order.

12. The change is made to the form employed by Macdonald, in
.. M. S..\X\VI, by the substitution

" URE Y
() CGH4-Scoslizes = l—- — 0 cos?m - 72 ine ",
HARE 12 N 0
S?sin?
) a.cht —ch? =20 —C —Scosl — !
(%) chw —chs S cosl G +-SC||50 ( + Scos0’
) gy Ssinfdi oz N —df
P U+ Scost’ V{z.chu—chd) V(€ -+ Scosd)
(,) P () | f‘“ 0 v ¢ ":(P;
4 ” - = e —_—
T = T, a.che—ch
Y0 (G o S cosh) -‘_, —n \/(.» chu—chl)

The reduction is made to elliptic functions through

dnzeGG
1

v (G S) costor - (G- 8) sinto =e¢" Ao =

b}

T ——

() l
Ry —=e%, —-0=w=ameG;
T 2
1 ~
. :-;tlt-i-:'_“ dneG TR o / cnleG
(6) ¢ = shaler D= TS
tur=2) \ ] " yisnteG
(7) ¢ = dnel’ >l|§(u w3 = adneG’
(8) ‘achu—-ch::,"sh:;-(u—i— )sll-(llw’)_—;;%?i},
dZ -
(9) —___'___—-————:—-f’./",deG,
V(2.chu —ch?) Vi
_ :).\/r/-’ "duteGh®
P, = L 2
(vo) (1) . .-'(‘ ( ” ) de G
beginning with . !
(1) Po=yy = Pi= ;
L Lrvy

and then proceeding with the sequence equation (g), § 1,

() I, :—(I’

J—
P, Py=...

Oél -

all the I”s =1 at v = o, hut at w == oo they are all infinite.
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Then, with ¢eG =\,

1 5 . 2 “Crdnte .Y/ dnTenn
(13) 'l-—‘—;‘ Ru:|”-4l—(‘| n= ?.{ lT__!(? +7—,)j|(—7'—) e
-2 : _fdn?e\R
= — | (cu*v .- sn?y) <———,—> dr

=Y / A
starting with '
(14) no:G"'"‘“ = y6) S

STV STV

(':)) 2By = Py — Py,

starting with n =1,

. . SIRTRVENY | EOETH
(16) 2Ry 1y e Pyom %(u»,.-. ) ‘ R S
A, Ay ' "‘_"

TYNY

2

and thence by the sequence equation (), § 11, to the series

(17) (2n4-3)R,,, -40CR, 4 (20— 3R, =m0,

13. lna Quadric Transformation of these Elliptic Ifunctions, o a
new modulus

. 11— i
(1) x;:——/l =th—u,
L+ 2
dn? ey L+ zsnit—20)RK
[ ey n = =)
v, 1— z2su(1——2e3 R
- : v, duaek t, zenaek
th=Z==xsn(1—ne)K. ch=-%.z ) sh-2= —
2 " %

1 . 1 )
.sh;(u-——s) lh;u—lln;{

(1) ¢ 7' neG = =

I ' L.
sh—(u +-7) th—w + th-:
2 2 2"

1—sn(t—2e)N dn2elh —enaek
= - == = o}
vsn(t—=2e)N T dn2eN +cn2ek

i({@:—xsn 20N d2eN);
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and
Vo
(3) % ;(L‘
2 e & ,
Viz.ehu —ch)Z \/(ch‘-’ Ij ‘o ch'—'é’{)

—zsnaeR.d(2ek)

—ax'de N\,

% .
—snacK
Z

X dz — ~— =
/ — e L 'K ez W=—a ! W AR =GV
() ./_,.v\/(‘.l.vh w—chl) ™ R, e l\'—"G'\// v 2eGVy, AR=GVy

Then

. P
ri==vyya€7 S+ =77.ch,

2ay cos’) = %(y';’—i—yf-_ﬁ)——r’:y,y.,(chu——e:),

1 dn2eG 1+ @2 dnz2elk +~zcnaek

.
chv—ci=-(=+7v)— = - -
T2 (7’ / 7' 2’ du2eK -~zcnaeh

1+ #i—(dnael -+ zcnrek)?

®'?

R t—dn?aek —xcnz2eKdnaek

(3) :

b

M /"" (chu — e d?

