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SEIGULARTTNES @F S CAYIFITERMING BKERINENS

INON CESTAGCLES

Yesselin M. Petkov and Luchezar N. Stojanov

1 Introduction

| 3, R
Let G CR be an open domain with € smooth boundary 4 @ and
. . . 3 ,
bounded complement K = R™\ Q¢ {x: [7] £ p}. The scattering opera’oor s
related to the Dirichlet problem for the wave equation in R , 15 an
unitary operater from L iRz S ) into L Rx S . The kernel sit-t', 8, w) of

- : . 2 2
5-1d is called scattering (echo) kernel For fixed (B, w) e S x §
s(tBwis § R)and

“
.. 2 3
(1ys(tBw) = {(173n)] - wi<x9>-t, % w) d.;
30 ITaIn
Here wir, X, v} iz the solution to the problem
fd"' -a rw=0inBea
1 14
(2} w=0onBzag,
wl =80t - <zm=),
ti-p

n iz the interior unit normal to 3 @ peointing into & and the integral (1) is
interpreted in the sense of distributions.

If 5 {4, 8, w)is the Fourier transform of sit, 6, w), then aiA, 8, w) =
(2nAA) 5 (A, B, w) is called scattering amplitude and its asymptotic as A - =
is closed related to the singularities of sit, 8, w). As was remarked in [3], [8],
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in general, these singularities are connected with the sojourn times of the
so called (w, 8) -rays defined below. The assumptions in [8] are too difficult
for werifications. Nevertheless, some of them are fulfilled for generic
obstacles (see [10], [11]).

We expect that for generic directions (w, 8) the sojourn times of all
ordinary {m, B) -rays are included in the singular support of sit, 8, w}. In this

talk we prove this in the case when

. ¥ .5 = L . ]
KE=u E ,EnK = @1i=i K are strictly convex for
1 1 1 i i !

-
DS}
- —

For a large class of obstacles K of the type (3) the sojourn times of
{8} -rays are not bounded, provided w and 8 suitably chosen. This enabies

s

o

[y
[ix]

tudy the asymptotics of the sojourn times when the number of
reflections goes to infinity and to obtain some scattering invariants. In
particular, for two siriclly convex obstacles we recover as scattering
invariants the distance d between the obstacles and the number ¢

determined by the first sequence of pseudo -poles of the scattering matrix
(cee [4], [2])

2. Main results.

],

bie . 3
Let ¥ = Ui . 1 be acurve in R such that [ = [z, X,+
= i i b 1

i

- by

i=1,.k-1Uk = 1), are finite segments, X &30, while 10 iilk) is the infinite
segment starting at x (resp.at :{}'} and having direction -w (resp. 8). Then ¥
iz cailed (w, B)-ray if the following conditions hold

o .
(i} the open segments 1, 1=01,k do not infersect transversally

=t
L AR ) ‘e’ -
i
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(ii) for every i=0,1,. k-1 the segments L and 1 satisfy the

reflection law at - see [10], [11]).

& {p, 8)-ray ¥ will be called ordinary one if ¥ has no segments tangent to
30. For ordinary {w, 8) -rays ¥ we can introduce the sojourn time T and the
Y

2.
map | {zee [3], [8] for the precise definitions). A subset R C & is called

e
1

<

residual if R is a countabie intersection of open dense sets. Throughout we

x ~ = -~ & A Fan
assuine that K has the form (34

o2

Theotern 1 Let w & S bhe fized. Then there exists a residual

J

subset RC S such that for each B e R we have
(4) zingsupp =(t, 6, w) = {-T: Y = 2 a}_. where é&w is the union of all
¥ 5, ,
ordinary (w, 8)-rays.
Nakamura and Soga [7] established (4) for B = -w and for two

dizjoint balls Elr f.‘.lz, making some restrictions on the distance (f.’il, Elz}l and

the diameters of 0, 1= 1,2

The equality (4) is similar to the Poisson relation for gen

bounded domains in R connecting the spectrum of the laplacian and the
lengths of closed geodesics ([9], [12]). For this reason we will cal {T - ¥ =
20} scattering length spectrum related to w, &

w, o

Under the assumption of Theorem 1 we can describe the leading

7 .

singlarity ar -T ,¥e & . For this purpose denote by x (resp. v ) the first

¥ w, Y ‘v

{resp. the last) reflection point of ¥. Let Z be a plane orthozonal fo o suck

thatZ n K = @ Denote by & = Z the point where the sezment starting at x
T

\
with direction -w hits 2. Therefors, following (3], near -T we have
¥
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- detJY (AY} alx Y},on -1/2

I §(t+T)
Y

(5yslt, 8, w) = (1/2mi ¥ (- o

<nfy ), 8>
A

va &(t+T ) + smoother terms.
Y

Here ¢ e [N is a Maslov index and tm is the number of reflections

t
of ¥
To study the existence of (w, B) -rays we are going to introduce the
notion of a configuration. By a configuration o with length m (mz 1) we
mean a symbol o = (11 " ,1 )w1th1 = {1,2,. M} for all {and 1j 2 1”1 for

Definition 1 letw, 8 = '< and let Y be a (w, 8)-ray with successive

J‘

r=flection points A Wﬁ say that ¥ has type o = (i . ,1 yif ‘{ = K for
Y
every j=1,..m.

