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Conférence n° 13

REMARKS ON THE NAVIER-STOKES EQUATIONS

by L. NIRENBERG

This talk is a report of work in progress of L. Caffarelli, R. Kohn and
L. Nirenberg [1] extending the results of V. Scheffer [2-4] . It concerns weak
solutions of the incompressible Navier-Stokes equations in 3 space dimensions of

fluid flow. The velocity vector

u = (ul,uz,u3)

satisfies (using summation convention and subscripts t, i to denote differentiation

with respect to time or xi)

(1) ui - Al o+ uluji + p, 1,2,3
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(2) V.u =u; =0.

Here A is the Laplace operator in the space variables,and p represents the pressure;

viscosity has been normalized to be one . For simplicity we assume here that the

forcing term on the right of (1) is zero.

The initial value problem consists ilerescribing
u(x,0) = uo(x) .

We suppose u_ has finite energy E = J!uof%x .
. R 3
If we consider a flow in a fixed domain G rather than all of R, we also
prescribes gsome boundary conditions, for example the values of u(x,t) for
x € 109G, t = 0, say zero. Since the classical work of J. Leray and subsequently,
E. Hopf, one knows the existence of weak solutions of (1), (2) for t > O with

finite energy for any time :

(3) }Iu(x,t)lzdx < c(T) for O < t < T.
and
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(4) |IDu|“dx dt < C(T)
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where |Dul” = I (ug) . Furthermore one has the energy inequality which we express
i,3

in the following form; V T > 0, for © € C: (t<T), O@k,t) = 0, we have

[

(_olulzdx + melDulzdx dt < ” l|u|2(cp + Ap) + (Iul2 + p)u @ dxdt .
t=T J 2 t i

Formally, one obtains this, with equality,if one multiplies (1) by (puj, integrates
in (x,t) and sums over j. However up to now one has only proved the existence of
a weak solution of (1), (2) satisfying the inequality (5).

Since the early 50's (see the books by O. Ladyzhenskaya [5], J. L. Lions [6]

and R. Temam [7]) there has been much work devoted to the following questions

1. Is the weak solution, described above; of the initidl (or initial boundary
value) problem unique ? If one can prove some further regularity of the solution

then it is (see [5-7]).

2. Can the solution(s) develop singularities? If so can they eat energy in the sense
that one may have strict inequality in (5) ? For the initial value problem one
knows that after some time t = TO(EO) the velocity ‘h‘ is finite. u is then C.
with respect to the space variables .
A weaker form of 2 is

3. Can the solution develop singularities in case uo(x) is a nice function ?

Let S be the complement of the largest open set (in space-time) in
o)

which u € Lloc' i.e. S is the set where |u| becomes infinite. Treating the initial

value problem in all of R3 in [1], and the initial boundary value problem in [3],
Scheffer proved the following result.
HS/

Theorem 1 (Scheffer) : The 5/3-Hausdorff measure of S is finite : 3(S) < oo .

In [1] we localize his arguments and extend them to give the following

improvement.
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Theorem 2 : If u is a weak solution in an open set in R X R satisfying (3) - (5)

then Hl(S) = 0.

The proof is based on two propositions. The first is a local form of the
key proposition of Scheffer in [2]. In the following, if P = (xo,to) we denote by

Qr = QI(P) a circular cylinder in (x,t) space given by



%={(x,t)||x—x|<r,t -r2<t<t } .
r fe} )

(o]

Proposition 1 : There is an absolute constant § > 0 such that if u. is a

solution of (1), (2) iE.Ql(P)' P = (0,0,0,1) with

1
J r(|u|3 + Jullpl)dx at + [
o J

<Jr Iplax) /%4t < &
0, o

Ix] <1

then lu| is finite in a neighborhood of P in QI(P)'

A reformulation of this result is the following obtained by scaling -

if u is a solution , so is Au(lx,k2t) VA> o0 .

Proposition 1' : If P € S then

t.
(o]
=72 (r |p|dx.\3/2

dat > 6 .
Jt'T2J|Xﬂ(|<Y
o o

r H (!ul3+lu||p|)dxdt+r

Making use of this, and various interpolation estimates, as well as the

relationship
Ap = - u§ ui ’

we prove

Proposition 2 : There is an absolute constant &' > O such that if P € S then
1im r-lj[ |Du|2dxdt > 8.

r-0 Qr(P)
Proposition 1 is proved with the aid of special test functions ¢ in (5)

approximating the fundamental solution of the backward heat equation, with singula-

rity at P.
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