2\/(7172) ., vizche -ch?
! aRde KN—L

-_—:—2/ (1—dn*2¢e h—xcn2eKdnz2eh) —=— j ——,
X 7 %

L)
ol
I = / dn2ael .2k de,

5 : WOR'R
3 M=—ir(y+7)(h=E) 2= ;Zi)
14. The integral considered by Macdonald, L. .i/. S., XXVI,
p- 165,
* e~ dZ
On = —_——
() dla) f T—

is a zonal harmonic or toroidal function of the second kind, and of
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. 1 . .
order i = n — —; and by the substitution

S2sh2f’

r_ LA 9 — CoSany
(2) e&=C+Schd, (chf—chu)= CoSahd

it takes the form employed by W. M. Hicks

(3) Q,,(u):f ———dﬂl——"—!
® (C--Scho)"?

"The reduction to the elliptic function relation is made through the
substitution

sl
(4) e t=y'sn2fG, 7 =", (\),,(u):»s\/;’/ (7 sn*fG"dfG'.

Because
.-1.“...“. ..11'—/1]
\ e 7 =y'snfG, R A
(3) ot (G dut /G von /G dn G
' :)..chl"—-——chu:%) ,{:-_-__;‘_il‘.{T:/{_?:LG_d(fG');
(6) / ___ﬁ__..._:—_-),G\/?, ‘.lfG"\/:;', w>L{>u.

Juz VachT—=chu)

Then in the Quadric Transformation

Lt e , _1—dn SR 1, e
\ e t=y'sn?fG' = T dn K th .;‘*—d“f N,
- . coeh Ly — e ! Al v___“'/l\
(7) MCI"),’-_A sn fR/, :)'ds__, S K df i\,

L1 1 enf
, a.chZ—ch u:(.(chﬁt—ch“’:u) 4 o xnlz/l\’;

(8) ——__—:-—__(_LE__——:_ e Z,d‘/K,;
V(2chf —chu)
X 4 7 : -‘l’
0 [ e =K, SR wK=aGYT N =age

Juz V(2ehl —cha)

The corresponding elliptic function expressions of R, («) in (13),
§ 12, irrespective of a constant factor, are then

(10) I{,,(u):/(l),,\ (\),,)dC:/ et/ (a.chu - chZ)d;
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s

and so reducible in the same way to

ol 2o(3\ N1
(11) R, (w) = / <d“k,¢("‘) suteGen’eG .G de
<0 / :

or

/ (yrsnfGNY ent fGHd2 fGLGdf.

L3, Change {into 7w in (1), § L4, to obtain another form of Q,
not derivable however directly from the form in (1), (10), § 14.

\ Qn((/) i /‘-T: '“c-——“s,"—“*(nié):_

. 0y =
oo v G —cosm)

(v . .
d0Q, *ocosnmdm 1 1\ CQ, - Qy
| wi=—) =) e
© (20 = cosw)?
and then, with
’ 1 - IJ -
\ —(m—w) =am [N, - __L___ =2 df N,
) 2 : V(2 G— vosm)
, 1 1 11—y
v sech -, 2= th = oz 5
\ 2 " Ly
W\
(3) Q) = / cosn(m 2am RNV df K.

U

Asinthe Am.J. Math., XXXI\, p. 375, this is convertible in to the
form (3), § 14, by the substitution

1 .
ch—wush’
N

L1 (G =Sl ]
") TP ( ’ oS — (= ;
2 \ ) o 9 ) 1 e
sh—,u+c|1—’u ch? sh—~w4-ch-wuch?
3 2 0 2
edm a9’

("M = :
\/(2(] —COsm) \/(('.—FSCh@’)

Here again, substitute

! : ' .
2 b e s <h =0 = tane - ey s@e s - ST N
(6) chao = sees, sh 20 o= tangd, df'= aseci dZ, e =y
. 1 L1 sec?s A2Z
(7) C-Schl=etch®-§ —e-ush2- oo =" 3,
2 2 ‘/'

Journ. de Math. (S sérvie), tome IV, - Fasc. I, wga1. 23
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and