Definition 2. We say that a configuration o = (i ) .1 ) satisfies the
XS LA A X FIEXY ml

condition of visibility with respect to (w, 8) if the following conditions hold :

(@) for every ¥ = K (resp. X e 3 K ) the ray starting at X with
1 m

direction - {resp. 8) has no common points with u_ K (resp.u_ K,
iy iy

ib) for all j=1,.,m-1 the convex hull of L v K donot contain
1.
4 i+l

pointsinu K.

T, AT ..
tasolieill & 11w #

o

for évery configuration w there exists at most
onig (o, B)-ray of type o Morsover, if o satisfies the condition of visibility
with respect to (w, B), then there exists a (w,B) -ray of type o

In the case M=2 the obstacle K satisfies the conditon o wisibility
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with respect to (w, 8) if the condition (a) holds for {i 1,i,,} = {1,2} and {il,i 3}=
{2,1}.

Corollary 3. Let w 2 Band let K = K U K2 satisfies the condition of

visibility with respect to {w, 81 Th@n for every m x 1 there exist exactly

two different erdinary (w, B)-rays ‘( with m reflection points so that the

m

y X i .
first reflection point of ¥ belongs to K, i=1,

m - i
& partial case of Corollary 3 for B8 = -w and two disjoint balls has
wen obtained by Nakamura and Soga [7].

¢

S ]

By Theorem 2 we conclude that if we can find a configuration o
safisiving the condition of wvisibility with respect to {(w, 8], then we can
onstruct ordinary (w, 8)-rays with arbitrary large number of reflections.

Conjecture. For every obstacle K in the form (3) there exist w, 8
such that () holds.
It iz not hard to see that for M=2,3 the ahove Conj

filled. Moreover, for a large class of obstacles we can apmv Theorem 2.

Motice that (&) is a typical property of trapping obstacles since for
non -trapping ones the sojourn times of {w, 8) -rays are uniforml;-f bounded

LR

with respect to (w, 8)

"1 Dad

A Scattering invariants,

I this section we

ﬁ)

ume K = K , v K, and we consider two

r_l‘l
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directions w = 8 for which the assumption of Corollary 2 holds. Let ‘fiin be
the ordinary (w, 8)-ray having m reflections and such that the first (resp.
the last) reflection point of Yiin belongs to &K, (resp. aKj). Let Tl:n be the
sojourn time of 'fii“ :

ij

Theorem 4 There exist constants L ° depending on (w, 8) such

-

that

- ij ii if

{77 T =md+L +¢
1448 AR ] m

o i
with ¢ :

L Oasm— «=and d = dist (Kr Kz)'

The invariants Lm"3 are connected with the rays having infinite
number relfections ans initial directions w or -8. Consider the ray ¥ (w),

i=1,2 starting at ¥ = Z with direction « and having relfection peints

m-1 i
|

i,m i i i
3 ¥ = gK . Set = < > K
{z} X, = ahi Se lm (w) x>+ 3 Ik,

- il
=1 ) '{kd'

Then applying the results of Ikawa [5] (see also [13]), we obtain

i, . L1 ML
L3 L iwml=md + L +0im ) ¥N
443 m

A& similar result holds for the ray I (-8) with initial dirsction -8 and

i

s . iym i . i
refiection points l?}'}k-l , y’l € aK’.. Thus we obfain the constants L(0 , L

ij i '
and L' =1+ L .
w8 @ -a

. e e A e N
e expect that the asymptotic (7) is true with e replaced by C{m ), ¥ .
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9  tm (T T hod

mye m+1
hence we can recover the distance d from the scattering length spectrum.
For two disjoint balls (9) has been obtained in [7].

We may compare (7) with the asymptotics of the lengths of the
periodic reflecting rays established in [B] and [1] In thess works the
authors consider pericdic reflecting rays approximating the boundary [6] or
an elliptic periodic rav [1]. In our case we approzimats a stabls hyperbolic
raw related to a hypsrbolic fized point of the billard ball map and this is
cne of the reasons leading to the asyraptotic (&)

Now wee turn to the analysis of the asympiotic behavior of the

: ij ij, .. e T & T
amplitudes r:m = 2n lCm | ,Cm being the coefficient in front of §'{t+ Tm )yin

the form (5) of the leading singularity at -Tm’ . Consider the (linear)

Poincars map P corresponding to the periodic (trapping) ray orthogonal to
both aKi, i=1,2. Let oo i=1,2 be the eigenvalues of P greater than | and let

) -1/4
¢ = logfhul pz) ).

o ij
(10} wge " =me + 001}, m— =
- m Q

We conjecture that the asymptotic (10) must have a sharp form
_ T
like {50 with remainder O(m Y for each I

The resull of Theorem | tells us that we can determine T‘n and c

as the fime and the amplitude of the scatbering data. Therefore, the
asymptotics (7) and (10} imply that we can recover from the scattering
data the constants 4 and <, hence we can recover the first sequence of
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ic0 d
A=-gtigidst

of the scattering matrix S{A) (see (2], [4], [5]). On the other hand, the poles
of 3(3) coincide with their multiplicities with those of the meromorphic
continuation of the scattering amplitude a(-A, 8, w) and these poles do not

gdepend on w, 8. Choosing suitably w and 8, we could study a{-A, 8, w)
nstzad of S(). We hope that such approach will be ussful for the analysis

12
¢

[

of the poles of the scattering matrix for trapping obstacles.
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