Q (/0’ .‘ d C . 'C’.
(b) m \ / A: \// / 1 s = «lm'/ v
(9) G Sehgo SE

e fGT Tyt (r— L

and then, as in (10), § 12

o

(10)  Q,(e)=12y7y / [y'sn*(1— G "G df = )\/ / st GG S,

A quadric transformation connecls up this @ and 0" through the
relation,

(‘h—u —+ sh—uol»“

(1) dufRh' = \/( — #'¥sin? “—m> » '

sh—u |- (h—(((hf/
2

(12) -:iz—}:::——lt\]—,_—c "lll'—.’/'“/kn JG,
R e (1) fG e fGdue Gt
(13) sn SN = T—T——/TT(T ) en /N = Ty NI

the usual formulas of the complementary Quadric Transformation;

and

() Ve S = s fG en(i = G

en /G dnfG T T oG
o dno fG'—ena /G fv— st — 2 (G
- \/(dn 2 /G +cna /'(i’) \/ b sn( — '.),./‘)(‘l’)
. dn /K /iy —o )G / G\ 11—y G
(13) \ 7 _\/1—-7’511(1——-2'/‘)6 \ |—-/) |+~/'.~n‘-“/‘(;“

46. The reduction can be carried out in the same manner as for the
toroidal function

(I) ',ll(u)— "‘d
v(2.chZ? +co>0)

solution of the D. E.; with cosfh = u.,

dav P\,
() (,H< ')7:7*< ‘Z)'
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through the substitution

-
oS

1 sin o 1 do
(3) ::col-fgz————b . , -dl == =,
2" 1— COs O 2 sing
. 1 CO0SY [ — COSQ
a.cl f-—= b LA ¢ 2 c0s 84—t
chl4+coshoz S+ 2c0sd 4 ¢~ l—c.uvo+ cosd + T coso
1, .
|——sin‘3—95m'30 .
(4) =4 2 oy A’(Qv’)’
o sin?o = sin?e
Co1,
Zzzsin - U,
B
. du do . -
() —_— = — S = d(eR), o =ameK,
V(2.ch? 4 cosh) Ay
®, -~ 1t ©, 9
. ) d’ . ) .
(6) [ = = ¢K, [ =K.
Ju» \/(2.ch’;+co,~0) Vo, —n
—_— (lnek oz
” (2c.hl+cosh) =2 . = L.
\7) Ve = eosd) sneN T en(r—e)K
i the quadric transformation
; dn-eG—&—dn(l———v)C
dnek
— = — b
/4 9
(8) ! VY
l 1
. ~(1— )G +dn=(1+¢)C
dn(—e) K (lllg(l )G ’_(n:».( +e)G
= = = ’
V2 ayy
1, \ ,
. ch—)\.-—| L anack 0112—;(I-4-P)1\
, 2 . —snae 2
(9) th?=2% = = . == )
2 1 1+suzek N .
ch =% 41 cn? ~(1—e¢)k
2} 2
: l—xs:lzl(l—(')l\'w (lll;)-l(l—;(‘)(}
14+zsneh 142 2 2
L = = b
1—zsneh [ — 27 | . 5!
(IO) ) l-—+—7.sn*:;(|—e)l\ /
tht2 g =+ tn? - NG —tang® 5 (7 —¥
vol=ym ;(|~c) ) ¥ = tang Z(:.—-J),

. 1 . 1 ch 4- cosh
(11) snelh =sech -¢, cnek =th-¢, dnek -\/ ¢ ’
2 2 chZ+1
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and

. chf — ] +m~
sn(1—e VK= / ————>» cn(t—eYhs
ch? + cosd ChZ -+ cosb

dn(t —¢) N\ ==cos - J \/ —
CII‘ -+ cos?

(12)

17. Then there are the definitions ol the toroidal function in the

form
. 0

‘ cosnydy
\ o (coshy = / h ’

) ‘ _oV/(2.cos0 —cos9)

( R,,(('OSO):: / /()(usa — COs 0 cosnody,

leading 1o Mehler’s definition of the zonal harmonic of order # when
N 1
is replaced by m + .

Heve in a reduction to the elliptic function we substitute, as in
pendulum motion,

1 I 1 1
dan— o —sin—=">7sin" [ — A- Y — i 0
2 s = si . cos~0 = = 9.
(2) sin— @ = sin 2Jsmx ( ﬂ) Ay, 2 in
. co, ) o,
(3) '),.coso——cusO:d.sm-’—O—-snr—o_q sin® =G Ay,
' 2 B
sin s eosy dy
, ' 2 e do (//
(4) —do = ——————> =
k ay, V(2.coxg - cosh) Ay

| . . ok .
and then cosme must be expanded in power ol cos*= 4 1o oblain a

resemblance with previous results,
When # is half an odd integer,

I 1 . ol
n="m -+ ';’ COSNO == COSINQY COS —Q — SINMOSIN =0,
K ! o ' R

and the integration can be effected algebraically, to the ordinary form
of the zonal harmonic of Legendre.
The solution of the D. E. for the Mchler function,

) d . dM |
,(')) ({—(—:( 2 ) o T __—-<n +7>\I
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is obtained from Macdonald’s form of P, and QQ, by a change of n?
tnto — m*, and will then be given by the form
a1 ®

(6) M(u):/' .

R e—————————— |
I aVi2.chu = ch?)

cosmé dz

reducible as before to definite elliptic integrals (J.-W. Hozsox, Phil.
Trans., 1896. — W. Beassig, Messenger of Mathematics, v X1V,
poor22. — WD Nivex, Lo 8L S 0 NXVHL peo2a8y Ame Joof
Math., v XXXINX, p. 371).

The verification of the D. E. (5) is troublesome because of the
imfinity arising at the limits, and it requires the same trealment as
Macdonald’s Cand D in § €.

18, Tn Sonine’s integral, Math. Ann., 1. XV, quoted by Mac-
donald in L. 380 1 XXV pLi6o,

N

;e 1 ! @Hde
(€)) J ;’ Jo(arydpinr) de = [ S
Bl Bl 19 -
A OV ety
2
Here we substitute -

Ly _ L .

() 2y — et 0=, =) e = Tz ety

and introducing the Fourier function in place of Bessel’s,

) e N A BN T sl s
(3) Ve - dul e 1] 2t et o2
M ©
T LR T -
 : / B, (rmy B, (eimmy e T g
.
vt e 7
2 ===,
Ty viziehl—cha)
1.
y — 20 Ty m————
(1) \/( re'y =z \"k)—(‘irT__.‘_—’—)) 2 == \ ("..L‘hll C(‘).\‘l‘),
A2.C = Cosy
() Pt (et — e b, Pty (e — oY),
. o.v — ol
(6) = '

Virr— ot — ) o (") Vo ehT—-cha) .

L9, FFor the solid angle Q, and its dissections, refer to the Trans-
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American Math. Society, ocl. 1907, p. 54, for the definitions and
results. Begin, as in Phil. Trans., 1019, § 13, Electromagnetic Inte-
grals, with the form
27
. PQ? odd,

: =)=

AU
oblained for the perimeter @ of the sphero-conic, reciprocal Lo the
cone on the circular base AB, vertex al I, of which the solid angle

Q=onx — .

Here PY is the perpendicular on the tangent of the circle at P and
in Maxwell’s notation with y = A, :

.

PA =1, PB =1, f=12wm,

) PQr=rr,e, PAr== 1y en, PBE = rtryet,
(3 PY2= PQ2— QY= 7, ry 5 — A25in20,
L0 .
(4) 4Aa sin? = 0=PA2—PQ2=r ry(6"— ),
1
(5) bAa cos,'-"—2 0= PO — PB2z= 1y (8 — ¢ 1),
(6) 1@ 0V = AA @2 sin?0 =2 r2ri(chu - chZ) ef
=ar ry(chu —ch)PQ?3,

(=) QY2 PP (chiu—ch?) chu — cht Py: ch? —cos¢

- - = —— —Chy) = — = *

/ P2 2a* ; chu — cose’ PQ*  chu—cose

With another dissection of Q into clements hy QN()' slices,

: FTON DY
Q(PN) = A
(8) "(] N)—v{ PN® |)(\)
(9) PN2= PQ?— QN2 = ry 11y 3—atsin®f
| -
EARE

= PQ* =2 e (chu—chY)

— PO 'I (chw—-cose) (chu—chy)
- sh?
)‘\‘Z
= (ch u — cose') (ehZ — cose’),
1 —chucosv . sh sine

! ’ I I 1 l
(10) cos¢’'= y sing'=m ——————,  lang - ¢ lang—¢'z= th - w,
R} ) 2

chu — cose chw —cose
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intecpreted geometrically in paragraph 23, and then with

Nr—o=amfK, SE—v)=an(i— /K.

" L]

1) Q(PN) s ¢ chu—chg 2sine df
1 QPN) = .
{ ,/“ (cln it —cost ) chi—cosv’

To connect up Q(PN) and Q(PY), the Addition Theorem of the
E. 1., Ulis required; so take

sinf

VichZ —coste.ch? — cosi)

l sinn chu —eht )
—cos Vichn — cost) <c||§~ cost.chf — cosv'
then

1, 1.
_— —sing —_————  —sine
(3) dl chu—cosey 2 . chu —chy ) 2
13) = -
dl th w—ch? /) chZ—cose chu —cose ! chi—coss’

and integrating betwzen o < { < « and multiplying by 4

(12) | == ~in-t

() a2 == Q(PY) + Q(PN).
(13) POr= = A2 Nacosh+a*+ b= rryef,
(16) —aAasin0dl =z ryetd? =10 dg,
(17) aNasing =y (r )2 chu —ch) PQ,
(18) il_O o 1 dC ,
PO V() Viz.cha —ch?)
(o) bel9 __ siny ds '
: o yichu.cose) V(o.chu—ch)
vy [/ ohi—cosey a2sined
(20) Q(l‘)—u{ \/( chu —chg ) ch(—cof("

and so this ( is seen to satisfy Laplace’s equation, in the procedure
of§ 3, f=1.
The substitution

dz 2.ds
(21) ch =s, 2 :f_ ;
Viz.chu —chg) VS
S=4.5—5.8—8.5—4, si=chu, S, =1, Sy =—1,
N 4 a1 8 .
7 = cosy, — X =4sin?e(chu — cosv), = = Lh*=w,
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brings back the form

3. GREENHILL,

N

I

fR'

w =V — X
2 ds ST
(22) b= T_VS:""”/J”M"
g s— 7 e
, 1 21
sh? =1 ch?=¢
§ — 8 9 N — Ny B

= cn?oel,

—dn?acek,

. 8= ¥y
hioyw
2

1 .
lIn—)C:zsn(l—'),u)l\;

(24)

|
oy s pr
= sint—vz=cntf'N\.
; 2 f

1
ch? -
2

"

1, .
(7@ --v) =z am fR'.

This Iis the T, of the Trans. 1. M. 8., 1907, where

. bsin0.PQ

L R
N B O D

(2)

= ¢os "
(26) R=Aacos?d + (A*+ a2+ ) cosh + \a ==

and then, by a straightforward dilferentiation,

l__‘—7
PY.I*N

ﬁNl).NIC\
a

) VR 1 d Y PN
. dly _ PY.PN (H W) A PNt gD TG vxr.a'o)
(27) P/ hsin 9.0
TY.PN
aKs: QNW b

dQPY) - dQ(PN)
ol dy

after reduction.
Here with s as variable, and cos ' = ¢’,

AN (8y @ G sy s

QPPN , ' ( 2 ) —

sh=4) vV TS = R

1 —
LT
, ,ov ols , /’sg—-a'.c'~s3
p—_) T T T

(28) Jos—a S ‘\ (.\',—— $5.8 — o

Sn e ff
dn f’

an S AN TN — 4K

a1 — f) = 4Kz SR,

fl=

) [ Hople
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This is Q(1 — /), so that

(19) Q-+ Q(f)zzom--AKm R JRan 7K
=an — AR s KOs f'RN oam — I'f-

a

20. Sometimes 7 is a convenient variable to use. Then for any
point ) un the circle AB at angular distance AOQ =0 = 2w from A,
and with AP — r,. BP == r,,

<
ri—r

.2
2T

Jay. R T CULE EN SR (AN
PQ* - ¢ m= e e gy cos - o = e costar 4= rlsin?e et Ao y),

(n V=5 Pyt () —ri) sintm, e plo= (0 = e costo,
dr?
d\{) Pt | (l(;) - =)
NGEETs
() d) Y 9 dr 2 dew 2deli
K — T — Il fnat s .
Q) r \/( R T roAm r

Applied to the integral for Maxwell’s M,

17

amayeosldl df

(3) — \l:.[ -——PQ——* j(z +Y'+a-—”)l‘()

= e — O Jf
_.)(,i—l fl’l) r/lﬂd)

(ri - I)/ ‘-'-I—'—— / '.-l_(_r (R=ri—rt r—rd)
- /l\ v R )
'
:r'——.%—i—r?" /.2 do —anr wadm
o Ae ! '
M 1
(L/|) i —?.H——(I—i—-/ )(l

as before.
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With Minchin’s dissection of the circle AB into scclors radiating
from M (Phil. Mag., I'eb. 1894) and taking 7 as the variable,

1
~(a@— A?
o .’.(a AY) b

(5) S!(MQ):.’./ I
:-“ ri— b VR
and with a new variable ¢,
»” . ¢t
— = = ,
\"'“’ VIO—tdy o ty)
! {— L,
(6) (o=t = /.(_'__;'.___).a
2 V
,_') =M — Li— R
" V( )
ry ot Ly — 1 et
) rolr, \/( )
(7 r_r: t— 1, . »
T e—— —¢N —¢
", \/( )
_[i. - ool ¢ 0
"y \/( )
rt— 03 t—= . N
- =N A T
ry s \( )
(S) I": -0 —_ -7 — et — -.a’
ihy o ( )
— /) — by — < —pn ~e"a,
M )

\ °°>ll>t>la>7>l:c>—‘°°7 o> u >i> —u,
V=T, S
) t chd —chu\ e dC
0 — .
(9) "(MQ)—[‘]“ Tt \/1‘ / /<chu—cht c-. - e—d

Here, Lo correspond with the preceding,

dn2¢G 1
(10) = 7 ) yl=e, m::O:ameG,
Tgpte ‘ Tonte
(1) ot X snch’ & g — L1CD (,G,
YI
12 G 5
12 e"——c"B:i'—f—, et —e %= cntfG’, e 8=y snt G
7 7 s

7I
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In the second Quadric Transformation. between " and ',

-

1. 1 —¢ © 11— snif
\ llll—r - ¢ Cos 4 AL - ’dn’ll\ .

| - ¢ O Ve s fGS

- 1 1
(1) ‘ sech =0 (‘ll; 0° .
. 9
snfR = . = =GOS -,
‘ P N 2
ch-¢
a

and so on. Beginning at = o on the plate, /= 1 on By beyond,

. b v~ — A\ a4+ A
(N sna fG= = o Q= ", dna fG' = o
E : rs )

at— A\®

(1) = cua fG dun fG

"y
. . . o g 1
which is negative it /> -,

b2 Ty

(16) T T =y s fO ABP =ama /G,
\( )
22 i — AR . —
(1s) L0 _ e A) = £ =y cuta /G,
e "y \/(
ri—=0  (a+A)p b - _dea fG
(18) R rors v ) 7

dna fG! = cos BAD.

21. These substitutious between the vaviables », ¢, { ave recapitu-
lated in the velations

2

I3

Srtorte p} L—tt—

\,‘i A = —— —— ==a.chu—chy,
() _ ryrat (=t V(i =ty ts— )
z dr . dt
2 — == == ——»
r -ty
%({I
(‘2) \/(I‘ll';))({l' — t— ¢, . i/(tl_,:vts—’:c\ Ill
VR / L— - b \T
\/ (t—lil)\/(tl—tx.,i—’:{) !
dZ

= sV d(eG)=x' d(2eK).
V(z.chu—ch?) 2y d(eG)=x"d(aek)
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and
rio- 3
— = N
Ity VIih— .t 1)
b Vis— ty) sin ¢
- =7 = ’
(3) / Ve V(G — ity ) V(2. che - coxe)
R T A I T
"y V(L =t ts—13)
a®— A b =Tl =T L e
—_— '———‘-——-\)::c 3 /()c'|<)~—chu)
IR ho = tyde— by
1 N |
Pt eost - b sint )
" 2 2
| 3
f—asin? ) ox? /"2 _I":)
\/ '1 f \/ ry--ri
. — rdr s —
('\)) df-- --“—;::f—-, ’ i./j = -*—L{Cd
VR ro- VR
Then from Trans. VoS0 pedod,
\u coxd - a* bdy
" QMO .. fonz ok
(h) (\l . ) l,o \“\)«a l")
- /”.' rt— At a0 obdr
g I.Q —_— bi \/l_l\
_— /'f'.lulr +_~/‘a?-——.ﬁ\’~‘ abdr
R ey D

Aad from (9), p. S0y, Trans. 1. M. N, for the incomplete integrals,
L QY LMP , MY,

QEMOY— (V) onin ML g Y

(MQ) (I'V) —:~in W cos™ ',\ ..\IQ = |

()
PY being the perpendicular from 1* on the tangent at Q; and Lis the

angle bel\\een the planes PQY ., ’QO.
f\S this angle oscillates and does not revolve, in the cumplele inte-

grals
() QMO e Q(PY) = = oz Q(PN) o2 am — L,
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22. Referring o Electromagnctic Integrals, p. 4o and for fig. o

and 3, repeated here
am /'K'==J =DEP == DP'B. and then DEP =awm (1 — )R/,

and p. 43, on fig. 3.
am2 fGi'-—y -2 ABP,

Then 1o show am fG'==% on the figure, and to draw the coaxial
cirele es touching EP, the point of contaet s will be where Bs will
bisect the angle ABE; and if the tangent at the lowest point ¢ of this
circle cuts the cirele on ED in /,

Iocam fG0ABAL

The augles on fig. 2 for modulus v or z are shown hy

) .
A = s h = w = amed;, ABg=—am(1—e)ti

and
AFQ =y —amaek (p. 49).

'|‘||e "'e(bl“etl'i(‘.ill illlel' l‘elnlion 1)" llle i|l|e0'|‘ill fUl‘ I) ;(I iS “’i\"ell
> > " byl
on p. :(i

(m |'”(“)t£ /"(M) -dl)

Ry
ll‘(\'-'

Y

and a similar interpretation can be constructed for O, (@) in § 14,

Tu a dynamical interpretation, where S in fig. 2 oscillates from the
level of 1%, or ) follows it, round the circle on AB with velocity due
to the level of I, the time 7 = ¢, 'T' denoting the beat of S or period
of Q. And on fig. 3, if P describes the circle on DI, with upward gra-
vity, and velocity due to the level of O, proportional to A or BP,
(= 1", T" denoting the periodic time of .

The variable 0" in § 14 may be interpreted dynawmically by putting

1 . . . . N . .
:0’: nt in the motion of a particle S vound the circle on O with
velocity just sufficient 10 veach D in o gravity field, the particle

. n . . . ry N
miahing = heats in small oscillation at O. Then with

. . [ 1 ,,
ODSz =G ¢cos=Feh =9 1,
2 2 2
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Q3. With do, eh the segments of the civcle on DE on the tangents
=0 bl o]
at the highest and lowest point of the inner coaxial circle on de with
centee f, @ Bh is a straight line, and DB g = am fG'.

Fig. ». Fig. 3.

AN
I

,fx “.\“
N >
: i H 0 “]ﬁ Y

K o /"

ry A

The perpendicular g on @h bisects @/, so that fand ¢ ave at the
same level, and

. ¥ Csen s Pt B ' "‘f

(1) ‘I_-I{ sSEFBg = su? f G, E =7 ¥E ™ =y s
) l-—'/'sn‘-‘f(-'_ FE—Frf E f .’i’.-——!&— .

() vy s fGT T FE+Ff —7/D "M T 8D =dn/K,
with

DEp = DPB=amfNK’,
a Quadric Transformation; and

dn*fG' _ dn fK'+x
1+7 1+ dnfK
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The cuvvilinear angle DB’ made by BD aud the circle BPA is
v = APB, in the alternate segment; and then

| $=an/RK=Dlp=DIB, Sz —y.c KPR SAPR= e

(CO I
5 .l ey
' r=APB = 2EPB = :z(»)‘;r BI‘D> tzmooad=w- pam N
Eynation (10), § 19, is interpreted geometrically with
(2) ¢z curvilinear angle DBp == angle Bp A,
in the alternate segment,

=a2BpE=rn—aBph =z —2PED ..z —aam(1 — /)N,

. I \ | .
(6) ;\": hp, SV Lhp;
- . 'y v kplkP Y K |§ .l
- ang —vlang - ¢ oo oy th-w,
G SRS BFDP T DL D 5

where Y, DZ ave the perpeadiculars on Pp, and it is the equivalent
of the elliptic function relation

1 1 1 '

8 tang —¢tang — ¢ - e — cth-w-=2u.
(%) S Sa w/RN (O —/f)N 2
(9) s SR tn(a— KRz

Proceeding with the geometrical interpretation of the formulas of
Quadric Transformation,

(10) D/f=DF 4+ Ff=DE0+y snfi),
O pr_dg ,
(11) B = pR— 4B =sn [,

by the properties of coaxial circles; and if 1 is the point of contact
with Dp.

Dr  dg
} = bDF B = DF (149 —_— == H
“ | DB=DF 4+ FE=DE(--y), D= S =
e Dr =DF(1+y')snfG':
(13) sn fK'=sinDEp =sin DF r = br w

DF — I—i—ﬂ/'%n*fG’ ’
(3 Sri=fd*=fB.fA==FBen* /G . FA dn? /(. =FD2cn? fG'ldnt £ (',
cnf(n (l"./(l

3 — = ) —_
(13) en /N =cos DEp == cos D fr = l)/ T
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Again, with 12 bisecting Pp et wight angles,

G dn®/R' do/K pl pr el
(10) % dn(x “OK TTBP pr B’
, ‘ pt=- |)p —YEbhdn afG = FDdna S,
(17) PEERTIES
’ tB—=FBena / G'a= FD, /Cll 9 /‘(‘-':
(18) dut /K _ dna fG -y ena f1V - }_i—;(_\ll(l - a/)(.

2 doa fG—yenafG v —y'snr - f YAt
If B”1 is horizontal. AB” the tangent from A\,

(19) ¥’ == Cos |B" =zecos AB"B

AB"B is the modular angle for y. B biseets the angle BB"A.

And so all the formulas of the complementary Quadric ‘Transfor-
mation can receive a geometrical interpretation on fig. 3, with the
notation, as above

LoaDEp -Dfram SR v DBp- cama fG0 DR, :mn‘l W,

Iz DBgamSG

(23] N . N Lo t O R}
2&. The Duplication formulas for /K" and - fK" are shown on the
cirele EPD, where

- . N U
Y=DPpam /N, 3 =Dly =am 3/ K,

so that pg, @D are tangents to an inner concyclic civcle here is the
kernel of the geometrical interpretation.
The centre of this cirele is at ¢ on e, the bisector of the angle

Depozn—Dlp. - m-am K.
so that

i 1 - ! o 1
Dae=-r—-am/K, o) = LIV N-= » R

of the circle touches D¢ in y; and then

. 1. .
Dey=Dlg=am=fK'=09, and Dy = Desing;
. 2y l
(1) DOTn dn - /I\ < Ao,

Ak
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and
(2) ay == Desine Ay, ¢y =Dccoso;
(M 2ets - DeX(sino A0 - cos?o) = D¢l ), D=1 «7sin‘y;
1 (.
cos--J cn-- [N
(1) il b l 05~ am N :
q - LI e IZ —=o)y COs - @ DT ——
cos VD R VD ’
1 ) SRR
i) ~fK'dn- 7K
sin -1 sn N dn K
. a2t ey ed Ao L1 - 2‘/ ‘.).j
(") . S e Y sin—am fR' = —— "
sino e ey \/|) 2 N \/l)
tang — ¢
(6) LI AN Ao tang - am SR ==tn ! [ K'dn ! JASE
tang o Tab T T S E T g o *
. , ’sn»—/l\cn /I\dn-jl\
(=) snfhK==2sin-am/Kcos-am /K=
! ' 2 o |)

The Duplication formulas of /G’ and 2 £ G are shown on the circle
FqeB, where FBg =am fG', FB/=am2/G’, so that Fq. ¢¢ are
tangents lo an interior concyclic cirele; here again is the kernel of the
geometry.

The centre of this circle is at @ on ga, the bisector of the angle

Vgt = amo[G'.
so that

l i . 1 ;
Foa = SR Am a fG. qas= jam 2 fG'= S
if the circle touches I'¢ in z, and then .
Fu:=FBg=an /(="
Then
(8) F:=VFasinf, gs=VFasinlA; 3= Vacos:;
(9) ag*==Fa?(sin®: A*Z + cos?E) = F 2. D, D =1 —ysint;
cos
08§ - ey
2 av 1 1 y_en fG
(10) = — cos~amufG' = ——;
cosE aq \/l) 2 VD

LT
sin -
3/

sal £ . S "dn fG'
qs ab Al sin " am 2 f (= sufG'dn fG'

(0 sing - ;]—a- [ \/|) 2 \/l—) >

~
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and

n lm

l'mg’;,/‘__:/:: e o O = ta SG dn fG
(12) T Az, tang ~am 2fG' = G dn fG;

2sn /G’ en fG'dn /G’
D ‘

.1 N 1 s
(13) snofG' = 2rin=am 2_/Ln’cos;.anm./(.’:

Similar geometrical interpretation can be given in fig. 2 of the
Duplication formulas for ¢ and 2¢G, where ABQ = ameG,
ABQ, = am2¢G, and Nis the centre of the civele on the diameter ¢r,
and AQ, the tangent from A also of the Quadric Transformation

between
= ALQ = amacek,

and

w = ABQ = ame(, o' = ABR =am (1 — e) (.

I'ig. 2 and 3 may be supposed turned about AB into planes at right
angles, so as to represent circles linked like the electric and maguetic
circuit.

Then the vector product of the eleciric and magnetic flux is
Poynting’s vector of flow of energy.



